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Abstract. Connection matrices associated with the generalized hypergeometric func-

tion 3F2 are determined. Our approach is based on the integral representation, and

the theory of twisted homology groups (homology with coe‰cients in local sys-

tem). We also consider the related monodromy representation and the monodromy-

invariant Hermitian form.
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The generalized hypergeometric function 3F2 is the analytic continuation of

the generalized hypergeometric series defined by

3F2
a1; a2; a3

b1; b2
; z

� �
¼
Xy
k¼0

ða1Þkða2Þkða3Þk
ðb1Þkðb2Þkk!

zk; jzj < 1;ð0:1Þ

where ðaÞk ¼ aðaþ 1Þ . . . ðaþ k � 1Þ. It satisfies the di¤erential equation 3E2

with regular singular points z ¼ 0; 1;y:

z2ð1� zÞF 000 þ fb1 þ b2 þ 1� ða1 þ a2 þ a3 þ 3ÞzgzF 00

þ fb1b2 � ða1a2 þ a2a3 þ a3a1 þ a1 þ a2 þ a3 þ 1ÞzgF 0 � a1a2a3F ¼ 0:

The characteristic exponents of 3E2 at singularities are

0; 1� b1; 1� b2 at z ¼ 0;

0; 1; b1 þ b2 � a1 � a2 � a3 at z ¼ 1;

a1; a2; a3 at z ¼ y:

If b1; b2; b1 � b2 B Z, a set of linearly independent solutions around the

origin 0 is given by



3F2
a1; a2; a3

b1; b2
; z

� �
;

ð�zÞ1�b1
3F2

a1 � b1 þ 1; a2 � b1 þ 1; a3 � b1 þ 1

2� b1; b2 � b1 þ 1
; z

� �
;

ð�zÞ1�b2
3F2

a1 � b2 þ 1; a2 � b2 þ 1; a3 � b2 þ 1

b1 � b2 þ 1; 2� b2
; z

� �
;

and, if ai � aj ð1a i < ja 3Þ B Z, that around y is given by

ð�zÞ�a1
3F2

a1; a1 � b1 þ 1; a1 � b2 þ 1

a1 � a2 þ 1; a1 � a3 þ 1
;
1

z

� �
;

ð�zÞ�a2
3F2

a2; a2 � b1 þ 1; a2 � b2 þ 1

a2 � a1 þ 1; a2 � a3 þ 1
;
1

z

� �
;

ð�zÞ�a3
3F2

a3; a3 � b1 þ 1; a3 � b2 þ 1

a3 � a1 þ 1; a3 � a2 þ 1
;
1

z

� �
:

The first purpose is to give a connection matrix which expresses the

fundamental set of solutions around the infinity y in terms of that of solutions

around the origin 0 (Theorem 2.4), which was first shown by Thomae [17] in

the nineteenth century (See also the work by Winkler [18]). The second

purpose is to give an explicit expression of the non-holomorphic solution

around 1 (Theorem 3.2) and determine the connection coe‰cients by which

the non-holomorphic solution around 1 is expressed around the origin 0

(Theorem 3.4). It is noteworthy that the solutions around 1 are not represented

by the hypergeometric series having 1� z as a variable: the situation is

completely di¤erent from the case of the Gauss hypergeometric equation. For

the solutions around z ¼ 1, we refer the reader to Nørlund [15] and Bühring [4].

On the other hand, the theory of integral representations of special

functions, initiated by Aomoto [1] [2] [3], have been developed during these

three decades after the name of the twisted de Rham theory. From this

viewpoint, it should be settled to derive the connection matrices by using

the integral representation of the form:

3F2

a1; a2; a3

b1; b2
; z

 !
¼ Gðb1ÞGðb2Þ

Gða1ÞGðb1 � a1ÞGðb2 � a2ÞGða2Þ
ð0:2Þ

ðþy

1

ðþy

t1

t
a1�b2
1 t

a3�b1
2 ðt1 � 1Þb2�a2�1ðt2 � zÞ�a3ðt2 � t1Þb1�a1�1

dt2dt1;

where Re a1;Reðb1 � a1Þ;Re a2;Reðb2 � a2Þ > 0, and the branch of each factor

is fixed to be zero on the integration domain (which we shall call a twisted

cycle).
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The third purpose is to settle the associated monodromy representation

in our framework (Theorem 4.1). The method used here is elaborated in [10].

For studies on the monodromy representations, we refer the reader to Okubo-

Takano-Yoshida [16], Kato [6] and Kato-Noumi [7]. It is noteworthy that

Okubo-Takano-Yoshida also gives the connection relation corresponding to

our Theorem 3.4 in Theorem 3 in [16]. Finally, calculating the intersection

numbers retated our twisted cycles leads to the monodromy-invariant Hermitian

form for 3F2’s (Theorem 4.2).

In this paper, we frequently use the symbols

eðAÞ ¼ expðp
ffiffiffiffiffiffiffi
�1

p
AÞ; sðAÞ ¼ sinðpAÞ

and

lijk...l ¼ li þ lj þ lk þ � � � þ ll ; eijk...l ¼ eðlijk...lÞ;

for abbreviation.

1. Preliminaries

Let uðtÞ ¼
Q

i fiðtÞ
ai be a multivalued function on T HC m, where ai A C

and T is the complement of the singular locus 6
i
f fiðtÞ ¼ 0g in C m. Let L be

the local system (locally constant sheaf ) defined by u: the sheaf consisting of the

local solutions of dL ¼ Lo for o ¼ duðtÞ=uðtÞ.
Let HmðT ;LÞ be the m-th homology group with coe‰cients in L,

H lf
m ðT ;LÞ the m-th locally finite homology group with coe‰cients in L.

Elements of these twisted homology groups, called twisted cycles or loaded

cycles, are represented by q-closed twisted (finite or locally finite) chains

C ¼
X
D

aDDn vD; ðaD A CÞ;

where each D is an m-simplex and vD a section of L on D.

If each factor fiðtÞ of uðtÞ is defined over R; and D is a domain of the real

manifold TR (the real locus of T), then it is convenient to load D with a section

uDðtÞ ¼
Y
i

ðei fiðtÞÞai

of L on D, and to make a loaded cycle Dn uDðtÞ, where ei ¼G is so de-

termined that ei fiðtÞ is positive on D, and the argument of ei fiðtÞ is assigned to

be zero. This choice of a section is said to be standard.

In this paper, we adopt mainly the standard loading. Thus, we frequently

omit the assignment of loading and denote just the topological cycles for
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simplicity. For example, when uðtÞ ¼ tað1� tÞb, we denote by ð0; 1Þ
���!

to express

ð0; 1Þ
���!

n uðtÞ, and ð1;yÞ
����!

for ð1;yÞ
����!

n taðt� 1Þb.

Under some genericity condition on the exponents ai, we have the

isomorphism, called the regularization,

reg : H lf
m ðT ;LÞ ! HmðT ;LÞ;

which is the inverse of the natural map i : HmðT ;LÞ ! H lf
m ðT ;LÞ.

