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1. Introduction

The purpose of this paper is to show that we can take coordinate systems
determined by the Bécklund transformations as coordinate systems of the
manifolds of Painlevé systems constructed by K. Okamoto ([10]) (except the
first one) and that the manifolds with parameters equivalent under the cor-
responding affine Weyl groups are mutually isomorphic.

The J-th Painlevé system (J = II,III, IV, V, VI) which is equivalent to the
J-th Painlevé equation is the following Hamiltonian system
'(HJ,ot) 5‘1: {HJ(qapatv‘x)vCI}v 5]7: {HJ(q7pvtaa)?p}7
where 6 =d/dt for J=1I,1V, 6 =td/dt for J=1I,V, §=1t(t—1)d/dt for
J="VI, {-,-} is the Poisson bracket defined by

_Uo oo

and the Hamiltonian Hy(q, p,t,a), o= (a9, 0,...) being parameters with a

relation, is given by

Hy(q,p,t,0) = %p" — (tf + %)p — g
(a0 + o1 = 1),
Hiir(q, p,4,0) = ¢°p(p — 1) + ql(o0 + a2)p — 0] + 1p
(otg + 200 + o = 1),
Hpy(q,p,t,0) = qp(p — q — 2t) = 2u1p — 2004
(otg + 01 +ap = 1),
Hy(q,p,t,0) = q(q — 1)p(p + 1) — (o1 + a3)gp + cup + catq
(g + o1 + o + o3 = 1),
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Hyi(q, p,t,0) = q(g — 1)(g — )p* — [(0 — )q(q — 1) + au(g — 1)(g — 2)
+ o3q(q — )]p + 2oy +2)(q — 1)
(OC()-{-OC] + 200 +o3 +ag =1).

We notice that the forms of the Hamiltonians for J = III, IV, V given here are
slightly different from those in [2], [14], [4]. The Hamiltonian for J = III or IV
or V is obtained from that for J = III' or IV or V in [2] respectively by certain
change of variables (see Section 3).

Each Painlevé system determines a complex one dimensional nonsingular
foliation of C? x B; (3(q, p,t)) where

By =By =C, By = By = C — {0}, By; = C—{0,1}.

The system is holomorphically extended to one on a manifold E;, which is a
fiber space over B; having the C* x B, as a fiber subspace and the extended
system defines a uniform foliation %, of E;, although the foliation of the
C? x By is not uniform ([14], [4], [10]). Here the uniformity of the foliation
F7,o means that, for any point Py € E; ,, every curve in By starting from m;(Pp)
is lifted on the leaf passing through Py, where m; is the projection from Ej,
to B;. We notice that the uniformity of the foliation is equivalent to the so-
called Painlevé property for the Painlevé system, that is, if (¢(¢), p(¢)) is a local
solution of (Hj,.) determined by an arbitrary initial condition q(ty)) = qo € C,
p(to) =po € C with tye By, then both q(t) and p(t) can be meromorphically
continued along any curve in B; with a starting point ty. The fibers of Ej ,
are called the spaces of initial conditions ([10]). Each Ej , is described by the
original chart C? x B; and a finite number of copies C 2 x By of C? x By where
coordinate transformations are certain birational symplectic ones ([14], [4]).

On the other hand, each Painlevé system admits a Bicklund transformation
group of certain birational symplectic transformations each of which preserves
the form of the Hamiltonian and changes the parameters o; as an element
of an affine Weyl group ([6], [7], [8], [9]). This fact was first recognized by
K. Okamoto ([11]), but our presentation in the following is different from his.

Let K=C(q,p,t,a) (x= (ap,01,...)) be a differential field of rational
functions of ¢, p, t,a with a derivation § defined by

5f:g—J;-{Hj(q,p, l,OC),C]}+%'{H1(q7pat7a)’p}+5lf) fEK’

where &' is 8/t for J=1I,1V, t9/ot for J=1III,V, and t(t—1)d/dt for
J=VI. (Notice that do; =0.) Then, there is a Bicklund transformation
group W which is a lift of an affine Weyl group acting on the a-space such
that
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i) each we W is an isomorphism from the field K to itself,
(ii) ow=wd, for we W,
(ii)) w{/\g} = (#(f), (@)} for we W, f,geK.
The group W is generated by a finite number of reflections s;.
For we W, consider a birational symplectic change of variables from

(g,p,t) to (qw, pw,tw) defined by
gw=w(q), pv=wp), ty=w(l).

Then the Hamiltonian system (Hy,,) with ag 4 - -+ = 1 is transformed to (H;, ,(»):

5QW = {HJ(an Pw, bw, W(OC)), qW}a 5pw = {Hl(qwa DPw; tw, W(OC)), pW}?

where w(a) = (w(ao), w(ai),...) with w(op)+---=1. (We notice that t, =1t
for every we W in the case of J # III and ¢, = +¢ in the case of J = III and
0 =9,, where J,, is the derivation with respect to #,.) Hence w extends the
domain of definition C? x B, of the system (Hj,) to C? x By U Cfv X By y/~,
where ~ is an identification of the points (g, p,) € C* x By and (qy, pw, 1) €
CVZV x By y (~C? x B;) by the above relation. The system (Hj () is con-
sidered to be the restriction of the extended Hamiltonian system on the chart
C> x By\.

