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The generalized hypergeometric function 3F, is the analytic continuation of
the generalized hypergeometric series defined by

061,062,0‘3_2 _ - (al)k(az)k(%)kzk -
o0 e =S R H<L

where (a), =a(a+1)...(a+k—1). It satisfies the differential equation 3E,
with regular singular points z =0, 1, co:

21 =2)F" + {1+ P+ 1 — (a1 + az + 03 + 3)z}zF"
+ {B1f> — (oa + o3 + azo + oy + ap + o3 + l)z}F’ —oona3F = 0.
The characteristic exponents of 3E, at singularities are
0,1 -p,,1-p5, at z=0,
0,1,8) + By —o1 —op — 3 at z=1,
o, oo, 03 at z = o0.

If B1,02,8, —P,¢Z, a set of linearly independent solutions around the
origin 0 is given by
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oy, 02, 03
3F2< 'Z)
ﬂlaﬂz ’ ’

1ﬁ1F< ﬁl—’—17(362_ﬁ1—"—17(x3_ﬁ1—’—1;Z>7

2= B +1
)\ hE ( /32+10<2 ﬁ2+17063—/32+1,z>
ﬂ2+1,2_ﬁ2

<3)¢Z, that around oo is given by
ocl,acl—ﬂ1+l,oc1—ﬂ2+l 1
3P =
o —dp+ 1,0y —o3+1 'z

a,m—fr+lLo—pFh+1 1
o —oy+1lom—ozs+1 'z)°

and, if O — O (

OQF

(_Z)az.st(Oﬁads —pit+lLo—p+1 ’l>
o3 —oap+ Loz —op+1 'z

The first purpose is to give a connection matrix which expresses the
fundamental set of solutions around the infinity co in terms of that of solutions
around the origin 0 (Theorem 2.4), which was first shown by Thomae [17] in
the nineteenth century (See also the work by Winkler [18]). The second
purpose is to give an explicit expression of the non-holomorphic solution
around 1 (Theorem 3.2) and determine the connection coefficients by which
the non-holomorphic solution around 1 is expressed around the origin 0
(Theorem 3.4). It is noteworthy that the solutions around 1 are not represented
by the hypergeometric series having 1 —z as a variable: the situation is
completely different from the case of the Gauss hypergeometric equation. For
the solutions around z = 1, we refer the reader to Nerlund [15] and Biihring [4].

On the other hand, the theory of integral representations of special
functions, initiated by Aomoto [1] [2] [3], have been developed during these
three decades after the name of the twisted de Rham theory. From this
viewpoint, it should be settled to derive the connection matrices by using
the integral representation of the form:

061,062,0€3_Z> B F(B)L(Sa)

(0.2) 3F2< B, b (o) (B — o) T (By — )T (o)

+00 (+00
J J (P — )P (g — 2 (1 — )P gy,
1 151

where Re a;, Re(f; — o), Re an, Re(fl — o2) > 0, and the branch of each factor
is fixed to be zero on the integration domain (which we shall call a twisted
cycle).
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The third purpose is to settle the associated monodromy representation
in our framework (Theorem 4.1). The method used here is elaborated in [10].
For studies on the monodromy representations, we refer the reader to Okubo-
Takano-Yoshida [16], Kato [6] and Kato-Noumi [7]. It is noteworthy that
Okubo-Takano-Yoshida also gives the connection relation corresponding to
our Theorem 3.4 in Theorem 3 in [16]. Finally, calculating the intersection
numbers retated our twisted cycles leads to the monodromy-invariant Hermitian
form for 3F’s (Theorem 4.2).

In this paper, we frequently use the symbols
e(A) = exp(nvV—14), s(A) = sin(nA)
and
Aifed = Ai + A+ e+ + Ay, i1 = e( A1),

for abbreviation.

1. Preliminaries

Let u(z) =T, fi()* be a multivalued function on T'< C™, where o; € C
and T is the complement of the singular locus ( ) {f;(r) =0} in C™. Let & be
the local system (locally constant sheaf) defined by u: the sheaf consisting of the
local solutions of dL = Lw for w = du(t)/u(t).

Let H,(T,%) be the m-th homology group with coefficients in &,
H,Lf (T,%) the m-th locally finite homology group with coefficients in #.
Elements of these twisted homology groups, called twisted cycles or loaded
cycles, are represented by J-closed twisted (finite or locally finite) chains

CZZGAA®UA, (aAeC),
A

where each 4 is an m-simplex and v, a section of ¥ on 4.
If each factor fi(¢) of u(z) is defined over R, and D is a domain of the real
manifold T (the real locus of T'), then it is convenient to load D with a section

up(t) = H(Sifz‘(f))li

1

of & on D, and to make a loaded cycle D ® up(t), where & = + is so de-
termined that ¢ f;(¢) is positive on D, and the argument of ¢;f;(¢) is assigned to
be zero. This choice of a section is said to be standard.

In this paper, we adopt mainly the standard loading. Thus, we frequently
omit the assignment of loading and denote just the topological cycles for
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simplicity. For example, when u(r) = 1*(1 — 1), we denote by (0,1) to express
—
(0,1)® u(r), and (1,00) for (1,00) @ t*(r — 1)”.