For example, in case T ¼ Cnf0; 1g and uðtÞ ¼ taðt� 1Þb, where a; b; aþ b A
RnZ; a regularization (regularized cycle) reg C A H1ðT ;LÞ of C ¼ ð0; 1Þ A
H lf

1 ðT ;LÞ can be given by

reg C ¼ 1

da
Sðe; 0Þ þ ½e; 1� e�

�����!
� 1

db
Sð1� e; 1Þ

� �
n uðtÞ;

where da ¼ eð2aÞ � 1 and the symbol Sða; zÞ stands for the positively oriented

circle centered at the point z with starting and ending point a, e is a small

positive number and the argument of each factor of uðtÞ on the oriented circle

Sðe; 0Þ or Sð1� e; 1Þ is defined so that arg t takes values from 0 to 2p on Sðe; 0Þ;
and argð1� tÞ from 0 to 2p.

We refer the reader to [8] for the construction of regularized cycles in

higher dimensional cases.

2. The solutions around y in terms of the solutions around 0

In this section, let Lz be the local system determined by a function

uðtÞ ¼ tl11 ðt1 � 1Þl2ðt2 � zÞl3 tl42 ðt2 � t1Þl5ð2:1Þ

on

Tz ¼ C 2nft1 � t2 ¼ 0gU ft1 ¼ 0gU ft2 ¼ 0gU ft1 � 1 ¼ 0gU ft2 � z ¼ 0g:

Under the genericity condition for the exponents li ð1a ia 5Þ:

l1; l2; l3; l4; l5; l145; l125; l345; l12345 B Z;ð2:2Þ

it follows that rank HjðTz;LzÞ and rank H lf
j ðTz;LzÞ vanish for j0 2

and dim H2ðTz;LzÞ ¼ dim H lf
2 ðTz;LzÞ ¼ 3, and that the natural map

i : H2ðTz;LzÞ ! H lf
2 ðTz;LzÞ is an isomorphism (See [5], [9], [11]). We assume

this genericity condition. Thus the inverse map

reg : H lf
2 ðTz;LzÞ ! H2ðTz;LzÞ

is freely used.
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For convenience to our purpose, we fix a complex variable z to be real

such that z < 0 and assign the name Dj for 1a ja 13 to each domain of the

real manifold TR (the real locus of T ¼ Tz) as in Fig. 1, and use the same name

Dj to express the loaded cycle with coe‰cient uDj
ðtÞ for simplicity. Here the

orientation of Dj is fixed to be natural one induced from TR.

Then the loaded cycles reg D1, reg D3, reg D11 or D1, D3, D11 give a basis

of H2ðTz;LzÞ or H lf
2 ðTz;LzÞ, and hence a fundamental set of solutions around

the origin.

Proposition 2.1. (1) If Reð�l345 � 1Þ;Reðl5 þ 1Þ;Reð�l12345 � 2Þ;
Reðl2 þ 1Þ > 0, we have

ðð
reg D1

uD1
dt1dt2 ¼

ðð
D1

uD1
dt1dt2

¼
ðþy

1

ðþy

t1

tl11 ðt1 � 1Þl2ðt2 � zÞl3 tl42 ðt2 � t1Þl5dt2dt1

¼ Bð�l345 � 1; l5 þ 1ÞBð�l12345 � 2; l2 þ 1Þ

� 3F2
�l345 � 1;�l12345 � 2;�l3

�l34;�l1345 � 1
; z

� �
:

(2) If Reðl3 þ 1Þ;Reðl4 þ 1Þ;Reð�l125 � 1Þ;Reðl2 þ 1Þ > 0, we have

Fig. 1
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ðð
reg D3

uD3
dt1dt2 ¼

ðð
D3

uD3
dt1dt2

¼
ðþy

1

ð0
z

tl11 ðt1 � 1Þl2ðt2 � zÞl3ð�t2Þl4ðt1 � t2Þl5dt2dt1

¼ Bðl3 þ 1; l4 þ 1ÞBð�l125 � 1; l2 þ 1Þ

� ð�zÞl34þ1
3F2

�l5;�l125 � 1; l4 þ 1

l34 þ 2;�l15
; z

� �
:

(3) If Reðl1 þ 1Þ;Reðl5 þ 1Þ;Reðl145 þ 2Þ;Reðl3 þ 1Þ > 0, we have

ðð
reg D11

uD11
dt1dt2 ¼

ðð
D11

uD11
dt1dt2

¼
ð0
z

ð0
t2

ð�t1Þl1ð1� t1Þl2ðt2 � zÞl3ð�t2Þl4ðt1 � t2Þl5dt1dt2

¼ Bðl1 þ 1; l5 þ 1ÞBðl145 þ 2; l3 þ 1Þ

� ð�zÞl1345þ2
3F2

�l2; l145 þ 2; l1 þ 1

l15 þ 2; l1345 þ 3
; z

� �
:

Proof. (1) When t1 ¼ u�1
1 , t2 ¼ u�1

1 u�1
2 , the Jacobian is calculated as

qðt1; t2Þ
qðu1; u2Þ

¼ 1

u31u
2
2

:

Hence, the change of the integration variables such as t1 ¼ u�1
1 , t2 ¼ u�1

1 u�1
2

implies that

ðþy

1

ðþy

t1

tl11 ðt1 � 1Þl2ðt2 � zÞl3 tl42 ðt2 � t1Þl5dt2dt1

¼
ð1
0

ð 1
0

u�l12345�3
1 ð1� u1Þl2u�l345�2

2 ð1� u2Þl5ð1� zu1u2Þl3du2du1:

On the other hand, the binomial theorem

ð1� zu1u2Þl3 ¼
X
nb0

ð�l3Þn
n!

ðzu1u2Þn

leads to
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ð1
0

u�l345�2
2 ð1� u2Þl5ð1� zu1u2Þl3du2

¼
X
nb0

ð�l3Þn
n!

ðzu1Þn
ð 1
0

u�l345�2þn
2 ð1� u2Þl5du2

¼ Gð�l345 � 1ÞGðl5 þ 1Þ
Gð�l34Þ

X
nb0

ð�l3Þnð�l345 � 1Þn
n!ð�l34Þn

ðzu1Þn

for ju1j; jzj < 1. Therefore, we obtain the equalityð1
0

ð1
0

u�l12345�3
1 ð1� u1Þl2u�l345�2

2 ð1� u2Þl5ð1� zu1u2Þl3du2du1

¼ Bð�l345 � 1; l5 þ 1Þ

�
X
nb0

ð�l3Þnð�l345 � 1Þn
n!ð�l34Þn

zn
ð1
0

u�l12345�3þn
1 ð1� u1Þl2du1

¼ Bð�l345 � 1; l5 þ 1ÞBð�l12345 � 2; l2 þ 1Þ

�
X
nb0

ð�l3Þnð�l345 � 1Þnð�l12345 � 2Þn
n!ð�l34Þnð�l1345 � 1Þn

zn:

This proves the equality we need.

The equality (2) follows from the same argument by the change of the

variable as t2 ! zt2. The equality (3) follows from the same argument by the

change of the variables as t1 ! t2t1 and t2 ! zt2. This completes the proof of

Proposition. r

The loaded cycles D6;D8;D12 A H lf
2 ðTz;LzÞ or reg D6; reg D8; reg D12 A

H2ðTz;LzÞ give a fundamental set of solutions around the infinity y.