We extend the domain of definition C? x B, of (Hy o) by all we W. Let
E JV’I; be a manifold obtained by gluing the copies C2 x B ,,, we W of C* x B;
via the relations

qw = W,W_l(qw), Pw = W/W_I(Pw), Ly = Wlw_l(tw)

Ef, = <|_| C2 x B,,w)/f»
weW

The identification ~ is well defined since W is a group. We often consider
each C; x By, a subset of EJ,.

The manifold E Jvf’a is a fiber space over By and the extension of the Painlevé
system (H;,) on E,” defines a complex one dimensional nonsingular foliation
of EJ¥, each leaf of which is transversal to fibers.

The main result of this paper is stated as:

for any w,w’ e W:

Theorem 1. The identity mapping ¢ from C> x By < E }f’a to the original
chart C? x By of Ey, can be extended to an isomorphismem
p: E JVZ — Ej 4.

In general, for any w € W, the mapping ¢,, from the chart Cfv X By w2 (Gw, Pws tw)
of EJ’, to the original chart C?> x By 3 (q,p,1) of Ej (s defined by (q,p,t) =
(qw, Pw, tw) can be extended to an isomorphism
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Py- EJI:I; - EJ,w(oc)-

Here an isomorphism means a biholomorphic mapping which preserves fibers and
leaves of the foliations.

In the proof of the theorem, the uniformity of the foliation &, of Ej,
plays an essential role. One can find a proof of the uniformity in [15], [18], [1],
for example. By means of the theorem, we can say that the manifold E; , is
covered by the coordinate systems Cfv x By, we W. The coordinate systems
are convenient in that the Hamiltonians on them are easily obtained by the
changes of parameters. The following important fact is also an immediate
consequence of the theorem.

Corollary. The manifolds E;, and Ej, are isomorphic if there exists
we W such that o' = w(a).

In a private communication, we were informed that H. Umemura and
J. Matsuzawa had also obtained the corollary.

We notice that the manifold E;”, is covered by a finite number of coor-
dinate systems although it is defined by infinitely many ones. The fact is
verified by the above corollary, the following theorem in which s; are the gen-
erators of W, and the property that, for any «, there is a w € W such that none
of w(;) (and w(oy + o) for J = VI) vanish. The theorem is also used in the
proof of Theorem 1.

Theorem 2. (The case of J=II,III,IV,V) If none of o; vanish, then

<C2 X BJ|_|<|_| Csz, X BJ,SI.>>/~ ﬁEJ,oc-
i

(The case of J = VI) If none of o; and oy + o vanish, then

<C2 X BV1|_|( I_I Ci X BV1> [_| Cflsz X BV1>/~ o~ EVI,w

i=0,2,3,4

In Section 2, we give lists of certain generators of Bicklund transformation
groups of Painlevé systems and show some propositions which will be used
in the proof of Theorem 1. In Section 3, we review the descriptions of the
manifolds Ej , ([14], [4]) and give lists of Hamiltonians on all charts and then
we show a proposition. The succeeding sections are devoted to proving Theo-
rems 1 and 2. We first prove Theorem 2 in Section 4 and then prove Theorem
1 in Sections 5 and 6. In the case of J = VI, there appear divisors in F Jva and
a divisor in Ej , at infinity of the original chart which are invariant with respect
to the foliations, and hence we have to observe them precisely.

In the end of this section, we note a work by H. Watanabe in which he has
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given some relations between Backlund transformations and suitable descrip-
tions of the manifolds ([16], [17]).

2. Bicklund transformation groups

In this section, we give explicit forms of some natural generators s; of the
Béicklund transformation group W of each Painlevé system and some prop-
ositions. We give also generators of the extended Béicklund transformation
group W although it is not used in this paper. Each list consists of the type of
affine Weyl group, Dynkin diagram, generalized Cartan matrix, the fundamental
relations of the generators of the Bicklund transformation group W and the
extended Bicklund transformation group W, and the explicit forms of the
generators. Except for the case of Pp; the group W is the full symmetry group
which preserves the independent variable .

2.1. The case of J =11

’ 2 -2
AV 8ol (ptou=1) A:[ , 2]

W(Agl)) = (0,810 55 =57 = 1.

e
W(Ag )) = {50, 51,Ty: sg = sf =1; #n°=1, msog=s7m, 7S =Son.

oo o1 q p

o —og o +20 | g+ p_;qoz_, p+ pf;”;?,, (p_jsit)z
si | ag+20  —oy q+% p

n ol oo —q —p+2¢*+1t

The last list must be read as

so(ao) = —a, so(a) = o + 200,
o dagq 203
o) =g +—%5—, o(p) =p+ :
P24 —1 P=2¢>—1t (p—242—1)?
and so on.