Under some genericity condition on the exponents o; we have the
isomorphism, called the regularization,

reg: Hy (T, %) — Hu(T, &),
which is the inverse of the natural map 1: H, (T, %) — H(T, ).
For example, in case T = C\{0,1} and u(¢) = t*(t — 1)’ where o, f,a+ ff €
R\Z, a regularization (regularized cycle) reg Ce H|(T,¥) of C=(0,1)¢
H'(T, %) can be given by

reg C = {dllS(e;O) + e, 1 —¢ _di/;S(l —¢& 1)}®u(t),

where d, = ¢(2a) — 1 and the symbol S(a;z) stands for the positively oriented
circle centered at the point z with starting and ending point a, ¢ is a small
positive number and the argument of each factor of u(f) on the oriented circle
S(e;0) or S(1 —¢;1) is defined so that arg ¢ takes values from 0 to 2z on S(¢;0),
and arg(l —¢) from 0 to 2x.

We refer the reader to [8] for the construction of regularized cycles in
higher dimensional cases.

2. The solutions around oo in terms of the solutions around 0
In this section, let %, be the local system determined by a function
(2.1) u(t) = ' (h — )2 (12 — 2)" 6 (ta — 11)™
on
I.=C\{ti —t=0}U{r, =0} U{r, =0}U{t, —1 =0} U{t, — z = 0}.
Under the genericity condition for the exponents 4; (1 <i<5):
(2.2) Ay Aoy A3, Aay As, Jaas, Aaas, Asas, Aosas € Z,

it follows that rank H;(7:, %) and rank H/'(T., %) vanish for j#2
and dim Hy(T., %) = dim HY(T.,%.) =3, and that the natural map
1 Hy(T., %) — HX(T., %) is an isomorphism (See [5], [9], [11]). We assume
this genericity condition. Thus the inverse map

reg: HY(T., %) — Hy(T., %)

is freely used.
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to—t1 =0 (Xs)
Ds
Dy Dy
Dg
ta =0 (\g)
Dso D
to =2z (A3)
D1s Dy3 Dg Dy

Fig. 1

For convenience to our purpose, we fix a complex variable z to be real
such that z < 0 and assign the name D; for 1 < j <13 to each domain of the
real manifold Ty (the real locus of T = T.) as in Fig. 1, and use the same name
D; to express the loaded cycle with coefficient up, () for simplicity. Here the
orientation of D; is fixed to be natural one induced from Tkg.

Then the loaded cycles reg Dy, reg D3, reg Dy or Dy, D3, D give a basis
of Hy(T,, %.) or H2 (T, Z.), and hence a fundamental set of solutions around
the origin.

Proposition  2.1. (1) If Re(—Ass—1),Re(ds+ 1),Re(—A1a45 — 2),
Re(42+ 1) > 0, we have

“ up, dydt, = “ up, dtidt
reg D

J J 1)’12(& — Z)/btéu(lz — Zl)J'Sdl‘zdl‘l

= B(—Z345 — 1, A5 + 1)B(—A12345 — 2, A2 + 1)

« 3B ( —Azas — 1, —Aiosas — 2, — 23 'z)
— 34, —A13as — 1 )

(2) If Re(43+1),Re(ds + 1),Re(—4125 — 1),Re(Ar + 1) > 0, we have
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JJ Up, dtdty = JJ Up, dtdt,
reg D3

J J [1 — 1) (lz — 2)13(72‘2)14([1 — lz))'sdl‘zdll

B(ﬂ3 + 1,4 + 1)3(—/1125 -1, A+ 1)

—As,—As — 1, Aa + 1 .Z>
Aza +2,—A15 '

% (_Z) /134+13F2 (

(3) If Re(4;1 +1),Re(4ds + 1),Re(Aias +2),Re(A3 + 1) > 0, we have

JJ Up,, dtdt, = JJ Up,, dt dt,
reg Dip Dy

= JOJO(_”)M(I _ Z]))'z(lz _2)2(3(_1‘2)/14(11 _ t2)15dt1d12

zJn

= B4+ 1,As + 1)B(A14s + 2,23 + 1)

—Ao, Aas +2, 4 + 1
A13as+2 2, 1145 s A1
x(=2) : 2( s +2, 41345 + 3 Z)

Proof. (1) When t; = u;!, &2 =u;'u;!, the Jacobian is calculated as

5(1‘1,Z2) 1
O(ur,uz)  uju3

Hence, the change of the integration variables such as 1 =u;!, 6 = u;lu;!

implies that

“+00 400 X .
J J (= 1) (62 — 2) Pt (6, — 1)) dadty

1 h

1,1 A
= J J u]*’1123“573(1 - ul);'zuzf’h“*z(l — )™ (1 = zuyun) ™ dunduy .
0Jo

On the other hand, the binomial theorem

(1— zu]uz))“3 = Z(ij—f)"(zu]uz)”

n>0

leads to
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1 o "
J u; P52 (1 = wp) (1 — zuyy) P duy
0

_ o ,
_ Z ( i3)n (Zul)nj u;/u;4572+n(1 _ ug)“dug
0

|
n>0 n

I'(—J3a5 = DI (As + 1) = (=43) (= 43as = 1), 0
F(7/134) n;) I’l!(*)u34)n (Zul)

for |ui|,|z| < 1. Therefore, we obtain the equality

11
J J up 3573 (1 — ) 20,572 (1 — ) B (1 = zuyuy) ™ duyduay
0Jo

= B(—l345 —1,As+1)

—A3), (—A345 — 1 1 ) ,
% Z( 3)n( 345n )n 2 JO MIAIB4>73+n(1 _ ul)/»zdul

= B(—/345 — 1,45 + 1) B(—A12345 — 2, A2 + 1)

/1345 —1),(=A12345 — 2),, ,,
X zZ .
Z —34),(—A1345 — 1),

n>0

This proves the equality we need.

