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On the Proof of the Capelli Identities
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Abstract. Using exterior calculus, we present detailed proofs of the classical Capelli
identities in a purely computational manner. The proof of the fact that the Capelli
elements are central is also given in a similar way. In the course of proofs of these
two facts, one can easily see the mechanism of the multiplication formula of
determinant with non-commutative entries. Simple treatments of the related facts
from the Appendix of [HU] are also given.
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Introduction

The celebrated Capelli identities [Cal—3] played important roles in classical
invariant theory (see e.g. [My], [Wy]), and have been generalized in several
directions. This makes it desirable to have simple proofs of them availa-
ble. In this article, we give an exposition of the complete set of proofs for the
classical Capelli identities utilizing exterior calculus. This approach is based on
ideas in [NUW], which proves a quantum group version of the Capelli identity.
(Similar treatments are also found in the papers [Kz|, [Na].) However, a
separate treatment, as it does not require any knowledge of R-matrix for this
case, provides more direct access to the proof, and, indeed, yields a short, simple,
computaional proof. In the same spirit, we also present a reason why the
Capelli elements are central elements of the enveloping algebra of gl,. In the
proof of this fact as well as in the proof of Capelli identity, one can recognize
the multiplication formula for determinant. As our framework gives a clear
view point for the proofs given in the Appendix of [HU], we discuss centrality
also.

In this paper, we work over C for simplicity, though this restriction is not
needed in any crucial points.

Notes (Added in 2006 following the suggestion by the referee and the
editor. The references asterisked like [I1*] are supplemented accordingly.):
This paper was written in 1997 to give an explicit exposition on the proof of the
Capelli identities using the exterior calculus, as explained in the Introduction
above. While the manuscript are circulated as a preprint, the technique
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presented here has been widely recognized as a basic tool in the study of Capelli
type identities, and also its reinforced variants have been developed in several
directions. In below we point out some examples of the papers and the results
done more or less under the influence of this paper as their prototype.

Similar and/or direct applications of the exterior algebra technique are
found in [U2], [I1%*], [12*], [Wal*], [Wa2*], [Wa3*]. Among them, [Wa3*]
constructs a remarkable example, the determinant type central element for the
universal enveloping algebra of the orthogonal Lie algebra with split realization.
A little bit more sophisticated technique on the exterior algebra with doubled
formal variables are developed in [IU*], [14*], [I5*], [I6*]. This type of
refinement is strong enough to establish the Capelli identities for the general
dual pair (O, Spy). To treat the Capelli type element expressed with per-
manent, which was introduced by Nazarov [Na], the commutative formal
variables instead of anti-commutative ones are used in [U3*], [I4*], [16%] for
example. Also the mixture of these formal variables, commutative and anti-
commutative, are utilized in [U4*] to show an explicit relation between the two
types of central elements expressed with determinant and permanent.

As for the use of formal variables to make suitable generating functions,
Yangian technique are also known and systematically developed (e.g. [MNO]).
The comparison of these tools may be interesting for a wider approach to the
study of Capelli type identities.

1. Capelli identity as the multiplication formula for determinant

Consider the space Mat(m,n) of m x n matrices, on which the two general
linear groups GL,, and GL, acts respectively from the left and the right. Then
the space #(Mat(m,n)) of polynomial functions on Mat(m,n) is naturally
endowed with the structures of a right GL,,-module and a left GL,-module.
We denote these two actions by A and p, and use the same notation for the
infinitesimal actions of the Lie algebras gl,, and gl, and for the extensions of
these actions to the universal enveloping algebras U(gl,,) and U(gl,). For the
matrix space Mat(m,n) or the Lie algebras gl,, and gl,, the matrix units, which
form the standard basis, are denoted by Ej;. The coordinate functions of
Mat(m,n) with respect to Ej; is denoted by #; and the partial differential
operator 0/0t; is often abbreviated as J;. It is easy to check that for Ej € gl,

or gl,, its image under /4 and p are respectively expressed as
m n

(1.1) P(Ey) = by, MEy) =) 10y
=1 p=1

Introducing the four matrices
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T = (ty)1<icmi<jem D= (0j)1<icm1<j<n

I = (P(Ei/‘))lsl‘.jgnv I° = (i(E!/))lgi,jva

we can write the relations above in matrix form

(1.2) ='TD, 'II°=T'D.