2.2. The case of J = III

cV: 8828 (mt2mtm=1) Ad=|-2 2 -2
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1 4 4
W(Cé )) = {89,581, 52): sé = sf = sg =1, (so81)" =(sm8) =1L
222 4 4
- ss=s1=s5,=1, (s051)" =(s182)" =1
1 0 1 2 ) )
W(CMy = Cso, 51,8, 7 )
=1, 7nsy=sn, 7S =387, 7~AS = SO7.
o o o0 4 q p
S0 —0lp o + o o t q+ 0;70 P
s1 | o + 20 —o oy + 20 | —t q p—%?%—j;
By oo oy + o —0l g9+ ;_21 p
T o o oo ~t —q 1—-p

We remark that the Bécklund transformations of the Hamiltonian system

(Hyr) can also be described in terms of an extension of the affine Weyl group

WAy x wad).

In this paper, however, we make use of W(Cél)) for

convenience, since it is directly related to the description of the manifold Eyy ,

given in the next section.

2.3. The case of J =1V

%o

Agl): OQAOQ

W(AE”) = (8,81, 52

W(Aél)) = {0, 51,52, )

2 -1 -1
(OC0+O(1+062=1) A=1|-1 2 -1
-1 -1 2

sg = sl2 = s% =1, (sos1)3 = (slsz)3 = (szso)3 = 1.

2 _ 2 _ 2 _
sp=s1=5,=1,

(s051)° = (s152)” = (s25)°

n’ =1, 7#sy=s7, TS| = $HA, =TS = SH7.
%o o1 o q p
5 —a a oy o+ o + 2 -
0 0 1 0 2% | 9T Py
20(1
s wtoo o ot q -7
20y
Sy | g0 o+ o —o q+ N p
T o o ot —p -p+q+2t

1,
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2.4. The case of J =V

o 2 -1 0 -1
-1 2 -1 0

Al SN m (ot tmtan=1) A= 0 T
o —1 0 _1 2

W(Agl)) = {89,581, 82,83 )" si2 =1, (s,-s,~+2)2 =1, (sisi+1)3 =1.

sP=1, (ss2)’ =1, (ss1)’ =1,

W(Agl)) = <S(),S1,SQ,S3,7I>: 4
=1, 7ns;=s;7. (ieZ/4Z)

oo 3] o2 o3 q p
So —0lp oy + o o o3 +op | g+ % p
S| %o + o —o o + o o3 q p— %‘
52 %o oy + 0 —ol a3+ | g+ %,2‘ p
S3 | op+ o3 o o + o3 —03 q p— an]l
T 4] 0% o3 oo —% (q — l)t

2.5. The case of J=VI

o2

DS i tan
2 0 -1 0 0
0 2 -1 0 0

W(Dgl)) = {50, 51,52, 83, 840 8> = s% =1, (sisj)2 =1, (s,-sz)3 =1.
W(Di”) = {80, 51,52, 53, 54, 001(34, 03|14, 004|13 )
Si2 = S% =1, (Sisj)2 = 1, (Si52)3 =1, (la] # 2)

0134(50, 51, 52,83, 54) = (51,50, 52, 54, 53)F01}34
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003\14(SO,S1,S2,S3,S4) = (S3,S47S27S07S1)003|14,
o0413(50, 51, 52,53, 54) = (4,53, 52, 51, 50)004/13-

The Diagram automorphisms oy, Go3)14, Goap3 generate the Klein group of
order 4.

oo o] o o3 oz} q p
o
S0 —0lp o o 4 o3 o4 q p— q—_O,
S1 oo -0 o+ o o3 o4 q D
o
S |dtm e —w wtm wtm| g+ p
o
53 oo oy oo + o3 —o3 o4 q pP— q%l
.
S4 oo o1 o + o4 o3 —0l4 q p— 74
(1) (g=0((g—1) pta2)
01|34 a1 %o ) £7] o3 pa +t - 1)
t q(gqp+u2)
003|14 a3 o4 o2 o o1 7 —
—1 (g—1)((g—1) p+oa)
o413 | %4 o3 o2 o % | = ot T

2.6. Propositions

Recall the definition of the manifold E JVKI by gluing the copies Cfv X By,
we W of C?x By via the identification determined by the Béicklund trans-
formations. We first give a proposition concerning the extension of the domain
of definition, which will be used in the proof of Theorem 1.

We see that the Hamiltonian system

0qy = {HJ(QWJ’wa Ly, W(“)% pw}: opy = {Hj(qwa DPws tw, W(“))a ‘Iw}

on Cfv x By, is changed to the Hamiltonian system

5‘1ws = {HJ(qWS7 Dwss Lws, WS(OC)), pws}y 5pws = {HJ(QWS, Pwsy bws) WS(OC))a qWS}

on Cfvs X By us, where we W and s is a generator of W. Let us denote by
D, s < Cis X By ys the divisor defined as the complement of Cfv X By
Dy s = Cfm X By s — Cfv x By . We notice that D,, ,, can be an empty set.
Then we have

Proposition 2.1. In the case of J # VI, every divisor D, s is transversal
to leaves. In the case of J = VI, every divisor D,, s (s # 1) is transversal to



Bicklund Transformations and the Manifolds 245

leaves, however the divisor D, ., (w(a) #0) is invariant with respect to the
Sfoliation if w(o) = 0.

