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1. Introduction

The aim of this paper is to investigate the blowup behavior of solutions to
the Brezis-Nirenberg equation with the Robin condition. In our previous paper
Kabeya, Yanagida and Yotsutani [10], we proved the range of A for which a
unique positive radial solution to

Au+iu+u =0 in B={xeR>:|x| <1},

K% +u=0 on 0B,
v
exists, where v is the outward unit normal vector to 0B, 4 < Ay (4o is the first
eigenvalue of —4 with the homogeneous Robin condition on B, Ay = 7% if n =3
and x = 0) for each x > 0.

When x =0, in the three dimensional case, a solution to (1.1) exists for
n?/4 < 2 < n* while in the higher dimension, a solution does for 0 < A < 4y (see
e.g., Brezis and Nirenberg [4], Brezis and Peletier 5], or [10]). In this sense, the
three dimensional case is an exceptional case and interesting phenomena occur
in this case. So we concentrate on the three dimensional case.

Since our concern is on radial solutions, we consider the initial value
problem of the ordinary differential equation

2
urr+—ur+iu+ui:0, 0<r<l,
(1.2) r

M(O) =, u,(0) =0,

and seek a suitable number o > 0 satisfying u(r) >0 on (0,1) and
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(1.3) ru, (1) +u(l) =0,

where 1, = max{u,0}. Note that (1.2) has a solution for any « >0 and A.
We introduce three numbers. Let yy = yy(x) € (0,7] be defined by

Uy =T, if €k=0,

1 .
l—ﬂocot,u():;, if ©>0.

Note that g is the first radial eigenvalue of —A subject to the boundary
condition xdu/0v+u=0. For 0<wx <1, define pu =u,(x)e|0,n/2] and
{={(x) €[0,00) by

M:g, if k=0,
1 .
l—i-,ultan,ulz;c—, if 0<r<l,
and
{ = oo, if k=0,
1 .
Ccothéj:;, Cif O0<k <,
(=0, if k=1,

respectively. As we will see in Theorem B, 4 = u? is a blowup point. Also
note that

{Au+/112u:0 in B,
ku' (1) +u(1)=0

has a positive singular solution.
Let us recall our previous results (see also [4] for x = 0).

Theorem A (Theorem 1.1 of [10]). Let n=3 and 0 <k <1. If 13 <
A<y, then (1.1) has a unique radial solution. If —(* <) <2, then (1.1) has
no radial solution.

By Theorem A, a mapping from A to the initial value « is defined, that is, o
is a function of 1€ (uf,3]). Let us denote the unique solution by u;. We can
draw the graph of o = o(4;x). Concerning the graph of « = a(4;x), we have
the following global behavior.

Theorem B ((i) of Theorem 1.3 of [10]). Let 0 <x < 1. Then the graph of
a(A;x) is a continuous curve satisfying a(i) — 0 as L — u — 0 and o(4;x) — o0
as A — p+0.
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We can see that 4= p? is the blowup point.

The purpose of this paper is to show the blowup order of « = a(4;x) and
an asymptotic behavior of a rescaled solution mainly following the method by
Brezis and Peletier [5]. We utilize the Green function as in [5] and Rey [13]
used for the Dirichlet problem.

First we consider the case 0 <x < 1.

Theorem 1.1. Let 0 <x < 1. Then the asymptotic behavior of a(A;k) is

) 2\/_7z,u2 1 — )% sin g + x(1 — k), cos
PRERN (1 — k + x2u?) sin g

The blowup rate of a(4;x) as A — uf +0 is known by [5] for x =0. Not to
mention, our results covers that by [5]. In fact, if x =0, then x4 ==/2 and
the right-hand side is v/37%/2, which is +/3 times of that in [5]. Since Brezis
and Peletier treated the equation A + At + 3@ = 0, the scaling u = /3@ brings
this difference. The difference of the coefficient also appears in the limiting
behavior of a scaled function (see Theorem 1.3).

In Theorem 1.1, we exclude the case xk = 1. In this case, we see a different
blowup order. Note that x; =0 when x = 1. The difference is affected by
whether y; =0 or not.

Theorem 1.2. When k=1, then

lim A(a(4;1))* = 3.

A—+0

Similar to [5], the limiting behavior of a scaled function is obtained. Let us
denote the Green function of (—4 — ) subject to xdu/dv+u =0 by G ,(x,y)
and the “reduced” Green function G i(x):= Gy ,(x,0) for x # 0.

Theorem 1.3. Let u; be the unique raidial solution to (1.1). Then the

asymptotic behavior of u, is as follows.
(i) If0<x <1, then

Cup(x) \/—n 1 —rc+x2p?) sin
/1—»/11+0 2{(1 —x)? sin gy + (1 — x)u; cos u }
A—u? 1

for x #0.
(i) If k=1, then

(1.4)

w2 (1x)-

(15) jim, ) — 4473761,

for x #0.
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Besides g, = 0 or not, the difference between (i) and (ii) can be explained as
the finite part of the reduced Green function G, #f(|x|) — 1/(4n|x|)|,—o is non-
zero or not. See Theorem 2 of [5] for a similar result on the nearly critical
growth.

