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Abstract. Using exterior calculus, we present detailed proofs of the classical Capelli

identities in a purely computational manner. The proof of the fact that the Capelli

elements are central is also given in a similar way. In the course of proofs of these

two facts, one can easily see the mechanism of the multiplication formula of

determinant with non-commutative entries. Simple treatments of the related facts

from the Appendix of [HU] are also given.
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Introduction

The celebrated Capelli identities [Ca1–3] played important roles in classical

invariant theory (see e.g. [My], [Wy]), and have been generalized in several

directions. This makes it desirable to have simple proofs of them availa-

ble. In this article, we give an exposition of the complete set of proofs for the

classical Capelli identities utilizing exterior calculus. This approach is based on

ideas in [NUW], which proves a quantum group version of the Capelli identity.

(Similar treatments are also found in the papers [Kz], [Na].) However, a

separate treatment, as it does not require any knowledge of R-matrix for this

case, provides more direct access to the proof, and, indeed, yields a short, simple,

computaional proof. In the same spirit, we also present a reason why the

Capelli elements are central elements of the enveloping algebra of gln. In the

proof of this fact as well as in the proof of Capelli identity, one can recognize

the multiplication formula for determinant. As our framework gives a clear

view point for the proofs given in the Appendix of [HU], we discuss centrality

also.

In this paper, we work over C for simplicity, though this restriction is not

needed in any crucial points.

Notes (Added in 2006 following the suggestion by the referee and the

editor. The references asterisked like [I1*] are supplemented accordingly.):

This paper was written in 1997 to give an explicit exposition on the proof of the

Capelli identities using the exterior calculus, as explained in the Introduction

above. While the manuscript are circulated as a preprint, the technique



presented here has been widely recognized as a basic tool in the study of Capelli

type identities, and also its reinforced variants have been developed in several

directions. In below we point out some examples of the papers and the results

done more or less under the influence of this paper as their prototype.

Similar and/or direct applications of the exterior algebra technique are

found in [U2], [I1*], [I2*], [Wa1*], [Wa2*], [Wa3*]. Among them, [Wa3*]

constructs a remarkable example, the determinant type central element for the

universal enveloping algebra of the orthogonal Lie algebra with split realization.

A little bit more sophisticated technique on the exterior algebra with doubled

formal variables are developed in [IU*], [I4*], [I5*], [I6*]. This type of

refinement is strong enough to establish the Capelli identities for the general

dual pair ðOM ; SpNÞ. To treat the Capelli type element expressed with per-

manent, which was introduced by Nazarov [Na], the commutative formal

variables instead of anti-commutative ones are used in [U3*], [I4*], [I6*] for

example. Also the mixture of these formal variables, commutative and anti-

commutative, are utilized in [U4*] to show an explicit relation between the two

types of central elements expressed with determinant and permanent.

As for the use of formal variables to make suitable generating functions,

Yangian technique are also known and systematically developed (e.g. [MNO]).

The comparison of these tools may be interesting for a wider approach to the

study of Capelli type identities.

1. Capelli identity as the multiplication formula for determinant

Consider the space Matðm; nÞ of m� n matrices, on which the two general

linear groups GLm and GLn acts respectively from the left and the right. Then

the space PðMatðm; nÞÞ of polynomial functions on Matðm; nÞ is naturally

endowed with the structures of a right GLm-module and a left GLn-module.

We denote these two actions by l and r, and use the same notation for the

infinitesimal actions of the Lie algebras glm and gln and for the extensions of

these actions to the universal enveloping algebras UðglmÞ and UðglnÞ. For the

matrix space Matðm; nÞ or the Lie algebras glm and gln, the matrix units, which

form the standard basis, are denoted by Eij . The coordinate functions of

Matðm; nÞ with respect to Eij is denoted by tij and the partial di¤erential

operator q=qtij is often abbreviated as qij. It is easy to check that for Eij A gln
or glm, its image under l and r are respectively expressed as

rðEijÞ ¼
Xm
a¼1

taiqaj; lðEijÞ ¼
Xn

b¼1

tjbqib:ð1:1Þ

Introducing the four matrices
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T ¼ ðtijÞ1aiam;1ajan; D ¼ ðqijÞ1aiam;1ajan;