Proposition 2.2. (1) If Reðl4 þ 1Þ;Reðl5 þ 1Þ;Reðl145 þ 2Þ;Reðl2 þ 1Þ > 0,

we haveðð
reg D6

uD6
dt1dt2 ¼

ðð
D6

uD6
dt1dt2

¼
ð1
0

ð t1
0

tl11 ð1� t1Þl2ðt2 � zÞl3 tl42 ðt1 � t2Þl5dt2dt1

¼ Bðl4 þ 1; l5 þ 1ÞBðl145 þ 2; l2 þ 1Þ

� ð�zÞl3 3F2
�l3; l145 þ 2; l4 þ 1

l15 þ 2; l1245 þ 3
;
1

z

� �
:

113Connection Matrices Associated with the Generalized Hypergeometric Function



(2) If Reð�l345 � 1Þ;Reðl3 þ 1Þ;Reðl1 þ 1Þ;Reðl2 þ 1Þ > 0, we haveðð
reg D8

uD8
dt1dt2 ¼

ðð
D8

uD8
dt1dt2

¼
ð1
0

ð z
�y

tl11 ð1� t1Þl2ðz� t2Þl3ð�t2Þl4ðt1 � t2Þl5dt1dt2

¼ Bð�l345 � 1; l3 þ 1ÞBðl1 þ 1; l2 þ 1Þ

� ð�zÞl345þ1
3F2

�l5;�l345 � 1; l1 þ 1

�l45; l12 þ 2
;
1

z

� �
:

(3) If Reð�l125 � 1Þ;Reðl5 þ 1Þ;Reð�l12345 � 2Þ;Reðl3 þ 1Þ > 0, we haveðð
reg D12

uD12
dt1dt2 ¼

ðð
D12

uD12
dt1dt2

¼
ð z
�y

ð t2
�y

ð�t1Þl1ð1� t1Þl2ðz� t2Þl3ð�t2Þl4ðt2 � t1Þl5dt1dt2

¼ Bð�l125 � 1; l5 þ 1ÞBðl3 þ 1;�l12345 � 2Þ

� ð�zÞl12345þ2
3F2

�l2;�l125 � 1;�l12345 � 2

�l1245 � 1;�l12
;
1

z

� �
:

Proof. The same argument as in Proposition 2.1 implies the equality (1)

by the the change of the variable as t2 ! t1t2, (2) by t2 ! z=t2, and (3) by

t1 ! t2=t1 and t2 ! z=t2. This completes the proof. r

The intersection of the complex line Lt1 : t1 ¼ h for 1 < h < y and the

domains D4, D3, D2, D1 consists of the segments ð�y; zÞ, ðz; 0Þ, ð0; hÞ, ðh;þyÞ
in the t2-plane. Thus, it is seen that a trivial loop with counterclockwise

direction in the upper half plane of the t2-plane is homologous to

e345 regð�y; zÞ
�����!

þ e45 regðz; 0Þ
���!

þ e5 regð0; hÞ
���!

þ regðh;þyÞ
�����!

and a trivial loop with clockwise direction in the lower half plane of the t2-plane

is homologous to

e�1
345 regð�y; zÞ

�����!
þ e�1

45 regðz; 0Þ
���!

þ e�1
5 regð0; hÞ

���!
þ regðh;þyÞ

�����!
:

This implies

e345 reg D4 þ e45 reg D3 þ e5 reg D2 þ reg D1 ¼ 0

and
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e�1
345 reg D4 þ e�1

45 reg D3 þ e�1
5 reg D2 þ reg D1 ¼ 0

in the sense of twisted homology. Similarly, we have the following.

reg D1 þ e5 reg D2 þ e45 reg D3 þ e345 reg D4 ¼ 0;

reg D5 þ e5 reg D6 þ e45 reg D7 þ e345 reg D8 ¼ 0;

reg D9 þ e4 reg D10 þ e45 reg D11 þ e34 reg D12 þ e345 reg D13 ¼ 0;

reg D9 þ e1 reg D5 þ e15 reg D6 þ e12 reg D1 þ e125 reg D2 ¼ 0;

reg D10 þ e5 reg D11 þ e15 reg D7 þ e125 reg D3 ¼ 0;

reg D12 þ e5 reg D13 þ e15 reg D8 þ e125 reg D4 ¼ 0;

and

reg D1 þ e�1
5 reg D2 þ e�1

45 reg D3 þ e�1
345 reg D4 ¼ 0;

reg D5 þ e�1
5 reg D6 þ e�1

45 reg D7 þ e�1
345 reg D8 ¼ 0;

reg D9 þ e�1
4 reg D10 þ e�1

45 reg D11 þ e�1
34 reg D12 þ e�1

345 reg D13 ¼ 0;

reg D9 þ e�1
1 reg D5 þ e�1

15 reg D6 þ e�1
12 reg D1 þ e�1

125 reg D2 ¼ 0;

reg D10 þ e�1
5 reg D11 þ e�1

15 reg D7 þ e�1
125 reg D3 ¼ 0;

reg D12 þ e�1
5 reg D13 þ e�1

15 reg D8 þ e�1
125 reg D4 ¼ 0:

Here the former ones are derived from the trivial loops in the upper half plane

of the t1-planes with fixed t2 or the t2-planes with fixed t1, and the latter ones

are derived from the trivial loops in the corresponding lower half planes.

These equations give the relations to express each twisted cycle reg Dj in

terms of the cycles

reg D1; reg D3; reg D11 A H2ðTz;LzÞ;

which correspond to the fundamental set of solutions around 0.

Proposition 2.3. If li ð1a ia 5Þ, l125; l145; l345; l12345; l34; l15; l1345 B Z ,

then

reg D2 ¼ � sðl345Þ
sðl34Þ

reg D1 �
sðl3Þ
sðl34Þ

reg D3;

reg D4 ¼
sðl5Þ
sðl34Þ

reg D1 �
sðl4Þ
sðl34Þ

reg D3;
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reg D5 ¼ � sðl12345Þ
sðl1345Þ

reg D1 �
sðl3Þ

sðl1345Þ
reg D11;

reg D6 ¼
sðl345Þsðl12345Þ
sðl34Þsðl1345Þ

reg D1 þ
sðl3Þsðl125Þ
sðl34Þsðl15Þ

reg D3

� sðl1Þsðl3Þ
sðl15Þsðl1345Þ

reg D11;

reg D7 ¼ � sðl125Þ
sðl15Þ

reg D1 �
sðl5Þ
sðl15Þ

reg D11;

reg D8 ¼
sðl5Þsðl12345Þ
sðl34Þsðl1345Þ

reg D1 þ
sðl4Þsðl125Þ
sðl34Þsðl15Þ

reg D3

� sðl5Þsðl145Þ
sðl15Þsðl1345Þ

reg D11;

reg D9 ¼ � sðl2Þsðl5Þ
sðl34Þsðl1345Þ

reg D1 �
sðl2Þsðl3Þ
sðl34Þsðl15Þ

reg D3

� sðl3Þsðl5Þ
sðl15Þsðl1345Þ

reg D11;

reg D10 ¼ � sðl2Þ
sðl15Þ

reg D3 �
sðl1Þ
sðl15Þ

reg D11;

reg D12 ¼
sðl2Þsðl345Þ
sðl34Þsðl1345Þ

reg D1 �
sðl2Þsðl4Þ
sðl34Þsðl15Þ

reg D3

þ sðl1Þsðl145Þ
sðl15Þsðl1345Þ

reg D11;

reg D13 ¼ � sðl2Þ
sðl1345Þ

reg D1 �
sðl145Þ
sðl1345Þ

reg D11:

These expressions of reg D6, reg D8, reg D12 induce the following:

Theorem 2.4. If ReðaiÞ > 0 ði ¼ 1; 2Þ, Reðbi � aiÞ > 0 ði ¼ 1; 2Þ, Reðb1 þ
b2 � a1 � a2Þ > 0, 1 > Reðb1 � ajÞ ð j ¼ 2; 3Þ, 1 > Reðb2 � ajÞ ð j ¼ 1; 3Þ, 1 >

Reða3Þ and b1; b2; b2 � b1 B Z, we have

ð�zÞ�a1
3F2

a1; a1 � b1 þ 1; a1 � b2 þ 1

a1 � a2 þ 1; a1 � a3 þ 1
;
1

z

� �

¼ Gð1þ a1 � a2ÞGð1þ a1 � a3ÞGð1� b1ÞGð1� b2Þ
Gð1þ a1 � b1ÞGð1þ a1 � b2ÞGð1� a2ÞGð1� a3Þ

� 3F2
a1; a2; a3

b1; b2
; z

� �
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þ Gð1þ a1 � a2ÞGð1þ a1 � a3ÞGðb1 � 1ÞGðb1 � b2Þ
Gð1þ a1 � b2ÞGðb1 � a2ÞGðb1 � a3ÞGða1Þ

� ð�zÞ1�b1
3F2

a1 � b1 þ 1; a2 � b1 þ 1; a3 � b1 þ 1

2� b1; b2 � b1 þ 1
; z

� �

þ Gð1þ a1 � a2ÞGð1þ a1 � a3ÞGðb2 � 1ÞGðb2 � b1Þ
Gð1þ a1 � b1ÞGðb2 � a2ÞGðb2 � a3ÞGða1Þ

� ð�zÞ1�b2
3F2

a1 � b2 þ 1; a2 � b2 þ 1; a3 � b2 þ 1

b1 � b2 þ 1; 2� b2
; z

� �
;

ð�zÞ�a2
3F2

a2; a2 � b1 þ 1; a2 � b2 þ 1

a2 � a1 þ 1; a2 � a3 þ 1
;
1

z

� �

¼ Gð1þ a2 � a1ÞGð1þ a2 � a3ÞGð1� b1ÞGð1� b2Þ
Gð1þ a2 � b1ÞGð1þ a2 � b2ÞGð1� a1ÞGð1� a3Þ

� 3F2
a1; a2; a3

b1; b2
; z

� �

þ Gð1þ a2 � a1ÞGð1þ a2 � a3ÞGðb1 � 1ÞGðb1 � b2Þ
Gð1þ a2 � b2ÞGðb1 � a1ÞGðb1 � a3ÞGða2Þ

� ð�zÞ1�b1
3F2

a1 � b1 þ 1; a2 � b1 þ 1; a3 � b1 þ 1

2� b1; b2 � b1 þ 1
; z

� �

þ Gð1þ a2 � a1ÞGð1þ a2 � a3ÞGðb2 � 1ÞGðb2 � b1Þ
Gð1þ a2 � b1ÞGðb2 � a1ÞGðb2 � a3ÞGða2Þ

� ð�zÞ1�b2
3F2

a1 � b2 þ 1; a2 � b2 þ 1; a3 � b2 þ 1

b1 � b2 þ 1; 2� b2
; z

� �
;

ð�zÞ�a3
3F2

a3; a3 � b1 þ 1; a3 � b2 þ 1

a3 � a1 þ 1; a3 � a2 þ 1
;
1

z

� �

¼ Gð1þ a3 � a2ÞGð1þ a3 � a1ÞGð1� b1ÞGð1� b2Þ
Gð1þ a3 � b1ÞGð1þ a3 � b2ÞGð1� a2ÞGð1� a1Þ

� 3F2
a1; a2; a3

b1; b2
; z

� �

þ Gð1þ a3 � a2ÞGð1þ a3 � a1ÞGðb1 � 1ÞGðb1 � b2Þ
Gð1þ a3 � b2ÞGðb1 � a2ÞGðb1 � a1ÞGða3Þ

� ð�zÞ1�b1
3F2

a1 � b1 þ 1; a2 � b1 þ 1; a3 � b1 þ 1

2� b1; b2 � b1 þ 1
; z

� �

þ Gð1þ a3 � a2ÞGð1þ a3 � a1ÞGðb2 � 1ÞGðb2 � b1Þ
Gð1þ a3 � b1ÞGðb2 � a2ÞGðb2 � a1ÞGða3Þ

� ð�zÞ1�b2
3F2

a1 � b2 þ 1; a2 � b2 þ 1; a3 � b2 þ 1

b1 � b2 þ 1; 2� b2
; z

� �
:

Proof. Combining Propositions 2.1, 2.2 and 2.3, we obtain
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ð�zÞl3 3F2
�l3; l145 þ 2; l4 þ 1

l15 þ 2; l1245 þ 3
;
1

z

� �

¼ Gðl34 þ 1ÞGðl45 þ 2ÞGðl1345 þ 2ÞGðl1245 þ 3Þ
Gðl4 þ 1ÞGðl145 þ 2ÞGðl345 þ 2ÞGðl12345 þ 3Þ

� 3F2
�l345 � 1;�l12345 � 2;�l3

�l34;�l1345 � 1
; z

� �

þ Gð�l34 � 1ÞGðl15 þ 1ÞGðl45 þ 2ÞGðl1245 þ 3Þ
Gð�l3ÞGðl5 þ 1ÞGðl145 þ 2ÞGðl125 þ 2Þ

� ð�zÞl34þ1
3F2

�l5;�l125 � 1; l4 þ 1

l34 þ 2;�l15
; z

� �

þ Gð�l1345 � 1ÞGð�l15 � 1ÞGðl45 þ 2ÞGðl1245 þ 3Þ
Gð�l1ÞGð�l3ÞGðl2 þ 1ÞGðl4 þ 1Þ

� ð�zÞl1345þ2
3F2

�l2; l145 þ 2; l1 þ 1

l15 þ 2; l1345 þ 3
; z

� �
;

ð�zÞl345þ1
3F2

�l5;�l345 � 1; l1 þ 1

�l45; l12 þ 2
;
1

z

� �

¼ Gðl34 þ 1ÞGðl45 þ 2ÞGðl1345 þ 2ÞGðl1245 þ 3Þ
Gðl4 þ 1ÞGðl145 þ 2ÞGðl345 þ 2ÞGðl12345 þ 3Þ

� 3F2
�l345 � 1;�l12345 � 2;�l3

�l34;�l1345 � 1
; z

� �

þ Gð�l34 � 1ÞGðl15 þ 1ÞGðl45 þ 2ÞGðl1245 þ 3Þ
Gð�l3ÞGðl5 þ 1ÞGðl145 þ 2ÞGðl125 þ 2Þ

� ð�zÞl34þ1
3F2

�l5;�l125 � 1; l4 þ 1

l34 þ 2;�l15
; z

� �

þ Gð�l1345 � 1ÞGð�l15 � 1ÞGðl45 þ 2ÞGðl1245 þ 3Þ
Gð�l1ÞGð�l3ÞGðl2 þ 1ÞGðl4 þ 1Þ

� ð�zÞl1345þ2
3F2

�l2; l145 þ 2; l1 þ 1

l15 þ 2; l1345 þ 3
; z

� �
and

ð�zÞl12345þ2
3F2

�l2;�l125 � 1;�l12345 � 2

�l1245 � 1;�l12
;
1

z

� �

¼ Gð�l12ÞGð�l1245 � 1ÞGðl34 þ 1ÞGðl1345 þ 2Þ
Gðl3 þ 1ÞGð�l125 � 1ÞGð�l2ÞGðl345 þ 2Þ
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� 3F2
�l345 � 1;�l12345 � 2;�l3

