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Uniqueness of Solutions for Zakharov Systems
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Abstract. We prove that the weak solution of the Cauchy problem for the Klein-

Gordon-Zakharov system and for the Zakharov system is unique in the energy space

for the former system, and in some larger space for the latter system, in dimensions

three or lower. In the three dimensional case, these are the largest Sobolev spaces

where the local wellposedness has been proven so far. Our proof uses infinite

iteration, where the solution is fixed but the function spaces are converging to the

desired ones in the limit.
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1. Introduction

In solving nonlinear dispersive equations, various space-time norms play

central roles to exploit oscillatory and dispersive nature of the solutions. It

becomes more essential when one treats more singular problems or with less

regularity for the solutions. Consequently, many wellposedness results only

apply to those solutions with some additional properties in space-time norms,

besides the time continuity in the initial data space. In other words, the

uniqueness is proved only in such function spaces. For instance, for the energy

critical wave equation, the solution for the Cauchy problem is unique if the

energy and some appropriate space-time Lp norm are finite. But it is not

known whether the solution is unique simply in the energy space in the 3D case

(see [24, 18]), whereas the uniqueness holds in the energy space in the 4D case [22].

As far as one investigates solutions for a fixed equation, such restrictions

for the uniqueness do not usually cause any problem, because one can always

regard the solutions as limits of smooth ones, for which one can prove the

uniqueness in classical ways. However, when studying relations between dif-

ferent equations and their solutions, for example through some limits or

nonlinear transforms, the additional conditions often become bothering, since

it is not clear if or how the additional conditions for one equation transfer to

another.

On the other hand, uniqueness without any additional condition is very

useful for limit problems between equations. For example, if some conserved



quantity (such as energy) converges along the limit, and if we have the

unconditional uniqueness for the limit equation in the space for that quantity,

then one can derive convergence of solutions from that of initial data, without

any further information on the solutions before the limit (cf. [14, 17]).

We remark that one should not always expect unconditional uniqueness

even if the (conditional) local wellposedness holds. In fact, Christ [5] showed

that the unconditional uniqueness breaks down for the nonlinear Schrödinger

equation with quadratic nonlinearity u2 or u2 in the Sobolev space HsðR=ZÞ
with �1=2 < s < 0, despite of the local wellposedness. Thus in general proving

unconditional uniqueness requires some non-trivial extra work.

In this paper, we prove unconditional uniqueness of weak solutions for the

Klein-Gordon-Zakharov system (KGZ)

€EE � DE þ E ¼ �nE; E : R1þd ! C K ;ð1:1Þ

a�2€nn� Dn ¼ DjEj2; n : R1þd ! R;

and the Zakharov system (Z)

2i _uu� Du ¼ �nu; u : R1þd ! C K ;ð1:2Þ

a�2€nn� Dn ¼ Djuj2; n : R1þd ! R;

where a > 0 is a fixed constant, d ¼ 1; 2; 3, and K A N is arbitrary. (KGZ)

changes its property depending on the ratio between the propagation speeds of

E and n. Here we consider the physically natural case a < 1 only. For (Z),

we may assume a < 1 for simplicity, but without loss of generality, by rescaling

ðu; nÞ 7! ðluðl2t; lxÞ; l2nðl2t; lxÞÞ;ð1:3Þ

which changes only a in the equation.

(KGZ) and (Z) are model systems to describe nonlinear interactions in

plasma, where E or u denotes the electric field (more precisely it denotes its

slowly varying envelope), n denotes the ion density fluctuation, and a is the ion

sound speed.

More precisely, these systems can be derived from a coupled Maxwell-Euler

system for the electro-magnetic field and two fluids consisting of electrons and

ions (cf. [6, 26, 29]). On the other hand, (Z) converges to the nonlinear

Schrödinger equation in the limit a ! y (cf. [23, 1, 21, 12, 17]):

2i _uu� Du ¼ juj2u; n ¼ �juj2:ð1:4Þ

It is usual for nonlinear dispersive equations that they are linked to others by

various limits, and thus our motivation for proving unconditional uniqueness

originates from there.
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In order to state our uniqueness result, let us be more precise about the

notion of weak solutions.

Definition 1.1. Let I HR be an interval and E; n; u A CwðI ;L2ðRdÞÞ, where
Cw denotes the space of weakly continuous functions. We say that ðE; nÞ is

a weak solution of (1.1) on I if the equations are satisfied in CðI 0;S 0ðRdÞÞ,
where I 0 denotes the interior of I . Similarly, we say that ðu; nÞ is a weak

solution of (1.2) on I if the equations are satisfied in CðI 0;S 0ðRdÞÞ.
In the above definition, note that we have _EE; _nn A CðI ;S 0Þ by integrating

the equations for €EE and €nn. The L2
x assumption is to make sense of the

nonlinearity.

Now we can state our main results.

Theorem 1.2. Let I HR be an interval and t0 A I . Assume a < 1. Then

every weak solution ðE; nÞ of (1.1) on I satisfying

ðE; _EE; nÞ A CwðI ;H 1ðRdÞ � L2ðRdÞ � L2ðRdÞÞð1:5Þ

is uniquely determined by ðEðt0Þ; _EEðt0Þ; nðt0Þ; _nnðt0ÞÞ.

Theorem 1.3. Let I HR be an interval and t0 A I . Then every weak

solution ðu; nÞ of (1.2) on I satisfying

ðu; nÞ A CwðI ;H 1=2ðRdÞ � L2ðRdÞÞð1:6Þ

is uniquely determined by ðuðt0Þ; nðt0Þ; _nnðt0ÞÞ.

Remark that we need no extra condition on _nn. Actually, we will prove

that every weak solution has a space-time norm that ensures the uniqueness

criteria in [9, 20]. For that purpose we use the iteration by the integral

equation, where the solution is fixed but the function spaces are improved

in each step, and we get the desired space-time estimate in the limit of the

iteration. This argument seems essential at least in the Zakharov case, where

the space regularity cannot be improved by the bilinear estimate if we start with

anything below H 1=2.

