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Introduction

In this paper we study an evolution equation of the form
(0.1) V() +xV (D) s0(t) +6  in L*(0,L), t=0,

where 0 < L < 400, k is a (small) positive number, 6, is a given constant, and
oV is the subdifferential of the proper ls.c. and convex function ¥ on L%(0, L),
which is the total variation functional with constraints —1 and 1.

This problem is motivated by a one dimensional phase field model in a
mesoscopic length scale, which was proposed and studied by Visintin (cf. [8]), of
the form '

(0+v), —Oxx =0 in Q:=(0,+00) x (0,L),
{ v,(£) + k8 V (v(¢)) 2 v(¢) + 6(¢) in L2(0,L), t>0,

subject to suitable initial and boundary conditions. In such a context 0 is
the (relative) temperature field and v is the order parameter which indicates
the physical situation of the material.

Supposing p > 2 and

L
@ %J |zo|Pdx, if ze W1P(0,L),|z| <1on (0,L),
Z) = 0

40 otherwise,

equation (0.1) is just of the form

v,—x(|vx|p_zvx)x+f—v:60 in Q,
Eedl_y y(v) in Q,

0x(8,0) = v, (t,L) =0  for t>0,
v(0,-) = vy in L%(0,L),

which was studied by Chen and Eliott (cf. [1]), and Ito (cf. [3]).



120 Nobuyuki KenMocHI and Ken SHIRAKAWA

The equilibrium equation for (0.1) is of the form
(0.2) KdV(w)ysw+6  in L*(0,L),

and it was shown in [7] that any solution of (0.2) was piecewise constant with a
finite number of discontinuities in [0, L] (cf. Fig. 1). (0.2) is the Euler-Lagrange
inclusion of the functional (free energy)

L
Fy,(z) =V (z) — %L |z + Oo|*dx, ze L*(0,L),
and it was shown in [7] that any local minimizer of Fy, takes only two values 1
and —1 in [0, L] except for a finite number of discontinuous points (cf. Fig. 2).
In this paper, we are interested in the dynamics of the solid region
{w = -1}, liquid region {w =1} and mushy region {—1 < w < 1}, especially
their stability. To this end we introduce a concept of stability for any pair
(J,c¢), J being a subinterval of [0, L] and ¢ being a constant in [—1,1]. Within
this concept of stability we discuss the following items (a), (b) and (c) by making
use of the structural result of stationary solutions.
(a) the stability of (J,¢) for a subinterval J = [0, L] and a constant ¢ € [-1, 1];
(b) the stability of solutions of (0.2);
(c) the asymptotic convergence of solutions of (0.1) as t — +oco, when initial
data are sufficiently close to stable stationary solutions.

1. Preliminaries

Throughout this paper, L is a positive number, |- |7, ;) denotes the norm
of L?(0,L) for any 1 <p < +oc0, (-,-) denotes the usual inner product in
L?*(0,L), and for a proper ls.c. and convex function ¢ on L*(0,L), we denote
by D(¢), dp and D(d¢) the effective domain, the subdifferential of ¢ in L2(0, L)
and its domain, respectively.

For any f,e L'(0,L) (i=1,2), we define

(fi A £)(x) :=min{f1(x), L(x)}  and (/1 v f2)(x) == max{f,(x), 2(*)},
ae. xe(0,L).
Especially, f:= f v 0 for any feL'(0,L). Also, given an interval J = R

we denote by |J| the linear measure of J.
Let ¥V, be the total variation functional defined on L!(0,L) by

¥ € C'[0, L] with compact support in (O,L)}

L
Vo(z) = sup{JO 2y, dx and Y| <1 on [0, L]
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By [2, Chapter 5], ¥, is proper ls.c. and convex on L!(0,L). We put
BV[0,L] := {ze L'(0,L) | Vo(z) < +0}.
Now, consider a functional ¥ : L2(0,L) — [0, +oo] such that

Vo(z), if ze L?(0,L) and |z| < 1 a.e. on [0, L],
V(z):= .
400, otherwise.