In [10], the differential form of the Pohozaev identity plays a crucial role.
However, to investigate the blowup nature, we need to use the integral form of
the identity because it enables us to treat the Dirac ¢ function-like behavior.

As related topics, for the Neumann problem (x = o), such a blowup
behavior of solutions to the scalar-field equation with the critical Sobolev
exponent is discussed in Budd, Knaap and Peletier [6] and there are many works
on the nearly critical growth (see, e.g., Atkinson and Peletier [2], Han [8] or Pan
and Wang [12)).

What will happen in the case where 1 < k < 0? For k > 1, the unique
existence of a solution was also discussed in [10]. Moroever, similar results to
Theorems 1.1 and 1.3 are obtained (the blowup rate is as in Theorem 1.1). The
blowup point is a continuous function of x € [0, c0]. These will be discussed in
a forthcoming paper [9].

This paper is organized as follows. The Pohozaev identity for an auxiliary
inhomogeneous linear problem is discussed in Sections 2 and 3. In Section 4,
several properties of the accurately approximate solution, which are useful for
proofs of Theorems 1.1, 1.2 and 1.3, are proved. Proofs of Theorem 1.1, 1.2
and 1.3 are given in Section 5.

2. Pohozaev identity of the integral form

In this section, we give the Pohozaev identity of the integral form to the
problem

Au+u+f(|x|)=0 in B,

2.1)

K@+u:0 on 0B,
ov

with radial u, where B is the unit ball in R’ and f € L*(B).

Proposition 2.1. If there exists a radial solution ue H?*(B) to (2.1), then
there holds

4n(1 — k4 AP (W' (1))* - ZXJ u? dx = ~J FUxD{u +2(x - Vu)}dx.
B B

Remark. By the trace operator, we have du/dve L?(B) for ue H*(B).
Moreover, since u is radial, du/dv =u'(1) is finite.
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Proof. Tt suffices to prove the identity in the case where u € C2(B) N C'(B).
Multiplying the both side of (2.1) by u and integrating it over B, we have

(22) L(|\7u|2 — aP)dx — J u? ds = L fit dx.

op oV
On the other hand, multiplying the both side of (2.1) by x - Vu and integrating

it over B, we have

J (A + Jai) (x - Vad)dx + J S (x - Vu)dx = 0.
B

B

Since

JB Au(x - Vu)dx

- L{div(Vu)}(x Vu)dx = LB% (x - Vu)dS — L Vu-V(x- Vu)dx,
we have
(2.3) LB% (x-Vu)dS — JB Vu-V{x -Vu)dx + %JB(X -V (u?))dx

+ J F(x)(x - Var)dx = 0.
B
Moreover, since
J Vu-V(x-Vu)dx
B

= [ w45 | (e viwaas
JB B

1 < 0
_ 2 ! {9 o 2
= B|Vu1 dx+2JB > x,(aXiWu[ )dx

£

[ wuax+ L divevaya —§J Vul2dx
JB 2uB 2 B

- ‘%L 7l %LB(X V) |Vu)ds,

and since
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J (x - V(u?))dx
B

= | div(xu?)dx -3
, J

u? dx:J (x - v)u? dS—3J u? dx,
B oB

B
the equality (2.3) yields
ou 1 2 1 2
(2.4) —(x-VudS+=| Vul"dx—=1] (x-v)|Vu|"dS
o OV 2)p 2)am
A 2 3 2
+o| (x-vurdS—-A| wdx+ | f(x])(x-Vu)dx = 0.
2)ap 2 ) B
Substracting one half of (2.2) from (2.4), we get

(2.5) LB%(X . Vu)dS—l—% (ZJ

B

Ju

2 das + JBf(|x|)u dx)

u? dx+J u
oB

—lj (x~v)|Vu|2dS—|—%J (x-v)uzdS—éiJ u? dx
2)on 2 )ap 2 Jp

+ J FUxD)(x - Vuydx = 0.
B
Since u is radial and B is the unit ball, we have

x-Vu=—— on 0B.
ov

Taking the boundary condition into account, we get

dn(1 — K + A (' (1) - 2/1J
B

u? dx = —J SUxD{u+2(x-Vu)tdx. [

B

Remark. The identity (2.5) holds also for a bounded smooth domain
Q = R with ue H*(Q).
In order to apply Proposition 2.1 to (1.2), regarding f = u°, we have

4r(l — x4+ ) (W' (1)) — 24

u? dx = —J (b +2(x - Vu)u®)dx,
B B

since u is radially symmetric. By the Gauss Theorem, we have

dn(u(1))® = LB W ds = L div(xu®)dx

:3J ub dx-|—6J (x - Vu)u® dx,
B B
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and thus we obtain

JB(X Vuu® dx = %7:(;1(1))6 - %L.Lﬁ dx.

Thus we see that

u? dx = JJ ub ds = —4—”(u(1))6.
3)en

(2.6)  4n(1 _K+/1K2)(u'(1))2—mj :

B

From now on, we define

(2.7) Ji(u) = (1 —x + Ax?) LB <%>2dS -2 JB u? dx.

As in [5], we efficiently use J;(u).
In order to calculate the blowup order, we need the reduced Green

function G,;(x) (=G; ;(x,0)) of —4 — 1 subject to the boundary condition
Kou/ov+u=0.