P ¼ ðrðEijÞÞ1ai; jan; P � ¼ ðlðEijÞÞ1ai; jam;

we can write the relations above in matrix form

P ¼ tTD; tP � ¼ T tD:ð1:2Þ

Here t stands for the transpose of a matrix. Roughly speaking, the Capelli

identities are the multiplication formulas (or more generally the Binet-Cauchy

theorem in the rectangular case) of the determinant of these matrices.

In this paper we understand the determinant detðaÞ of an n� n matrix

a ¼ ðaijÞni; j¼1, whose entries are in a (possibly non-commutative) algebra A, as

the alternating sum

detðaÞ ¼
X
s ASn

signðsÞasð1Þ1asð2Þ2 . . . asðnÞn:

The exterior calculus is useful for manipulating the determinant of this type

even with non-commutative entries. The exterior algebra Ln is an associative

algebra generated by the n elements e1; e2; . . . ; en subject to the relations

eiej þ ejei ¼ 0. We work in an extended algebra Ln nA, in which the two

subalgebras Ln and A commute. The determinant detðaÞ then comes in the

following way: forming the elements hi from the columns of a by hi ¼
Pn

a¼1 eaaai
and multiplying them, we find that e1e2 . . . en detðaÞ ¼ h1h2 . . . hn, as in the

commutative case. In fact,

h1h2 . . . hn ¼
X

1aa1;a2;...;anan

ea1ea2 . . . eanaa11aa22 . . . aann

¼
X
s ASn

esð1Þesð2Þ . . . esðnÞasð1Þ1asð2Þ2 . . . asðnÞn

¼
X
s ASn

e1e2 . . . en signðsÞasð1Þ1asð2Þ2 . . . asðnÞn

¼ e1e2 . . . en detðaÞ:

For our Capelli identities, we use this framework with A ¼
EndðPðMatðm; nÞÞÞ. According to the multiplication of matrices P ¼ tTD, we

form the following two sets of elements in Ln nA:

xi ¼
Xn

a¼1

eatia ð1a iamÞ; zj ¼
Xm
i¼1

xiqij ð1a ja nÞ:ð1:3Þ

Then from the relation (1.1), we see
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zj ¼
Xn

a¼1

earðEajÞ:ð1:4Þ

Noting that the variables ftijg commutate with each other, we see easily that the

commutation relations among xi are xixj þ xjxi ¼ 0. For the computation of a

product like z1z2 . . . zn, we need to know the commutation relations between xi
and qpq.

Lemma 1. The following commutation relations hold:

½qpq; xi� ¼ eqdpi;ð1Þ

zqxi þ xizq ¼ xieq:ð2Þ

Proof. The assertion (1) is easy to see by a direct computation.

½qpq; xi� ¼
X
a

ea½qpq; tia� ¼
X
a

eadpidqa ¼ eqdpi:

For (2), multiply xp from the left on both sides of (1) and sum up with respect

to p. Then noting that xp and xi anti-commute, we come to the assertion.

r

Suggested by the formula (2) in Lemma 1, we introduce the elements zjðuÞ
with parameter u as

zjðuÞ ¼ zj þ uej ¼
Xn

a¼1

earðEaj þ udajÞ:ð1:5Þ

Then we see from Lemma 1 (2)

zqðuþ 1Þxi þ xizqðuÞ ¼ 0;ð1:6Þ

because xi and eq anti-commute.

To describe submatrices made from a given matrix, we introduce some

notation here. For subsets I HM ¼ f1; . . . ;mg and JHN ¼ f1; . . . ; ng, mak-

ing their arrangements under the natural order, we denote by aIJ the sub-

matrices of a matrix a ¼ ðaijÞ formed from those aij such that i A I and j A J.