Clearly, .V is proper Ls.c. and convex on L?(0,L). Also, we observe that (cf.
[2, Chapter 5]) for each v e D(V) there is a function ¥, a fine expression of
v, such that v =7 a.e. on (0,L) and Vy(v) = V1(5), where V;(9) is the total
variation of 7 in the usual sense, namely

4

V](f?) = sup Z |17(xk) — ﬁ(xk_1)|,

4e2 k=1

for the family 2 of all partitions 4 :={0=xp < x; <--- < x,, =L} (ngeN).
Moreover, we see that ¢ is continuous at x =0, L, and

(B(x+) — 0(x))(#(x—) — B(x)) <0 for all xe (0,L),

where (x+) and #(x—) are respectively the right and left limits of # at x. Such
a function ¥ is determined uniquely by v, except for at most countable number
of points in [0,L]. In what follows, for functions in D(V), we use their fine
expressions.

Given a (small) positive number x and a function e L} ([0, +0);
L?*(0,L)) such that

Sg = sup |0|L2(t,t+1;LZ(O,L)) < +OO,
t>0

we consider an evolution equation, denoted by (P)y, of the form

(P)y v (£) + xdV (0(1)) 3 v(t) + 0(t) in L*(0,L), >0,

where v’ :% in L*(0,L).

A function v:[0,+0)— L*(0,L) is called a solution of - (P),, if
ve C([0,+00); L2(0,L)) N W12((0,+00); LX(0,L)), V(v) e L) ([0,+0)) and
xk0V (v(t)) s v(t) + 0(¢) — v'(¢) for ae. te(0,40).

According to the well-known results (cf. [4]), for any vy e D(V), the
Cauchy problem for (P), with initial condition v(0) = vy has a unique solution
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ve C([0,4+0); L?(0,L)), and there is a positive number K(vo,6), depending
only on |vg] 120,y and Sy, such that

t+1
suplo(0)F0, +sup | V(o(0)de
[

>0 t

t+1
-m@j 0dD)lE+0 1,7+ 59p V(6(0) < K(10,0)
t>

t>1 Jt
We now prove the so-called “7T-monotonicity” of JV.
Proposition 1.1.
(1.1) (z;—23,(z1—22)") =0 for all z;e D(3V) and zf € OV (z;), =12

Proof. Let z;€ D(dV), i =1,2. Then, by [2, Chapter 5] there are two
sequences {z\”'} = C*[0,L]ND(V) (i =1,2) such that

29 =z in L*(0,L) and V(z) = V(z) as j— +o0, i=1,2.

We observe that

L o i
0WWV¥%@Wx

- - . » L . .
W#Ué%+wﬁwé%=Lw@A#me+j

L L
=j|@9nuwu+j|@?x@mu

0 0
= V(zgj)) + V(zgj)) for all jeN.
Since V is ls.c. in L2(0,L), letting j — +oo yields that
(1.2) V(zi Aza)+ V{(z1 vzp) < V(zlj + V(z2).
By a result in [6], (1.2) is equivalent to (1.1). W
Corollary 1.1. For 0 <s< 4w, 0< T < 400, let

g ssHTL i T <Aoo,
ST s, +0),  if T=+om,

and 6; e L} (J5,r; L*(0,L)) (i =1,2) be given functions such that
01(t,x) < 0,(t,x)  for ae. (t,x)eJsr x (0,L).
Let v; € C(J;,r; L*(0,L)) be the solutions of (P), (i=1,2) such that

v1(s,x) < va(s,x)  for ae. xe(0,L).
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Then
(1.3) vi(t,x) <w(t,x)  for any teJgr and ae. xe€l0,L].

Proof. Taking the difference of the both sides of (P),, and (P), and
multiplying it by (v1(¢) — v2(f))", we see that

> 2100~ ) B,y + (070 — 550, (1(0) = 1a(0))

= |(v1() = 02(0)* 2201y + (61(2) — 62(0), (01(2) — 02(1))") for ace. t€J; 7
It follows from our assumption and Proposition 1.1 that

d
1) = 02(0) 10,1y < 2A(1(0) = 02(0) |aory  for ae. re .