Lemma 2.1. For 0 < A < u3, the reduced Green function of —A — ). subject
to the boundary condition kdu/dv+u=0 on 0B is given by

1
4n(sin ) + A cos y;)r

(2.8)  Gea(r) = {—sin(vVAr — ;) + A4 cos(Var — uy)},

where r = |x| and

(1 =5 sin(VZ = ) + V7 cos(VA = )
(1 =) cos(VA— ) —.VAsin(Vi—py)

Proof. As we see in [5], a function of the form

_—-D sin(v/Ar) + cos(v/Ar)

drr

(2.9) A

(2.10) E(r)

with a constant D is an elementary solution (i.e., E satisfies —4E — A1E = J, but
is not necessarily satisfies the boundary condition). We have only to find a
suitable coefficient 4 in (2.8) so that G, ; satisfies the boundary condition. The
phase shift in the desired form can be “absorbed” by taking suitable coefficient
D in (2.10), we consider the desired function as in (2.8).

In fact, let G(r) = 4n(sin p; + 4 cos ;)G ,(r). Since

G,(r) = —rlz{—sin(\/Zr —u)+4 CbS(\/I — )}

+ @{—cos(\/}r — ;) — A sin(Var — u)},
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we have
r2Gy(r) = sin(V2r — py) — A cos(Vir — ;)
— Var{cos(Vir — ) + A sin(vVor — i)}
Thus we obtain
(r*Gy), = Va{cos(Vir — i) + 4 sin(var — )}
— Vi{eos(Vir — ) + A sin(Var — u)}
— Ar{—sin(Var — u;) + A4 cos(vV'Ar — p;)}
= -G

for r # 0. So we have only to check the boundary condition and the intensity
of Gy ; at the origin.
On the boundary, we get

kG, (1) + G(1)
= x sin(VZ — uy) — VA cos(VA — p;) — Ak cos(VA — uy)
— ArVa sin(Vi — py) — sin(VA — ;) + A cos(VA — p;)
= (i — 1) sin(VA — ;) — kVA cos(VA — ;)
+ A{(1 — ) cos(VA — ;) — kA sin(VA — )} =0

by the definition of A. As for the intensity at the origin, we have

1
li =
rl—I}(% rGK’A(r) 47
According to Theorem 8.2 of Mizohata [11], the Green function Gy, (x,»)
must be expressed as

G:,/l(x7 y) = Gx,i('x_yl) + Elc,l(xa y))

where =, ;(x, y) satisfies

(i) 45+ AZ;, =0 in B for any fixed ye B,

(i) (1 —o(x—))G, (Ix —y]) + Zx i(x, y) satisfies the boundary condition on
OB for any fixed y € Bj.j; with a,(r) € C°(By,) such that 0 < «, <1 and
o =1 on B, for sufficiently small ¢ > 0.

Since G, ;(x) satisfies the boundary condition on 4B, taking especially y = 0 in

(i), we see that = ,(x,0) =0. Thus G, , must be the reduced Green function

of (—4 — 2) with the boundary condition xdu/dv +u = 0. O
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Now we define the regular part of the reduced Green function by

1

gx,/l(”) = Gx,/l(”) ~ dn
ie.,

—sin(v/Ar — u;) + A cos(v/Ar — py) — (sin g; + A cos p;)
4r(sin ) + A cos uy)r

(2.11) g a(r) =

The regular part g, ;(r) as well as G, ; will play important roles to show the
blowup rate.

Remark. Note that Gy o(r) = 1/(4nr) and g1,0(0) =0. Indeed, Gj o(1) =
—1/(4n) and Gyo(1) = 1/(4n). Gio(r) is the reduced Green function of —4
on R®.

3. Pohozaev identity for the reduced Green function

Here we give a regularity lemma. The inequality which appears here gives
us fundamental information on the estimate of J;(u). We use the L?-theoretic
treatment of (pseudo) differential operators as in Taylor [14, Chapter XI]. For
the Dirichlet problem, see Gilbarg and Trudinger [7, Chapter 8&|.

Lemma 3.1. Let ue L'(Q) with Aue L'(Q) be a solution to
—Au—Au=f in ,

K%—ku:b on 09,
v

where Q is a bounded smooth domain in R®, fe L'(Q)NL*(Q\B,) with B,
being a ball with radius p > 0 centered at the origin, b e C*(082), and A € (0, 13).
Then u satisfies ‘

(32)  ullwrogy + IVullcocany < CUlA L@ + 1l ooy + 18l creany)

for any q < 3/2, £€(0,1) and any neighborhood o of 092 in Q, with constant
C>0.

(3.1)

Proof. In view of the classical Schauder estimates, ||b]|c1.¢(0) in the right
hand side follows if we see the Cl:¢-regularity of the solution near 0. To see
the regularity at 0Q and the upper estimate by ||f1|.1q) + |fllr2(w) We may
assume b = 0. In this proof, C represents various constants.