Also as we will soon see below, we need some shift in the diagonal of P for the

Capelli identity. For this shift, we introduce the following convention: for any

matrix a of size k, we put a\ ¼ aþ diagðk � 1; k � 2; . . . ; 0Þ.
The following is the Capelli identity for rectangular matrices, which can be

regarded as a non-commutative version of the Binet-Cauchy theorem.

Theorem 2 (Capelli identity for rectangular matrices). The following

equality holds:
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detðP \
NNÞ ¼

X
aI¼n

detð tTNI Þ detðDINÞ:

When m < n, we understand that the empty sum in the right-hand side represents 0.

Corollary 3 (Capelli identity for square matrices). For the case m ¼ n, we

have the following equality:

detðP \Þ ¼ detð tTÞ detðDÞ:

Proof of Theorem 2. We compute the product z1ðn� 1Þz2ðn� 2Þ . . . znð0Þ
in two ways. Using the definition (1.5), we see on the one hand

z1ðn� 1Þz2ðn� 2Þ . . . znð0Þ ¼ e1e2 . . . en detðrðEij þ ðn� iÞdijÞ:

On the other hand, by the relation (1.6) we have

z1ðn� 1Þz2ðn� 2Þ . . . znð0Þ

¼
X

1aknam

z1ðn� 1Þz2ðn� 2Þ . . . zn�1ð1Þxkn
qknn

¼ ð�Þn�1
X

1aknam

xkn
z1ðn� 2Þz2ðn� 3Þ . . . zn�1ð0Þqknn

¼ ð�Þn�1
X

1akn�1;knam

xkn
z1ðn� 2Þz2ðn� 3Þ . . . zn�2ð1Þxkn�1

qkn�1n�1qknn

¼ ð�Þ2ðn�1Þ X
1akn�1;knam

xkn�1
xkn

z1ðn� 3Þz2ðn� 4Þ . . . zn�2ð0Þqkn�1n�1qknn

¼ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

¼ ð�Þnðn�1Þ X
1ak1;k2;...;knam

xk1xk2 . . . xkn
qk11qk22 . . . qknn

¼
X

I¼fi1<���<ing
s ASðIÞ

xisð1Þxisð2Þ . . . xisðnÞqisð1Þ1qisð2Þ2 . . . qisðnÞn

¼
X

I¼fi1<���<ing
s ASðIÞ

signðsÞxi1xi2 . . . xinqisð1Þ1qisð2Þ2 . . . qisðnÞn

¼
X

I¼fi1<���<ing
xi1xi2 . . . xin detðDINÞ

¼ e1e2 . . . en
X

I¼fi1<���<ing
detð tTNI Þ detðDINÞ:

Thus by comparing these two calculations, we obtain our formula. r
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We can extend Theorem 2 slightly, as follows. Starting from the n� n

square matrix space, we choose k columns according to a subset J ¼
f j1; j2; . . . ; jkgHN. Then we have the relations PJJ ¼ tTJNDNJ as a subset of

the relations P ¼ tTD. Applying Theorem 2 to this new n� k rectangular

matrix with the replacement ðm; nÞ 7! ðn; kÞ, we see

detðP \
JJÞ ¼

X
aI¼k

detð tTJI Þ detðDIJÞ:ð1:7Þ

We will use this form of Theorem 2 for the proof of the lower order Capelli

identities in the next section.

Remark. We have similar formula for the left action l as follows.

Theorem 2O (Capelli identity for rectangular matrices). We have the

following equality:

detðP �\
MMÞ ¼

X
aJ¼m

detðTMJÞ detð tDJMÞ:

When n < m, we understand that the empty sum in the right-hand side represents 0.

2. The lower order Capelli identities

In the above, we have proved the Capelli identity as a multiplication

formula of non-commutaive determinant. The formula itself seems very nice.

