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1. Introduction

A dynamical system is called positive if for any nonnegative initial

condition, the corresponding solution of the system is also nonnegative. In

particular, a dynamical system with state space Rn is positive if any trajectory of

the system starting at an initial state in the positive orthant Rn
þ remains forever

in Rn
þ. Positive dynamical systems play an important role in the modelling of

dynamical phenomena whose variables are restricted to be nonnegative. This

model class is used in many areas such as economics, populations dynamics and

ecology, see [1], [11]. The mathematical theory of positive systems is based

on the theory of nonnegative matrices founded by Perron and Frobenius. As

references we mention [1], [6]. Positive systems are objects for many inter-

esting problems in Mathematics, Physics, Economics, Biology, . . . . Moreover,

in general, obtained results of problems for class of positive systems are often

very interesting, see e.g. [1], [6], [8]–[9], [11], [12]–[14], [18], [19].

In the literature, there are some criteria for familiar positive linear systems

such as positive linear invariant-time di¤erential (di¤erence) system, positive

linear invariant time-delay system of retarded type. For example, it is well-

known that a linear time-delay system of the form _xxðtÞ ¼ A0xðtÞ þ A1xðt� hÞ,
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tb 0, is positive if and only if A0 is a Metzler matrix and A1 is a nonnegative

matrix and a linear discrete system of the form xðk þ 1Þ ¼ A0xðkÞ þ A1xðk � hÞ,
k A N , kb h is positive if and only if A0, A1 are nonnegative matrices, see

e.g. [13], [18], [14]. However, to the best of our knowledge, there is not any

criterion for positive linear neutral delay-di¤erential systems of the form

d

dt
ðxðtÞ � Bxðt� hÞÞ ¼ A0xðtÞ þ A1xðt� hÞ; tb 0;ð1Þ

in the literature. So a natural question arising here is: When is a linear neutral

di¤erential system positive?

In this paper, we first prove that if a linear neutral functional di¤erential

equation of the form

d

dt
xðtÞ �

XN
i¼1

Bixðt� hiÞ
 !

¼ A0xðtÞ þ
ð 0
�h

dhðyÞxðtþ yÞ; tb 0;ð2Þ

is positive then it must degrade into a linear functional di¤erential equation

of retarded type (that is, Bi ¼ 0, i A N :¼ f1; 2; . . . :Ng). Then, we give some

explicit criteria for positive linear functional di¤erential equations. Finally, we

o¤er a novel criterion for exponential stability of linear functional di¤erential

equations.

The organization of the paper is as follows. In the next section, we give

some notations and preliminary results which will be used in the sequel. In

Section 3, we prove that if a linear neutral functional di¤erential equation of the

form (2) is positive then it must degrade into a linear functional di¤erential

equation of retarded type. Then, we give some explicit criteria for positive

linear functional di¤erential equations. In Section 4, we present a novel

criterion for exponential stability of linear functional di¤erential equations. As

a direct consequence of this, it will be shown that for positive linear time-delay

di¤erential systems with discrete time-delays, the asymptotic stability, delay-

independent stability, strong delay-independent stability of the system are equiv-

alent.

2. Preliminaries

Let K ¼ C or R and n, l, q be positive integers. For a complex number s,

denote by <s the real part of s. Inequalities between real matrices or vectors

will be understood componentwise, i.e. for two real l � q-matrices A ¼ ðaijÞ and

B ¼ ðbijÞ, the inequality AbB means aij b bij for i ¼ 1; . . . ; l, j ¼ 1; . . . ; q.

The set of all nonnegative l � q-matrices is denoted by R l�q
þ . If x ¼

ðx1; x2; . . . ; xnÞ A K n and P ¼ ðpijÞ A K l�q we define jxj ¼ ðjxijÞ and jPj ¼ ðjpijjÞ.
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It is easy to see that jCDja jCj jDj. For any matrix A A K n�n the

spectral radius, spectral abscissa of A is denoted respectively, by rðAÞ ¼
maxfjlj : l A sðAÞg, mðAÞ ¼ maxfRe l : l A sðAÞg, where sðAÞ :¼ fz A C :

detðzIn � AÞ ¼ 0g is the set of all eigenvalues of A. A norm k � k on K n is said