Applying Gronwall’s lemma, we obtain that
|(01(0) = 02(0) ¥ |20,y < €”|(01(5) = v2(8)) 720,y =0 for any teJyr,
which implies (1.3). B
For any given constant 8y, we consider the steady state problem
(Poo)g, KoV (w) 2w+ 6 in L2(0,L),

which is the Euler-Lagrange inclusion of the energy functional Fy, : L?(0,L) —
(—00,400] given by

1* 2
KV (z) ——J |z + o dx, if ze D(V),
Fy,(z) == 2Jo
400 otherwise.

Next, we recall some known results of the asymptotic behavior of solutions
of (P), with =0, (constant).

Definition 1.1 (o-limit set). For any solution v of (P),, the w-limit set
w(v) is defined by putting

o(v) = {voo e L*(0,L)

there is a sequence {#} such that #;  +oo
and v(t;) — vy, in L*(0,L), as i — +o0 '

Any element vy, of w(v) is called an -limit point of wv.
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Proposition 1.2. ([5, Section 9]). . For any solution v of (P)g,» we have

(1) (v) is nonempty, connected and compact in L*(0,L),
(ii) any vy, € w(v) is a solution of (Pes) gy
(i) for any vy, wy € w(v),

Fgy(veo) = Fy,(wes) and Fo, (v(2)) \, Fg,(v0) as t — 4o0.

2. Steady state problem (Po)g,

Throughout the rest of this paper, let 6y be a constant. In the case of

|6o] = 1, the structure of the solution set is quite clear; in fact, as was remarked

in [7],

(i) if 6o > 1 (resp. 6y < —1), then the steady state problem (P )g, has a unique
constant solution w =1 (resp. w = —1);

(i) if |6o| = 1, then (Px)g, has two constant solutions w; = 1 and wy = —1,

and has no any other solutions.
Therefore, in the sequel, assume that |6o] < 1.
We recall some results on (Px)g, Obtained in [7].

Definition 2.1. For each 6y € (-1, 1) and n e NU {0}, we define a subclass

Sn(0o) of BV0,L] as follows.
(I) SO(BO) = {—17 _007 1}
(I) (cf. Fig. 1) For ne N, z € Su(f) if and only if

Cie if xedy, k=0,1,...,n,
() = —0o if xe[xf,xR] with xp<xf k=1,...n,

where {x[, xR |k =1,... n} is a partition of [0,L] and ¢; € [-1, 1]\{—60},
k=1,2,...,n, such that the following (i), (ii) and (iii) are satisfied:
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(i) O<xf<xf< - <xfp<xfF<- - <xt<xR<L,

[0, x) for k=0,
Je =18 (xf,xky) for k=1,...,n—1,
(xR, L for k =n.

(11) (Ck_1 +00)(Ck+90) <0, k=1,...,n
(iii) For k=0 or n,

lex + O] |Jk| = x

and if ¢, + 6y > 0 (resp. cx + 6p < 0), then

=1 or |-}€k—|—6’0 (resp. ¢ =—1 or —%—00)

For n>2 and k=1,...,n—1,
|Ck+00||-]k| > 2k

and if ¢ + 6y > 0 (resp. cx + 6y < 0), then

2K 2K
=1 — -0 Lo =—1 - .
Cr or A o (resp Ck or WA 00>

Now, we define a class S(6y) in BV[0,L] by

N[)O

S(6o) :==>_ Su(60),
n=0
where Ny, := sup{n e N |S,(6p) # &}; notice that
L
1< Ngo < —2"‘;(1 + |00|) < +00.
Throughout this paper, we assume that x is sufficiently small so that

L
O<K<E(1+|HOI),

which implies Ny, > 0.