However, from the representation-theoretic point of view, the significance of the

Capelli identity lies in the fact that it presents an equality between the two

invariant di¤erential operators on the space Matðm; nÞ (see [H], [HU], [U1]). In

this sense, what we proved under the name of ‘‘the Capelli identity for

rectangular matrices’’ is not the real Capelli identity except for m ¼ n. Let

us explain what should be done to get the real Capelli identities. First, if

m ¼ n, it is easy to see that the right-hand side of Corollary 3 is invariant under

the actions of GLn both from the right and the left. Admitting that the

representations r and l of UðglnÞ are faithful in this case, we see that the

element C ¼ detðEij þ ðn� iÞdijÞ is in the center of UðglnÞ. Consider here

the conjugation of the operators by the relative invariant ðdet TÞz. Then

since ðdet TÞzrðEijÞðdet TÞ�z ¼ rðEijÞ � zdij , we have ðdet TÞzrðCÞðdet TÞ�z ¼
detðrðEij þ ðn� i � zÞdijÞÞ on one hand. On the other hand, under this con-

jugation the resulting operator remains invariant. Thus we can conclude that

the element CðzÞ ¼ detðEij þ ðn� i � zÞdijÞ is central also for any z. As this

CðzÞ is polynomial in z of degree n, we will get n central elements from CðzÞ as
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the coe‰cients, once we develope it in z in some way. To be more specific, we

expand CðzÞ in a form

CðzÞ ¼
Xn

k¼0

ð�ÞkzðkÞCn�k

with zðkÞ ¼ zðz� 1Þ . . . ðz� k þ 1Þ, and call Ck the kth Capelli element. The

explicit form of these Ck in terms of minor determinants will be given in

Proposition 4 below. According to the transition from the ring of di¤erential

operators on PðMatðm; nÞÞ to UðglnÞ, we introduce an n� n matrix E ¼
ðEijÞ1ai; jan, so that we have CðzÞ ¼ detðE \ � zÞ by definition. As the preimage

in Ln nUðglnÞ of zj and zjðuÞ defined by (1.4) and (1.5), we put

oj ¼
Xn

a¼1

eaEaj; ojðuÞ ¼ oj þ uej ¼
Xn

a¼1

eaðEaj þ udajÞ:ð2:1Þ

Then we see clearly o1ðn� 1� zÞo2ðn� 2� zÞ . . .onð�zÞ ¼ e1e2 . . . enCðzÞ.

Proposition 4. The kth Capelli element is expressed as the sum of k � k

minor determinants:

Ck ¼
X
aJ¼k

detðE\
JJÞ:

Proof. Let us denote by D the di¤erence operator defined by DjðzÞ ¼
jðzþ 1Þ � jðzÞ. Note that DzðkÞ ¼ kzðk�1Þ. Then r times applications of D to

the expansion for CðzÞ yield

DrCðzÞ ¼
Xn

k¼0

ð�Þk k

r

� �
r!zðk�rÞCn�k;

so that

D rCðzÞjz¼0 ¼ ð�Þ rr!Cn�r:

Our task is thus now to compute the di¤erence of the determinant CðzÞ ¼
detðE \ � zÞ. For this we recall the formula DðjðzÞcðzÞÞ ¼ DjðzÞ � cðzÞþ
jðzþ 1Þ � DcðzÞ for the di¤erence of a product of functions. Note that this

is valid even for the case where jðzÞ and cðzÞ do not necessarily commute.

We apply this formula k times in succession on the left-hand side of

o1ðn� 1� zÞo2ðn� 2� zÞ . . .onð�zÞ ¼ e1e2 . . . enCðzÞ. Then we get

DrCðzÞ ¼ ð�Þrr!
X
aI¼r

detðE \
I cI c � zÞ
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Here I c stands for the complement of the r-set I ¼ fi1; i2; . . . ; irg in