First we claim that

lullwro@y < Clf e
for ¢ < 3/2.
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In case of n = 3 and p > 3, by the Sobolev embedding theorem W17(Q) —
L*(82), we obtain

Wy? (@) = Wh(Q) = L*().
Thus the duality inclusion implies
LY(Q) = (L2(@))" = (W (@) = (Wy 7 (@) = wheleh(q),
Let (—4—2)"! be the inverse operator of (=4 — 1) subject to the boundary
condition x(du/0v) +u=0. Since A < Jy (the first eigenvalue of —A4 with
Kou/dv+u=0 on dQ), (—4—2)"" exists. Then we have u = (=4 =27,

Regarding fe W=LP/(-1(Q), we can express f = (1—A4)Y%g with ge
LP/(=1(Q) (see e.g., Ziemer [15] p. 185-187). We rewrite u as

u=(—4-)"'1-4)"
=(—=4=-2)"' 0 -1 -1 - 2)7Vg)
={(=4 -1 - )}(1 -2

Since (—4—2)"'(1—4)eOPS{,, (~4—2)"'(1-4) is a bounded operator
from LP(Q) to L?(Q) for any p > 1 ([14] Chapter XI, Theorem 2.2, p. 267).
Thus we see that

(=4 —2)'LYQ) < (—4 = 3 whrl 1) (Q) < whel/ D)

in view of (1 —4)""/*ge wlr/(-1)(Q). Hence (—4 — 4)~" is a bounded op-
erator from L'(Q) to W"4(Q) with ¢q:=p/(p—1) < 3/2. That is, for (3.1)
with 5 =0, we have

(33) lull o) < Clflpyg)-

Next we claim that

IVull co.caa) < CULNziioy + 1 1 Lo(w))-

Let x be the characteristic function of w and define f; = xf and f, = (1 —x)f.
Let u; be the solution of

—~Au; — du; = f; n Q,

K%+ui:0 on 0%,
v

for i=1,2. Note that the solution u to (3.1) satisfies u = u; +up. Since
J1 € L*(Q), we have

lutllwany < ClAilloe) < Cllfillpe) = Cll Aill 2o
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by
w = (—4-17'f
(A=A —a}1 - e (1 -7 LP(Q) = W (Q)

for any p > 1, as before. If we choose p sufficiently large, we conclude
u; € CH4(Q) by the Sobolev embedding. Thus we have

(34) IVurllcoea) < Cllf e (w)-
As for u,, we have
lallwiagg) < CllL2llio) < Cllf Il e,

by (3.3). We note that Wh4(Q) — LY(Q) (t=3¢q/(3—¢q)). If we choose ¢
sufficiently close to 3/2, then we have W14(Q) — L?(Q), that is,

2]l 20 < CllLollL1g)-
Since u, satisfies —Auy — Aup =0 in w, we get
lwallcrezy < Clluall 2wy

where o' (cw) is a neighborhood of 02 by the standard elliptic estimate with
0 < & < 1. Thus we have

(35) Vil coc oy < CllS N1 ()-
Combining (3.4) and (3.5), we obtain the desired conclusion together with the
Schauder estimate on 0%2. O

Using Lemma 3.1, we have a kind of the Pohozaev identity concerning G ;
and G, A

Proposition 3.1. Let G, ;(x) be defined by (2.2) and g, ,(x) be done by
(2.11).  Then there holds
Ji(Gy2) = 4n(l — K + k33)(GL (1)) - uJ G2, dx = —g, 4(0).
B

Proof. Define

5,(x) = w%x (x)

for p > 0 with B, being a ball centered at the origin and its radius p, and yp (x)
is the characteristic function of B,. Then J,(x) converges weakly in measure to
the Dirac delta function . Let us define v,(x) by
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2 3
S O<r=lx|<p
8np3  8mp’ ’
vp(x) = )
—_— <r.
4nr’ p=r

That is, v, € C}(R*) N C2(R*\0B,) is a solution to
—Adv, =9,

in R® such that v,(x) — 0 as |[x| — 0. Note that v, — 1/(4x|x|) in L*(B) as
p— +0. Let u,e C'(B)NC*(B\0B,) be a radial solution of

—Au—Ju=6, in B,

K%ﬁ—u:O on 0B.
ov

Then by Proposition 2.1, we have

(3.6) 4l — K+ ix?)(u)(1))* - uj

up2 dx = —J Op(xX){up + 2(x - Vu,) }dx.
B B

By the a priori estimate (3.2) in Lemma 3.1, we have

ol racmy + IVt cocomy < C.

Since J, — 4 in measure as p — 0, choosing a subsequence if necessary (still
denoted by {u,}), we conclude that u, — Gy, in L*(B) and that du/dv to
0Gy., ;/0v as p — +0 in view of the compactness of the embeddings W' 4(B) —
L?*(B) and C%¢(0B) — C°(0B). Thus we have (along a subsequence)

lim {47r(l e+ A1) - 24 2 dx}

p—-+0 B 4

— dn(l — x+ 3G (1)) — uJ G2, dx.
B
On the other hand, there holds

J Op{uty +2(x - Vu,)}dx
B

= J 0p{(uy, — vp) +2x - V(u, — v,) }dx + J 0p{v, +2x - Vv, }dx.
B B
As is shown in [5, p. 167, (4.12)] (direct computation), we have