Here ' stands for the transpose of a matrix. Roughly speaking, the Capelli

identities are the multiplication formulas (or more generally the Binet-Cauchy
theorem in the rectangular case) of the determinant of these matrices.

In this paper we understand the determinant det(a) of an n x n matrix
a = (ay);;_;, whose entries are in a (possibly non-commutative) algebra </, as

the alternating sum

det(a) = Z SIgN(0) g (1)1Gg(2)2 - - - Ao(nyn-

geS,

The exterior calculus is useful for manipulating the determinant of this type
even with non-commutative entries. The exterior algebra 4, is an associative
algebra generated by the n eclements ej,es,...,e, subject to the relations
eiej+ee; =0. We work in an extended algebra 4, ® .7, in which the two
subalgebras 4, and ./ commute. The determinant det(a) then comes in the
following way: forming the elements 7, from the columns of a by n;, = >_7_, e,ay;
and multiplying them, we find that eje;...e, det(a) =#n,...7,, as in the
commutative case. In fact,

My ..., = E €€y« oy 1052 - - - oy

1<oy, 0,0, <n

= Z €5(1)€a(2) - - - €a(n)4a(1)146(2)2 - - - Aa(n)n

geS,

Z e1€y...€, sign(a)ag(l)lag(z)z -+~ Ag(n)n
geS,

=eje...e, det(a).

For our Capelli identities, we use this framework with .o/ =
End(2(Mat(m,n))). According to the multiplication of matrices I7 = 'TD, we
form the following two sets of elements in A, ® .o/:

(1.3) &= ieﬂ,—a (1<i<m), §= ié,ﬁg (1<j<n).
a=1 i=1

Then from the relation (1.1), we see
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(14) Cj = Ze“p(Eaj)~
o=1

Noting that the variables {f;} commutate with each other, we see easily that the
commutation relations among ¢; are &;¢; 4 ¢;¢; = 0. For the computation of a
product like {;{,...{,, we need to know the commutation relations between ¢;
and 0.

Lemma 1. The following commutation relations hold:
(1) [Opg: Eil = €4Opi
(2) Cqéi + éiCq = éiel]'

Proof. The assertion (1) is easy to see by a direct computation.
[aptp éz} = Z €y [apqa tiu} = Z eaapiéqa = eqépi-
o o

For (2), multiply &, from the left on both sides of (1) and sum up with respect
to p. Then noting that £, and ¢; anti-commute, we come to the assertion.

O

Suggested by the formula (2) in Lemma 1, we introduce the elements {;(u)
with parameter u as

(L.5) {i(u) = ¢+ ue; = Z exp(Eyj + udy).
o=1

Then we see from Lemma 1 (2)

(1.6) Lglu+1)&; + &y (u) = 0,

because &; and ¢, anti-commute.

To describe submatrices made from a given matrix, we introduce some
notation here. For subsets / « M ={1,...,m} and J = N ={l,...,n}, mak-
ing their arrangements under the natural order, we denote by aj; the sub-
matrices of a matrix a = (a;) formed from those a; such that ie ] and jeJ.
Also as we will soon see below, we need some shift in the diagonal of I7 for the
Capelli identity. For this shift, we introduce the following convention: for any
matrix a of size k, we put a* = a+ diag(k — 1,k —2,...,0).

The following is the Capelli identity for rectangular matrices, which can be
regarded as a non-commutative version of the Binet-Cauchy theorem.

Theorem 2 (Capelli identity for rectangular matrices). The following
equality holds:
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det(IT}y) = det('Ty;) det(Dyy).
#I=n

When m < n, we understand that the empty sum in the right-hand side represents 0.

Corollary 3 (Capelli identity for square matrices). For the case m = n, we
have the following equality:

det(IT°) = det('T) det(D).