N ¼ f1; . . . ; ng. The factor r! for the term detðE \
I cI c � zÞ can be counted

as follows. Under an operation of the di¤erence operator D on a product

made from oið� � zÞ’s with � a suitable constant, it will get replacements

oið� � zÞ 7! �ei from the product formula above. Thus the term detðE \
I cI c � zÞ

will be produced from detðE \ � zÞ under the successive r operations of D as

many times as the number of the processes that I appears in the end, each of

which process can be identified with the numbering of I by f1; 2; . . . ; rg. The

number r! of permutations of the r-set I hence comes as the factor. Putting

z ¼ 0 in this formula and comparing it with the other formula above, we see our

assertion with k ¼ n� r. r

Remark. If we introduce a UðglnÞ-valued polynomial CkðwÞ by the

formula

Cðzþ wÞ ¼
Xn

k¼0

ð�ÞkzðkÞCn�kðwÞ;

then we have similarly its expression as

CkðwÞ ¼
X
aI¼k

detðE\
II � wÞ:

It is also easy to see that DCkðwÞ ¼ �ðn� k þ 1ÞCk�1ðwÞ.

With Proposition 4 in hand, we can now show the kth Capelli identity.

Theorem 5 (The kth Capelli identity). The image of the kth Capelli element

under r is expressed as:

rðCkÞ ¼
X

aI¼k;aJ¼k

detð tTJI Þ detðDIJÞ:

Proof. For each k-set JHN, we have the relation (1.7) deduced from

Theorem 2:

detðP \
JJÞ ¼

X
aI¼k

detð tTJI Þ detðDIJÞ:

Summing up over k-set J, we get the proof of our assertion, because the

resulting left-hand side is just rðCkÞ by Propositon 4. r

3. Centrality of the Capelli elements

In the previous section, we stressed the fact that CðzÞ is central, and gave

an explanation for it from the representation-theoretic point of view, especially
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by the Capelli identity itself. It should be natural, however, that this can be

proved independently of the Capelli identity, and we shall do so here.

We observe the following basic fact.

Lemma 6. The commutation relations for oiðuÞ are given by

oiðuþ 1ÞojðuÞ þ ojðuþ 1ÞoiðuÞ ¼ 0:

In particular, we have

oiðuþ 1ÞoiðuÞ ¼ 0:

Proof. This can be shown by an easy calculation:

oiðuÞojðvÞ þ ojðvÞoiðuÞ ¼
Xn

a;b¼1

eaeb½Eai þ udai;Ebj þ vdbj�

¼
Xn

a;b¼1

eaebðEajdib � EbidjaÞ

¼
Xn

a¼1

eaeiEaj �
Xn

b¼1

ejebEbi

¼ �eioj � ejoi:

From this, we see that oiðuþ 1ÞojðvÞ þ ojðvþ 1ÞoiðuÞ ¼ eiojðvÞ þ ejoiðuÞ�
eioj � ejoi ¼ ðv� 1Þeiej þ ðu� 1Þejei. Put here u ¼ v. Then the last term

vanishes and we come to the conclusion. r

Recall that GLn acts on gln by the adjoint action, so that it acts on

the enveloping algebra UðglnÞ as an automorphism group. We will first show

that the element CðzÞ is invariant under this action. This statement can be

paraphrased as follows. Take any g ¼ ðgijÞ A GLn, and write its inverse as

g�1 ¼ h ¼ ðhijÞ. From E ¼ ðEijÞ, we form gEg�1 ¼ E � ¼ ðE �
ij Þ, so that

E �
ij ¼

Xn

k;l¼1

gikEklhlj:

Under the algebra automorphism of UðglnÞ extending this E 7! E �, the poly-

nomial CðzÞ ¼ detðE \ � zÞ is transformed to C �ðzÞ ¼ detðE�\ � zÞ. The invari-

ancy of CðzÞ then amounts to the equality CðzÞ ¼ C �ðzÞ, which is what we will

prove below.