�l34;�l1345 � 1
; z

� �

þ Gð�l34 � 1ÞGðl15 þ 1ÞGð�l12ÞGð�l1245 � 1Þ
Gð�l2ÞGðl5 þ 1ÞGð�l4ÞGð�l12345 � 2Þ

� ð�zÞl34þ1
3F2

�l5;�l125 � 1; l4 þ 1

l34 þ 2;�l15
; z

� �

þ Gð�l1345 � 2ÞGð�l15 � 1ÞGð�l12ÞGð�l1245 � 1Þ
Gð�l1ÞGð�l145 � 1ÞGð�l125 � 1ÞGð�l12345 � 2Þ

� ð�zÞl1345þ2
3F2

�l2; l145 þ 2; l1 þ 1

l15 þ 2; l1345 þ 3
; z

� �
:

When the parameters are given by

l1 ¼ a1 � b2; l2 ¼ b2 � a2 � 1; l3 ¼ �a3;

l4 ¼ a3 � b1; l5 ¼ b1 � a1 � 1;

it follows that

�l345 � 1 ¼ a1; �l12345 � 2 ¼ a2; �l125 � 1 ¼ 1þ a2 � b1;

l145 þ 2 ¼ 1þ a3 � b2; l34 ¼ b1; �l1345 ¼ 1þ b2; �l15 ¼ 1� b1 þ b2:

Therefore we reach the desired result. r

Remark. The condition on the exponents can be relaxed if the meaning of

3F2 is considered as its analytic continuation.

3. The solution around 1 in terms of the solutions around 0

In this section, let Lz be a local system determined by a function

uðtÞ ¼ tl11 ðt1 � 1Þl2 tl32 ðt2 � zÞl4ðt2 � t1Þl5ð3:1Þ

on

Tz ¼ C 2nft1 � t2 ¼ 0gU ft1 ¼ 0gU ft2 ¼ 0gU ft1 � 1 ¼ 0gU ft2 � z ¼ 0g:

In this case, the genericity condition for the exponents li ð1a ia 5Þ is that

l1; l2; l3; l4; l5; l135; l125; l345; l12345 B Z:ð3:2Þ

We assume this condition and the map
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reg : H lf
2 ðTz;LzÞ ! H2ðTz;LzÞ

is freely used as in the previous Section.

We fix a complex variable z to be real such that 0 < z < 1 and assign the

name Dj to each domain of the real manifold TR as in Fig. 2, which also

expresses the loaded cycle Dj n uDj
ðtÞ for brevity.

Then the functions over the cycles reg D1, reg D3, reg D7 are the same as

the function over reg D1, reg D3, reg D11 in Proposition 2.1. Hence, they give a

fundamental set of solutions around the origin.

Proposition 3.1. (1) If Reð�l345 � 1Þ;Reðl5 þ 1Þ;Reð�l12345 � 2Þ;
Reðl2 þ 1Þ > 0, we haveðð

reg D1

uD1
dt1dt2 ¼

ðð
D1

uD1
dt1dt2

¼
ðþy

1

ðþy

t1

tl11 ðt1 � 1Þl2 tl32 ðt2 � zÞl4ðt2 � t1Þl5dt2dt1

¼ Bð�l345 � 1; l5 þ 1ÞBð�l12345 � 2; l2 þ 1Þ

� 3F2
�l345 � 1;�l12345 � 2;�l4

�l34;�l1345 � 1
; z

� �
:

(2) If Reðl3 þ 1Þ;Reðl4 þ 1Þ;Reð�l125 � 1Þ;Reðl2 þ 1Þ > 0, we have

Fig. 2
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ðð
reg D3

uD3
dt1dt2 ¼

ðð
D3

uD3
dt1dt2

¼
ðþy

1

ð z
0

tl11 ðt1 � 1Þl2 tl32 ðz� t2Þl4ðt1 � t2Þl5dt2dt1

¼ Bðl3 þ 1; l4 þ 1ÞBð�l125 � 1; l2 þ 1Þ

� zl34þ1
3F2

�l5;�l125 � 1; l3 þ 1

l34 þ 2;�l15
; z

� �
:

(3) If Reðl1 þ 1Þ;Reðl5 þ 1Þ;Reðl135 þ 2Þ;Reðl4 þ 1Þ > 0, we have

ðð
reg D7

uD7
dt1dt2 ¼

ðð
D7

uD7
dt1dt2

¼
ð z
0

ð t2
0

tl11 ð1� t1Þl2 tl32 ðz� t2Þl4ðt2 � t1Þl5dt1dt2

¼ Bðl1 þ 1; l5 þ 1ÞBðl135 þ 2; l4 þ 1Þ

� zl1345þ2
3F2

�l2; l135 þ 2; l1 þ 1

l15 þ 2; l1345 þ 3
; z

� �
:

The cycle reg D6 gives the non-holomorphic solution around the point

z ¼ 1. Indeed,

Theorem 3.2. If Reðl2 þ 1Þ;Reðl5 þ 1Þ;Reðl25 þ 2Þ;Reðl4 þ 1Þ > 0, we

haveðð
reg D6

uD6
dt1dt2 ¼

ðð
D6

uD6
dt1dt2

¼
ð1
z

ð t2
0

tl11 ð1� t1Þl2 tl32 ðt2 � zÞl4ðt1 � t2Þl5dt1dt2

¼ Bðl2 þ 1; l5 þ 1ÞBðl25 þ 2; l4 þ 1Þ � ð1� zÞl245þ2

�
X

n1;n2b0

ð�l1Þn1ðl2 þ 1Þn1ð�l3Þn2ðl25 þ 2Þn1þn2

n1!ðl25 þ 2Þn1n2!ðl245 þ 3Þn1þn2

ð1� zÞn1þn2 :

Proof. The change of integration variables such as t1 ¼ 1þ u1u2ðz� 1Þ,
t2 ¼ 1þ u2ðz� 1Þ makes

qðt1; t2Þ
qðu1; u2Þ

¼ ð1� zÞ2u2
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and ð1
z

ð t2
0

tl11 ð1� t1Þl2 tl32 ðt2 � zÞl4ðt1 � t2Þl5dt1dt2

¼ ð1� zÞ2þl245

ð1
0

ð1
0

ul2
1 ul25þ1

2 ð1� u1Þl5ð1� u2Þl4

� f1� ð1� zÞu1u2gl1f1� ð1� zÞu2gl3du1du2:

The condition Reðl2 þ 1Þ;Reðl5 þ 1Þ;Reðl25 þ 2Þ;Reðl4 þ 1Þ > 0 guarantees the

convergence of the integral. Moreover, by means of the formulað1
0

vm1ð1� vÞm2ð1� zvÞm3dv ¼ Bðm1 þ 1; m2 þ 1Þ
X
nb0

ð�m3Þnðm1 þ 1Þn
n!ðm1 þ m2Þn

zn;

we have ð1
0

ð1
0

ul2
1 ul25þ1

2 ð1� u1Þl5ð1� u2Þl4

� f1� ð1� zÞu1u2gl1f1� ð1� zÞu2gl3du1du2

¼ Bðl2 þ 1; l5 þ 1Þ
X
nb0

ð�l1Þnðl2 þ 1Þn
n!ðl25 þ 2Þn

�
ð1
0

ul25þ1þn
2 ð1� u2Þl4f1� ð1� zÞu2gl3du2

¼ Bðl2 þ 1; l5 þ 1Þ

�
X
n1b0

ð�l1Þn1ðl2 þ 1Þn1
n1!ðl25 þ 2Þn1

ð1� zÞn1Bðl25 þ 2þ n1; l4 þ 1Þ

�
X
n2b0

ð�l3Þn2ðl25 þ 2þ n1Þn2
n2!ðl245 þ 3þ n1Þn2

ð1� zÞn2

¼ Bðl2 þ 1; l5 þ 1ÞBðl25 þ 2; l4 þ 1Þ

�
X
n1b0

ð�l1Þn1ðl2 þ 1Þn1
n1!ðl245 þ 3Þn1

ð1� zÞn1

�
X
n2b0

ð�l3Þn2ðl25 þ 2þ n1Þn2
n2!ðl245 þ 3þ n1Þn2

ð1� zÞn2 :

This reaches the expression we need to derive. r
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The same argument as in the previous section gives the following.

reg D1 þ e5 reg D2 þ e45 reg D3 þ e345 reg D4 ¼ 0;

reg D5 þ e5 reg D6 þ e4 reg D7 þ e45 reg D8 þ e345 reg D9 ¼ 0;

reg D10 þ e4 reg D11 þ e34 reg D12 þ e345 reg D13 ¼ 0;

reg D10 þ e1 reg D5 þ e15 reg D6 þ e12 reg D1 þ e125 reg D2 ¼ 0;

reg D11 þ e1 reg D7 þ e15 reg D8 þ e125 reg D3 ¼ 0;

reg D12 þ e5 reg D13 þ e15 reg D9 þ e125 reg D4 ¼ 0;

and

reg D1 þ e�1
5 reg D2 þ e�1

45 reg D3 þ e�1
345 reg D4 ¼ 0;

reg D5 þ e�1
5 reg D6 þ e�1

4 reg D7 þ e�1
45 reg D8 þ e�1

345 reg D9 ¼ 0;

reg D10 þ e�1
4 reg D11 þ e�1

34 reg D12 þ e�1
345 reg D13 ¼ 0;

reg D10 þ e�1
1 reg D5 þ e�1

15 reg D6 þ e�1
12 reg D1 þ e�1

125 reg D2 ¼ 0;

reg D11 þ e�1
1 reg D7 þ e�1

15 reg D8 þ e�1
125 reg D3 ¼ 0;

reg D12 þ e�1
5 reg D13 þ e�1

15 reg D9 þ e�1
125 reg D4 ¼ 0:

Hence we have

Proposition 3.3. If li ð1a ia 5Þ, l15; l34; l125; l135; l345; l1345; l12345 B Z ,

then

reg D2 ¼ � sðl345Þ
sðl34Þ

reg D1 �
sðl3Þ
sðl34Þ

reg D3;

reg D4 ¼
sðl5Þ
sðl34Þ

reg D1 �
sðl4Þ
sðl34Þ

reg D3;

reg D5 ¼ � sðl12345Þ
sðl1345Þ

reg D1 �
sðl135Þ
sðl1345Þ

reg D7;

reg D6 ¼
sðl345Þsðl12345Þ
sðl34Þsðl1345Þ

reg D1 þ
sðl3Þsðl125Þ
sðl34Þsðl15Þ

reg D3

þ sðl1Þsðl135Þ
sðl15Þsðl1345Þ

reg D7;

reg D8 ¼ � sðl125Þ
sðl15Þ

reg D3 �
sðl1Þ
sðl15Þ

reg D7;
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reg D9 ¼ � sðl5Þsðl12345Þ
sðl34Þsðl1345Þ

reg D1 þ
sðl4Þsðl125Þ
sðl34Þsðl15Þ

reg D3

� sðl4Þsðl5Þ
sðl15Þsðl1345Þ

reg D7;

reg D10 ¼ � sðl2Þsðl5Þ
sðl34Þsðl1345Þ

reg D1 �
sðl2Þsðl3Þ
sðl34Þsðl15Þ

reg D3

þ sðl5Þsðl135Þ
sðl15Þsðl1345Þ

reg D7;

reg D11 ¼
sðl2Þ
sðl15Þ

reg D3 �
sðl5Þ
sðl15Þ

reg D7;

reg D12 ¼
sðl2Þsðl345Þ
sðl34Þsðl1345Þ

reg D1 �
sðl2Þsðl4Þ
sðl34Þsðl15Þ

reg D3

� sðl1Þsðl4Þ
sðl15Þsðl1345Þ

reg D7;

reg D13 ¼ � sðl2Þ
sðl1345Þ

reg D1 þ
sðl4Þ

sðl1345Þ
reg D7:

These induce the following connection formula, which corresponds to (4.5)

with Theorem 3 in [16].

Theorem 3.4. If ReðaiÞ > 0 ði ¼ 1; 2Þ, Reðbi � aiÞ > 0 ði ¼ 1; 2Þ, Reðb1 þ
b2 � a1 � a2Þ > 0, 1 > Reðb1 � ajÞ ð j ¼ 2; 3Þ, 1 > Reðb2 � ajÞ ð j ¼ 1; 3Þ, 1 >

Reða3Þ and b1; b2; b2 � b1 B Z, we have

ð1� zÞb1þb2�a1�a2�a3

�
X

n1;n2b0

ðb2 � a1Þn1ðb2 � a2Þn1ðb1 � a3Þn2ðb1 þ b2 � a1 � a2Þn1þn2

n1!ðb1 þ b2 � a1 � a2Þn1n2!ðb1 þ b2 � a1 � a2 � a3 þ 1Þn1þn2

ð1� zÞn1þn2

¼ Gðb1 þ b2 � a1 � a2 � a3 þ 1ÞGð1� b1ÞGð1� b2Þ
Gð1� a1ÞGð1� a2ÞGð1� a3Þ

� 3F2
a1; a2; a3

b1; b2
; z

� �

þ Gðb1 þ b2 � a1 � a2 � a3 þ 1ÞGðb1 � 1ÞGðb1 � b2Þ
Gðb1 � a1ÞGðb1 � a2ÞGðb1 � a3Þ

� z1�b1
3F2

a1 � b1 þ 1; a2 � b1 þ 1; a3 � b1 þ 1

2� b1; b2 � b1 þ 1
; z

� �
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þ Gðb1 þ b2 � a1 � a2 � a3 þ 1ÞGðb2 � 1ÞGðb2 � b1Þ
Gðb2 � a1ÞGðb2 � a2ÞGðb2 � a3Þ

� z1�b2
3F2

a1 � b2 þ 1; a2 � b2 þ 1; a3 � b2 þ 1

b1 � b2 þ 1; 2� b2
; z

� �
:

Proof. Combining Proposition 3.1, Theorem 3.2 and Proposition 3.3 leads

to the following:

ð1� zÞl245þ2 �
X

n1;n2b0

ð�l1Þn1ðl2 þ 1Þn1ð�l3Þn2ðl25 þ 2Þn1þn2

n1!ðl25 þ 2Þn1n2!ðl245 þ 3Þn1þn2

ð1� zÞn1þn2

¼ Gðl34 þ 1ÞGðl1345 þ 2ÞGðl245 þ 3Þ
Gðl345 þ 2ÞGðl12345 þ 3ÞGðl4 þ 1Þ

� 3F2
�l345 � 1;�l12345 � 2;�l4

�l34;�l1345 � 1
; z

� �

þ Gð�l34 � 1ÞGðl15 þ 1ÞGðl245 þ 3Þ
Gð�l3ÞGðl125 þ 2ÞGðl5 þ 1Þ

� zl34þ1
3F2

�l5;�l125 � 1; l3 þ 1

l34 þ 2;�l15
; z

� �

þ Gð�l15 � 1ÞGð�l1345 � 2ÞGðl245 þ 3Þ
Gð�l1ÞGð�l135 � 1ÞGðl2 þ 1Þ

� zl1345þ2
3F2

�l2; l135 þ 2; l1 þ 1

l15 þ 2; l1345 þ 3
; z

� �
:

When the parameters are given by

l1 ¼ a1 � b2; l2 ¼ b2 � a2 � 1; l3 ¼ a3 � b1;

l4 ¼ �a3; l5 ¼ b1 � a1 � 1;

it follows that

�l345 � 1 ¼ a1; �l12345 � 2 ¼ a2; �l125 � 1 ¼ 1þ a2 � b1;

l135 þ 2 ¼ 1þ a3 � b2; l25 þ 2 ¼ b1 þ b2 � a1 � a2

and

l34 ¼ �b1; l15 ¼ �1þ b1 � b2; l1345 ¼ �1� b2:

It leads to the theorem. r
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4. Monodromy representation

In this section, Tz and Lz are taken as in Section 3: namely, the function

uðtÞ ¼ tl11 ðt1 � 1Þl2 tl32 ðt2 � zÞl4ðt2 � t1Þl5

with the genericity condition

l1; l2; l3; l4; l5; l135; l125; l345; l12345 B Z

defines Lz. For each i ¼ 0; 1, let gi be a simple loop which starts and ends at

a base point z such as 0 < z < 1 and surrounds the singular point i with

counterclockwise direction. It corresponds to a generator of p1ðCnf0; 1gÞ.
This loop gi induces an action g�i (a monodromy action) of p1ðCnf0; 1gÞ on

the family of the homology group H lf
2 ðTz;LzÞ or H2ðTz;LzÞ. As a basis of

H lf
2 ðTz;LzÞ, we take

D1 ¼ f1 < t1 < t2g; D3 ¼ f0 < t2 < z; 1 < t1g; D7 ¼ f0 < t1 < t2 < zg

as in Section 3. On these cycles, g0 acts diagonally:

g�0 ðD1Þ ¼ D1; g�0 ðD3Þ ¼ e234D3; g�0 ðD7Þ ¼ e21345D7:ð4:1Þ

The action of g1 is derived in what follows. Since

D1 ¼
t2-space

� � � B

0 z 1

8><
>:

9>=
>;

t1-space

� � � B � :::::::
0 z 1 t2

8><
>:

9>=
>;;

we have

ð4:2Þ

g�1 ðD1Þ ¼

t2-space

� � �
0 z 1

8>>><
>>>:

9>>>=
>>>;

t1-space

� � � � ::::::::::
0 z 1 t2

8>>><
>>>:

9>>>=
>>>;:B B

Hereafter, uðtÞ is loaded standardly near the vertical arrows (we also continue

to adopt a convention that if just the chamber is denoted, it means a

standardly loaded cycle). For example, the right-hand side of the equality ð4:2Þ
means
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t2-space argðt2 � zÞ ¼ 0

arg t2 ¼ 0

� � �
0 z 1

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

t1-space argðt2 � t1Þ ¼ 0

argðt1 � 1Þ ¼ 0

arg t1 ¼ 0

� � � � ::::::::::
0 z 1 t2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

n tl11 ðt1 � 1Þl2 tl32 ðt2 � zÞl4ðt2 � t1Þl5 :

B
B

Under this convention, the cycle

t2-space

� � �
0 z 1

8>>><
>>>:

9>>>=
>>>;B

is expressed by the sum of three terms:

t2-space

� � � B

0 z 1

8><
>:

9>=
>;þ

t2-space

� � B �
0 z 1

8><
>:

9>=
>;

þ e24

t2-space

� � A �
0 z 1

8><
>:

9>=
>;:

Hence, we obtain

g�1 ðD1Þ ¼
t2-space

� � � B

0 z 1

8><
>:

9>=
>;

t1-space

� � � :::::::::::: � ::::::::::
0 z 1 t2

8>>><
>>>:

9>>>=
>>>;ð4:3Þ B

þ e2

t2-space

� � B �
0 z 1

8><
>:

9>=
>;

8>>>>><
>>>>>:

t1-space

� � ::::: � ::::::: �
0 z t2 1

9>>>>>=
>>>>>;

B

þ e24e25

t2-space

� � A �
0 z 1

8><
>:

9>=
>;

t1-space

� � ::::: � ::::::: �
0 z t2 1

8>><
>>:

9>>=
>>;B
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¼
t2-space

� � � B

0 z 1

8><
>:

9>=
>;

t1-space

� � � B � :::::::
0 z 1 t2

8><
>:

9>=
>;

þ e2

t2-space

� � B �
0 z 1

8><
>:

9>=
>;

t1-space

� � :::::: � A �
0 z t2 1

8><
>:

9>=
>;

þ e24e25

t2-space

� � A �
0 z 1

8><
>:

9>=
>;

t1-space

� � :::::: � A �
0 z t2 1

8><
>:

9>=
>;

¼ D1 � e25ð1� e24ÞD6:

Similarly it follows that

g�1 ðD3Þ ¼ D3 � e24ð1� e25ÞD6;ð4:4Þ

g�1 ðD7Þ ¼ D7 � e45ð1� e22ÞD6:ð4:5Þ

Combining (4.3–5) with the connection formula

D6 ¼
ðe2345 � 1Þðe212345 � 1Þ
e25ðe234 � 1Þðe21345 � 1Þ

D1 þ
e4ðe23 � 1Þðe2125 � 1Þ
e2ðe234 � 1Þðe215 � 1Þ

D3

þ e45ðe21 � 1Þðe2135 � 1Þ
ðe215 � 1Þðe21345 � 1Þ

D7

in Proposition 3.3 leads to the following.

g�1 ðD1Þ ¼ 1þ ðe24 � 1Þðe2345 � 1Þðe212345 � 1Þ
ðe234 � 1Þðe21345 � 1Þ

� �
D1

þ e45
ðe24 � 1Þðe23 � 1Þðe2125 � 1Þ

ðe234 � 1Þðe215 � 1Þ
D3

þ e25e45
ðe21 � 1Þðe24 � 1Þðe2135 � 1Þ

ðe215 � 1Þðe21345 � 1Þ
D7

¼ 1þ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl4Þsðl345Þsðl12345Þ
sðl34Þsðl1345Þ

� �
D1

þ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl4Þsðl3Þsðl125Þ
sðl34Þsðl15Þ

D3 þ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl1Þsðl4Þsðl135Þ
sðl15Þsðl1345Þ

D7;