J Op{vy +2x-Vv,}dx = 0.
B
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By the definition of u, and v,, we have
(3.7) —A(u, —v,) — Alu, — v,) = A, in B.
The boundary condition yields

kK 1
sz Amr? Amr

K Uy = 0p) +p = 1

r=1

Since

Uy in L*(B)

o
4nr

as p — +0, and since (—4 — A)~" is a bounded operator from L*(B) to H?(B),
we have

(3.8) Up — Up = Gk,2 in H?(B)

as p— +0 in view of (3.7), where g, , is a unique solution of

—Ag~lg:% in B,

. 0g . 1 /x 1
v I T\ T
Here, g, ; is the finite part of the reduced Green function G, ;. Since B = R,

we have H?(B) — C(B) by the Sobolev embedding theorem. Thus u, — v, con-
verges to g, , uniformly. Hence we get

(3.9)
on 0B.

r=1

Lép(x) (up — vp)dx — gy, 1(0)

as p — +0.
Finally, concerning the remaining integral, we have

3
|| 8,0tV = vbar < 2 | WGy = vy
B p- JB,
By (3.8), V(u, —v,) is bounded in H!(B), ie., in LS(B). Hence we get
e 4 \5/6
L V(4 — vp)ldx < |B,| / IV (e, — Up)HLﬁ(B) = (g”) P5/2|IV(“/> - Up)“Lﬁ(B)-
p
Thus we see

JBap(x)(x -V (u, — v,))dx = O(p'?)
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as p — +0. Letting p — -0 in (3.6), we obtain the conclusion

Ti(Gp2) = 4n(1 — ke +122)(G], ;(1))* — 24 L G2, dx = —g,;(0). [

4. Approximating the solution

To prove Theorems 1.1-1.3, we need to approximate the solution very
accurately. For 1= pu? +¢, we denote the solution up,, to (1.2) by u, for
simplicity and set

B = ((0) 7 = (a(dsx)) 2

according to [5].
We define

Up(x) := VA

(B + xI?/3)*
Up(x) is a positive solution to
AU+U’=0 in R?,
with Us(0) = 712 (=u,(0)). We set
e = Ggiver  Op(%) = Up+ 430/ Bge, (%) :=u — ¢
Note that # is a radially symmetric function. Then the “error” term # satisfies
@.1) —dn— (4 +em
= —A(u; — Up = 4V3n/Byx..) — (14} + &)( — Uy — 4V/3/Byr.)
= —Au, — (4 + &)u. + AU + (13 + &) Up

+ 4\/§ﬂ\/B(AgK,6 + (:ul2 + g)g"vs)
= — U;+(/¢12+8)<Uﬂ_@) = F(x)

and

_ (K% + 1) (us — Up — 4\/?_)75\/ng,8)
r=1

r=1

T o=,
r=1

_ 9 _ Uﬁ_\/g\/ﬁ<£_l>

ov r2or
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by (3.9). Note that b is constant. Using these relations, we get the error term
estimate.

Proposition 4.1. The error function n satisfies
171l 28y + 2Vl (1)] < C11>?(log B
as f— +0 for 0 <k <1 and
71l 2y + 2v/7ln" (D] < C1(e8>[log Bl + B7/7)
as B — +0 for k=1, with constant Cy, > 0 independent of ¢ and f.

To prove Proposition 4.1, we need to apply Lemma 3.1. Hence the estimates
of 6] (I8llcrery)s 1F o) and [[Fllzip are necessary.

Lemma 4.1. The constant b satisfies the estimate
6] (=18l cro0p) < CB* as f—0
for any 0 <x <1 with C; > 0.

Proof. Since Up is radial, we have
1 N , Iy
b=3eVB(#13) V(P +3) - VEVER-D
3/2
—¢{1—3ﬁ<ﬁ2+%> }

(g +1/3)

+${\/§(ﬂ2 +1/3)2 -1y

=3B 013087 + 0.
Thus [b| is of order f*?. Note that if x = 1/3, then |b| = O(8°/?). O

Since b is constant on 0B, Lemma 4.1 is enough for (3.2).

Lemma 4.2. Let w be a neighorhood of 0B in B, which does not contain the
origin. Then the estimate

1F ]| oy < B2
as B — +0 holds for any 0 <x <1 with constant C; > 0.

Proof. sup,|F| is obviously estimated as
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3
sup F < sup |u] — Ulfl + (4 + &) sup|Up — \/_:/BI
with = |x| by (4.1). Since

VB V3B _ 3+ 08
(B> +72/3)' r 2% +r2/3) 32’

we see that

sup
w

As for the first term, we have
sup |1} — Uj| < supus)’ + sup | Up|*.
w [s2) w

As is easily seen, we have

|Usl < C\/B

in w. Now we set

~ VB
(4.2) W) = 1B+ {1+ (i} + )8 1r2/3] %

Note that W} is a solution to

(4.3) Aw + (14 (@3 +e)pHw’ =0,
Then by Lemma 1 (iii) of Atkinson and Peletier [1], we have

(4.4) u, < Wy < C\/B

in w. By the proof of Lemma 1 in [1] (done by comparison of (4.3) with (1.1)
via the change of variables), one sees that this estimate is not affected by the

boundary condition. Thus we get the desired estimate.