to be monotonic if jxja jyj implies kxka kyk for all x; y A K n. Every p-norm

on K n, 1a pay, is monotonic. In this paper, the norm kMk of a matrix

M A K l�q is always understood as the operator norm defined by kMk ¼
maxkyk¼1kMyk where K q and K l are provided with some monotonic vector

norms. Then, the operator norm k � k has the following monotonicity property,

see e.g. [8],

P A K l�q; Q A R l�q
þ ; jPjaQ ) kPka k jPj ka kQk:ð3Þ

A matrix A A Rn�n is called a Metzler matrix if all the o¤-diagonal entries

of A are nonnegative. It is obvious that A A Rn�n is a Metzler matrix if and

only if tIn þ Ab 0, for some tb 0. The next theorem summarizes some basic

properties of Metzler matrices which will be used in the next section.

Theorem 2.1 ([16]). Let A A Rn�n be a Metzler matrix. Then

( i ) (Perron-Frobenius Theorem) mðAÞ is an eigenvalue of A and there exists

a nonnegative eigenvector xb 0, x0 0 such that Ax ¼ mðAÞx.
( ii ) Given a A R, there exists a nonzero vector xb 0 such that Axb ax if

and only if mðAÞb a.

(iii) ðtIn � AÞ�1
exists and is nonnegative if and only if t > mðAÞ.

(iv) Given B A Rn�n
þ , C A C n�n. Then

jCjaB ) mðAþ CÞa mðAþ BÞ:

A matrix function hð�Þ : ½a; b� ! R l�q is called a increasing matrix function,

if

hðy2Þb hðy1Þ for aa y1 a y2 a b:

A matrix function hð�Þ : ½a; b� ! K m�n is said to be of bounded variation if

Varðh; a; bÞ :¼ sup
P½a;b�

X
k

khðykÞ � hðyk�1Þk < þy;ð4Þ

where the supremum is taken over the set of all finite partitions of the interval

½a; b�. The set BVð½a; b�;K m�nÞ of all matrix functions hð�Þ of bounded vari-

ation on ½a; b� satisfying hðaÞ ¼ 0 is a Banach space endowed with the norm

khk ¼ Varðh; a; bÞ. Since all matrix norms on K m�n are equivalent, it follows

that the matrix function hð�Þ ¼ ðhijð�ÞÞ A K m�n is of bounded variation if and

only if each hijð�Þ is of bounded variation.
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Given hð�Þ A BVð½a; b�;K m�nÞ then for any continuous functions g A
Cð½a; b�;KÞ and f A Cð½a; b�;K nÞ, the integralsð b

a

gðyÞdhðyÞ and

ð b
a

dhðyÞfðyÞ

exist and are defined respectively as the limits of S1ðPÞ :¼
Pp

k¼1 gðzkÞðhðykÞ�
hðyk�1ÞÞ and S2ðPÞ :¼

Pp
k¼1ðhðykÞ � hðyk�1ÞÞfðzkÞ as dðPÞ :¼ maxkjyk � yk�1j

! 0, where P ¼ fy1 ¼ aa y2 a � � �a yp ¼ bg is any finite partition of the

interval ½a; b� and zk A ½yk�1; yk�. It is immediate from the definition thatð b
a

gðyÞdhðyÞ
����

����amaxy A ½a;b�jgðyÞj khk;

ð b
a

dhðyÞfðyÞ
����

����amaxy A ½a;b�kfðyÞk khk:

(5)

Let K n be endowed with a vector norm k � k and Cð½�h; 0�;K nÞ be a Banach

space of all continuous functions on ½�h; 0� with values in K n normed by the

maximum norm kfk ¼ maxy A ½�h;0�kfðyÞk. Let L : Cð½�h; 0�;K nÞ ! K n be a

linear bounded operator. Then, by the Riesz representation theorem, there

exists unique matrix function h ¼ ðhijð�ÞÞ A BVð½�h; 0�;K n�nÞ which is continuous

from the left (or briefly c.f.l.) on ð�h; 0Þ such that

Lf ¼
ð0
�h

dhðyÞfðyÞ; Ef A Cð½�h; 0�;K nÞ:ð6Þ

In the next section the following subspace of BVð½�h; 0�;K m�nÞ will be used

frequently:

NBVð½�h; 0�;K m�nÞ :¼ fh A BVð½�h; 0�;K m�nÞ : h is c:f :l on ð�h; 0Þg;ð7Þ

NBV0ð½�h; 0�;K m�nÞ :¼ fh A NBVð½�h; 0�;K m�nÞ : h is c:f :l on ½�h; 0�g:ð8Þ

It is clear that the spaces (7) and (8) are closed in BVð½�h; 0�;K m�nÞ and thus

it is a Banach space with the norm khk ¼ Varðh;�h; 0Þ. We notice that,

if h A NBV0ð½�h; 0�;K m�nÞ, then limr!0þ Varðh;�r; 0Þ ¼ 0. Denote by C :¼
Cð½�h; 0�;RnÞ, C0ð½�h; 0�;RnÞ :¼ ff A C : fð0Þ ¼ 0g and C1

0 ð½�h; 0�;RnÞ :¼
ff A C : df=dy A C; fð0Þ ¼ 0g. Finally, for f A C, the notation fb 0 means

that fðyÞb 0 for every y A ½�h; 0�.

3. Criteria for positive linear functional di¤erential equations

Consider a linear neutral functional di¤erential equation of the form

d

dt
Dxt ¼ LðxtÞ; tb 0; xðtÞ A Rn;ð9Þ
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where, for each tb 0, xt A C :¼ Cð½�h; 0�;RnÞ is defined by xtðyÞ ¼ xðtþ yÞ,
y A ½�h; 0� and D;L : C ! Rn are given linear bounded operators. We assume

that

Df ¼ fð0Þ �
XN
i¼1

Bifð�hiÞ;ð10Þ

where Bi A Rn�n, i A N :¼ f1; 2; . . . :Ng, h0 :¼ 0 < h1 < h2 < � � � < hN :¼ h.

Definition 3.1. A continuous function x : ½�h;yÞ ! Rn is called a solution

of (9) with the initial value

x0 ¼ f A C;ð11Þ

if the function t ! Dxt is continuously di¤erentiable on ð0;yÞ with a contin-

uous right hand derivative at t ¼ 0 and (9) is satisfied for tb 0.

It is well-known that the initial value problem (9)–(11) has a unique

solution xð�; fÞ on ½�h;yÞ, see e.g. [7]. Then we associate with (9)–(11) a

semigroup of solution operator in C. The semigroup is strongly continuous

and given by translation along the solution of (9)–(11)

TðtÞf :¼ xtð�; fÞ;

where xð�; fÞ denotes the solution of (9)–(11). See [7] for further detail and

more information. The infinitesimal generator of the semigroup ðTðtÞÞtb0 is

given by

Af ¼ df

dy
; DðAÞ ¼ f A C

���� dfdy A C;D
df

dy
¼ Lf

� �
:ð12Þ

Definition 3.2. The linear neutral functional di¤erential equation (9) is said

to be positive if its solution semigroup is a positive semigroup.

Recall that the semigroup ðTðtÞÞtb0 is called positive if, by definition,

TðtÞfb 0, for every f A C, fb 0.

Remark 3.3. By the definition, it is obvious that the equation (9) is

positive if and only if for any initial function f A Cð½�h; 0�;Rn
þÞ the correspond-

ing solution xð�; fÞ of (9)–(11) satisfies xðt; fÞ A Rn
þ for every tb 0.

Theorem 3.4. If the equation (9) is positive then Bi ¼ 0, Ei A N.

Proof. Let the equation (9) be positive and xðtÞ :¼ xðt; fÞ, t A ½�h;yÞ be

the solution of (9)–(11). Then, xðtÞ satisfies the following

d

dt
xðtÞ �

XN
i¼1

Bixðt� hiÞ
 !