113

The equality (2) follows from the same argument by the change of the
variable as f, — zt;. The equality (3) follows from the same argument by the
change of the variables as #; — #,¢; and #, — zt,. This completes the proof of

Proposition.

O

The loaded cycles D, Dg, D12 € HY (T, %.) or reg Dg,reg Ds,reg Dy €

Hy(T., %.) give a fundamental set of solutions around the infinity oo.

Proposition 2.2. (1) If Re(44 + 1),Re(4s + 1), Re(A1as + 2), Re(da + 1)

we have

JJ Up, dtdt, = JJ Upg dndty
reg D¢ Ds

1p4 A i
J J 11— 1) (12 — 2) 124 (1) — 1) *dnpdty
0J0

=B(As+ 1,As + 1)B(Aias + 2,72, + 1)

—A3,Aus + 2,4+ 1 1
23 3, 4145 s M

_ F )
(=27 2< s + 2, A1245 + 3 ’z>

> 0,
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(2) If Re(—4ss5 — 1),Re(43 + 1),Re(4; + 1),Re(4, + 1) > 0, we have

1pz A . ,
= J [l}'l(l - ZI)AZ(Z - IQ)M(*l‘z)h(ll — lz)/hsdl‘ldl‘z

= B(*/~{345 — 1,23+ 1)3(/11 + 1,2, + 1)
s, —hsas — 1,2 +1_1>

)

—as5, A1 + 2 z)’

« (72)1345“3}72 <

(3) If Re(—lus — 1), Re(/ls + 1), Re(—)»12345 — 2),Re(/13 + 1) >0, we have

JJ up,, dndty, = JJ up,, dndt,
reg Di» Dy,

B J JIZ (=) (1 = 11)2(z = )* (—12) * (12 — 1) Py dt>

= B(—/Aizs — 1,4s + 1)B(43 + 1, —A12345 — 2)

—A2, =125 — 1, —A12345 — 21)
—Aaas — 1, =212 'z)’

> (—Z) /112345+23F2 (

Proof. The same argument as in Proposition 2.1 implies the equality (1)
by the the change of the variable as t, — t1t;, (2) by t, — z/t,, and (3) by
t1 — t/t) and t, — z/tp. This completes the proof. O

The intersection of the complex line L, :#; =h for 1 <h < oo and the
domains Dy, D3, Dy, Dy consists of the segments (—o0,z), (z,0), (0,4), (h,+0o0)
in the f-plane. Thus, it is seen that a trivial loop with counterclockwise
direction in the upper half plane of the #;-plane is homologous to

_ s —

€345 I'Cg(—OO, Z) + e4s reg(z, 0) + s reg(O, h) + reg(ha +OO)

and a trivial loop with clockwise direction in the lower half plane of the #,-plane
is homologous to

el reg(— " !
345 168(—0,2) + €45 1eg(z,0) + €5~ 1eg(0, ) + reg(h, +0).
This implies

esqs reg Dy + eqs reg D3 + es reg D, +reg Dy =0

and



Connection Matrices Associated with the Generalized Hypergeometric Function 115
e3_415 reg Dy + e;sl reg D3 + e;l reg D, +reg D; =0
in the sense of twisted homology. Similarly, we have the following.
reg Dy + es reg Dy + ess reg D3 + eas reg Dy = 0,
reg Ds + es reg Dg + e4s reg D7 + e3ys reg Dg = 0,
reg Dy + e4 reg Dig + e4s reg D11 + e3q reg Do + e3qs5 reg D13 = 0,
reg D9 + e; reg Ds + e15 reg Dg + epp reg Dy + eqps reg D> = 0,
reg Dyo + es reg Dy + eys reg D7 + epps reg D3 = 0,
reg Dy + es reg D13 + ey5 reg Dg + eqps reg Dy = 0,
and
reg Dy + e5' reg Dy + ed reg Dy + e3)s reg Dy = 0,
reg Ds + es‘l reg D¢ + e;SI reg D7 + 63_415 reg Dg = 0,
reg Dy + e;l reg Do + 615] reg Dy + 63_41 reg Dy + 6‘3_415 reg D13 =0,
reg Dy + ey ' reg Ds + ¢35 reg Dg + ey, reg Dy + epys reg Dy = 0,
reg Do + e5' reg D1y + ef5 reg D7 + ey reg D3 =0,
reg D> + e5' reg D13 + ej5 reg Ds + ejys reg Dy = 0.

Here the former ones are derived from the trivial loops in the upper half plane
of the #;-planes with fixed 7, or the f,-planes with fixed ¢, and the latter ones
are derived from the trivial loops in the corresponding lower half planes.

These equations give the relations to express each twisted cycle reg D; in
terms of the cycles

reg D17reg D37reg Dll € HZ(T'Z7 z)a
which correspond to the fundamental set of solutions around 0.