This criticality is reflected by its limit equation as a ! y, for which _HH 1=2

is the scaling invariant space, and the unconditional uniqueness is an open

question due to the failure of the Sobolev embedding H
1=2
6 ðR3ÞQLyðR3Þ.

(See [10, 7, 27] for the uniqueness of NLS in other cases.)

In the above sense, we might say that the Zakharov system is better

behaving than the NLS, which is surprising because one usually does not expect

better regularity for the wave equation (for n) than the Laplace equation (in

the limit a ! y). The trick comes from the assumption that n is bounded

in L2
x, which is not available in the limit equation (1.4) with u A H

1=2
x .
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We also point out that there are many works dealing with unconditional

uniqueness. We can mention [7, 10, 22, 15, 18, 27, 25, 31, 32] for works

related to nonlinear wave equations, [8, 13, 19, 28] for works related to the

parabolic case and more precisely to the Navier-Stokes system.

2. Preliminaries

In this section we set up the equations, the function spaces and basic

estimates and notations.

2.1. Function spaces and frequency localization

We denote the Lebesgue and the Besov spaces by Lp and Bs
p;q, respectively,

and the L2 Sobolev space by Hs :¼ Bs
2;2, where s A R and 1a p; qay. For

convenience of the Hölder inequality, we also define

L1=p :¼ Lp; Bs
1=p;1=q :¼ Bs

p;q; Hs
1=p :¼ Hs

p ;ð2:1Þ

for 1a p; qay. This does not cause any contradiction because we never

use the usual Lp spaces with p < 1. For any Banach function space V on Rd ,

we denote the mixed norm by

kukL1=pV
:¼ kukLpV :¼ k kuðtÞkVkLp

t
;ð2:2Þ

for 1a pay.

We denote the Fourier transform on Rd and R1þd by Fx and Ft;x,

respectively. For any function j : Rd ! R, we define the associated Fourier

multiplier by jð�i‘Þ :¼ F�1
x jðxÞFx.

Let w A Cy
0 ðRÞ be a fixed cut-o¤ function satisfying wðxÞ ¼ 1 for jxja 1

and wðxÞ ¼ 0 for jxjb 2. For any function j : R1þd ! R and a; b > 0, we

denote

Pjðt;xÞaau :¼ F�1
t;x wðjðt; xÞ=aÞÞFt;xu; ða > 1=2Þ;

0; ðaa 1=2Þ;

�
ð2:3Þ

Pjðt;xÞ>au :¼ u� Pjðt;xÞaau;

Pa<jðt;xÞabu :¼ Pjðt;xÞ>aPjðt;xÞabu:

Thus we have the Littlewood-Paley decomposition and the Besov norms

u ¼
X
j A 2N

Pj=2<jxjaju; kukBs
p; q

¼ k j sPj=2<jxjajukl qð2N ;LpðR d ÞÞ:ð2:4Þ

We denote the L2 coupling on Rd and R1þd respectively by
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hjjcix :¼ <
ð
R d

jðxÞcðxÞdx; hujvit;x :¼ <
ð
R1þd

uðt; xÞvðt; xÞdtdx:ð2:5Þ

2.2. Strichartz estimates

We denote the space-time integrability given by the Strichartz estimate

for Hs solutions on finite time intervals to the free Schrödinger equation by

StSðsÞ and to the free Klein-Gordon equation by SteKðsÞ:

StSðsÞ :¼ 7fLp
t B

s
q;2ðR3Þ j 0a 1=pa 1=2; 2=pþ 3=q ¼ 3=2g;ð2:6Þ

St eKðsÞ :¼ 7fLp
t B

s�2=p
q;2 ðR3Þ j 0a 1=pa 1=2� e; 1=pþ 1=q ¼ 1=2g;

for any e > 0. The norm is naturally defined by the sup over all the spaces

such as

kukStSðsÞ ¼ sup
ðp;qÞ admissible

kukLpBs
q; 2
:ð2:7Þ

We can also define the dual of these spaces

StSðsÞ� :¼
X

fLp
t B

s
q;2ðR3Þ j 1=2a 1=pa 1; 2=pþ 3=q ¼ 7=2g;ð2:8Þ

SteKðsÞ
� :¼

X
fLp

t B
sþ1�2=p
q;2 ðR3Þ j 1=2þ ea 1=pa 1; 1=pþ 1=q ¼ 3=2g;

where the norm is naturally defined by the inf of all possible decomposition into

those spaces, such as

k f kStSðsÞ� ¼ inf
u¼T

j
uj

X
j

kujkLpj Bs
qj ; 2

:ð2:9Þ

The Strichartz estimate can be written as

kukStSðsÞ k kuð0ÞkH s þ k f kStSðsÞ� ;ð2:10Þ

kvkSt e
K
ðsÞ k kvð0ÞkH s þ k _vvð0ÞkH s�1 þ kgkSt e

K
ðsÞ� ;

for the solutions u and v of

2i _uu� Du ¼ f ; €vv� Dvþ v ¼ g:ð2:11Þ

2.3. X s;b spaces and extension of local weak solutions

For any self-adjoint operator H on L2ðRdÞ, we introduce the X s;b spaces

associated to the equation i _uuþHu ¼ 0:
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X s;b
H :¼ feitHv j v A Hb

t ðR;Hs
xðRdÞÞg; kuk

X
s; b
H

:¼ ke�itHukH b
t H

s
x
:ð2:12Þ

When H ¼ oð�i‘Þ is a Fourier multiplier, we can write

kuk
X

s; b

oð�i‘Þ
¼ kht� oðxÞibhxi sðFt;xuÞðt; xÞkL2

t; x
:ð2:13Þ

For the second order equation of the form €uuþH 2u ¼ 0, we also define

X
s;b
GH :¼ X

s;b
H þ X

s;b
�H :ð2:14Þ

For any open interval I HR, we define X s;b
� ðIÞ as the restriction (in the

sense of distributions) of X s;b
� onto I . However we should be careful about the

precise definition of norms, because our proof will crucially depend on uniform-

ness on the interpolation inequalities for X s;b and the Strichartz estimate. For

example, the standard definition by the quotient norm is not appropriate for our

purpose, since then the interpolation inequalities would lose uniformness.