Proof of Theorem 2. We compute the product {;(n— 1){(n—2)...{,(0)
in two ways. Using the definition (1.5), we see on the one hand

G(n—1D)G(n—2)...0,(0) = erea. .. e, det(p(Ej + (n — i)dy).
On the other hand, by the relation (1.6) we have
G(n=1)h(n—=2)...6,(0)
= > Gn=1G0=2) . G (1)é, Ok

1<k,<m

= ()" Y & bL—2)bn=3) .. L 1(0)dk,

IA
~
<

IA

=(-)"" Z E, Ci(n—2)0(n—3) . Lo (1) &k, O yn—10k,n

1<ky_1,k,<m

=YY & &G =3)0n—4) . L (0)0k, 1Pk

1<ky_1,kp<m

=" S GGt O

1<k, kaysky<m

= Z fia(l)éia(Z) s éia(n) a"amlaiamz e ain(n>”

I={i)<-<ip}
aeS(I)
= Y sign(0)&&, . &,00100u2 - O
I={ij<-<iy}
ceS(I)
= Z & &y oo & det(Dy)
1:{i1<<-'<f,,}
=eler...€, Z det('Ty;) det(Dyy).
1:{i|<<-'<i,,}

Thus by comparing these two calculations, we obtain our formula. O
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We can extend Theorem 2 slightly, as follows. Starting from the n x n
square matrix space, we choose k columns according to a subset J =
{J1,J2y--+,Jkt = N. Then we have the relations I7;; = ‘T ;yDy; as a subset of
the relations I7 = ‘T'D. Applying Theorem 2 to this new n x k rectangular
matrix with the replacement (m,n) — (n,k), we see

(1.7) det(15,) = Y det('Ty;) det(Dyy).
#I=k

We will use this form of Theorem 2 for the proof of the lower order Capelli
identities in the next section.

Remark. We have similar formula for the left action A as follows.

Theorem 2’ (Capelli identity for rectangular matrices). We have the
following equality:

det(IT5;,) = Y det(Tyy) det("Dyy).
#J=m

When n < m, we understand that the empty sum in the right-hand side represents 0.

2. The lower order Capelli identities

In the above, we have proved the Capelli identity as a multiplication
formula of non-commutaive determinant. The formula itself seems very nice.
However, from the representation-theoretic point of view, the significance of the
Capelli identity lies in the fact that it presents an equality between the two
invariant differential operators on the space Mat(m,n) (see [H], [HU], [U1]). In
this sense, what we proved under the name of ‘“the Capelli identity for
rectangular matrices” is not the real Capelli identity except for m =n. Let
us explain what should be done to get the real Capelli identities. First, if
m = n, it is easy to see that the right-hand side of Corollary 3 is invariant under
the actions of GL, both from the right and the left. Admitting that the
representations p and A of U(gl,) are faithful in this case, we see that the
element C = det(Ej; + (n—i)d;) is in the center of U(gl,). Consider here
the conjugation of the operators by the relative invariant (det 7)°. Then
since (det T)"p(Ej)(det T) ™" = p(Ej;) — z0;, we have (det T)"p(C)(det T) ™" =
det(p(Ej + (n—i—z)d;)) on one hand. On the other hand, under this con-
jugation the resulting operator remains invariant. Thus we can conclude that
the element C(z) =det(E; + (n—i—z)d;) is central also for any z. As this
C(z) is polynomial in z of degree n, we will get n central elements from C(z) as
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the coefficients, once we develope it in z in some way. To be more specific, we
expand C(z) in a form

Clz) =Y (-) =0k
k=0
with zK) =z(z—1)...(z—k+1), and call C; the kth Capelli element. The
explicit form of these C; in terms of minor determinants will be given in
Proposition 4 below. According to the transition from the ring of differential
operators on Z2(Mat(m,n)) to U(gl,), we introduce an n x n matrix E =
(Eij)1<i j<n> SO that we have C(z) = det(E® — z) by definition. As the preimage
in 4, ® U(gl,) of {; and {;(u) defined by (1.4) and (1.5), we put

n n
(2.1) w; = Z ey Ly w;(u) = w; + ue; = Z ey (Eyj + udy).
a=1 o=1

Then we see clearly wj(n—1—2z)wn(n—2—2z)...0,(—2z) =e1ez...€,C(2).