Theorem 2.1 ([7]). Assume that |0y| < 1. Then a function w is a solution of
(Poo)g, if and only if there is a function w° € S(0,) such that

(2.1) w=w" except for discontinuous points of w° in [0,L].
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Next, we define a subclass Mioc(00) of S(6y) by putting

{1,-1}, if 0<6 <1,
( Izl =1 ae. on [0,L], and
if zeS,(0) (1 <n<Ny) with the
same notation c¢;, x%, x® and J, .
Mie(O0) = 1 2€5(0) as in (IT) of De];initkion S.l, thenk » 1 60 =0,
Xk =xf (k=1,...,n), and
ol [al > &, [k > 20 (kk=1,... n~ 1)
{-L1}, if-l1<6<o

Fig. 2

Theorem 2.2 (cf. [7]). Assume that [6o] < 1. Let w be a solution of (Poo)g,
Then, w is a local minimizer of Fy, if and only if w° e M, (6), where we is the
same function as in Theorem 2.1.

3. Statements of main results

In the case of 6y > 1 (resp. 6, < —1), the constant solution w = 1 (resp.
= —1) is stable and any solution v of the evolution equation

(Plg, V'O +x0V@(©®)30() + 0 i L(0,L), >0,

converges to w = 1 (resp. w = —1) uniformly on [0,L] as t — +c0. Asis easily
checked, in the case of 6y = 1 (resp. 6y = =1), wi =1 (resp. w, = —1) is stable,
but wy (resp. w;) is unstable.

Therefore, in the sequel, assuming again that |6y] < 1, we investigate the

stability for evolution problem (P)g,-
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First, we introduce a concept of stability for any pair (J,¢) of a relatively
open interval J in [0,L] and a constant c € [—1,1].

Definition 3.1. Let J be a relatively open interval in [0,L] and ¢ be a
constant with —1 <c¢ < 1.
(i) (Stability) A pair (J,c) is called stable if for any positive number ¢, there
exist a positive number J, and a time # > 0 such that

[o(2) = ¢lpeiyy <&

for any ¢ > 1, and any solution v of (P)g, with [0(0) ~ ¢|r0(yy < O

(ii) (Instability) A pair (J,c) is called unstable if (J,c) is not stable. More
precisely, there exists a positive number & such that for any positive
number ¢ and time T > 0 we can find a time ¢ > 7 and a solution v of
(P)g, satisfying

[0(0) — €|y < and lv(to) — ¢l (s) 2 0.

Our first theorem is concerned with a characterization of the stability of a
pair (J,c).

Theorem 3.1. Assume that |6y < 1. Let ¢ be a constant with —1 <c <1
and J be a relatively open interval such that

(3.1) J=][0,L] or [0,b) or (a,L] or (a,b) with k <a< L and 0 < b < L—x.
Then the pair (J,c) is stable if and only if |c| =1 and

Ko i IN{O,L} # &,

2k, if JN{0,L} = .

Corollary 3.1. Assume that |6y < 1. Let v be a solution of (P), and v
be an w-limit point of v. Assume that v, is constant, say c, on a relatively open
interval J in [0, L] such that (3.2) holds and (J,c) is a stable pair. Then, for each
compact subset J| of J there exists a finite time 1, > 0 such that

(3.2) e+ 00| |7] > {

v(t,)=c¢ on Jy for all t > 1.

Next, based on the result of Theorem 3.1, we shall discuss the stability of
solutions of the steady state problem

P, KOV(w)sw+0, in L*0,L).
[

For each solution w of (Py), and each (small) positive number u, we
define a relatively open set J,(w) by putting

(3.3) Ju(w):={xe[0,L]||x — y| > u for any discontinuous point y of w}.
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Definition 3.2. Let w be a solution of (Py), and let S,(6) (ne NU{0}),
xf, xR, Ji, cx and w° be the same as in Definition 2.1 and Theorem 2.1 cor-
responding to w. Then:

(i) (Stability) A solution w of (Py),, is called stable if the following statement

holds:
if w° e Sy(6p), then w=1 or w= —1 on [0,L];
- if w° € S,(6p) with ne N, then xf =xf for k=1,...,n, and any pair

(Jr,cr) is stable for k=0,1,...,n.
(i) (Instability) A solution w of (Py), is called unstable if the following
statement holds:
- if w° e So(bp), then w= —60y on [0,L];
« if w° € S,(6p) with n € N, then there is a number ko € {0,1,...,n} such
that x2 < x® or (Ji,cx,) is unstable.
Our second result is concerned with the stability of stationary solutions.