On the other hand, we should not use the smooth time cut-o¤ argument

as usual in the wellposedness proof, because a weak solution of the original

integral equation does not directly give rise to any solution for that with smooth

cut-o¤. Even with the wellposedness result, it is not clear at all whether one

can converge to a solution for the latter equation by iteration starting from

the given weak solution, because the contraction requires the same (or even

stronger) conditions as in the uniqueness for the starting function.

Therefore we will use instead an explicit extension operator which gives

( i ) uniform embeddings and interpolations,

(ii) weak solution for the extended integral equation,

and will estimate only in X s;b spaces on R, not on finite intervals. For

simplicity, we will consider only the solutions on ½0;T � with arbitrary T A ð0; 1Þ.
We extend functions on ½0;T � to those on R right before the integration by

the following operator ET :

ðET f ÞðtÞ ¼
f ðtÞ ð0a taTÞ;
�f ð2T � tÞ ðT < ta 2TÞ;
0 ðt < 0; 2T < tÞ

8><
>:ð2:15Þ

Then an extended integration from functions on ½0;T � to those on R is defined

by composition of ET and integration from 0:

ðIT f ÞðtÞ :¼
ð t

0

ðET f ÞðsÞds ¼
ð

0<s<t
2T�t<s<T

f ðsÞds:ð2:16Þ

Notice that ET f is in general discontinuous at t ¼ 0;T ; 2T . Discontinuity at T

seems inevitable in order to satisfy both of the above requirements, and anyway

the discontinuity at 0 is necessary to solve the initial value problem.

238 Nader Masmoudi and Kenji Nakanishi



For each integral equation of the form

uðtÞ ¼ eitHjþ
ð t

0

eiðt�sÞHf ðsÞds;ð2:17Þ

on the functions u and f defined on ½0;T �, we associate the following extended

integral equation

ûuðtÞ ¼ wðtÞeitHjþ eitHIT ½e�itHf ðtÞ�;ð2:18Þ

where w A Cy
0 ðRÞ is a fixed cut-o¤ function satisfying wðtÞ ¼ 1 for jtj < 4.

It is clear from the definition that ûuðtÞ ¼ uðtÞ for 0a taT . Also it is

easy to prove

keitHIT ½e�itHf ðtÞ�k
X

s; bþy
H

kT 1�yk f k
X

s; b
H

;ð2:19Þ

for jbj < 1=2, y A ½0; 1� and f A X
s;b
H , where the implicit constant is uniform for

f , s, H and y, but not for jbj ! 1=2. The threshold jbj ¼ 1=2 is due to the

discontinuity of ET .

Thus for each weak solution u ¼ ðuð1Þ; . . . uðNÞÞ A CðI ;S 0ðRdÞÞN for any

system of nonlinear integral equations of the form

uð jÞðtÞ ¼ eitHjðDÞjð jÞ þ
ð t

0

eiðt�sÞHjðDÞFð jÞðuðsÞÞds; ð j ¼ 1; 2; . . .NÞð2:20Þ

on ½0;T �, we associate the extension ûu given by

ûuð jÞðtÞ ¼ wðtÞeitHjðDÞjð jÞ þ eitHjðDÞIT ½e�itHjðDÞFð jÞðuÞ�:ð2:21Þ

Then we have ûuðtÞ ¼ uðtÞ for 0a taT and moreover ûu is the solution of

ûuð jÞðtÞ ¼ wðtÞeitHjðDÞjð jÞ þ eitHjðDÞIT ½e�itHjðDÞFð jÞðûuÞ�:ð2:22Þ

The second order equations are also extended in the above way, after

decomposing cosðHtÞ and sinðHtÞ into eGitH .

For simplicity, we will deliberately confuse the local solution u and the

extended solution ûu, and also the free part u0 with the first term in the above,

and the nonlinear part u1 with the second term.

2.4. Interpolation and embeddings for X s;b with the Strichartz estimate

Interpolation of X s;b spaces and embeddings between the Strichartz esti-

mate have been proved to be very useful already in the case of Maxwell-

Klein-Gordon and Maxwell-Dirac systems [15]. Here we state the general

interpolation and embeddings in their sharp forms, just for the sake of simple

numerology in their use. In fact, the non-sharp version used in [15] would be

su‰cient for our purpose. We denote by ð� ; �Þy; r the real interpolation functor.
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Lemma 2.1. Let H be self-adjoint on L2, and V HS 0ðRdÞ be a Banach

space containing SðRdÞ as a dense subset. Assume that we have

keitHtjkV � k jtj�1kjkV :ð2:23Þ

Then for any b A ½0; 1=2Þ, we have

X
0;b
H HL2

t ðL2;V �Þ2b;2; L2
t ðL2;VÞ2b;2 HX

0;�b
H ;ð2:24Þ

The above holds actually for the homogeneous version of the X 0;b spaces.

When we have the endpoint Strichartz estimate, it follows immediately by

interpolation. However, the above remains valid even if the endpoint estimate

is false, which is the case for the three dimensional wave (Klein-Gordon)

equation.