Theorem 7. The Capelli elements are invariant under the adjoint action of

GLn, i.e., CðzÞ A UðglnÞ
GLn . In particular, CðzÞ is central in UðglnÞ.
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Proof. As remarked above, it su‰ces to prove the equality CðzÞ ¼ C �ðzÞ.
For this calculation, let us introduce some more suitably transformed elements

corresponding to ojðuÞ and ei:

o�
j ðuÞ ¼

Xn

a¼1

eaðE �
aj þ udajÞ; e 0i ¼

Xn

a¼1

eagai; o 0
j ðuÞ ¼

Xn

a¼1

e 0aðEaj þ udajÞ:

Then we have

o�
j ðuÞ ¼

X
a

eaðE �
aj þ udajÞ ¼

X
a;k;l

eaðgakEklhlj þ ugakdklhljÞ

¼
X
a;k;l

eagakðEkl þ udklÞhlj

¼
X
k;l

e 0kðEkl þ udklÞhlj ¼
X
l

o 0
lðuÞhlj

Note that Lemma 6 above is also valid for o 0
j ðuÞ, because e 0i is just transformed

linearly from ei with scalar coe‰cients. Put ui ¼ n� i � z for brevity. Then

we see from the relation above and Lemma 6

e1e2 . . . enC
�ðzÞ ¼ o�

1 ðu1Þo�
2 ðu2Þ . . .o�

n ðunÞ

¼
X

1al1;l2;...;lnan

o 0
l1
ðu1Þo 0

l2
ðu2Þ . . .o 0

ln
ðunÞhl11hl22 . . . hlnn

¼
X
s ASn

o 0
sð1Þðu1Þo 0

sð2Þðu2Þ . . .o 0
sðnÞðunÞhsð1Þ1hsð2Þ2 . . . hsðnÞn

¼
X
s ASn

signðsÞo 0
1ðu1Þo 0

2ðu2Þ . . .o 0
nðunÞhsð1Þ1hsð2Þ2 . . . hsðnÞn

¼ o 0
1ðu1Þo 0

2ðu2Þ . . .o 0
nðunÞ detðhÞ

¼ e 01e
0
2 . . . e

0
n detðE \ � zÞ detðgÞ�1

¼ e1e2 . . . en detðgÞCðzÞ detðgÞ�1 ¼ e1e2 . . . enCðzÞ

Thus verified our assertion. r

In the mechanism of the proof above, we can easily recognize the (two)

multiplication formulas of determinant as in the classical counterpart

detðgag�1Þ ¼ det a. We can of course prove that the Capelli elements are

central in UðglnÞ within the framework of the Lie algebra, not using the group

GLn. For this we first prepare a lemma, which is more fundamental than

Lemma 6. Let us write EpqðuÞ ¼ Epq þ udpq for short.
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Lemma 8. The commutation relation for Epq and oiðuÞ is given by

½Epq;ojðuÞ� ¼ eqEpjðuÞ � dpjoqðuÞ:

Proof. This is shown also by an easy calculation:

½Epq;ojðuÞ� ¼
X
a

ea½Epq;Eaj þ udaj � ¼
X
a

eaðEpjdqa � EaqdpjÞ

¼ eqEpj � dpjoq ¼ eqEpjðuÞ � dpjoqðuÞ: r

Remark. As an easy variant on the proof of Lemma 8, we can obtaine a

more general formula as follows: for any u, v, w, we have

½EpqðuÞ;ojðvÞ� ¼ eqEpjðwÞ � dpjoqðwÞ:

Multiplying ep from the left on both sides of this with u ¼ v ¼ w, we will get

Lemma 6 again.

The following is essentially the same as the proof in the Appendix A of

[HU].

Theorem 9. The Capelli elements are invariant under the adjoint action of

gln. In other words, CðzÞ is in the center of UðglnÞ.