¼ LðxtÞ; tb 0:ð13Þ
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First, we will show that Bi b 0, Ei A N. To do this, we fix j A N, x A Rn
þ, and

an integer k such that k > 1=ðhj � hj�1Þ, and consider the function fk A C defined

by

fkðyÞ :¼

0 if y A ½�h;�hj�
ðyþ hjÞx if y A ½�hj;�hj þ 1=k�
ðyþhj�1Þx

1�kðhj�hj�1Þ
if y A ð�hj þ 1=k;�hj�1�

0 if y A ½�hj�1; 0�:

8>>>><
>>>>:

ð14Þ

Then, it follows from (13) with t ¼ 0 that

dx

dt
ð0Þ ¼ Bj

dfk
dy

ð�hj þ 0Þ þ LðfkÞ ¼ Bjxþ LðfkÞ:

Since the equation (9) is positive and fk b 0, we have

lim
t!0þ

xðtÞ
t

¼ dx

dt
ð0Þ ¼ Bjxþ LðfkÞb 0:

Moreover, since L is continuous, and since kfkka kxk=k, letting k ! y, we

get

Bjxb 0;

for arbitrary x A Rn
þ. Hence, Bj b 0, Ej A N. We now show that actually,

Bj ¼ 0, Ej A N. Indeed, for every k A N such that k > 1=ðhN � hN�1Þ and

x A Rn
þ, we consider the function ck A C1

0 ð½�h; 0�;RnÞ given by

ckðyÞ :¼
½k2ðy� ð�hþ ð1=kÞÞÞ2�x if y A ½�h;�hþ ð1=kÞ�
0 if y A ð�hþ ð1=kÞ; 0�:

(
ð15Þ

Since ck is continuously di¤erentiable on ½�h; 0� and nonnegative, it follows

from (13) that

dx

dt
ð0Þ ¼

XN
i¼1

Bi

dck

dt
ð�hiÞ þ LðckÞ ¼ �2kBNxþ LðckÞb 0;ð16Þ

for k A N . Hence,

LðckÞb 2kBNxb 0; k A N :

Take a monotone norm in Rn. Then we have 2kkBNxka kLðckÞk. Since

kckka kxk, this implies BNx ¼ 0, for arbitrary x A Rn
þ. Therefore, BN ¼ 0.

By a similar way, we can show that Bj ¼ 0 for every j A N. This completes our

proof. r
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By Theorem 3.4, there does not exist a positive linear neutral functional

di¤erential equation of the form (9). So in the rest of this paper, we consider

restrictively to the linear functional di¤erential equations of the form

d

dt
xðtÞ ¼ A0xðtÞ þMðxtÞ:ð17Þ

where A0 A Rn�n and the operator M is represented by h A NBV0ð½�h; 0�;Rn�nÞ
as

MðfÞ ¼
ð 0
�h

dhðyÞfðyÞ; f A Cð½�h; 0�;RnÞ:ð18Þ

We give some characterizations of positive equations of this type.

Let us define the characteristic quasi-polynomial of the equation (17) by

DðsÞ ¼ sIn � A0 �
ð 0
�h

esy dhðyÞ s A C ;ð19Þ

If we define hðyÞ ¼ hð�hÞ ¼ 0 for y < �h, thenð0
�h

esy dhðyÞ ¼
ð h
0

e�st dhð�tÞ ¼
ðy
0

e�st dhð�tÞ ¼ L�hhðsÞ;

the Laplace-Stieltjes transform of �hhðtÞ ¼ hð�tÞ, and

DðsÞ ¼ sIn � A0 �L�hhðsÞ:

Let ðTðtÞÞtb0 be the solution semigroup of (17) and A be its infinitesimal

generator. It is also seen as a particular case of the solution semigroup of (9)

where Bi ¼ 0, Ei A N.

Recall that the equation (17) is called positive if its solution semigroup

ðTðtÞÞtb0 is positive. Denote by

oðAÞ :¼ lim
t!y

1

t
lnkTðtÞk;ð20Þ

the growth bound of the semigroup ðTðtÞÞtb0. We need the following explicit

formula for the resolvent of A. To state it, we introduce a notation of

functions; for s A C , x A C n, let

ðes n xÞðyÞ ¼ esyx; y A ½�h; 0�:

Moreover, we introduce an integral transform Ms, s A C , on Cð½�h; 0�;C nÞ by

ðMsfÞðyÞ ¼
ð0
y

esðy�tÞfðtÞdt; f A Cð½�h; 0�;C nÞ:

It is clear that Ms is a continuous linear operator.
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Lemma 3.5 ([7]). If A is defined by (12) then the resolvent ðlI �AÞ�1
of

A is given by

ðlI �AÞ�1f ¼ Mlfþ el nD�1ðlÞðfð0Þ þMðMlfÞÞð21Þ

where <l > oðAÞ.