Proposition 2.3. If A; (1 <i<5), Aiss, Aias, Azas, A1234s, Aza, Ais, Aisas ¢ Z,
then

5(1345) S()g)
Dy, =— Dy — D
reg Ln 5(731) reg Uy () reg s,
A
reg Dy = &354)) reg D — (() 4)) reg Ds,
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reg bs = - Ss(élif)) ree i <ﬂ( 2) ree D

reg D; = — SS((}ZIZSS)) reg Dy — SS((jfs)) reg Dy,

reg Dg = % reg D + sgj;‘ziﬁj?zi g D3

reg Dy = —% reg Dy —% reg D3
o) e D

reg Dyjg = — SS((jfs)) reg D3 — ;((/flls)) reg Dy,

reg Dy = m% reg Dy — (5’23;% )) reg D3

reg D3 = _s;}Ef324)5) reg Dy — ;((1/11132)) reg Dyy.

These expressions of reg D¢, reg Dg, reg Dj» induce the following:

Theorem 2.4. If Re(o;) >0 (i =1,2), Re(f; —a;) >0 (i=1,2), Re(ff; +
ﬂZ — o —062) >0, 1> Re(ﬂl —OC]') (]:2’3)a 1> Re(ﬂZ _a_/') (]: 173)5 1>
Re(o3) and By, By, f, — B1 ¢ Z, we have

(_Z)xlng(alval _ﬂl + 1,04 _ﬂ2+ 1 1)

o —on+ 1oy —oz+1 'z

:F(I—FOQ —O(z)F(l—FOCl —OC3)F(1 —ﬁl)l"(l—ﬁ2) « +F <O€1,O£2,O(3'Z>
T toq =BT+ o —F) (1 — o) (1 —a3) 2\ gy
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I'(1 4oy — o) I'(1 4o —a3) (B — 1)I(B) — Ba)
(1 4o = Bo) (B —o2) T(By — o3) (1)
1-p, wu—p+lLom—pF+lLum-F+1
x (=) 3F2< 2- B f— Py +1 )
(140 —w)l'(1 40y —a3)(By — 1) (B, — By)
I(1+ oy =) (By — o) (By — 3) 1 (o)
(R,
(_2)123F2(a27“2 _ﬂl + 1,0(2 _ﬂ2 +1 1)

o —oap+ Loy —o3+ 1 'z

+

TV oy —o) (1 4o —o3) (1 — ) T(
S T(1+oy— )1 40— o) T (1— o) I(
I'(1+o0—o)l'(1+m—ou)l (B — DB —p)

I(1 402 = Bo) (B — o) (By — o3) 1 (o2)
=B wu—=pf+lm—=pi+lum—-F+1
x(=2) 3F2< 2-PuB— B +1 ’Z)
I'(1+o—a)l(1+m—u)l(f— DI(B—B)
(1 4oy =BT (By — o) (By — o3) 1 (02)

N\ wu—ptlm—p+lom—p+1
e A N )

At

o3 — oy + Loz —on + 1 'z

—_ | —
\
S~—

T tos o)l (Thos —a)I(L=B)I(1 =) o (“1’0627063
T (U = )T (o = f) (T =) T (1 =) " 72\ B,
I'(1+ o3 — o) '(1 + o3 —o) (B — )I(B) = B)
I(1+ a3 = ) I'(By — o) I'(By — o) I (a3)
=B v —p+lLom=—pF+Lo—pF+1
x(=2) 3F2( 2B =P +1 ’Z)
I(1+o3 —o) (1 + o3 — o) (B — DI'(By — Bi)
I(1+o3 = B)I(By — )T (By — on) I (03)
Ik O‘l—ﬁ2+1,“2—ﬂ2+17“3—ﬂ2+1,z)
cia (MR TR )
Proof. Combining Propositions 2.1, 2.2 and 2.3, we obtain

+

)

117
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(—z)b F (—/1371145 +2,4+1 1)
e As+2, 45 +3 'z

_ T'(Asg + DI (Ags + 2)T (1345 + 2) T (21245 + 3)
F(/14 + 1)1_'(/1145 + 2)1_'(/1345 + 2)]_'(/112345 + 3)

o F —A3as — 1, —A1oaas — 2, =43 .
3 )
—A34, — 21345 — 1 7

I(—Jss — D) (As + DI (Jas + 2)T (Aaas + 3)
I'(=/3)T (As + 1)I'(A1as + 2) T (A125 + 2)

) —As,—Ais — L Ag+1
Jag+1 5y 125 s A4
_ F .
x (—z) 3 2( Jaa+ 2, —ius ,Z>
F(—il345 — 1)[’(—115 — 1)F()L45 +2)F()V1245 + 3)
I(=a)I(=23) (Z2 + 1) (Aa + 1)

Al3as+2 25 4145 s A
—z F .
x (=) } 2( s+ 2, A1345 +3 Z)’

(_2)1345+13F2 < _}V57 _/1345 - 17/11 +1 l)

—A4s, Ap +2 'z
_ T'(A3a + V)T (Aas + 2) T (A13as + 2) T (21245 + 3)
IT'(Aa + 1) (A1as + 2) T (Azas + 2) T (A12345 + 3)

o F —A3as — 1, —Aiosas — 2, — 43 .
3
—/34, —A13a5 — 1 ’