Proof. The proof is almost the same as that for the endpoint estimate

[11]. Denote

Vy :¼ ðL2;VÞy;2; V �
y :¼ ðL2;V �Þy;2;ð2:25Þ

with the convention V0 ¼ V �
0 ¼ L2, V1 ¼ V , and V �

1 ¼ V �. By the duality, it

su‰ces to prove the latter embedding, which will follow from

ke�itHf ðtÞk _HH�b
t L2

x
¼ k jqtj�b

e�itH f ðtÞkL2
t; x
k k f kL2ðV2bÞ:ð2:26Þ

Expanding the square, the last inequality is equivalent to

ðð
jt� sj2b�1he�itHf ðtÞ j e�isHf ðsÞixdsdtk k f k2L2ðV2bÞ:ð2:27Þ

Decomposing the left hand side dyadically in jt� sj,

T b
j ð f ; gÞ :¼

ðð
2 j<jt�sj<2 jþ1

jt� sj2b�1he�itHf ðtÞ j e�isHgðsÞixdsdt;ð2:28Þ

we are going to prove

kT b
j ð f ; gÞkl01 ð j AZÞ k k f kL2ðV2bÞkgkL2ðV2bÞ;ð2:29Þ

by the bilinear real interpolation, where ls
p denotes the weighted lp space on Z

with the weight 2 js.

By the real interpolation between the decay assumption and the trivial L2

conservation, we have

keitHjkV �
y
k jtj�ykjkVy

;ð2:30Þ

for 0a ya 1. Using the Young and the Hölder inequalities in time, we get
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jT b
j ð f ; gÞjk

ðð
jt�sj@2 j

jt� sj2b�1�yk f ðsÞkVy
kgðtÞkVy

dsdtð2:31Þ

k 2ð2b�yÞjk f kL2Vy
kgkL2Vy

;

for 0a ya 1.

On the other hand, we have for 0 < y < 1,

ð
R

e�itHf ðtÞdt
����

����
2

L2

¼
ðð

heiðt�sÞHf ðsÞ j f ðtÞixdsdtð2:32Þ

k

ðð
jt� sj�yk f ðsÞkVy

k f ðtÞkVy
dsdtk k f k2L2=ð2�yÞVy

;

where we used the Hardy-Littlewood-Sobolev in the last step. Applying it, we

get

jT b
j ð f ; gÞjð2:33Þ

k

ð
k jt� sj2b�1

f ðsÞkL2=ð2�yÞðjt�sj@2 j ;VyÞkgðtÞkL2
x
dt

k
X
k AZ

ð
j2�j t�kja2

2 jð2b�1Þ2 jð1=2�y=2Þk f ðsÞkL2ðj2�j s�kja2;VyÞkgðtÞkL2
x
dt

k 2 jð2b�1=2�y=2Þ
X
k AZ

k f ðsÞkL2ðj2�j s�kja2;VyÞ2
j=2kgðtÞkL2ðj2�j t�kja2;L2Þ

k 2 jð2b�y=2Þk f kL2Vy
kgkL2L2 :

Applying the bilinear real interpolation to (2.31) and (2.33), we get

kT b
j ð f ; gÞkðl y=2�2b

y ;l y�2b
y Þaþb�1; 1

k k f kðL2L2;L2VyÞa; 2kgkðL2L2;L2VyÞb; 2ð2:34Þ

for 0 < y < 1 and 0 < a; b < 1 < aþ b. By the interpolation property of l s
p

and Lp, together with the reiteration theorem, the above is equivalent to

kTjð f ; gÞklðayþbyÞ=2�2b

1

k k f kL2Vya
kgkL2Vyb

;ð2:35Þ

and by choosing a ¼ b and y such that ay ¼ 2b, we get l01 bound on Tj, as

desired. r

Applying the above to the Schrödinger and the Klein-Gordon equations,

we will use in particular the following embeddings:

L2
t H

s
1=2þ2b=3 HX

s;�b
�D=2; L2

t H
sþ2b
1=2þb HX

s;�b
Gh‘ið2:36Þ

for 0a b < 1=2.
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For the other direction of embedding, we will use the following interpo-

lation:

Lemma 2.2. Let H be a real Fourier multiplier and V be a Besov space on

Rd , satisfying

keiHtjkLp
t V

k kjkH sð2:37Þ

for some s A R and pb 2. Then we have

ðX s0;b0
H ;X s1;b1

H Þy;1 HL
p
t V :ð2:38Þ

if 0 < y < 1, s ¼ ð1� yÞs0 þ ys1, 1=2 ¼ ð1� yÞb0 þ yb1 and b0 6¼ b1.

For a proof, see [17, Lemma 2.4], which was written for p ¼ 2, but applies

to p > 2 as well, by using the Minkowski inequality. Notice that unless s0 ¼ s1
the above interpolation space is di¤erent from the Besov-type X s;b space.

2.5. Nonresonance property

The most important feature of the nonlinear terms in the Zakharov systems

is the following nonresonance property with respect to the linear space-time

oscillation, which has played the central role in those wellposedness results [4,

9, 20].

For the Klein-Gordon-Zakharov, let aa g < 1. Then there exists

e A ð0; 1=10Þ, depending only on g, such that the following holds. For any

functions n, u, v on R1þd , let jb 10, 0 < ka ej, 0 < da ej, and

nC :¼ Pj=2<jxjajPj jtj�ajxj jadn;ð2:39Þ

uC :¼ PjxjakPj jtj�hxijadu; vC :¼ Pj jtj�hxijadv:

Then we have

hnCuC j vCit;x ¼ 0:ð2:40Þ

Similarly for the Zakharov, there exists e A ð0; 1=10Þ such that if jb 10,

0 < ka ej, 0 < da ej2, then for

nC :¼ Pj=2<jxjajPj jtj�ajxj jadn;ð2:41Þ

uC :¼ PjxjakPjt�jxj2=2jad
u; vC :¼ Pjt�jxj2=2jad

v;

we have

hnCuC j vCit;x ¼ 0:ð2:42Þ
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The above property can be easily checked by writing the inner product in

the space-time Fourier space. It implies that in the interaction of high-low

frequencies in the bilinear term nu, either one of the functions or the product is

away from the characteristic surface of the linearized equation, and thus we gain

d�b by using the X s;b norms. We have the same gain in the term juj2, though
it will be much less important in our later argument.