Before proving main results, we prove two technical lemmas.

Lemma 3.6. If the linear functional di¤erential equation (17) is positive then

DðsÞ�1
b 0 for s A R, s > oðAÞ.

Proof. Since ðTðtÞÞtb0 is positive and

ðlI �AÞ�1
f ¼

ðy
0

e�ltTðtÞf dt; l A C ; <l > oðAÞ

(see e.g. [15]), it follows that ðsI �AÞ�1f, s A R, s > oðAÞ is nonnegative for

every f A C, fb 0. Then, by (21) we have

ðsI �AÞ�1fð0Þ ¼ DðsÞ�1½fð0Þ þMðMsÞf�b 0; s > oðAÞð22Þ

for every f A C, fb 0. Fix x A Rn
þ, k A N , 1=k < h and consider the function

fk A C defined by

fkðyÞ :¼
0 if y A ½�h;�1=k�
ðkyþ 1Þx if y A ð�1=k; 0�:

�
ð23Þ

From (22), it follows that

DðsÞ�1½fkð0Þ þMðMsfkÞ�b 0; s > oðAÞ:

By an easy computation, we have

kðMsfkÞðyÞka kesk
ð0
�1=k

kfkðyÞkdya kesk
kxk
k

;

where kesk ¼ maxy A ½�h;0�jesyj. Since kMðMsðfkÞÞka kLk kMsk kxk=k ! 0 as

k ! y, we get DðsÞ�1
xb 0 for every x A Rn

þ and s A R, s > oðAÞ. Therefore,

DðsÞ�1
b 0 for every s A R, s > oðAÞ. r

Lemma 3.7. For every h A NBV0ð½�h; 0�;Rn�nÞ, we have

lim
s!þy

ð 0
�h

esy dhðyÞ ¼ 0:ð24Þ

Proof. For every k A N , and s > 0, we haveð0
�h

esy dhðyÞ
����

����a
ð�1=k

�h

esy dhðyÞ
�����

�����þ
ð0
�1=k

esy dhðyÞ
�����

�����:
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Taking (5) into account, this givesð0
�h

esy dhðyÞ
����

����a e�s=kkhk þ Var h;� 1

k
; 0

� �
; k A N :

For given � > 0, since h is continuous from the left at 0,ð0
�h

esy dhðyÞ
����

����a e�s=k0khk þ �;

for k0 A N large enough. Thus,

lim
s!þy

ð 0
�h

esy dhðyÞ ¼ 0: r

Definition 3.8. Let X be a vector subspace of Cð½�h; 0�;RnÞ. A bounded

linear operator M : Cð½�h; 0�;RnÞ ! Rn is called positive on X if Mfb 0 for

every f A X , fb 0.

We are now in the position to prove the main result of this paper.

Theorem 3.9. The equation (17) is positive if and only if A0 is a Metzler

matrix and the operator M is positive on C0ð½�h; 0�;RnÞ.

Proof. Let the equation (17) be positive. By Lemma 3.7, we have

lims!y L�hhðsÞ ¼ 0. Therefore, for s > 0 large enough, we get

DðsÞ�1 ¼ s�1ðIn � s�1ðA0 þL�hhðsÞÞÞ�1

¼ s�1In þ s�2ðA0 þL�hhðsÞÞ þ
Xy
k¼2

s�ðkþ1ÞðA0 þL�hhðsÞÞk:

Since DðsÞ�1
b 0 by Lemma 3.6,

sIn þ ðA0 þL�hhðsÞÞ þ
Xy
k¼2

s�ðk�1ÞðA0 þL�hhðsÞÞk b 0ð25Þ

for s > 0 large enough. Let A0 ¼ ðaijÞ and assume contrary that ai0 j0 < 0 for

some i0 0 j0. It is important to note that

lim
s!þy

Xy
k¼2

s�ðk�1ÞðA0 þL�hhðsÞÞk ¼ 0

Then, from (25) it follows that the entry bi0 j0 of the matrix on the left side of

(25) is negative for s > 0 large enough. It is a contradiction. Hence, A0 must

be a Metzler matrix. Let xðtÞ :¼ xð�; fÞ be the solution of (17) with the initial

function f A C0ð½�h; 0�;RnÞ, fb 0. Then xðtÞ satisfies the following

9Positive Linear Functional Di¤erential Equations



dx

dt
ð0Þ ¼ A0xð0Þ þMðx0Þ ¼ MðfÞ:

Since the equation (17) is positive, we have

dx

dt
ð0Þ ¼ lim

t!0

xðtÞ
t

b 0;

which implies that MðfÞb 0 for f A C0ð½�h; 0�;RnÞ, fb 0.