_|_

+

F(—ﬂ34 - 1)F(l15 + 1)F(ﬂ45 + 2)1—'(}4245 + 3)
I(=23)(As + 1) (A1as + 2)I (A12s + 2)

—As,—A12s — 1, A4 + 1 .Z)
34+ 2, =15 '

+

< (-
F(—/11345 — 1)]—'(—115 — 1)F(/145 + 2)F()»1245 + 3)
F(—/h)r(—/b)['(ﬂg + 1)1—'(},4 + 1)

« (—z)hst2 —2, Aas + 2,4 + 1 .
215+ 2, 1345 + 3

_|_

and
—Aa, =125 — 1, —A12345 — 21)
—Aoas — 1, =412 'z

(—Z) ;”2345+23F2 (

_ F(—llz)r(—llzﬁ —1)I(Asa + 1)1—‘(}4345 +2)
I'(A3 + 1)I(=A1as = 1) (=A2) 1 (2345 + 2)
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o F —Asas — 1, —Aiosas — 2, =43 .
2 —A34, — 1345 — 1 '

I'(—234 — DT (Ays + 1) (=A1) T (—Apaas — 1)
F(—/{z)r()us + I)F(—/14)F(—i12345 — 2)
—s5, =5 — 1, A + 1
A+l S 125 s A4

< (=™ 2( 234+ 2, =15 ’Z>
I'(—2zas —2)T (=215 — D)I(=A2) T (—Aias — 1)
F(*/l])['(fims — l)r(fﬂulzg — 1)F(7}v12345 — 2)
—Ja, Aas + 2,4 + 1 ) >

s + 2, A1345 + 3 '

+

+

x (—z) )-1345+23F2 <

When the parameters are given by
= =Fy, h=ph-m-1, A= —us,
ly=o03—=f, As=p - —1,
it follows that
—dys — =0y, —Adpus—2=om, —ins—1=1+m—4p,
das +2=140u3 =Py, A=, —dias=1+p, —dis=1-F +p,.
Therefore we reach the desired result. O

Remark. The condition on the exponents can be relaxed if the meaning of
3F, is considered as its analytic continuation.

3. The solution around 1 in terms of the solutions around 0

In this section, let %, be a local system determined by a function
(3.1) u(t) =t (= 1)2t5 (6 — 2)"(, — 1)
on

I.=C\{ti —tr=0}U{r, =0} U{r,=0}U{t, —1=0}U{t, — z = 0}.
In this case, the genericity condition for the exponents 4; (1 <i < 5) is that
(32) Ay A2y A3y Aay Asy Aizs, Aas, Adas, Aiosas ¢ Z.

We assume this condition and the map
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§ tg*tl =0 ()\5)
Dy Ds
D,
Dg
tg =z ()\4)
Dy,
Dg
2‘2 =0 ()‘3)
Dy, Do D
Dy3
t1 =0 t1=1
(A1) (A2)
Fig. 2

reg: H) (T2, £.) — Hy(T., £.)

is freely used as in the previous Section.

We fix a complex variable z to be real such that 0 < z < 1 and assign the
name D; to each domain of the real manifold Tr as in Fig. 2, which also
expresses the loaded cycle D; ® up,(z) for brevity.

Then the functions over the cycles reg Dy, reg D3, reg D; are the same as
the function over reg Dy, reg D3, reg D;; in Proposition 2.1. Hence, they give a
fundamental set of solutions around the origin.

Proposition  3.1. (1) If Re(—/35 —1),Re(ls + 1), Re(—A12345 — 2),
Re(Z, +1) >0, we have

JJ Up, dt dt, = JJ dl‘]dl‘z
reg D

J J (6 = 1D)P2th (6 — 2)(6 — 1) dndn

= B(—4ss — 1,25 + 1)B(—A12345s — 2, A2 + 1)

—Aaas — 1, —Aio3as — 2, —Aa
X 3F» . P iz ).
—A34, —A1345 — 1

(2) If Re(43+1),Re(ds + 1),Re(—4125 — 1),Re(Ar + 1) > 0, we have
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JJ up, dtidty = JJ up, dtidn
reg D3 Ds

+00 rz i . i
— J J zfl(tl — 1);'212“ (z — )" (h — t)"“dtdh
1 0

=B+ 1L, a+1)B(—Ais— 1,12+ 1)

—As, —Ais — 1,43+ 1 _Z>

% Zis4+1 F
’ 2< Aza +2,—A15

(3) If Re(4;1 +1),Re(4ds +1),Re(Ai135 +2),Re(A4 + 1) > 0, we have

JJ up, dndt, = JJ up, dtidt
reg D7 D4

Z b
J J (1= 0)"2t5 (2 — )" (6 — )" dndn
0Jo

=BAh + 1,45+ 1)B(Ai3s + 2,24+ 1)

—Ay, A3s + 2,41 + 1 .Z>

% Zils4s+2 F (
2 s 42,05 +3

The cycle reg D¢ gives the non-holomorphic solution around the point
z=1. Indeed,

Theorem 3.2. If Re(dy+1),Re(ds+1),Re(4as +2),Re(da+1) >0, we
have

JJ Up, dndt, = JJ Up, dn dt,
reg D¢ Dg

1r02 A
- J J (1= 0)"2th (6 — 2) (1 — 1) dndn
0

= B(/IZ + lais + 1)B(;L25 —+ 2’/14 + 1) X (1 _ Z)/lz45+2

y Z /12"' 1) ( A ) (;“25+2)n1+nz (1
125 + 2) ny: (/“245 + 3)n|+n2

ny,nm>0

_ Z)n1+nz.