Proof. We will show that ½Epq;CðzÞ� ¼ 0 for any 1a p; qa n. From the

expression e1e2 . . . enCðzÞ ¼ o1ðu1Þo2ðu2Þ . . .onðunÞ with uj ¼ n� j þ z, using

Lemma 8, we have

e1e2 . . . en½Epq;CðzÞ�

¼
Xn

j¼1

o1ðu1Þ . . .oj�1ðuj�1ÞðeqEpjðujÞ � dpjoqðujÞ
j

^

Þojþ1ðujþ1Þ . . .onðunÞ

¼
Xn

j¼1

o1ðu1Þ . . .oj�1ðuj�1ÞeqEpjðujÞ
j

^

ojþ1ðujþ1Þ . . .onðunÞ

� o1ðu1Þ . . .op�1ðup�1ÞoqðupÞ
p
^

opþ1ðupþ1Þ . . .onðunÞ:

Here the second term can be calculated by Lemma 6 as

o1ðu1Þ . . .op�1ðup�1ÞoqðupÞ
p
^

opþ1ðupþ1Þ . . .onðunÞ

¼ 0; ðfor p0 qÞ;
e1e2 . . . enCðzÞ; ðfor p ¼ qÞ:

�
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To calculate the first term, we introduce o
ðqÞ
j ðuÞ ¼ ojðuÞ � eqEqjðuÞ by omitting

the qth component of ojðuÞ. Then we have

ðoðqÞ
1 ðu1Þ þ eqEp1ðu1ÞÞðoðqÞ

2 ðu2Þ þ eqEp2ðu2ÞÞ . . . ðoðqÞ
n ðunÞ þ eqEpnðunÞÞ

¼
Xn

j¼1

o
ðqÞ
1 ðu1Þ . . .oðqÞ

j�1ðuj�1ÞeqEpjðujÞ
j

^

o
ðqÞ
jþ1ðujþ1Þ . . .oðqÞ

n ðunÞ

¼
Xn

j¼1

o1ðu1Þ . . .oj�1ðuj�1ÞeqEpjðujÞ
j

^

ojþ1ðujþ1Þ . . .onðunÞ;

because e2q ¼ 0 and o
ðqÞ
1 ðu1Þ . . .oðqÞ

n ðunÞ ¼ 0. Thus the first term is expressed as

the product of the elements o
ðqÞ
j ðujÞ þ eqEpjðujÞ. Note that o

ðqÞ
j ðujÞ þ eqEpjðujÞ

is gotten by the replacement EqjðujÞ 7! EpjðujÞ in ojðujÞ. Then the product of

these elements vanishes if p0 q, because it gives a determinant with two

identical rows. For p ¼ q, since o
ðqÞ
j ðujÞ þ eqEpjðujÞ ¼ ojðujÞ, their product is

nothing but e1e2 . . . enCðzÞ. In any case, the first term is cancelled by the

second, so that ½Epq;CðzÞ� ¼ 0 as desired. r

Remark. Comparing the proof here and that given in [HU], although they

are essentially the same, we will get di¤erent impressions from them, especially

of the length of the treatments of the ‘first’ and ‘second’ terms. The intro-

duction of the elements o
ðqÞ
j ðuÞ ¼ ojðuÞ � eqEqjðuÞ to treat ‘first’ term corre-

sponds to the simple trick (A.1.3) in [HU]. Also we should compare the proofs

of Theorems 7 and 9. We notice that the ‘first’ and the ‘second’ terms above

correspond respectively to the determinants detðgÞ from the right and detðgÞ�1

from the left in the proof of Theorem 7.

Appendix

Some central elements in UðonÞ: Here, in analogy with Theorem 9, we will

translate the proof of A.2 in [HU]. First we take a realization of the

orthogonal Lie algebra on as

on ¼ fX A gln;X þ tX ¼ 0g;

and accordingly consider the standard elements Aij ¼ Eij � Eji A on. Parallel to

the preceeding sections, we introduce

A ¼ ðAijÞ1ai; jan; AijðuÞ ¼ Aij þ udij ;

cj ¼
Xn

a¼1

eaAaj; cjðuÞ ¼
Xn

a¼1

eaAajðuÞ ¼ cj þ uej

12 Tôru Umeda



Our objective is the determinant detðA\ � zÞ, which is to be shown central in

the universal enveloping algebra UðonÞ. We know e1e2 . . . en detðA\ � zÞ ¼
c1ðu1Þc2ðu2Þ . . .cnðunÞ with uj ¼ n� j � z. Let us compute the basic commu-

tation relations.