Proposition 4. The kth Capelli element is expressed as the sum of k x k
minor determinants:

Cr = Z det(E‘tU).
#I—k
Proof. Let us denote by A the difference operator defined by Ap(z) =
p(z+1)—p(z). Note that 4z%) = kz*=1)_ Then r times applications of 4 to
the expansion for C(z) yield

n

. k ;
4z =3 () ( : )r!z<’~>cnk,

k=0
so that
A"C(2)].g = (=) MCyr

Our task is thus now to compute the difference of the determinant C(z) =
det(E* —z). For this we recall the formula A(p(2)y(z)) = dg(z) - Y(z) +
p(z+ 1) - AY(z) for the difference of a product of functions. Note that this
is valid even for the case where ¢(z) and (z) do not necessarily commute.
We apply this formula k& times in succession on the left-hand side of
wn—1=2)oy(n—2-2)...04(—2) = e1e3...¢,C(z). Then we get

AC(z) = (=)' det(Ej.;. —2)
#1=r
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Here 7¢ stands for the complement of the r-set I={ij,i,...,ir} in
N={1,...,n}. The factor r! for the term det(E}l.,L —z) can be counted
as follows. Under an operation of the difference operator 4 on a product
made from w;(e —z)’s with e a suitable constant, it will get replacements
(e — z) — —e; from the product formula above. Thus the term det(EEC je—Z)
will be produced from det(E’ — z) under the successive r operations of A as
many times as the number of the processes that I appears in the end, each of
which process can be identified with the numbering of 7 by {1,2,...,r}. The
number r! of permutations of the r-set /I hence comes as the factor. Putting
z =0 in this formula and comparing it with the other formula above, we see our
assertion with k =n—r. O

Remark. If we introduce a U(gl,)-valued polynomial Ci(w) by the
formula

n

Clz+w) =Y (=) 20 C,i(w),

k=0
then we have similarly its expression as
Cr(w) = Z det(EE, —w).
#I=k
It is also easy to see that ACi(w) = —(n—k+ 1)Cr_1(w).
With Proposition 4 in hand, we can now show the kth Capelli identity.

Theorem 5 (The kth Capelli identity). The image of the kth Capelli element
under p is expressed as:

p(Co)= > det("Ty) det(Dy).
#I=k, #J=k
Proof. For each k-set J = N, we have the relation (1.7) deduced from
Theorem 2:
det(1T5,) = Y det("Ty;) det(Dyy).
#1=k

Summing up over k-set J, we get the proof of our assertion, because the
resulting left-hand side is just p(Cy) by Propositon 4. O

3. Centrality of the Capelli elements

In the previous section, we stressed the fact that C(z) is central, and gave
an explanation for it from the representation-theoretic point of view, especially
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by the Capelli identity itself. It should be natural, however, that this can be
proved independently of the Capelli identity, and we shall do so here.
We observe the following basic fact.

Lemma 6. The commutation relations for w;(u) are given by
wi(u + Dw;(u) + w;(u + Dwi(u) = 0.
In particular, we have
wi(u+ 1)w;(u) = 0.

Proof. This can be shown by an easy calculation:

i (1);(v) + 0 (V)i() = Y eep|Eni + udyy, Egy + v
o, =1

n
= Z exep(Eyoip — Epidyy)

o, f=1
n n
= E eae,-Eag- — E eje'gE/;i
o=1 p=1
= —e,wj — €j(/)l'.

From this, we see that ;(u+ 1)w;(v) + w;(v+ Dw;(u) = e;w;(v) + ejw;(u) —
ejw; — ejw; = (v— 1)e;e; + (u — 1)eje;. Put here w=wv. Then the last term
vanishes and we come to the conclusion. |

Recall that GL, acts on gl, by the adjoint action, so that it acts on
the enveloping algebra U(gl,) as an automorphism group. We will first show
that the element C(z) is invariant under this action. This statement can be
paraphrased as follows. Take any g = (g;) € GL,, and write its inverse as

9" =h=(hy). From E = (Ej;), we form gEg~' = E* = (E}), so that

n
E; =" guEhy.
k,/=1

Under the algebra automorphism of U(gl,) extending this £ — E*, the poly-
nomial C(z) = det(E" — z) is transformed to C*(z) = det(E** —z). The invari-
ancy of C(z) then amounts to the equality C(z) = C*(z), which is what we will
prove below.