Proof. The proposition is verified by observing the Hamiltonian system on
Cis x By ws. For example, consider first the case of J =1, s =s,. Since g, =
Gws — W(%1) /Pws, Pw = Pws, We have Dy, s = {pys =0} if w(a) #0. (Notice
that if w(x;) =0, then Dy, s = &.) By 0pis = {Hu(qus, Pus, t, ws(®)), pws} and
{H1(qws; Pws, t, ws(0)), Pyos } =0 = —w(ay), we see that D, , is transversal
to leaves. We consider next the case of J= VI, s=s,. In the case, we
have Dy, s = {pws =0} if w(on) #0, Ipus = {Hyi(qws, Pus, t, ws(a0)), ps}, and
{Hv1(qws, Pws, 1, ws(oc)),pws}|pw:0 = w(ap)w(e;), and then we obtain the last
assertion.

The following proposition will also be used in the proof of Theorem 1.

Proposition 2.2. In the case of J # VI, for any o, there is a we W such
that w(a;) # 0 for all i. In the case of J = VI, for any o, there is a we W
such that w(oy +0p) #0 and w(o) # 0 for all i

Proof. This fact follows from the actions of translation operators con-
tained in the affine Weyl group W with respect to the root lattice.

3. The manifolds £, ,

In this section, we give descriptions of the manifolds E; ,, Hamiltonians on
all charts of the manifolds, a proposition which will be used in the proof of
Theorem 1.

3.1. Descriptions of E; ,
The manifolds E,=E;, for J=1I,...,VI are described by gluing

C?>x By > (¢, p,t) and a finite number copies C,-2 x By 3 (x;, yi, 1) of C? x By via
the following birational symplectic transformations:
q=1/x0,  p—2¢"—1=x0(—% — xo¥0),
g=1/x1,  p=xi(~oq —x1y1)
for J =1II;
q=1/x0,  p=xo(—00 — xo¥0),

+20(1 t
:x7 = — — 5,
q 1 D Y1 x1 X%

q=1/x3, p=1+x2(~ — x292)
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for J = III;
q=1/x0,  p—q—2t=x(-200 — xo¥0)
qg=yQ2o —x1y1), p=1/y,
q=1/x,  p=x(-20 — x2)2)
for J =1V;
q=1/x0,  p+1t=x0(—a0— Xoy0),
g=yi(la —xiy1),  p=1/y,
q=1/x, P = X2(—02 — X2)2),
g—1=y3(e3—x333), p=1/y
for J=V;

qg—t=yo(00 —xop0),  p=1/y,
q=1/x,  p=x(-0 —x2)2),
q—1=ys(zs—x393), p=1/ys,
q=ys(ws —xays),  p=1/y4,
q= 1/[)’12(061 - x12y12)]7 P ==yl — X12y12)(061 +op — X12y12)

for J = VI.

We remark that the Hamiltonians Hy(q, p,t,a) (J # III) in this paper are
obtained from those H; (4, i, t,x) in [2] by the following change of variables and
constants: :

A=gq, L=p, a=oy —1/2

for J =1II;
A=gq, u=p/2, Ko = o, Koo = —0i2
for J =1V,
A-Dlg-D=1,  (“A-Du+{g-1)p=-on,
Ko = o, K = —(op + 200 + a3), Koo = 03, n=-1
for J =V,

A=q, u=p, Ko = o4, K| = 03, K; = 0o, Koo = 0l
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for J = VI and Hyy(q, p,t,a) is obtained from Hpyp (4, u,t,k) in [2] by

A=t/q, u=—q{qp+ )/t

K0=—2(OC()‘|’OC1)7 Koozzala ’70=’700:1'

3.2. Hamiltonians on the other charts

Hamiltonians H; = Hj ;(x;, y;,t,®) on the charts C ,2 x By 3 (x;, yi, t) of the
manifolds Ej , are of the following forms, where x, y are used instead of x;, y;:

1 1 1 1
Hy, = 5}64_]}2 + <a0x3 — Etxz - 1>y +'2“OC(%X2 _antx7

1 1 1 1
H, = Ex“y2+ <a1x3 +§tx2 + 1)y+§oc12x2 +§oc1tx

for J =1II;

Hy = x*y* + [—tx2 + (og — o) x + 1]y — aptx,
Hy = x%p? + [~ + (a9 + 4oy + 02)x — ]y — (g + 201 x,
Hy = x?p? + [—tx? 4 (—ap + a2)x — 1]y — aptx
for J =1III;
Hy = x*p? + [(dop + 201)x? — 2tx — 1]y + doap (g + 1) x,
Hy = —x?y* + (day + 200)xp? 4 [2tx — 4oy (a1 + o2)] y — x,
Hy = x3p? 4 [(dog + 201 )% + 2tx + 1]y + doi (o1 + o2)x
for J =1V;
Hy = (—x> +x%)y? + [~ (200 + a1)x? + (—1 + 2000 + a1 + o3)x + 1]y
— oot + 1),
Hy = tx*y + [x* — (21 + o) tx] p? + [(t — o1 + o3)x + oy (a1 + o2) 1]y + x,
Hy = (=% + x)y? + [~ (o + 200)x? + (£ 4 a1 + 205 + 03)x — 1]y
— (o + o),
Hs = tx*p* + [x — (o0 + 203)xy? + [(=1 + o — 03)x + 03 (otp + a3) 1]y — x

for J=V;
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Hy = —x>p* + (Botg + oy + 205)x%p3
+ [(21 = 1)x = (305 + 200011 + datgoty + 0102 + 03)]xp?
+ {[—(4ag + 2001 + 4oy + a3 + ag)t + (209 + oy + 202 + ai3)]x
+ oo (ot + o2) (o + 01 +02) }
—t(t = Dx,
Hy = x(x — 1)(tx — 1)y?
— [(otg — Dex(x — 1) + oy (x — ) (tx ~ 1) + o3x(tx — 1)]
+ op(op + o)1,
Hy = —x3y* + (a1 + 205 + 3a3)x%y°