Remark. As we see from [1], u, < W; holds for any xe B. See also

Remark 1 of [1] and (2.11) of [1].
Now we divide F into three parts: Let

foy = (15 +¢) <Uﬂ - \/5\/3),

r
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foy=u = Wp,
foy=W; - Uj.
Lemma 4.3. For f(, the estimate
1/l < CaxB™llog Bl as f— +0
holds for 0 <k <1 and
1feolxm) < Canef™llog Bl as f— +0
for k =1, with constant Cy , independent of & and B.

Proof. Since f;) is radial, we have

1
Jslf(l)ldx:‘m(‘ulz—'_g)\/ﬁj ﬁ_—_l“— ¥ dr

AR/ AR K

1/(V38) (1 1
= 12v3n(u} + )p>? S———|pdp
Jo P 14 p2

Y3 (T 92 —
= 12V3n(i? + ) (—M>pdp

JO \/1+I)2
1/(V36)
< 12V3n(? + &)p>? P 4
n(ui +¢)p ), e

< c(e)B*|log B,

with 7 = v/3fp as § — 0. When 0 < x < 1, then g, > 0 and c(e) is not depen-
dent on ¢ although it is of order ¢ when k=1 as seen from the above
inequality since x; = 0 in this case. O

By (4.4), we have f <0. We need a lower estimate for u,. This
originates from Lemma 2 of [1], Lemma 2.2 of Atkinson and Peletier [3].

Lemma 4.4. u, satisfles the inequality

2
ug(x) > (1 _:ﬂz — 'ulT-{_glxlz) %(X)

on B.

Proof. The original proof is for the equation of the form v” +
r*w+v°)=01in ¢t > T with T >0 such that v(¢) >0 on (7, 00). As in the
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proof of Lemma 4.2, we use the integral form of (4.3) and (4.4) to obtain the
desired inequality. Since we consider the radial solution, this result can be
translated into our problem by u(r) = v(f) with » = 1/¢. Moreover, the proof
by [1] is not affected by the boundary condition. Though the original estimate
is for the solution of the Dirichlet problem, the estimate is still valid for that of
the third boundary value problem. So we omit the detail. O

This implies that u, blows up only at the origin and that # does not have
any blowup points except the origin. Using Lemma 4.4, we have an estimate

for f).
Lemma 4.5. f) is estimated as
If)llim < Cs,p*?|log B
as f— 40 if 0<k <1, and
/)l < C5,1(8ﬂ5/2|102 Bl + B2
as f— +0 if k=1, where Cs, is a constant independent of ¢ and f.

Proof. By the definition of Wp and Up, we see u, < W3 < Up from
(4.4). Moreover, by Lemma 4.4, we have

Wy —uf = (W + W, + Wil & Wyl +ul) (W — )

5 542
4 2 2 5 5
35%(%—%)35(#1"'8)” %+1+ﬁ2VVﬂ'
5 2 2775 5[32 5
Thus we get
§(u2+s)J Ix|2U; dx
2+ 5 B
2 5/2 ! rt
< 107(p? + &) J—dr
wr+e) o (B2 +r2/3)°
1/(v/38) pt

< | dp < C(e)Flog B,

0 (14 p2)°?
and
2v

r Z05/2
Frapn =

1
ﬂzj Uﬁ5 dx < 47'5/39/2J
B 0
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with r =+/38p as f — +0 and C > 0 independent of f. As in the proof of
Lemma 4.4, C(g) is independent of ¢ when 0 <« <1 and is of order ¢ when
x = 1. Thus we have the desired estimate. O

Finally, we prove the estimate for fs).
Lemma 4.6. f3) is estimated as follows:
I/l < Co,c B
as f—+0 if 0 <k <1 and
£l < Co168°°
as B— +0 if k =1, where Cg, is a constant independent of ¢ and f.
Proof. We directly calculate |W; — U7|. We have

1 1

5 15| — S/2 _
O s G AT T

5 s (43 +e)fr?
ST

by the mean value theorem. The e-dependence comes from this estimate.
Moreover, since

1 4 35/2 (1/(V3p) 54 c
J ——2—‘—7/2 dr < ‘_Z—J 77/2 dS < PR
0 (p*+7r2/3) B Jo (1 + s2) B

with r = v/3fs, where ¢ is independent of B, we obtain

J ’WS . US'dx < C6,Kﬂ5/27 0<k< 17
P T G B, k=1,

with G, independent of ¢ and f. O

Proof of Proposition 4.1. A proof is done by combining Lemmas 3.1, 4.1,
4.2, 4.3, 4.5 and 4.6. O

5. Proofs of theorems

In this section, first, we calculate J,2 +¢(#;) by using the results in Section
4. Now recall that

us:n+¢/3
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with
¢p=Up + 4\/§n\/ﬁ'gm

and recall (2.6) and (2.7), ie.,

(1) Jgeal) = 2l = s (i + Y1) =208 +0) | o2 v

_ 1 6 jo_ 4 6
= 3LBugdS— 371(148(1)).