Theorem 7. The Capelli elements are invariant under the adjoint action of
GL,, ie., C(z)e U(gl) ™. In particular, C(z) is central in U(gl).
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Proof.  As remarked above, it suffices to prove the equality C(z) = C*(z).
For this calculation, let us introduce some more suitably transformed elements
corresponding to w;(u) and e;:
n n n
wj*(u) = Zex(E;;' + uéoﬁ/)v ei/ = Z €aYais w]/(u) = Ze;(Eocj + uéyl)
=1 oa=1

=1

Then we have

o] (u) Z ex(E,; + udy) = Z e (gurExrhyi + ugsidirhy;)

ok,

=Y exgulExs + ud )y
o,k,l

= Z e (Exs + udrs)hyy = Z g (u)hy;

k.t 2

Note that Lemma 6 above is also valid for w/(u), because ¢/ is just transformed

linearly from e¢; with scalar coefficients. Put w; =n —i— z for brevity. Then
we see from the relation above and Lemma 6

eie;...e,C*(2) = wf (m)w; (u2) ... w, (uy)

= Z wy (ur)wy, (u2) ... ; (Un)heihey ..y,
1</1,02,sln<n

=Y ol ()l (1) - - 0 ) oyt ho)2 - - oy

geS,

=) sign(0)of ()} (u2) . .. o) (tn)ho(1y1ho)2 - - - ogum

ceS,

oy (u)w)(u2) . .. o) (uy) det(h)

=eley... e det(E* — z) det(g) ™"
=ejey...e, det(g)C(2) det(g)' = ejes...e,C(2)
Thus verified our assertion. O

In the mechanism of the proof above, we can easily recognize the (two)
multiplication formulas of determinant as in the classical counterpart
det(gag™') = deta. We can of course prove that the Capelli elements are
central in U(gl,) within the framework of the Lie algebra, not using the group
GL,. For this we first prepare a lemma, which is more fundamental than
Lemma 6. Let us write E,,(u) = E,, + ud,, for short.
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Lemma 8. The commutation relation for E,, and w;(u) is given by

[Epg, ;(u)] = eqEpi(u) — Spjewg(u).

Proof. This is shown also by an easy calculation:
[Epg, wj(u)] = Z eq|Epg, Eyj + udy] = Z e (Epi0gs — ExgOpy)
o o

= eqEpj — Opjg = eqEpj(u) — 0004 (u). O

Remark. As an easy variant on the proof of Lemma 8, we can obtaine a
more general formula as follows: for any u, v, w, we have

[Epg(u), ;(v)] = eqEp(w) — Gpjq(w).

Multiplying e, from the left on both sides of this with u =v =w, we will get
Lemma 6 again.

The following is essentially the same as the proof in the Appendix A of
[HU].

Theorem 9. The Capelli elements are invariant under the adjoint action of
ol,. In other words, C(z) is in the center of U(gl,).

Proof.  We will show that [E,,, C(z)] =0 for any 1 < p,q <n. From the
expression eje;...e,C(z) = wi(uy)ws(uz) ... w,(u,) with u; =n—j+z, using
Lemma 8, we have

ejey . ..ey[Ey;, C(2)]
= Zwl (u1) .. 0j—1 (uj—1) (g Epi (1) - Opjg (1)) j1 (Ujs1) - . . On(ttn)
=1
J

= o). o1 (1) ey By () 01 (w11) - 0, (un)
=

4

—o1(u1) ... op_1(tp—1) g (Up) Ops1(Ups1) - . . 0On(ttn).

Here the second term can be calculated by Lemma 6 as

o (uy) .. .wp,l(up,l)wq(ﬁp)wp+1(up+1) o o (uy)
_ {O, (for p # q),
eiey...e,C(z), (for p=gq).
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To calculate the first term, we introduce w}‘”(u) = wj(u) — e,E,j(u) by omitting

the gth component of w;(u). Then we have
(@1 () + ey Ept (1)) (@5 (1) + g Eya(12)) - (@} (1) + 4 Epa (1)
J