—[(t =2)x + (002 + 2001003 + oc% + dopoz + 30432)]xy2

+ {[(o3 — oa)t — (o1 + 2002 + 303)]x + o3 (02 + o13) (01 + 0 + 03) }

+ (t— Dx,
Hy = —x3y* + (a1 + 20 + 304)x%y?

— [(t4 Dx + (o + 20004 + 05 + dopog + 303)] x>

+ {[(ots — o3)t + (o1 + 2002 + a3 + 2014)|x + ootz + 0tg) (0t + 02 + 014) } y

— 1x,
Hypp = —tx3y* + 3oty + 200 + f>54)t)c2y3

— (2 + 1)x + (305 + doyoy + 2004 + 03 + cp04) 1] X

+ {[(20(1 + 20t + 03 + 064)1‘ + (061 — 063)])6 + ocl(ocl + OCg)(O(l + o + OC4)t}y

— X

for J =VI.

3.3. A proposition

We study here if the leaf passing through a point on a divisor at infinity of

the original chart intersects the original chart.

We notice that E;, is a disjoint union of the original chart C? x By >

(¢,p,t) and a finite number of divisors:
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E;.=(C*xBy)| | <L| D[>,

I

where
D; = {(xi, yi,t) € C} x By | x; = 0} i=0,1
for J =1I;
D; = {(xi,yi,t)eCiszm]x,-:O} i=0,12
for J = IIT;
D; = {(x,-,yi,t)eCiszWIxi:O} i=0,2,
Dy = {(x1,y1,1) € C} x By | y1 = 0}
for J =1V;
D;:={(x;,y;,1) e C} x By |x;, =0} i=0,2,
D= {(x;,y;,1) e C; x By | y; =0} i=1,3
for J=V;
D;:={(xi,y1,1) e C} x Byr | y; =0}  i=0,3,4,12
D; :={(x2, y2,1) € C5 x Byr|x, = 0}
for J=VI.

We can verify the following proposition by observing the Hamiltonian
systems in the neighborhoods of the above divisors.

Proposition 3.1. In the case of J # VI, every leaf P(Q;t), t € By passing
through a point Q € D; instantly enters into the original chart C* x By, namely,
P(Q;1) € C* x By for every t with 0 < |t — 7;(Q)] « 1.

In the case of J = VI, we have

(i) every leaf passing through a point in D;, i =0,3,4 instantly enters into
the original chart,

(i) if oy # 0, every leaf passing through a point in D;, i = 2,12 instantly
enters into the original chart,

(iii) if oy = 0, every leaf passing through a point in Diy(x12 # 0) also enters
into the original chart, however every leaf passing through a point on
D, U Dyp(x12 = 0) stays in it and a leaf passing through a point on Diy(x15 = 0)
instantly enters into D,. Here Dyy(x) denotes a subset of Dy, satisfying the
condition *.
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4, Proof of Theorem 2

We prove the assertion in the case of J = VI only. The other cases can be
verified similarly. Notice that the left-hand side of the relation in the theorem
for J = VIis C* x Byri{q, —t=0}U{p;, =0} U {gs, — 1 =0} {g, =0} I
{gss, =0} and the right-hand side Ey; ., is C? x By U{yo=0}U{x; =0} U
{y3=0}U{ys =0} U {y12 =0} as sets.

We first observe the relation between the chart Cszo x Byy of the left-hand
side and the chart Cg x By; of Eyr,. We have

— 1 = yo(otg — Xo0) =
qs, = Yol 0)0), Psy = oo — xoyo’
or
X0 = —Pg [0 + (g5 — ) Pso)s Yo = w1l
oo — X0)Yo

Then we see that, if oy # 0, the divisor {gs;, — ¢ = 0} corresponds biholomor-
phically to the divisor {yo =0} in Eyy .

By the same way, we can verify that the divisors {p,, = 0}, {g;, — 1 =0},
{qs, = 0}, {gs,5, = 0} correspond biholomorphically to those {x» = 0}, {y3 = 0},
{ya =0}, {y12 = 0} respectively. For example, the relation between the chart
C2, x Byr of the left-hand side and the chart Cf, x By of Eyy, is as follows:

150 = —y12(0€1 - x12y12)(a1 + oy — x12y12)7
X12
(o — x12912) (0 + 02 — X12Y12)

Psis; = —
or

X12 = —Ps,sz(dl - qslszpslsz)(‘xl +op — qslszpslsz)v

15,
A — qs1S2pslSz)(a1 +op = qSlszpslsz)

Y =—
(

Thus we have obtained Theorem 2.