128 Katsuhisa Mimachi



g�1 ðD3Þ ¼
e4ðe25 � 1Þðe2345 � 1Þðe212345 � 1Þ

e5ðe234 � 1Þðe21345 � 1Þ
D1

þ 1þ e24ðe23 � 1Þðe25 � 1Þðe2125 � 1Þ
ðe234 � 1Þðe215 � 1Þ

� �
D3

þ e24e45ðe21 � 1Þðe25 � 1Þðe2135 � 1Þ
ðe215 � 1Þðe21345 � 1Þ

D7

¼ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl5Þsðl345Þsðl12345Þ
sðl34Þsðl1345Þ

D1

þ 1þ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl3Þsðl5Þsðl125Þ
sðl34Þsðl15Þ

� �
D3 þ 2

ffiffiffiffiffiffiffi
�1

p
e245

sðl1Þsðl5Þsðl135Þ
sðl15Þsðl1345Þ

D7

and

g�1 ðD7Þ ¼
e4ðe22 � 1Þðe2345 � 1Þðe212345 � 1Þ

e2ðe234 � 1Þðe21345 � 1Þ
D1

þ e45e4ðe22 � 1Þðe23 � 1Þðe2125 � 1Þ
e2ðe234 � 1Þðe215 � 1Þ

D3

þ 1þ e45ðe21 � 1Þðe22 � 1Þðe2135 � 1Þ
ðe215 � 1Þðe21345 � 1Þ

� �
D7

¼ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl2Þsðl345Þsðl12345Þ
sðl34Þsðl1345Þ

D1

þ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl2Þsðl3Þsðl125Þ
sðl34Þsðl15Þ

D3 þ 1þ 2
ffiffiffiffiffiffiffi
�1

p
e245

sðl1Þsðl2Þsðl135Þ
sðl15Þsðl1345Þ

� �
D7:

These are equivalent to

g�1

sðl4Þ�1
D1

sðl5Þ�1
D3

sðl2Þ�1
D7

2
64

3
75 ¼

8><
>:I þ 2

ffiffiffiffiffiffiffi
�1

p
e245

1

1

1

2
64
3
75ð4:6Þ

� sðl4Þsðl345Þsðl12345Þ
sðl34Þsðl1345Þ

;
sðl3Þsðl5Þsðl125Þ

sðl34Þsðl15Þ
;
sðl1Þsðl2Þsðl135Þ
sðl15Þsðl1345Þ

� �9>=
>;

�
sðl4Þ�1

D1

sðl5Þ�1
D3

sðl2Þ�1
D7

2
64

3
75:
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If we substitute

l1 ¼ a1 � b2; l2 ¼ b2 � a2 � 1; l3 ¼ a3 � b1; l4 ¼ �a3; l5 ¼ b1 � a1 � 1

into (4.1) and (4.6), we have the following.

Theorem 4.1. If

D1 ¼ f1 < t1 < t2g; D3 ¼ f0 < t2 < z; 1 < t1g; D7 ¼ f0 < t1 < t2 < zg

are the twisted cycles determined by the function

uðtÞ ¼ t
a1�b2
1 ðt1 � 1Þb2�a2�1

t
a3�b1
2 ðt2 � zÞ�a3ðt2 � t1Þb1�a1�1

and

X ¼ tðsð�a3Þ�1
D1; sða1 � b1Þ

�1
D3; sða2 � b2Þ

�1
D7Þ;

then we have

g�i X ¼ rðgiÞX ði ¼ 1; 2Þ;

where

rðg0Þ ¼
1 0 0

0 eð�2b1Þ 0

0 0 eð�2b2Þ

2
64

3
75;ð4:7Þ

and

rðg1Þ ¼ I � 2
ffiffiffiffiffiffiffi
�1

p
eðb1 þ b2 � a1 � a2 � a3Þ

1

1

1

2
64
3
75ð4:8Þ

�
�
sða1Þsða2Þsða3Þ
sðb1Þsðb2Þ

;� sðb1 � a1Þsðb1 � a2Þsðb1 � a3Þ
sðb1Þsðb1 � b2Þ

;

� sðb2 � a1Þsðb2 � a2Þsðb2 � a3Þ
sðb2 � b1Þsðb2Þ

�
:

The expressions (4.7), (4.8) are the same as (3.2) and (3.3) in [6].

We finally give a Hermitian form which is invariant with respect to the

monodromy group.

Following [12] [13], the self-intersection numbers for D1, D3, D7 are

calculated as follows:
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D1 �D1 ¼
ffiffiffiffiffiffiffi
�1

p

2

sð�l1345Þ
sðl2Þsð�l12345Þ

ffiffiffiffiffiffiffi
�1

p

2

sð�l34Þ
sðl5Þsð�l345Þ

¼ � 1

4

sðl1345Þ
sðl2Þsðl12345Þ

sðl34Þ
sðl5Þsðl345Þ

;

D3 �D3 ¼
ffiffiffiffiffiffiffi
�1

p

2

sðl34Þ
sðl3Þsðl4Þ

ffiffiffiffiffiffiffi
�1

p

2

sð�l15Þ
sðl2Þsð�l125Þ

¼ � 1

4

sðl34Þ
sðl3Þsðl4Þ

sðl15Þ
sðl2Þsðl125Þ

;

D7 �D7 ¼
ffiffiffiffiffiffiffi
�1

p

2

sðl1345Þ
sðl4Þsðl135Þ

ffiffiffiffiffiffiffi
�1

p

2

sðl15Þ
sðl1Þsðl5Þ

¼ � 1

4

sðl1345Þ
sðl4Þsðl135Þ

sðl15Þ
sðl1Þsðl5Þ

:

These imply the Hermitian form F ðz; zÞ which is invariant with respect to the

action of the monodromy group:

F ðz; zÞ ¼ � 4

sðl15Þsðl34Þsðl1345Þ
ð4:9Þ

� fsðl2Þsðl5Þsðl15Þsðl345Þsðl12345ÞjI1ðzÞj2

þ sðl2Þsðl3Þsðl4Þsðl125Þsðl1345ÞjI3ðzÞj2

þ sðl1Þsðl4Þsðl5Þsðl34Þsðl135ÞjI7ðzÞj2g;
where

IjðzÞ ¼
ð
Dj

uDj
dt1dt2:ð4:10Þ

If we substitute

l1 ¼ a1 � b2; l2 ¼ b2 � a2 � 1; l3 ¼ a3 � b1; l4 ¼ �a3; l5 ¼ b1 � a1 � 1

into (4.9) and (4.10), we have the following.

Theorem 4.2. The Hermitian form given by

F ðz; zÞ ¼ � 4

sðb1Þsðb2Þsðb1 � b2Þ

� fsðb2 � a2Þsðb1 � a1Þsðb1 � b2Þsða1Þsða2ÞjI1ðzÞj
2

þ sðb2 � a2Þsða3 � b1Þsða3Þsðb1 � a2Þsðb2ÞjI3ðzÞj
2

þ sða1 � b2Þsða3Þsðb1 � a1Þsðb1Þsða3 � b2ÞjI7ðzÞj
2g;
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where

IjðzÞ ¼
ð
Dj

uDj
dt1dt2

and

uðtÞ ¼ t
a1�b2
1 ðt1 � 1Þb2�a2�1

t
a3�b1
2 ðt2 � zÞ�a3ðt2 � t1Þb1�a1�1

is invariant with respect to the monodromy group.
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