Theorem 3.2. Assume that |6p| < 1. Then a solution w of (Py),, is stable
if and only if there exists a positive number p, such that for any number
u € (0, o] and any positive number & we can find a positive number 6, . and a time
. = 0 satisfying

[v(1) = Wl o, <&
Jor any t > 1, and any solution v of (P), with [v(0) — W[ =y, o) < Oue.

Our third result is concerned with the asymptotic convergence of solutions
of (P)g,-

Theorem 3.3. Assume |0o| <1. Let w be a stable solution of (Py)g,.
Then there are (small) positive constants u and 6 such that if v is a solution of
(P)g, and [v(0) — WLy, wy) < 9, then v(t) converges to a solution ve, of (Fwo)g, in
L*(0,L) as t — 4o0. Moreover, for such a solution v of (P), and the limit
Voo = t_liinoo v(t) it holds that v(t) — vy, as t — +oo uniformly on each compact

subset of the complement of the set consisting of all discontinuous points of v, in
[0, L].

We have still an interesting question “Does any solution of (P), converge
to a solution of (Py),?”. The above Theorem 3.3 gives a partial answer to
this question, namely a solution of (P), asymptotically converges in L*(0,L) as
t — +oo0, if the initial value is sufficiently close to a stable solution of (Py)g, -

We shall prove our theorems in sections 4 and 5.

4. Proof of Theorem 3.1.

In this section, we give the proof of Theorem 3.1.
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Proof of Theorem 3.1. We first show the sufficiency. Assume that le] =1
and (3.2) holds. We show it below only in case ¢c=1 and JN {0,L} = &,
since the other cases are similarly proved.

In such a case, consider a positive number

1
4.1 do .ZTJl(ll—l—HOHJ]—ZK),
and define a function v, : [0,1] — L3(0, L) (see Fig. 3) by

L+6p(r~ 1), if xelJ,
-1, otherwise,

vs(t,x) == {

for any re[0,1].

Fig. 3

Then, the function v; satisfies the evolution inclusion
(4.2) vy(2) +x0V (v;(2)) 3 v, (2) + 6, —dotx;  in L*(0,L), for any e [0, L],
where y, is the characteristic function of J. In fact, the function

w(x)-:{l—z&) for xeJ,
0 ' ~1 otherwise

is a solution of (Px)g, (see Fig. 3), so that

L L
(4.3) ©V(wy) — L (wo + Go)wo dx < k¥ (z) — Jo (wo + 6p)z dx

for any z e D(V).
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Since v;{t) = wo +do(t + 1)y, it follows from (4.1) and (4.3) that

L
<V (s(0) = || O+ ()

L
= (V(wp) +2x00(t+1)) — (L (wo =+ 00)wo dx+o(t+1)((1+46p) —250)IJ[)

L L

(wo+bp)wodx < kV(z)— J (wo+0p)z dx
0

— 1V (o) — J

0
for any te0,1] and any ze D(V). This implies that
kdV(vs(8)) 2 wo + 6o in L2(0,L) for any ¢ € [0,1].

Since v} (f) = dox; and vy(t) = wo +do(t + 1)x;, we obtain (4.2).
Now, let v be any solution of (P), so that

|U(O) — 1|L00(J) < 50.
Since
v(0) = v;(0) a.e. on [0, L],

by Corollary 1.1 with s =0, T =1, 8, = 8y — dotyy, 62 = &y, v1 = vy and v7 = v,
we have

vs(t,x) < o(t,x) for any re[0,1] and a.e. x € [0, L],
in particular,
(4.4 vs(1,x) < v(1,x) for a.e. xe[0,L]

Next, note from assumption (3.1) that v;(1) is a stationary solution of
(P)(,O. By Corollary 1.1 with s=1, T = +c0, 8; =0, = 6y, v; = vy and v, = v,
(4.4) implies that

vy(1,x) < o(t, x) for all 1>1 and a.e. xe[0,L)].
Hence,
v(t,x) =1 for any t>1 and a.e. xeJ.