5. Proof of Theorem 1—for J =11,1I1.1IV ,V
5.1. Extension of ¢ and ¢,

We first prove that the identity mapping ¢ can be extended to an embedding
¢ from E }’”’a into Ej,, where embedding means injective holomorphic mapping
preserving fibers and leaves of the foliations. The assertion is easily verified by
step by step procedure from C2 x By, to Cisi X By ys, if the following fun-
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damental proposition is established, because the divisor D, s in Cfvsi X By s
which does not intersect C2 x By, is transversal to leaves by Proposition 2.1 in
the case of J # V1.

Proposition 5.1. Let we W and ¢: CfV X By — Ej, be an embedding.
If the divisor D, s is transversal to leaves, then ¢ can be extended to an
embedding from Cfm X Bj ys into Ej, for every generator s of W.

Proof. We only verify the proposition in the case where J =V, s = s,.
We suppose w(a) # 0 in order that D, ,, # ¢J. The other cases can be shown
quite similarly.

We notice that #, =t for any we W in the present case. Since g, =
Gw +w(02)/Prws, Pws = Pw, Namely ¢y = qys — w(02)/Pws, Pw = Puws, the divisor
D, s is {pws =0}, and it is transversal to leaves because w(xy) #0. By
the hypothesis of the proposition, ¢ is defined for (gys, pws,?) € Cfvs X By —
{pws = 0}. Therefore we have to define ¢ for every (qus, pus, ) = (g, 0, 7).

Let (qws(t), pws(t), 1) be the leaf passing through the point (7,0,7). Since
Pus(t) # 0 for any 0 < |t —7| < 1, P(qus(t), Pus(t), 1) := @(qus(1), pus(1), 1) € Ep s
is defined for 0 < |t — 7| « 1. On the other hand, since the foliation of Ey , is
uniform, the limit point P(g,(7), pws(Z),?) € Ey , exists. We define the point as
9(q,0,7).

We can easily verify that the ¢ thus defined is injective.

What we have to prove is holomorphy of . We show it by using p,, as
a local parameter of leaves in stead of z. Take a point (§,,0,%) € C2, x By
arbitrarily and fix it. In the system dg,,/dt = OHy(qus, Pws, t, ws(a))/OPus,
tdpys/dt = —0Hy (qus, Pus, 1, ws(a))/8qys, We notice that the right-hand side on
the second equation takes the value w(oy)7 # 0 on p,, = 0. Therefore the sys-
tem is equivalent to the system

dt 1 Aaqys

5.1 A 0,
( ) dpws W(Otz) P ( ) dpws

= 0(1),

where O(1) denotes a function of gy, pys,? holomorphic and bounded in a
neighborhood of (gus, pus, t) = (4o, 0,%). Denote by Hq, pus, ), Gus(q, Pws, 1)
the solution of (5.1) satisfying the initial condition #(0) =7, ¢,s(0) =g. Let
Gy, = {(@, Pus: T) € C* X By | |G — Gol, | pwsl, [T — o] < po}. It is easy to see that
if py >0 is sufficiently small then the mapping f; from G, to fo(G,) <
C2 x By defined by (¢us(G, pws, 7), Pws: K, Pws, 1)) is biholomorphic. We take
the system (g, pws,f) € G,, as a coordinate system of a neighborhood of the
point (g, 0,7%) € C2_ x By. In the coordinate system, (g,, p1,7) and (G3, P2, B2)
are on the same leaf if and only if (3,,5) = (§,, &).

Now we show the holomorphy of ¢ofy: G, — Ey ,, which is simply
denoted by ¢.
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Let B’ = By be a simply connected domain and %’ be the restriction of the
foliation %y , of Ey , on E':=n,!'(B’). Denoting by P(Q;1), te B’ the leaf
passing through the point Q € E’, we recall the following facts:

(i) P(Q;t) is holomorphic in (Q,f) € E'.

(ii) If Q1,02 € E' are on the same leaf of #', then P(Qi;¢t) = P(Qy;t) for
any te€ B’

We fist notice that ¢(g, p',7) = ¢(qus(q, p’, ), p’, t(§, p',T)) is holomorphic
in (g,7) for any fixed p’ with 0 < [p’| < p,. We next verify

P(G, Pws;: ) = P(p(q, p', T); ((F, pus, T))-

Since the right-hand side does not depend on the choice of p’ # 0, we obtain
the equality for p,s # 0 by putting p’ = p,,. The equality for p,, = 0 follows
from the above definition of ¢ for (,0,7) € C2 x By. From these and the
above facts (i) and (ii), it follows that ¢ is holomorphic in G,. Thus we have
completed the proof of Proposition 5.1.

By the same way as above, we obtain that, for any w € W, the mapping ¢,
from (g, pw,tw) € Cfv X By < E}”’; to (q,p,1) € C?>x By < E; ) defined by
(q,p,t) = (qw, Pw, tw) can be extended to an embedding from E }”Va into Ej y():

(pW(EJV,Va) < Ej o) we W.