Proof. The change of integration variables such as #; = 1 +ujup(z — 1),
tp =14+ ur(z — 1) makes

a(ll, 12)

our,m) (1 =2
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and

Vet
J J (1= 0)2t5 (1 — 2) (1) — 1) " dndn
zJO0

1pl . ,
=(1- z)ZH'Z“J J ufzuf”l(l —up)" (1 —up)™
0J0
x {1 = (1 = 2w} " {1 = (1 = 2)un } ® duy duy.

The condition Re(4; + 1), Re(4s + 1), Re(4z5 + 2), Re(44 + 1) > 0 guarantees the
convergence of the integral. Moreover, by means of the formula

1 (7 1
I Iz ﬂ})n(ﬂl + ) n
Ul(l—l)) Z(I—ZU)ﬂ}dl}_—B(,u —|—|,/12—|—l) E —nZ,
JO 1 n>0 11!(/11 /'[2);1

we have

11 _ ﬂ
J J ufzu;szrl(l . ul)As(l _ uz)M
0

0
x {1 = (1 = 2} {1 = (1 = 2)uz} Py duy

(=41), (2 + 1),

=B(a+ 1,5+ 1)) Mi(s +2)

n>0
1

X J w1 — ) {1 = (1 = 2)un} P duy
0

23(112+ 1,45 + 1)

< Z (_il)nl (/12 =+ l)n]

n]!(l25+2)nl (1 =2)"B(l2s +24+m,la+1)

n >0

m(ds +2+m),
X 1—-2)"
Z }245 +34+m), -2

n, >0

= B(/lz + 1,25+ 1)3(/125 + 2,24+ 1)
(=41),, (A2 + 1),

X 1—2)™
n1§2:0 n1!(/1245 + 3),“ ( )
m(A2s +24m),,
X 1 —-2)".
mz>0 }245 +3+ nl)nz H(1-2)

This reaches the expression we need to derive. |
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The same argument as in the previous section gives the following.

reg D| + es reg Dy + eys reg D3 + e3qs5 reg Dy = 0,

reg Ds + es reg D + e4 reg D7 + eys reg Dg + eqs reg Do = 0,
reg Dio + e4 reg Dy + e3q reg Dis + e3qs reg D13 =0,

reg Do + ey reg Ds + eys reg Dg + e1p reg Dy + ejos reg Dy =0,
reg Dy + ey reg D7 + ey5 reg Dg + ep5 reg D3 = 0,

reg D1 + es reg D13 + ey reg Do + eqs reg Dy = 0,

reg Dy +e5' reg Da + egd reg Dy + e3)s reg Dy = 0,

reg Ds + e;l reg D¢ + e;l reg D7 + 6;51 reg Dg + 65415 reg Dy =0,
reg Dy + e;l reg Dy + e§41 reg Dip + e§415 reg D13 =0,

reg Dig + ey reg Ds + ejd reg D + ey, reg Dy + epys reg Dy = 0,
reg Dyj + ey reg D7 + ejd reg Dg + ey reg D3 = 0,

reg D1y + e5' reg D3 + es reg Do + ejys reg Dy = 0.

Hence we have

Proposition 3.3. If A (1 <i<5), Ais, 234, 125, A135, A3ds, A134s, A1osas & Z,
then

oy 02 =~ 5250 e 2y - T2 e

reg Dy = (%?) re - ;((it)) reg Dj,

reg Dg = % reg D +% reg D3
Ty e
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reg Dy — _% reg Dy +% reg Ds
_ % reg D7,

reg Do — _% reg D —% reg D
Sl

reg Dy — ;((jlzs)) reg Ds — SS((jlsS)) g Dy,

D= g O )
- sé(il)l;(zlﬂs) el

e D = = 2 e D1+l e

These induce the following connection formula, which corresponds to (4.5)
with Theorem 3 in [16].

Theorem 3.4. If Re(o;) >0 (i=1,2), Re(f; —o;) >0 (i=1,2), Re(f; +
ﬂZ — oy = 0(2) > 07 1> Re(ﬂl - OCJ‘) (]: 273): 1> Re(ﬂZ _u./) (]: 173)> 1>
Re(ws) and By,5,,8, — B ¢ Z, we have

(1 _ Z).Bl +hy—o—0n—03

— o), (Ba—02), (Br —o3),, (Br +Pa— o1 — ), 1, 141y
X (1-2)
ni,my >0 n: ﬂl+ﬂ2_a1_a2)"1n2 (ﬁ1+ﬁ2—061—062—063+1)n1+n2

F(Bi+Py—on—oo—oaz+ I'(1=B)I(1=pB) < +F (“1#270(37)
- I(1— o) (1 — )T (1 — a3) AN

F(Bi+Py—ou—m—oz+ DI — DI(B — )
I(py =o)L (B — o) (B — 23)

le—ﬁ]dﬁ(“l =P+ Loo—p+ 10— f +1;z)
) 2-pp =P +1

+
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F(By+h—u—m—u+ DI —DI(B—B)
I(By — o) (By — 02) ' (By — 013)