) .. ) (1) egEp () 0\, (1) ... o ()

n

gq) (

I
T
S

J

=

() - .. 01 (Uj-1) egEpi () j1 (Uj1) - - 0n(Un),
1

~.
Il

because ¢; = 0 and o\ (u). ..o (u,) = 0. Thus the first term is expressed as

the product of the elements w](-q)(uj) + e,E,;(u;). Note that w](-q>(uj) + e, (u))
is gotten by the replacement E,;(u;) — E,;(u;) in w;(u;). Then the product of
these elements vanishes if p # ¢, because it gives a determinant with two
identical rows. For p = ¢, since coj(-q)(u,) + e,E,(u;) = w;(u;), their product is
nothing but ejey...e,C(z). In any case, the first term is cancelled by the

second, so that [E,;, C(z)] =0 as desired. O

Remark. Comparing the proof here and that given in [HU], although they
are essentially the same, we will get different impressions from them, especially
of the length of the treatments of the ‘first’ and ‘second’ terms. The intro-
duction of the elements coj(.q)(u) = w;(u) — e;E,j(u) to treat ‘first’ term corre-
sponds to the simple trick (A.1.3) in [HU]. Also we should compare the proofs
of Theorems 7 and 9. We notice that the ‘first” and the ‘second’ terms above
correspond respectively to the determinants det(g) from the right and det(g) ™"

from the left in the proof of Theorem 7.

Appendix

Some central elements in U(p,): Here, in analogy with Theorem 9, we will
translate the proof of A.2 in [HU]. First we take a realization of the
orthogonal Lie algebra o, as

o, ={Xegl; X +'X =0},

and accordingly consider the standard elements 4; = E; — E;; € o,. Parallel to
the preceeding sections, we introduce

A = (4y) Aj(u) = Ay + udy,

1<ij<n

V= exdy, Vi) = exdy(u) = + ue;
o=l oa=1
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Our objective is the determinant det(4" — z), which is to be shown central in
the universal enveloping algebra U(o,). We know eje;...e, det(4’ —z) =
Vi ()Y, (u) .. Y, () with uj =n— j—z. Let us compute the basic commu-
tation relations.

Lemma Al. We have the following:

(1) [Aij, Akr] = Aifbj — Aidjs — AjsOi + Apdis,
(2) [Apg(u), lpj(v)] = egApj(x) — 517jlpq(x) "‘561/'%;()’) —epAg;i(y),
(3) Yi(u+ D () + o (u+ D () = —0;9,

where Q=73"_, s ,esepdop=—3, exh, = =3 e, (u). Note that in (2),
the parameters u, v, x, y are independent.

Proof. The assertion (1) is immediate from the definition. For (2), we
compute:

[qu(”)a lpj(v)] = Z ea[qu(“)vAaj(U)] = Z ea[qu7 Aaj]
= Z € (ApiOqn — Aps0qj — AgjOps + AguOp;)
= qupj — 5,1,‘ Z G“Ap“ — €pqu + (Spj Z equ“

= eqApj +0gj\, — €pAgj — Y,

= eqApj(x) +0gjth, (1) — €pAgi(y) — Spjth ().
For (3), multiply e, from the left on both sides of (2) and sum up over p. Then
we have

g (1) (0) + (00 (1) = —egi(x) — e, (x) +34; ) e, (),
p

so that for u=v=x
W (u+ D (u) + o (u+ 1)y, (1) = =042,
the conclusion. U
Theorem A. The determinant det(A* — z) is central in U(v,).

Proof. Using the relation eje,...e, det(A® — z) = vy, () )Wy (12) . . . W, (1)
with u; = n —j — z, we show [A,,,det(4°* —z)] =0 for p < ¢. By the formula
(2) in Lemma Al with u=0, v=x=y =u;, we see
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e1es. .. e [y, det(A* — z)]

=0 (m) ey () [ U )1 510) ()
j=1

J

= Yi()... l//j—l(“jfl)qu}’;(uj)wj+l(uj+1) Y (un)
=

J

- Z Yy(ur) ... ‘/{f71(u/71)€p‘4;j(”j)‘/{/+1(“./‘+1) oy ()
=1

() Wy () ()W (1) - (1)
q

U (1) g (g ) (1) g (1) ().

Then the first and the second terms both vanish by the same reasoning as in the
proof of Theorem 9, because each of those sums gives a determinant with two
identical rows. The products in the third and the fourth terms actually amount
to be the same, so that they are cancelled with the opposite signatures. In fact,

both of them are calculated by the formula (3) in Lemma Al as
q

=Yy () ... lpp—l (up-1) 5 lpp-&-l (up) - .. lPq—l (ug—2) ~ lpq-&-] (Ug-1) - -, (un—2)2/2,

because ¥, (u+ 1), (u) = ¢, (u+ 1)y, (u) = —Q/2. Thus proved our assertion.
O
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