5.2. Surjectivity of ¢ and ¢,

In the preceding subsection, we have shown that
(P(EJZ) < EJ,OC (pw(EJV,I;) < EJ, w(a) we W.

If we take we W so that w(x;) #0 for all i by Proposition 2.2, then by
Theorem 2 we have

¢W(EJV,V;1) = ¢W(C2 X BJ U (Ui Cvzvs,- X BJ,WSi)/N) = EJ,W(CZ)7

namely ¢,,: E JV,Voc — Ej () 18 surjective and then is an isomorphism. Therefore
the foliation of E }f’a is uniform, because that of Ej ., is uniform.

On the other hand, E;,=C?x B;U(L;D;) and every leaf passing
through a point on D; instantly enters into the original chart (Proposition
3.1). Therefore, by the same argument as in the proof of Proposition 5.1, we
have p(E},) = Ej .

Similarly, we can obtain ¢, (E Jvf’a) = Ej ) for every we W, which com-
pletes the proof of Theorem 1 for J=1IIIII,IV,V.
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6. Proof of Theorem 1—for J = VI

In the case of J = VI, the divisors D, 5, in E }’f’a and D, in Ey, can be
invariant with respect to the foliations, and then more precise study than that in
the preceding section is needed.

6.1. Extension of ¢ and ¢,

We prove here that ¢ can be extended to an embedding ¢ from Ep} , into
Eyra: 9(EVy,) < Evia.

Since the divisors D, s (s # s2) are transversal to leaves by Proposition
2.1, we have only to show that for every w of the form

! ! ! ! ! ! ! I
(6.1) w=w,sow,_152... w52, wi, ..., w, € W', Wieo W, €
¢ can be extended to an embedding from Cfv x Byr into Eyr ,, where
!
W" = {50,81,53,54).

We prove it by induction with respect to » in an expression (6.1) by using the
following three propositions, in which we need auxiliary coordinate systems
(Xw, Yw,t) (we W) defined by

xp =w(xa) =w(l/q),  yw=w(y)=w(g(—0 —qp)).

We also introduce a symbol d,; for w' e W', i =0,1,3,4 defined as follows:
i =1 if s; is a factor of w' and J,,; = 0 otherwise.
We first give and prove the propositions.

Proposition 6.1. Suppose that ww'(oz) #0, ww'(o1) =0 where we W,
w' e W'. Then {(quws,, Pww's,st) € C? x By, [ Puws, = 0} = {(w, yu, 1) € C? x
BVI | Xy = 0}
Proof. We obtain the relation of (Guwis,, Pww's,, t) and (X, yw, ). Since
dyiotly  Owr3ts  Oyratly

!
w = — s
(p)=pr -1 q-1 .

qW e 1/xwa pW = xw(_W(OQ) - xwyw)’
we have
Pww'sy = les2(p) = le(p)

- W(5W/QOC()) _ W(5WI3OC3) _ w(5w14oc4)
" qw — 4 qw — 1 qw

w(Gwooo)Xw  W(Gwr303) X
1—tx, 1 —x,

= XW(—W(OQ) — XuYw) — — W(5W14064)xw



254 Masatoshi Noums, Kyoichi Takano and Yasuhiko Yamapa

= —xy{w(o2 + dyrotto + Oy1303 + Oyrat4)
+ X [Yw + W(Owoto)t + w(Syr303)] + O(x2)},

where O(x2) denotes a function holomorphic in (x,, y,, ) in a neighborhood of
x, =0, having x2 as a factor. If §,,; =0, then

w
w(o + 000 + dyr303 + Sacta) = w(w' (o).
If 6,1 =1, then
w(og + ooty + Sur3ols + Oyratis)
= w(ot2 + S0 + O30z + Syratta) — ww' (o) = w(w'(a)),
since ww'(o;) = 0 by the assumption of the proposition. Hence we have
Pww'sy = =X {wW'(22) + X[y + W(Oro0)1 + w(Br303)] + O(x7)}-

We have also an expression of gy, as a function of (x,, y,, ) as follows:

o ww’ (o
Guw's, = Ww'sp(q) = ww' (q + ——) =gy + L
P Pww's,
1 ww'(a2)

T X xXp{ww(0n) + xu[pw + w000t + W(d,03)] + O(x2)}

_ Yw + W(Owio0o)t + w(dwizoz) + O(xy)
ww!(02) 4 X[ Y + W(wrotto)t + w(dyr303)] + O(x2)

Then we obtain Proposition 6.1.

Proposition 6.2. Suppose that ww'(on) # 0 where we W, w' € W'.  Then
{(xww’sz7 Ywwisyy t) € C2 x Byr | Xww!sy = 0} = {(‘Iww’y DPww’, t) € C],szf X Byr | Pww' = 0}

Proof. From
ww’ (o)
Gww' = Gww's, — s Pww’ = Pwwisy»

Pwwisy

1 /

Gww's, = Pww'sy; = Xww's, (WW (aZ) - xww’szyww'sz)v
ww's;
it follows that
o Yww's,
Gww’ = — )

WW’(OQ) = Xww's; Vww's,
Dww' = xww’sz(wwl(az) - xWW’SZyWW’SZ)’

which shows the proposition.
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Proposition 6.3. Suppose that wwis;wi(on) = wwjy(a) =0 where we W,
. 2
wi,wy € W'. Then wwi(a) =0 c;nd {(wagszw{sz, Viowlsswlsa t) e C* x Byy|
xwwz’szw{sz = 0} = {(xwwz’sy ywwésza t) e C* x By | xwwész = 0}

Proof. First notice that wwi(a;) =0 follows from wwj(a;) =0 and
wwh (o + o) = wwhss (o) = Fwwysawy (o) = 0.