— 1 — 1 — 1
b (M Brt+ Loy = o+ los—fr+ ).
Bi—B+12-5

+

Proof. Combining Proposition 3.1, Theorem 3.2 and Proposition 3.3 leads
to the following:

( _ 1745-&-2)( Z

np,ny >0
_ T(Zaq + 1) (A3a5 +2) 1 (Joas +3)
F()v345 + 2)1—'(112345 + 3)F(},4 + 1)

o F —A345 — 1, —A12345 — 2, —/14.2
2 —A34, — 1345 — 1 '

31 (A2 + 1), (=43),,(42s +2) 4y

| — 5)yntm
/125 —+ 2) I’lz!()u245 + 3)n|+nz ( )

F(—)~34 — I)F(;Lls + 1)F(;~245 + 3)
F(—/13)F()»125 + 2)1—‘(;»5 + 1)
, —2A5,—Aps — 1, A3+ 1
Aaa+1 F 55 125 s A3 .
e 2( 234+ 2, =15 '
(=215 — D) (—A1385 — 2)T (Aoas + 3)
(=) (=2i3s — DA+ 1)
—J2, A13s + 2,41 + 1 .Z>
A5+ 2,A1345 + 3 '

+

% Z/»1345+23F2 <

When the parameters are given by
11:0517[5’2, }Q:ﬂz*az*l, )L3:0(37ﬁ1,
/14:—(13, }~5:ﬂ1_a1_1a
it follows that
—Axs — 1 =y, —A12345 — 2 = o, s —1=14w—p,
ls+2=1+403—p,, los+2=p1+p—o1 —om
and
Az = —p, s = =1+ By = p, Azas = =1 = p,.

It leads to the theorem. O
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4. Monodromy representation
In this section, 7, and % are taken as in Section 3: namely, the function
u(t) = ' (1 = )21 (1 = 2) " (0 — 1)
with the genericity condition
2y A2y 435 ay A5y A13s, Aaos, Azas, Aaosas & Z
defines %.. For each i = 0,1, let y; be a simple loop which starts and ends at
a base point z such as 0 <z <1 and surrounds the singular point i with
counterclockwise direction. It corresponds to a generator of 7;(C\{0,1}).
This loop y; induces an action y; (a monodromy action) of 7;(C\{0,1}) on
the family of the homology group Hi'(T., %) or Hy(T.,%.). As a basis of
HIT., %), we take
D1:{1<l1<[2}, D3={0<[2<Z,1<Z‘1}, D7:{0<[1<IQ<Z}
as in Section 3. On these cycles, y, acts diagonally:

(4.1) 76 (D1) = D1, y5(Ds) =euDs,  35(D7) = efysDr.

The action of y, is derived in what follows. Since

t-space t1-space
D1 — o o o > o o O—P——0 ceeeens s
0 z 1 0 z 1 t
we have
(4.2)
f-space t1-space
n)=9_ /. 5 o {o Lo
0 z 1 0 z 1 t

Hereafter, u(¢) is loaded standardly near the vertical arrows (we also continue
to adopt a convention that if just the chamber is denoted, it means a
standardly loaded cycle). For example, the right-hand side of the equality (4.2)
means
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l- h—1)=0

tr-space arg(t, —z) =0 1-Space arg(ty — 1)
arg(h —1)=0
argt, =0
argt) =0

[¢] o

o o 9 T
0 z 1

0 Z 1 t

@t (1 — )2t (1 — 2)M (1, — 1) ™.

Under this convention, the cycle

ty-space
o o) l
0 z 1

is expressed by the sum of three terms:

tr-space 1y-space
o o o—»— » + o o—»—o0
0 z 1 0 z 1
1r-space
+ ei o o—<—o0
0 z 1

Hence, we obtain

t-space
@3 H0)={c o om—
0 z 1
t-space
+eyq o oO—»—o0
0 z 1
fr-space t1-space
+€2€25 o O—=<—0° Oeenen o-{\(o
0 z 1 z lz 1
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ty-space t1-space
O (o) o—r— [e) (o)
0 z 1 0 z
ty-space t1-space
+e¢ o o—>»—o0 o O eereen
0 z 1 0 z
ty-space t1-space
+ 82825 o oO—=<—o0 o O ceeens
0 z 1 0 z

= D1 — 825(1 — ef)D@
Similarly it follows that
(4.4) VT(D3) = D3 — 824(1 — eg)Dg,
(45) VT(D7) = D7 — 645(1 — €§)D6.