Thus (J,c) is stable. In fact, for any positive number &, we can take dp and 1
as J, and ¢, respectively, in (i) of Definition 3.1; namely

ID(t) — 1|Loo(J) =0<e¢

for any 7> 1 and any solution v of (P), with [v(0) — I{; ;) < do.
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In the rest of our proof, we show the necessity. Under the assumption
that |c| <1 or a pair (J,c) satisfying

K, it JN{0,L} # &,

(4.5) e+ 00l [J] < {2,€, if 7N{0,L} = &,

it is enough to prove that (J,c) is unstable. This is done in the following two
cases.

(Case 1) The case of |c| < 1.

We prove the unstability of (J,¢) only in the case of —8y < ¢ < 1, since the
other cases are similarly proved. In this case, for any (small) positive number
J, put

and define a function vs : [0, T5] — L?(0,L) (see Fig. 4) by
v(t) ==c+9d(t+1) on [0,L] for any ¢e 0, T].

Us
uy(Ty)
7T ) T
B u&(o)
C [eemveneen (; O
0 v y
X
< 7 ]
_00
_1___ _____
Fig. 4

Then the function v; satisfies the following evolution inclusion

(4.6)  vs(t) + K0V (v5(2)) 2 vs(f) —c—6t  in L*(0,L) for any t€ [0, Ty).

In fact, noting that v; satisfies

K0V (vs(t)) 3 vs(t) —c—6(¢+1)(= 0) and vj(z) = in L*(0,L) for any t€[0, Ty],

we immediately see (4.6).
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Let v be the solution of the Cauchy problem for (P), with initial condition
v(0) = v5(0) in L2(0,L). Then, since

—c—-0t< —c <6 for any € [0, Ts),

we can apply Corollary 1.1 with s =0, T=Ts, 6y = —c—0¢, 6, =09, v1 =0;
and v, = v to obtain that

vs(t,x) < v(t,x) for any ¢ e[0,75] and a.e. x €0, L],
in particular,
vs(T5,x) < v(Tys,x) for a.e. xe[0,L].

Next, since v5(75)(= 1) is a stationary solution for (P),, it follows from
Corollary 1.1 with s=T;, T =+00, 0, =6, =6y, v; = v5 and v, = v that

vs(T5,x) < v(t,x) for any ¢ > T5 and ae. x€ 0, L]
and
o(t,x) =1 for any ¢t > 75 and a.e. xeJ.

Thus (J,¢) is unstable. In fact, for the positive number & := | — ¢ and for any
positive number J the solution v of the Cauchy problem for (P), with initial
condition v(0) = ¢+ satisfies that

|U(O) - C|LQO(J) < 20
and
[o(t) — ey =1—c=2 for all ¢t > T;.

(Case 2) The case that (4.5) holds for (J,c).

By the result of (Case 1), it is enough to give a proof only in case of
lcl = 1. We prove the instability of (J,c) only in case ¢ =1 and JN{0,L} =
&, since the other cases are similarly proved. Let d be a nonnegative number

.given by

(4.7) 5o == L

7 (2K — |1+ G| J|).

Here for any (small) positive number J, put
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and define a function s : [0, T5] — L%*(0,L) (see Fig. 5) by

- 1-0(t+1) for xe J,
Us(t, x) == )
-1 otherwise,
for any t€ [0, T,;].
i
1=—====" © R St
B0 |0
—
0 L
X
_60
. Ny 6T Ny \ 4 _
Fig. 5

Then the function #5 satisfies the following evolution inclusion

05(2) + K0V (i5(1)) 2 B5(¢) + 0o + (¢ + 1) + o)y, in L0, L) for any e [0, Ty).