Next we obtain the relation between (Xuwisuwiss Ywwiswis, ) and (Xwwisy
ywwz/sz,t). We have

xWWQSZWl/SZ S i—— ywwészw{sz = _quészwl’szpwwéxwisp
Gww!syw!s;
252Wy
[—— 1 1. — _xz B
quzsz - ’ wa2s2 - WWZ/SZJ/szsz,
xwwész

and
Qwwisw]ss = Qwwisa

WWéSz (5W{0(X()) WWéSz (§Wl/30(3) WWéSz (5W{4O(4)

pwwészw;sz :pwwész - )

4ww£sz -t quész -1 quz’sz
by the assumptions of the proposition. Then, noting again the assumptions,
we have

xwwészw{sz = xwwésza
/ /
ywwészwl’sz - ywwész + WW,S52 (5w1’0“0>t + WW, 52 (514;{30(3) + 0(xww£s2)>
which proves the proposition.

Now we prove the assertion of this subsection by induction. Suppose that
¢ is extended to an embedding from Cfv x By; into Eyy, for every w of the
form (6.1) with n <m — 1. Let w be any element expressed as (6.1) where n is
replaced by m. We can suppose w,,s2 ... wysawi(a2) # 0, which is the condition
for a new divisor to appear. We can also suppose that w/ s ... wisowi(ay) =0,
because if not the appearing divisor is transversal to leaves. We see that the
appearing divisor {g, € C, p,, = 0} is equal to {xw;nsb,wth =0, Y50}, € C} by
Proposition 6.1. Assume that there exists k > 2 such that

w2 ... wi(og) #0

and let / be the least of such k&’s. Then by using Proposition 6.3 repeatedly, we
obtain that {g,, € C, p, = 0} is equal to {Xu;5, wis, € C, Yups,..wis, = 0}, which is
equal to {qwr’nSz--w; €C,Purs,.wl = 0} by Proposition 6.2. Since ¢ is extended to
the chart C? 5, X Byr by the assumption of induction, it is also extended

! !
Wy, S2 W]y
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to the chart Cvzv,’,,Sz...w,;,szw,’ X By because w; € W'. If such k does not exist, we
see that {q,, € C, p,, = 0} is equal to {x, =0, y, € C}, which is just the divisor
D, in Eyy,. Thus we have proved ¢ is extended to an embedding from E%’a
into EVI,ac-

We notice that the assertion for general ¢, is also obtained.

6.2. Surjectivity of ¢ and ¢,

We show that ¢(E1I//II/,05) = Eyr 4, namely all divisors D;, i =0,2,3,4,12 are
included in p(E} ).

Take w so that none of w(x;) and w(o; + o) vanish by Proposition 2.2.
Then, by Theorem 2, ¢,,: E%a — Ej () is surjective, namely, an isomorphism.
Then the foliation of E%a is uniform because that of Ey; () is uniform. On
the other hand, every leaf passing through a point on the divisors D;, i =0, 3,4
instantly enters into the original chart by Proposition 3.1, and then we can
verify that these divisors are included in (P(E%,a) by the same argument as in
the proof of Proposition 5.1. We can also verify that D,, D, c (p(E,’,”I”a) if
o #0 and Dpy(x2 #0) = (p(EIIfI/’a) if oy =0. Note that every leaf passing
through a point in Dj2(x1; = 0) instantly enters into D, in the case of oy = 0.
Therefore we have only to study the divisor D, in the case of o; = 0.

If oy # 0, then o(D, ,) = D, where D, 5, = {ps;, =0}. Then we study the
remaining case ay = o; = 0. In this case, at least one of «;, i =0,3,4 is not
equal to 0 since og + oy + 200 + o3 + g = 1.

The case ay #0. We can verify that

Psosy . (Oto - qSosszosz)z(QSoSz - t)

X ==, Y2 = )
0o — GspsPsos> %0 + Psys; — Gso5,Psos:

which shows that ¢(Dy,, y5,) = D2 where Dy, g5, = {pss, = 0}
The case a3 # 0. Since
2
N Psss; _ (O(3 - q5352p5382) (qsssz - 1)
X ==, = )
X3 — 35,0535, o3 +pS3s2 — 535, D538,
(”(DS},SsSz) = D, where DSs,A‘sSz = {pssSz = 0}‘
The case a4 # 0. Since
pS452

Xy = —————, Y2 = Qs (“4 - qsmp&xsz)’
%4 — Gsy5:D545

9(Ds,,515,) = Do where Dy, g5, = {Psys, = 0}

Thus we have proved ¢ is surjective and then is an isomorphism. By the
same way, we can prove that ¢, is extended to an isomorphism ¢, from E Jva to
Ej \y for every we W.
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