3. Zakharov H 1=2 � L2

In this section we prove the unconditional uniqueness for the Zakharov

system (Z). The following lemma is the main part of our proof:

Lemma 3.1. Let I HR be an interval, ðu; nÞ A CwðI ;H 1=2 � L2Þ be a weak

solution of (Z), t0 A I and n0 be the linear solution

a�2€nn0 � Dn0 ¼ 0; n0ðt0Þ ¼ nðt0Þ; _nn0ðt0Þ ¼ _nnðt0Þ:ð3:1Þ

Then we have u A X
1=2;3=4�e

�D=2 ðIÞ and n� n0 A X
0;3=4
Gaj‘j ðIÞ for any e > 0.

Before entering the proof, we give the outline. By time translation and

inversion invariance of the equation, it su‰ces to prove the theorem in the case

I ¼ ½0;T �; t0 ¼ 0;ð3:2Þ

for small T > 0. We will iterate the integral equations for 0 < t < T ,

u ¼ u0 þ u1; u1 :¼ IuðnuÞ; Iuð f Þ :¼
1

2i

ð t

0

eiDðt�sÞ=2f ðsÞds;ð3:3Þ

n ¼ n0 þ n1; n1 :¼ Inðjuj2Þ; InðgÞ :¼
ð t

0

sinðja‘jðt� sÞÞja‘j f ðsÞds;

where u0 and n0 are the free solutions with the same initial data as u and

n. More precisely, we extend the weak solution on ½0;T � to R by the procedure

in (2.21), and iterate the extended integral equation of the form (2.22). For

simplicity, we do not distinguish the extended solutions and the original local

solutions.

First we prove that u A StSð1=2ÞVX
1=2;3=4�e

�D=2 for any e > 0, by iterating the

integral equation infinite times and taking the limit. More precisely, we prove

( i ) u A StSð0Þ.
(ii) We have a sequence 0 ¼ s0 < s1 < s2 < � � � ! 1=2 such that

ku1kStSðsjÞ aCT að1þ ku1kStSðsj�1ÞÞ
b ð j A NÞ;ð3:4Þ

for some constants C; a; b > 0 which do not depend on j.

Then by induction we get u1 A StSðsÞ for any s < 1=2, and moreover the norm

is uniformly bounded if T > 0 is su‰ciently small. Hence we can take the limit
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s ! 1=2� 0, deducing the same bound in StSð1=2Þ by the monotone conver-

gence theorem. X
1=2;3=4�e

�D=2 will be obtained as a byproduct in this procedure.

The e loss is due to the failure of the Sobolev embedding H
1=2
6 HLy, which

naturally appears if one uses the endpoint Strichartz estimate. We should

avoid it because it would break the uniformness in the above argument. The

estimate for n comes in the end and with only one iteration.

Proof. First we prove u A StSðsÞ for 0a s < 1=2 by induction on s. The

bound should be uniform so that we can take the limit s ! 1=2� 0. We

fix e A ð0; 1=9Þ, which is a parameter to avoid the endpoint Strichartz, which

would cause a loss of uniformness due to H
1=2
6 ðR3ÞQLyðR3Þ. So the iterative

estimates will depend on e and a, as well as the H 1=2 � L2 bound.

For the first step of induction, we have by the Strichartz

ku1kStSð0Þ k knukL2L6=5 kT 1=2knkLyL2kukLyH 1=2 < y;ð3:5Þ

where we used the Sobolev embedding H 1=2 HL3.

Now we assume u A StSðsÞ with 0a s < 1=2 to get the same bound for a

larger s 0 < 1=2. We will assume that 0 < T < 1. The following estimates are

uniform in s A ½0; 1=2�, as long as e A ð0; 1=9Þ is fixed.

We get X s;b type bounds with 1=2 loss of derivatives in x. For u we have

ku1k
X

s�1=2; 1�e=2

�D=2

kT e=2knuk
L1=2�e=2H

s�1=2

1=2þe=3

k knkLyL2kukL1=2�e=2H
s
1=6þe=3

;ð3:6Þ

where we used the Sobolev embeddings

H s
1=6þe=3 HL1=6þe=3�s=3; L2=3þe=3�s=3 HH

s�1=2
1=2þe=3:ð3:7Þ

For n we have

kn1k
X

s�3=2; 1

Gaj‘j
kT 1=4ak juj2kL4H s�1=2 k kukLyH 1=2kukL4H s

3
:ð3:8Þ

Hence we have n1 A Ly
locðH

s�3=2
x Þ. Since n A Ly

locðL2
xÞ, we get

ja‘j�1 sinðja‘jtÞ _nnð0Þ A Ly
locðH s�3=2

x Þ;ð3:9Þ

and hence _nnð0Þ A H s�5=2.

Next we improve the estimate on u by using the nonresonance property of

the bilinear term (see Section 2.5). For that purpose we decompose nu in the

space-time frequency:

nu ¼ nkuþ ngu; nku :¼
X
jkk

njuk; ngu :¼
X
jgk

njuk;ð3:10Þ

ngu ¼ nF
guþ ngu

F þ ðnguÞF :¼
X
jgk

nF
j uk þ nju

F
k þ ðnjukÞF ;

where we denote nj :¼ Pj=2<jxjajn, uk :¼ Pk=2<jxjaku, and
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nF
j ¼ Pj jtj�ajxj j>dnj; uF

k ¼ Pjt�jxj2=2j>d
uk; ðnjukÞF ¼ Pjt�jxj2=2j>d

ðnjukÞ;ð3:11Þ

with d :¼ ej2, where e > 0 is as in (2.42). Then we estimate its contribution to

u, namely kIuðnuÞkX s; 3=4�e , piece by piece:

knkukL2H s
2=3þe=3

kT e=2knkLyL2kukL1=2�e=2H
s
1=6þe=3

;ð3:12Þ

knF
gukL2H s

2=3
k kd�1knF

j kL2H s�3=2kukLyL3kl2
jg1

k knF
g1kX s�3=2; 1

Gaj‘j
kukLyH 1=2 ;

knguFkL2H s
2=3

k sup
jgk

d�1þeknjkLyL2kuF
k kL2H s�1=2 k knkLyL2kukX s�1=2; 1�e

�D=2

;

kðnguÞFkX s;�1=4�e k sup
jgk

j ed�1=4�eknjukkL2H s

kT e=2knkLyL2kukL1=2�e=2H
s
1=6þe=3

k knkLyL2kukStSðsÞ:

For the free part of nF , we have

kn0Fj k
X

a; 1

Gaj‘j
@ kwjtj>dðtÞkH 1

t
ðknjð0ÞkH a

x
þ k _nnjð0ÞkH a

x
Þð3:13Þ

k d�a�3j aðknjð0ÞkL2 þ j5=2k _nnjð0ÞkH�5=2Þ;

which is bounded for ej2 > 1. Hence n0F>1 A X a;1
Gaj‘j for any a > 0.

Thus we obtain u1 A X
s;3=4�e

�D=2 , and also u1 A Lyð0;T ;H 1=2ÞHT 1=2X 1=2;0.

Interpolating them, we get

u1 A ðT 1=2X
1=2;0
�D=2 ;X

s;3=4�e

�D=2 Þy;1 HT ð1�yÞ=2StSðs 0Þ;ð3:14Þ

ð3=4� eÞy ¼ 1=2; s 0½s� ¼ ð1� yÞ=2þ ys:

By the convex combination it is clear that the unique solution for s 0½s� ¼ s is

s ¼ 1=2, and 1=2 > s 0 > s as far as s < 1=2. Hence if we iterate sjþ1 ¼ s 0½sj�,
then we have sj ! 1=2� 0 as j ! y.

Summarizing the above estimates, we have obtained

ku1kStSðs 0Þ aCT að1þ ku1kStSðsÞÞ
b;ð3:15Þ

where the constant C depends only on kukLyH 1=2 þ knkLyL2 , and a; b > 0 are

determined only by e > 0.

If T > 0 is su‰ciently small, there exists a minimum positive solution B > 0

for

B ¼ CT að1þ BÞb:ð3:16Þ

Hence for su‰ciently small intervalH ½0;T �, or if we start the induction with

ku1kStSð0Þ < B, then in the above iteration there is a uniform bound
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ku1kStSðsÞ < B:ð3:17Þ

Since s ! 1=2� 0, this holds for any s < 1=2. Therefore by the limit s !
1=2� 0 with the monotone convergence theorem in the Fourier space, we get

ku1kStSð1=2Þ aB:ð3:18Þ

Iterating once more, we get u A X 1=2;3=4�e as well, hence u A StSð1=2Þ.
Finally we improve n by decomposing juj2:

juj2 ¼ u@uþ 2<ðuguÞ; u@u ¼
X
j@k

ujuk; ugu ¼
X
jgk

ujuk;ð3:19Þ

ugu ¼ uF
guþ uguF þ ðuguÞF ¼

X
jgk

uF
j uk þ uju

F
k þ ðujukÞF ;

where uj and uF
j are as before, and

ðujukÞF ¼ Pj jtj�ajxj j>dðujukÞ;ð3:20Þ

with d ¼ ej2. Then kInjuj2kY 0; 3=4 is bounded by the sum of

ku@ukL4=3H 1 k kuk2
L

8=3
t H

1=2

4

k kuk2StSð1=2Þ;ð3:21Þ

kuF
gukL4=3H 1 k sup

lgk

d�5=8kuF
l kL2H 1=2kukkL4H

1=2

3

k kukX 1=2; 5=8kukStSð1=2Þ;

kuguFkL4=3H 1 k sup
lgk

d�5=8kulkL4H
1=2

3

kuF
k kL2H 1=2 k kukStSð1=2ÞkukX 1=2; 5=8 ;

kðuguÞFkX 1;�1=4

Gaj‘j
k kd�1=4lkulkL3

x
kukL6

x
kl2l L2

t

k kuk
L4B

1=2

3; 2

kukL4L6 k kuk2StSð1=2Þ:

Thus we obtain n A X
0;3=4
Gaj‘j . r

Remark 3.2. We have the same result in R2 and R, because there the

Sobolev and the Strichartz are better, and the resonance distance is just the

same.

Now the unconditional uniqueness follows, since the above lemma shows

that every weak solution falls into the wellposedness class in [9]. For the sake

of completeness, we give a proof.

Proof of Theorem 1.3. Let ðuj ; njÞ A CwðR;H 1=2 � L2Þ be weak solutions

for j ¼ 0; 1 satisfying

u0ð0Þ ¼ u1ð0Þ; n0ð0Þ ¼ n1ð0Þ; _nn0ð0Þ ¼ _nn1ð0Þ:ð3:22Þ
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Let ðu 0; n 0Þ :¼ ðu1; n1Þ � ðu0; n0Þ. By the above lemma, we have

uj; u
0 A X

1=2;3=4�e

�D=2 VX
0;1�e
�D=2 ; n1j ; n

0 A X
0;3=4
Gaj‘j ;ð3:23Þ

for any e > 0. Fix e A ð0; 1=9Þ. The di¤erence ðu 0; n 0Þ satisfies u 0ð0Þ ¼ n 0ð0Þ ¼ 0

and

2i _uu 0 � Du 0 ¼ �n0u
0 � n 0u1;ð3:24Þ

a�2€nn 0 � Dn 0 ¼ �D<½u 0ðu0 þ u1Þ�;

in the sense of integral equations in CtðS 0Þ. We want to use the same

arguments as in (3.12) and (3.21) to u 0 and n 0, but we have to replace the

estimates for nFu and nuF by

kIuðnF
guÞkX 1=2; 3=4

�D=2

kT 1=4knF
gukL2H 1

3=2
kT 1=4kd�3=4knF

j kL2L2kukLyL3kl2
jg1

ð3:25Þ

kT 1=4knF
g1kX 0; 3=4

Gaj‘j
kukLyH 1=2 ;

kIuðnguF Þk
X

1=2; 3=4

�D=2

kT 1=4knguFkL2H 1�2e
3=2

kT 1=4 sup
jgk

knjkLyL2d
�3=4þekukkL2H 1=2

kT 1=4knkLyL2kukX 1=2; 3=4�e

�D=2

:

Thus we get

ku 0k ~XX kT e=2kn0k ~YYku 0k ~XX þ T e=2kn 0k ~YYku1k ~XX ;ð3:26Þ

kn 0k ~YY k ku0 þ u1k ~XXku 0k ~XX ;

where

~XX :¼ X
1=2;3=4�e

�D=2 ; knk ~YY :¼ knkLyL2 þ knF
>1kX 0; 3=4

Gaj‘j
:ð3:27Þ

Hence we obtain

ku 0k ~XX þ T�e=4kn 0k ~YY ¼ 0ð3:28Þ

when T > 0 is su‰ciently small. Since we can repeat the above argument from

t ¼ T , these solutions are the same as long as both exist. r

4. Klein-Gordon-Zakharov

In this section we prove the unconditional uniqueness for the KGZ

system. Unlike the Zakharov system, it is also possible to prove the uniqueness

247Uniqueness of Solutions for Zakharov Systems



for the KGZ by estimating the di¤erence of solutions in rougher spaces. That

is because we have much more regularity room for the KGZ, which can be

observed for example from the fact that the Strichartz estimate by itself can

give wellposedness for KGZ in H 1þe regularity for any e > 0, but not for the Z

system in any regularity because of derivative loss.

However we give a proof by using the infinite iteration as in the previous

section, since it seems to give stronger estimates on the weak solution and apply

to more general situations.

Thus the main ingredient of our proof is the following.

Lemma 4.1. Let I HR be an interval, ðE; _EE; nÞ A CwðI ;H 1 � L2 � L2Þ be a

weak solution of (KGZ), t0 A I and n0 be the free solution

a�2€nn0 � Dn0 ¼ 0; n0ðt0Þ ¼ nðt0Þ; _nn0ðt0Þ ¼ _nnðt0Þ:ð4:1Þ

Then we have E A X 1;1�e
Gh‘i and n� n0 A X 0;1�e

Gaj‘j for any e > 0.

It seems necessary to assume that _EE is in L2, since E1 A LyH 1 is essential

to regularize it in the X �
Gh‘i space.

As before, we may assume that I ¼ ½0;T � and t0 ¼ 0 with small T > 0.

We are going to iterate the integral equation

E ¼ E0 þ E1; E1 :¼ IEðnEÞ; IEð f Þ :¼
ð t

0

sinðh‘iðt� sÞÞh‘i�1f ðsÞds;ð4:2Þ

n ¼ n0 þ n1; n1 :¼ InðjEj2Þ;

where E0 and n0 are the free solutions with the same initial data as E and

n. More precisely, we should extend the solution on ½0;T � to R by the

procedure in (2.21) and iterate the extended integral equation of the form

(2.22). However for simplicity, we identify the extended solutions with the

original local solutions.

Proof. We will prove E1 A StKðsÞ on ð0;TÞ for 0a s < 1 by induction on

s. The bound will be uniform such that we can take the limit s ! 1� 0. We

assume that 0 < T < 1.

We will use the iteration twice. Fixing e A ð0; 1=9Þ arbitrary, we show that

E1 A X
1�e;1�e=2
Gh‘i by the first iteration, then E1 A X

1;1�e
Gh‘i by the second one1

1 Instead, by choosing the induction parameters nonlinearly, we can get the desired regularity by

one time iteration limit. We chose the twice limit because the parameters are simpler and the

first step is valid even for 0 < s < 1.
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For a A ð0; 1Þ and b A R, we denote

WbðaÞ :¼ L
2=a
t H b

2=ð1�aÞ ISt1�a
K ðaþ bÞ; DbðaÞ :¼ L2

t H
b
2=ð2�aÞ;ð4:3Þ

where we omit b when b ¼ 0. Then we have on ð0;TÞ

LyL2 �Wð1� aÞHT a=2Dð1� aÞH
T 1=2L

2=ð1þaÞ
t L

2=ð2�aÞ
x ! X

1�a;1�a=2
Gh‘i

T 1=2L2H�3a=2 ! X
1�3a=2;1
Gh‘i ;

8<
:ð4:4Þ

where ! means the mapping property of IE .

We will prove E1 A WðsÞ for sa 1� e by induction on s starting

with s ¼ 2=3, which is obvious by the Sobolev. Assume E1 A WðsÞ with

s A ½2=3; 1� e�. By the above estimate,

kE1k
X

s; 1=2þs=2

Gh‘i
k knEkDðsÞ kT ð1�sÞ=2knkLyL2kEkW ðsÞ;ð4:5Þ

and therefore

E1 A ðT 1=2X 1�e;0
Gh‘i ;X

s;1=2þs=2
Gh‘i Þy;1 HSt eKðs 0ÞHWðs 0Þ;ð4:6Þ

ð1=2þ s=2Þy ¼ 1=2; s 0 ¼ ð1� yÞð1� eÞ þ ys:

Thus by the iteration limit we get s ! 1� e� 0 and

E A X
1�e;1�e=2
Gh‘i :ð4:7Þ

The above estimate is very simple, but cannot reach H 1, because the

estimates blow up by the failure of endpoint Strichartz estimate. To get H 1,

we need to use the X s;b spaces as in the Zakharov case. Before the induction,

we notice

kE1k
X

1�3e=2; 1

Gh‘i
a knEkL2H�3e=2 kT e=2knkLyL2kEkWð1�eÞ;ð4:8Þ

kn1k
X

�3e=2; 1

Gaj‘j
a kjEj2kL2H 1�3e=2 kT e=2kEkLyH 1kEkW ð1�eÞ:

Now we restart the induction. Assume that E1 A St eKð1� aÞHW e�að1� eÞ
with a A ð0; e�. We improve it by decomposing nE:

nE ¼ nkE þ ngE; ngE ¼ nF
gE þ ngE

F þ ðngEÞF ;ð4:9Þ

as in (3.10), where nj ¼ Pj=2<jxjajn, Ek ¼ Pk=2<jxjakE, and

nF
j ¼ Pj jtj�ajxj j>dnj; EF

k ¼ Pj jtj�hxij>dEk; ðnjEkÞF ¼ Pj jtj�hxij>dðnjEkÞ;ð4:10Þ

with d :¼ ej as in (2.40). Then kE1k
X

1�a; 1�e

Gh‘i
is bounded by the sum of
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knkEkD e�að1�eÞ kT e=2knkLyL2kEkW e�að1�aÞ;ð4:11Þ

knF
gEkD eð1�eÞ kT e=2 sup

jgk

d�1þ2eknF
j kL2H�3e=2kEkkLyL6

kT e=2knF
>1kX�3e=2; 1�2e

Gaj‘j
kEkLyH 1 ;

kngEFkD eð1�eÞ kT e=2 sup
jgk

d�1þ2eknjkLyL2kEF
k kL2H 1�3e=2

kT e=2knkLyL2kEkX 1�3e=2; 1�2e

Gh‘i
;

kðngEÞFkX 1�a;�e

Gh‘i
k sup

jgk

kaþe=2

j ade=2
knjkLyL2kk�a�e=2EkkL2Ly

k knkLyL2T
e=2kEkW e�að1�eÞ:

For the free part of nF
>1, we can use (3.13). Hence we have E A X

1�a;1�e
Gh‘i , and

by interpolation we get

E1 A ðT 1=2X 1;0
Gh‘i;X

1�a;1�e
Gh‘i Þy;1 HSteKð1� a 0Þ;ð4:12Þ

yð1� eÞ ¼ 1=2; a 0 ¼ ay:

Hence by iterating the above argument we get a ! þ0, and E1 A St eKð1ÞV
X 1;1�e
Gh‘i .

Finally we improve N by decomposing as before,

jEj2 ¼ E@E þ 2<ðEgEÞ; EgE ¼ EF
gE þ EgEF þ ðEgEÞF ;ð4:13Þ

where

ðEjEkÞF ¼ Pj jtj�ajxj j>dðEjEkÞ;ð4:14Þ

with d ¼ ej. Then kn1k
X

0; 1�2e

Gaj‘j
is bounded by the sum of

kE@EkL2H 1 k kEk2
L4H

1=2

4

;ð4:15Þ

kEF
gEkL2H 1 k sup

lgk

d�2=3kEF
l kL2H 1kEkkLyH 1 k kEk

X
1; 2=3

Gh‘i
kEkLyH 1 ;

kEgE
FkL2H 1 k sup

lgk

d�2=3kElkLyH 1kEF
k kL2H 1 k kEkLyH 1kEkX 1; 2=3

Gh‘i
;

kðEgEÞFkX 1;�2e

Gaj‘j
k sup

l

d�2el ekElkLyH 1kEkW ð1�e=3Þ k kEkLyH 1kEkSt e=3
K

ð1Þ:

Thus we obtain N A X 0;1�2e
Gaj‘j . r
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The first step in the above proof works even with less regularity. In fact,

we can prove that

Lemma 4.2. Let 0a s < 1 and ðE; _EE; nÞ A CwðHs �Hs�1 � L2Þ be a weak

solution of the Klein-Gordon-Zakharov system. Then we have

E A X
s;1=2þs=2
Gh‘i :ð4:16Þ

However, the above argument does not give desired bound for n such

as n1 A X
0;1=2þ
Gaj‘j . The problem is in the high-high interaction, where we have

resonance.

Returning to the energy space, the uniqueness readily follows from the

local wellposedness in [20], now that we have much better regularity by Lemma

4.1 than that required in that paper. For the sake of completeness, we give a

proof:

Proof of Theorem 1.2. Let ðEj; _EEj; njÞ A CwðH 1 � L2 � L2Þ for j ¼ 0; 1 be

weak solutions satisfying

E0ð0Þ ¼ E1ð0Þ; n0ð0Þ ¼ n1ð0Þ; _nn0ð0Þ ¼ _nn1ð0Þ:ð4:17Þ

Let ðE 0; n 0Þ :¼ ðE1; n1Þ � ðE0; n0Þ. By the above lemma, we have

Ej; E
0 A X 1;1�e

Gh‘i ; nj; n
0 A X 0;1�e

Gaj‘j ;ð4:18Þ

for any e > 0. Fix e A ð0; 1=9Þ. The di¤erence satisfies 0 ¼ E 0ð0Þ ¼ E 0
t ð0Þ ¼

n 0ð0Þ ¼ n 0
tð0Þ and

€EE 0 � DE 0 þ E 0 ¼ �n0E
0 � n 0E1;ð4:19Þ

a�2€nn 0 � Dn 0 ¼ D<½E 0ðE0 þ E1Þ�;

in CtðS 0Þ. Applying the same estimates as in (4.11) and (4.15) with a ¼ 0 to

E 0 and n 0, we get

kE 0k ~XX kT e=2kn0k ~YYkE 0k ~XX þ T e=2kn 0k ~YYkE1k ~XX ;ð4:20Þ

kn 0k ~YY k kE0 þ E1k ~XXkE 0k ~XX ;

with

~XX :¼ X 1;1�e
Gh‘i ; knk ~YY :¼ knkLyL2 þ knF

>1kX 1; 1�2e

Gaj‘j
:ð4:21Þ

Thus we get E 0 ¼ n 0 ¼ 0 on ð0;TÞ if T > 0 is su‰ciently small, and repeating

this argument, ðE0; n0Þ ¼ ðE1; n1Þ as long as both exist. r
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