In fact, just as [7, section 3], we can show that a function wy :[0,L] — R,
defined by

1, for x e J,

wo(x) := {

satisfies the following variational inequality

-1, otherwise,

L L

(o + 00 + dox)io dx < V() — J (o -+ 0o + o)z dx
0

(4.8) KV@%)—J

0

for any ze D(V). By (4.7) and (4.8), we see that

L

KV (0s(t)) — Jo (Wo + B0 + Soxy ) Bs (1) dx

L ~ ~
= (KV(W()) — 2K5) — (JO (\X/o + 6, —f—éoxj)ﬁ)o dx — 5(1 + & +50)|J|)

L L

(WO + 00 +5~0XJ)W0 dx < KZV(Z) - J (W() + 9() +5~()){J)Z dx
0

SKVW@—J

0
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for any te[0,7s] and any ze D(V). This implies that
KV (55(1)) 2 Wo + 0o + doy; in L2(0,L) for any e [0, Ty).
Since
u(t) =0y, and  B5(¢) = wo — (¢t + 1)y,
we obtain that
55(8) + KOV (T5(1)) 3 B5(£) + 00 + B(t + 1) + )y,  in L*(0,L),

for any ¢ € [0, Tj).

Now, let v be the solution of the Cauchy problem for (P), with initial
condition v(0) = #i(0) in L2(0,L). Applying Corollary 1.1 with s =0, T =1,
0, =6y, 6, = Oy + (5(1—1— 1) +50)){_,, vy =v and vy, = 35, we have

o(t, x) < Bs(t, x) for any ¢€[0,75] and ae. xe|0,L],
in particular
(4.9) (T3, x) < b5(Ts, %) for a.e. xe0,L)].

Next, since #i;(75)(= —1) is a stationary solution for (P)g,, it follows from
Corollary 1.1 that

u(t, x) < 05(T5, %) for any > T5 and a.e. x€[0, L],
so that
v(t,x) = —1 for any ¢t > T5 and ae. xeJ.

Thus (J, ¢) is unstable. In fact, for & := 2, we see that for any positive number
0 the solution v of the Cauchy problem for (P), with initial condition v(0) =
Wo + doy; satisfies that

|U(O) — llLoo(J) <20
and
[v(t) = ey =2=¢ for all ¢ > Ty.

Now the proof of Theorem 3.1 is complete. W

5. Proofs of the other results

In our proof of Corollary 3.1, we need the following fundamental result on
functions of bounded variation on a compact interval.
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Lemma 5.1. Let I be a compact interval in R and {z;} be a sequence of
Sfunctions of bounded variation on I such that

z; — ¢ (= const.) in L*(I)
and A
Volzi;I) = 0 as i — +o0,

where Vy(z;; 1) denotes the total variation of z; on 1. Then z; — ¢ uniformly on [
as i — +oo.

The proof of Lemma 5.1 is quite standard, so we omit it.

Proof of Corollary 3.1. We use the same notation for v, v, ¢ and J as in
the statement of Corollary 3.1. By assumption, |¢| =1 and J is of the form
[0,L] or [0,a) or (b,L] or (a,b) for k <a< L and 0 <b <L -—k. We prove
below the corollary in case ¢ =1 and J = (a, b), since any other case is similarly
proved.

Given a compact subset J; of J, choose a (small) positive number x4 so that

Jic (a+mb—p) =,

and the pair (J,, 1) is stable; this is possible by Theorem 3.1. Now, let {f}
be an increasing sequence in R such that 4 /' +oo and v(#;) — v, in L?(0,L)
as i — +o0. Then it follows from Proposition 1.2 that Vo(v(t;,-)) — Vo(veo)
as i — +o0. Putting z; = v(t;)|; for I:=J,, we see that z; — 1 in L*(I) and
Vo(zi;I) — 0, since vy, =1 on I. Therefore, by Lemma 5.1, z; = v(z;) — 1
uniformly on J, as i — +oo. This together with the stability of (Ju, 1) implies
that v(¢) — 1 uniformly on J, as 1 — +00. Moreover, as was easily checked in
the proof of the sufficiency of Theorem 3.1, v(z,-) reaches the value 1 on J, in a
finite time ;. M

Proof of Theorem 3.2. 1f w is constant on [0,L], then the proof of
Theorem 3.2 is the same as in the proof of Theorem 3.1. Therefore we suppose
that w° € S,(6p) for a certain ne N, where w° is as in Theorem 2.1.