First we give a rough upper estimate for Pg-

Lemma 5.1.  For ¢y, there exists C7 > 0 independent of k € [0, 1] such that
L gpdx< G and  ($4(1))* < G
Proof.  From the definition of ¢4, we have
JB 43 dx < 2JB(U5 + (4V37)2B(gr.) )

and

851> < 2(1U41* + (43m)*BlgL. %)
Since g, . is the finite part of the reduced Green function, the second term of the
right-hand side of each inequality is estimated from above by f. As for the
first term of the right-hand side, we have |U/§|2 < Cf on 0B by the definition of
Ug. Finally, concerning |, U; dx, it is sufficient to show
(5.2) L Uj dx < CB
with small ¢ > 0. We have readily seen that

J Uj dx < CB.
B\B,

We prove (5.2). Indeed, we have

J U2 dx =4 /)’Ja P h—1V3 [)’2r/(\/§m P <2 B

x = 4n@, ——dr = V4 ———dp < 12nap,
5! 0 (B +712/3) o A+,
with r =+/38p. Thus we get the desired estimates. O

We have a useful approximation of S +o(e).
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Lemma 5.2. J, +o(Ue) is approximated by Jp2 +(8g) as

‘]/112+e(u8) = J/t12+8(¢ﬂ) + RE:ﬂ
with |R. | < CBlog B| if 0 < <1 and |R. 5| < Cef’|log | if k= .

Proof. Using Proposition 4.1 and Lemma 5.1, we have
[Re gl = [z 1o(Bp + 1) — Ji210(¢p)]
< dnl -+ (i + e H2G0] W (D] + (' (1)?)
20 +) | @l + )
< dnl -+ (i + 9} 2A50] W (D] + (' (1))

+ 24} + &) 2l 2oy 1l 2sy + Il Z2(m)

< C(e)f’[log A,
where the constant C(e) is independent of ¢ if 0 < x <1 and is of order ¢ if
k=1 since y; =0 if x =1. Thus we get the conclusion. O

Our aim is to get the behavior of J 2 2,.(u;) as f— +0. To this end,
we investigate J2,.(¢g). We need to estimate ||¢/3|| more accurately than in
Lemma 5.1.

Lemma 5.3. J, +e(@p) is expanded as
Ja+e(bp) = 4877 Bg,(0) + 12v37 (4} + 2)B” + O(f*|log B)
as f — +0.
Proof.  Since

1
= 4 R
¢ﬂ Us + \/§n\/ﬁ<G,le+s 47z|x|) ,

we have

ady

o | = 4V3nVBG . (1) + OB

0B

of_ L B,
v ((ﬂ2+|x|2/3)1/2 |x|) = 0(87)

by
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on 0B. Thus we get

an(gy(1)* = 192° (G, (1) + O().
Next as for [, ¢§ dx, we have

J ¢§ dx = J (Uﬂ +4\/§7[\/ﬁgk,e)2dx
B B
= JB Uﬁ% dx + 8\/?—)7Z\/BJB Uﬁgx,s dx
2 1 ’
+ 487 'BJB <GK,u12+£ - m) dx
= [ Ggavesvavee| Uﬁg“dx+48n2ﬁj G2 a0
~—24nﬁJ gk’£+—1— dx + ﬂj
s\ Xl 4n|x? |x |

YT I V3
487:5] Kﬂ+sdx+8\/§n[>’L{(ﬁ2+|x|2/3)1/2 |x|}g“dx

~3ﬁj dx+J Uy dx
x®

= 4877:2[)’J euis 4%

. . 3 gKE
20/, ST 3 T + B+ W

1 3
+4], (/32 NN W) =

As for the second term, since g, .c L*(B), we have

1
L Pl (B2 + 1x12/3) 2 {1x] + (B2 + 117 /3) 1%} =

dx 1 1
— - 4
= L E R L Bt

\/§7z Y \/_ﬂ ! d 1
=4 J —— = ds < c|lo ﬂ N
0 (1 +S2)1/2 I £ |



Blowup Rate of Solutions 313

with r = |x| and r = v/3fs. Similarly, as for the third term, we get

3 _ [0 dr
J3<ﬁ2+[x|2/3 |x|2>dx_ 127f Joﬂ2+r2/3

V38 g 1
=—12V3 J — = —12V3 (tan‘l —)
p 0 1+ 52 p V3B

= —12\/§n/3<g + O(ﬁ)) = —6V37n28+ O(B?).
Thus we obtain

J §2 dx = 48712/)’J G2 .. dx— 6v328 + O(f|log BI).
B B

K, f2+e
Hence we have

T 1e(9p) = 192(1 = &+ (1] + ) B(G] 2,,(1)
—96m%(uf + a)ﬁJ G? ts dx +12V372 (12 + &) p*
P

+ O(f’|log )
= 487°J2.,o(G} 2,,) +12V3m% (1] + €)% + O(B*[log BI)

e -+e
= —487°Bg,.(0) + 12v3n° (i} + £)B” + O(f|log f)
by Proposition 3.1. O
Using Lemmas 5.2 and 5.3, we pro?evThereom I.1.