Lemma A1. We have the following:

½Aij ;Akl� ¼ Aildjk � Aikdjl � Ajldik þ Ajkdil;ð1Þ

½ApqðuÞ;cjðvÞ� ¼ eqApjðxÞ � dpjcqðxÞ þ dqjcpðyÞ � epAqjðyÞ;ð2Þ

ciðuþ 1ÞcjðuÞ þ cjðuþ 1ÞciðuÞ ¼ �dijW;ð3Þ

where W ¼
P

1aa;ban eaebAab ¼ �
P

a eaca ¼ �
P

a eacaðuÞ. Note that in (2),

the parameters u, v, x, y are independent.

Proof. The assertion (1) is immediate from the definition. For (2), we

compute:

½ApqðuÞ;cjðvÞ� ¼
X
a

ea½ApqðuÞ;AajðvÞ� ¼
X
a

ea½Apq;Aaj �

¼
X
a

eaðApjdqa � Apadqj � Aqjdpa þ AqadpjÞ

¼ eqApj � dqj
X
a

eaApa � epAqj þ dpj
X
a

eaAqa

¼ eqApj þ dqjcp � epAqj � dpjcq

¼ eqApjðxÞ þ dqjcpðyÞ � epAqjðyÞ � dpjcqðxÞ:

For (3), multiply ep from the left on both sides of (2) and sum up over p. Then

we have

cqðuÞcjðvÞ þ cjðvÞcqðuÞ ¼ �eqcjðxÞ � ejcqðxÞ þ dqj
X
p

epcpðyÞ;

so that for u ¼ v ¼ x

cqðuþ 1ÞcjðuÞ þ cjðuþ 1ÞcqðuÞ ¼ �dqjW;

the conclusion. r

Theorem A. The determinant detðA\ � zÞ is central in UðonÞ.

Proof. Using the relation e1e2 . . . en detðA\ � zÞ ¼ c1ðu1Þc2ðu2Þ . . .cnðunÞ
with uj ¼ n� j � z, we show ½Apq; detðA\ � zÞ� ¼ 0 for p < q. By the formula

(2) in Lemma A1 with u ¼ 0, v ¼ x ¼ y ¼ uj, we see
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e1e2 . . . en½Epq; detðA\ � zÞ�

¼
Xn

j¼1

c1ðu1Þ . . .cj�1ðuj�1Þ½Apq;cjðujÞ�
j

^

cjþ1ðujþ1Þ . . .cnðunÞ

¼
Xn

j¼1

c1ðu1Þ . . .cj�1ðuj�1ÞeqApjðujÞ
j

^

cjþ1ðujþ1Þ . . .cnðunÞ

�
Xn

j¼1

c1ðu1Þ . . .cj�1ðuj�1ÞepAqjðujÞ
j

^

cjþ1ðujþ1Þ . . .cnðunÞ

� c1ðu1Þ . . .cp�1ðup�1ÞcqðupÞ
p
^

cpþ1ðupþ1Þ . . .cnðunÞ

þ c1ðu1Þ . . .cq�1ðuq�1ÞcpðuqÞ
q
^

cqþ1ðuqþ1Þ . . .cnðunÞ:

Then the first and the second terms both vanish by the same reasoning as in the

proof of Theorem 9, because each of those sums gives a determinant with two

identical rows. The products in the third and the fourth terms actually amount

to be the same, so that they are cancelled with the opposite signatures. In fact,

both of them are calculated by the formula (3) in Lemma A1 as

�c1ðu1Þ . . .cp�1ðup�1Þ �
p
^ cpþ1ðupÞ . . .cq�1ðuq�2Þ �

q
^ cqþ1ðuq�1Þ . . .cnðun�2ÞW=2;

because cpðuþ 1ÞcpðuÞ ¼ cqðuþ 1ÞcqðuÞ ¼ �W=2. Thus proved our assertion.

r
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