Combining (4.3-5) with the connection formula

De — (€345 — 1)(etyzqs — )D1+ :
exs(ezy — D(efyys — 1) ex(ezq —

945(31 - 1)(3135 - 1)D7
(6’125 - 1)(3%345 -1

in Proposition 3.3 leads to the following.
2 _ 2 2
y(Dy) :{1 +(e4 12)(3345 i)(€12345 1)}D1
(e34 — D(efys — 1)
(e — 1)(e3 — 1)(efys — l)D;
(34— Dlefs— 1) \
(e - 1><e§ Diets—1) ),
—1)(efys — 1)

$(24)8(2345)8(A12345)
{1+2\/_6245 5(434)s(A1345) }Dl

+ e4s

+ exseys

64(332 1)(61225
1

42y ey WSUOI) g g S s)

5(434)s(h1s)

5(A15)s(A1345)
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64(€§ - 1)(€§45 - 1)(5’122345 - 1)D1
65(634 - 1)(312345 —1)

ei(e3 — 1)(es — )(efs — 1)
+{” (e — 1)k — 1) }D3

624845(6‘12 — 1)((3% - 1)(61235 — I)D
(e3s — D)(efyys — 1)

25)8(2345)5(A12345)
B PR D
€245 5(A34)5(A1345)

+ {1 + 2\/——16245 M}D3 + 2\/_—1324st

1 (D3) =

1

$(A34)8(A15) 5(A15)8(A1345)
and

ea(e3 = 1)(egs — 1) (efpags — I)D
ex(e3y — 1)(efyys — 1)
egseq(e3 — 1)(e3 — 1)(efrs — 1)
ex(e3, — 1)(efs — 1)
N {1 e45(312 - 1)(35 - 1)(9f35 — 1)}D7
(6’125 - 1)(8%345 -1

o 8(A2)s(A345)s(A12345)
= 2v-lews $(434)5(21345) b

S()Lz)s(/13)s(2125) S(l])s(lz)s(lns)
+ 2\/—_16245 —S(}v34)s(il5) D5 + {1 + 2\/—_16245 —S(ils)s(;\,1345) }D7.

(D7) =

1

These are equivalent to

3(14)7101 1
(4.6) 71 |s(2s) "Dy | =1 +2V—Tewus| |
s(}2) "' Dy 1

[5(24)$(A3as5)8(A123as) $(A3)s(As)s(A12s5) s(A1)s(A2)s(Ai3s)
$(A3a)s(A1zas) 7 s(Asa)s(Ais) T s(Ais)s(Aizas)
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If we substitute

M=o =Py, =Py —o2a—1, z=03—f, a=—03, Is=; —oy — 1
into (4.1) and (4.6), we have the following.

Theorem 4.1. If

D, ={l <1 < nt, D;={0<n<zl<u}, D;={0<t1<th<z}
are the twisted cycles determined by the function
u(t) = 7P = )P P - ) (- )P

and

E = "(s(—a3) "' Dy, s(s — By) "' D3, 5(02 — ) "' D7),

then we have

where
1 0 0
(4.7) p(r0) =10 e(=28)) 0 )
0 0 e(—=2p,)
and

(4.8) p(y)) =1—2vV=Te(B + By — oty — o — t3)

—_ =

s(ou)s(o)s(ez) — s(By — a)s(fy — w)s(f) — 03)

s(Br)s(fr) s(B1)s(By — Br) ’

_ S(By — o1)s(By — 02)s(By — o13)
s(By = B1)s(B2) .

The expressions (4.7), (4.8) are the same as (3.2) and (3.3) in [6].

We finally give a Hermitian form which is invariant with respect to the
monodromy group.

Following [12] [13], the self-intersection numbers for D;, Dz, D; are
calculated as follows:
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D oD :\/j s(—izas) V=1 s(=2a)
! ! 2 S(lz)s(—ilzms) 2 s(l5)s(—},345)
1 s(Aisaes) 5(234)
4 5(A2)s(A123a5) $(25)5(23a5)”
Dxo D+ — \/j S()b34) \/jl_ S(*l]S)
U T s(a)s(ha) 2 s(Aa)s(—Aas)
B _l S(/l34) S(ll5)
4 5(43)5(Aa) 5(A2)s(A125)”
Dy oD — V=1 s(hzs) V=1 s(hs)

2 5(14)6‘(1135) 2 s(il)s(/k)

_ 1 5(A1345) s(A1s)
4 s(/l4)s(/1135) S(/l])S(/ls) ’
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These imply the Hermitian form F(z,z) which is invariant with respect to the
action of the monodromy group:

(4.9)

where

(4.10)

B 4
5(A15)8(A34)5(A1345)

x {5(22)s(As)s(A15)s(Zaas)s(Arasas) 11 (2)°
+ 5(22)s(A3)s(2a)s(A125)5(Zzas) |3(2) |

+ 5(A1)s(24)5(25)s(234)s(2135) |7 (2)

F(z,2) =

I](Z) = J Up; dtdt,.
D

J

If we substitute

;q:(x]—ﬂz, ;Qzﬂz—(xz—l, )~3:O€3—ﬂ1, ;\,4:_“3, /l5=ﬂ1—0(1—1

into (4.9) and (4.10), we have the following.

Theorem 4.2. The Hermitian form given by

4
- s(B1)s(B2)s(By — Pa)

X {s(By = a2)s(By — en)s(By — Ba)s(a1)s(o2) |11 (2)]
+5(By — o)s(on — Br)s(as)s(Br — a)s(Bo) | B(2)I
+s(on — By)s(ea)s(By — o)s(Br)s(es — Po)l (=)},

F(z,2) =
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where

and

IJ(Z) = J Up; d dt,
D;

u(t) = lf'fﬁz(h _ 1)/}2_“2_11‘;37&([2 )t — ll)ﬂl_“‘_l

is invariant with respect to the monodromy group.
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