Proof of Theorem 1.1. First we note that
dnu (D) = | utds = o)
B
by (4.4). Thus we have
J/t12+£(u£) = 0(ﬁ3)
by (5.1). From Lemmas 5.2 and 5.3, we obtain

(5.3) 487 By, »(0) = 1237 (uf + &) + O(B*|log BI)

as f — 40. Note that we here treat the case 0 <k < 1. Recalling the def-
inition of g; (see (2.11)), and using I’'Hospital’s rule, we get
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A/ 18 +e(—cos py + A sin y)

4z (sin py + A cos u)

(5.4) G e(0) =

where A is defined as

A:(I—K) sin(,/,uf%—e—,ul) —I—K\/,u%—kacos(q/ylz%-e—ul)'
(1—x) cos(\/,ulz+a—,u1) —m/,uf+esin(\/u12+a-ﬂl>

If 0 <x <1, since

(5.5)

/2 _ £ Lo
lul + #1+2/11+ (8 )?

we have

&

(1 —K)iz—l-i-K(,ul = > + 0@

(1-x)— K<,u1 +2i,u1> E+ 0(£%)
&
_ 2

(1-%) ~Ze+ 0@

A=

Ky +=—+ O(e?)

If0<k<I1, we get

ok 1=k
L—r " 21—

e+ O(e?).

Thus we have

& 2
ﬂ1+2ﬂ1+0(8 )

gr:(0) = . iy 1 —xt K2u2
4r| sin py + + Le b cos
I—r " 2(1—x)’y

(5.6)

) 1— 2,2
alad sin yy +V( K+K2'ul)8
1-x 200 =x)"m

x <—cos w+ sin p; + 0(32))

_ (1 — i+ #%uf) (sin gy )e
87{(1 — k) sin gy + x(1 — K)py cos gy }

+ 0(e?)

by noting xu; sin g, /(1 — k) = cos .
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Substituting (5.6) for (5.3), we have

6n(1 — k + k%) (sin w; ) Be
(1 —x)% sin gy + r(1 — K)p; cos

= 12V3r2 (45 + 9)B* + O(Blog ).

O(pe?)

Dividing the both sides by 2, we get

e 2V3n(id +e){(1- K)? sin gty 4+ k(1 — k) cos py}

B (1 — &+ x2u7) sin

€
o(ptioe ) +2-0(5)
Letting ¢ — 0, we obtain

(5.7) lim £ = 2V3m{(1 = x)® sin 1y + k(1 — 1)y cos g}
’ e—0 f8 (1 — k + x2u?) sin g

Since f = (u,(0)) %,

2 1 -
hm L llm 8( (ﬂ12 + & K))2 \/_T[/,ll {( K) sin Hy + K(l K)iul COos lul}
=0 f§ =0 (1 -k +x2@2) sin g

Thus we get the desired value. |
Proof of Theorem 1.2. When x =1, then (2.6) yields

(5.8) 4n£(ue’(l))2—2£J W2 dx = —gnuf(l).
B

Unlike the proof of Theorem 1.1, ¢ appears directly in this relation when
k=1 By (44) and Lemma 4.4, we see that

(:(1))° =278 + O@p* + B°).
Directly substituting 4, =0 for (5.5) and (2.11), we have

tan /e sin(+/er) N cos(+/er) — 1

4nr 4rr

A = —cot \/‘;'7 gx,e(r) =

+ O(e).
Since u, = Ug + 4\/§n\/ﬁgx,s +n=¢s+n, we get

J u? dx:J Uj dx + O(ef + f’[log B| + B°)
B B



316 Yoshitsugu KABEYA

by Proposition 4.1 and Lemma 5.1. The relation

1 2 1/(v/38)
J U/%dx:4nj Ldr:IZ\/gﬁzj (1 ! )dp
B

0 7 +12/3 0 142
1
= 1278 — 1274 tan™! —
V3B
with 7 = v/3fp yields
(5.9) J u? dx = 12nf + O(ef + 7).
B

Similarly, we have

u)(1) = —V3y/B + O(e/B + ef*2[log B| + B*%)

in view of

(900)(1) = 1 {(tan VE)(VE cos V& — sin V&) — v sin Vi + (1 —cos &)}

&
= —— + O
e 06

and Proposition 4.1. Thus we get
(5.10) (u;(1))* = 38 + O(cp + ef’llog Bl + ).
Substituting (5.9) and (5.10) for (5.8), we obtain

—127e + O(e*B + ef°) = 3678 + O(ef> + B°).
Dividing the both sides by S, we see that

. ¢ . . 4
11_1}13 P =3 ie. }g}) uy(0)* = 3. [

Proof of Theorem 1.3. As stated in the top of this section, we have
_ _ _ 1
ﬁ 1/2”8 :ﬁ 1/2;7 —|—ﬁ 1/2Uﬂ+4\/§7[<GK’Iu12+S(X) —m>

for x # 0. Since ,b’_l/ 2y — 0 as f — 0 by Proposition 4.1 (n can be estimated
as in Proposition 4.1 pointwise if x # 0), and since ﬁ_1/2Uﬂ—> V3/|x|, we
have

lim By, = 437G, 2
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for x #0. Thus by (5.7), we obtain

fm \/_nl—zc—l—zcz,ul)smul
ﬂl 2{(

o0 \/z w2 (1= )% sin g+ x(1— )y cos py} "

for 0 <x <1 and

7 = 4\/§T[G1 0

for k =1 by Theorem 1.2. O
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