By Theorem 3.1, there exists a (small) positive number g, € (0,x) such that

C I i A L O
’ lex + O] (|Tk] — 2149) > 2k, k=1,...,n—1,
where ¢k, xf = xR, Ji are as in (IT) of Definition 2.1 corresponding to w°. For
any e (0,4, put
[0, xR — p), k=0,
Jep =1 R +uxp,—w, k=1,...,n—-1,
(xR + u, L), k=n.
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Then, by Theorem 3.1 again, any pair (Jg ., cx) is stable and hence for any
ke{0,1,...,n}, pe(0,u) and ¢ > 0 there exist a positive number J , . and a
time # ,. >0 such that

|U(l) — Cleoo(Jk”u) <é&

for any t># ,. and any solution v of (P)y with [v(0) — cklp=(y, ) < Okpe-
Since J,(w) = >_p_o Jk,u it is easy to see that d, , := ming<x <Ok, 4. and 2, :=
maxo<k<n bk e Satisfy the required property. The converse is also proved by
using Theorem 3.1. W

Proof of Theorem 3.3. First take a (small) positive number y, for which
the property in Theorem 3.2 is satisfied; more precisely, (5.1) is satisfied; we use
the same notation c¢x, xF = x&, Ji (0 <k <n) and Ji, (0 < p < py), for the
stable solution w of (Py)y,, as in the proof of Theorem 3.2.

Now, fix a number u with 0 < u < min{g,,x} and let ¢ be a (small) positive
number such that

sy [loxe 0l —m) 2K o et tl(7] - ) >
‘ lcx & &+ Ool{(|Jk] — 1) > 2x, k=1,....n—1;

note that ¢, =1 or —1, k=0,1,...,n. To these ¢ and g, by using Theorem
3.2, choose a positive number J,, and a time f,, such that

[0(8) = Wlpwg,y <& for all 1>1,,,
whenever v is a solution of (P), with
(53) 'U(O) - W’LOO(J”(W)) < 6#76.

We now show that any solution v satisfying (5.3) converges in L?(0, L)
as t — +oo. In fact, let v, be any w-limit point of v. Then, since vy, is a
solution of (Py),,, our choice of & (cf. (5.2)) implies that

Doy = Ck on Jr,, k=0,1,...,n,
and v, has at most two discontinuous points in [x} — pu,xf + 4] for each
k=1,...,n. Therefore, the quantities c,‘f,x,f’w,x,f’w,J,:O (0 < k < n™) for the
expression of v, such as in (II) of Definition 2.1 satisfy that »* =n,
CkZCZO, Jk’HC.]]SO, k:O,l,...,n,
R—pu<xP® <xp* <xfip k=1,...,n,

and (J°,cp) is stable for k=0,1,...,n. Here, applying Corollary 3.1 and
Lebesgue’s convergence theorem, we see that

n
v(t) = Vo in L2 (ZJ,?) as t — +oo.
k=0
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This fact holds for any w-limit point of v, which implies that the set of intervals
JZ, k=0,1,...,n, is independent of the choice of an w-limit point of v; in the

other word the w-limit set of v is a singleton, and by the way we have

o(t) — veo in L*(0,L) as t — +oo0.

Moreover, it is a direct application of Corollary 3.1 with Lemma 5.1 that
v(t) — vy as t — +oo uniformly on each compact subset of the complement of

the set of all discontinuous points of v, in [0,L]. W
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