(() Denote by Rðl;AÞ :¼ ðlI �AÞ�1, <l > oðAÞ. By the standard

property of a C0-semigroup

TðtÞf ¼ lim
k!y

k

t
R

k

t
;A

� �� �k
f; t > 0;

for every f A Cð½�h; 0�;RnÞ. We only have to show that Rðs;AÞb 0 for every

s > 0 large enough. Observe the formula (22). Since M is a positive operator

on C0ð½�h; 0�;RnÞ and Msfb 0, if fb 0, for completing the proof, it is

su‰cient to show that DðsÞ�1 is nonnegative for s > 0 large enough. To

do so, first we observe that since M is positive on C0ð½�h; 0�;RnÞ and h A
NBV0ð½�h; 0�;Rn�nÞ, it follows that M is also positive on Cð½�h; 0�;RnÞ.
Indeed, for a given function f A Cð½�h; 0�;RnÞ, fb 0, consider the approximate

functions fk A C0ð½�h; 0�;RnÞ, k A N , k > 1=h, defined by

fkðyÞ :¼
fðyÞ if y A ½�h;�1=k�
ð�kyÞfð�1=kÞ if y A ½�1=k; 0�:

�
ð26Þ

Then, we have

MðfkÞ ¼
ð0
�h

dhðyÞfkðyÞ ¼
ð�1=k

�h

dhðyÞfðyÞ þ
ð0
�1=k

dhðyÞfkðyÞb 0:

Since h is continuous from the left at 0, it is easy to see that

limk!0

Ð�1=k

�h
dhðyÞfðyÞ ¼

Ð 0
�h

dhðyÞfðyÞ and limk!0

Ð 0
�1=k dhðyÞfkðyÞ ¼ 0. This

implies that MðfÞ ¼
Ð 0
�h

dhðyÞfðyÞb 0. Using this fact, we have L�hhðsÞb 0,

for every s A R. So, ðA0 þL�hhðsÞÞ is also a Metzler matrix for every s A R.

Taking (24) into account, by the continuity of the spectral abscissa mðXÞ in X ,

we have

mðA0 þL�hhðsÞÞ < mðA0Þ þ 1; for every sb s1;

for some s1 > 0. Finally, it follows from Theorem 2.1(iii) that

DðsÞ�1 ¼ ðsIn � ðA0 þL�hhðsÞÞÞ�1
b 0;

for every s > maxfs1; mðA0Þ þ 1g. This completes our proof. r
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Remark 3.10. It is important to note that the function Msf used in the

proof of the above theorem belongs to C 1
0 ð½�h; 0�;RnÞ. On the other hand, by

the Weierstrass density theorem (see, e.g. [2]), for every f A Cð½�h; 0�;RnÞ, there
exists the sequence of Bernshtein polynomials uniformly converging to f on

½�h; 0�. Moreover, if f A C0ð½�h; 0�;RnÞ, fb 0 then the corresponding Bernsh-

tein polynomials are also nonnegative and vanish at 0. So the conclusion of

Theorem 3.9 still holds if the space C0ð½�h; 0�;RnÞ is replaced by its subspace

C 1
0 ð½�h; 0�;RnÞ.

The following theorem is a sharpened version of Theorem 3.9.

Theorem 3.11. The equation (17) is positive if and only if A0 is a Metzler

matrix and h A NBV0ð½�h; 0�;Rn�nÞ is an increasing matrix function.

Proof. It is su‰cient to show that the operator M is positive on

C0ð½�h; 0�;RnÞ if and only if h A NBVð½�h; 0�;Rn�nÞ is an increasing matrix

function. In fact, if h is an increasing matrix function then by the definition of

Riemann-Stieltjes integral, we have

Mf ¼ lim
dðPÞ!0

Xp
k¼1

ðhðykÞ � hðyk�1ÞÞfðzkÞb 0;

for every f A C0ð½�h; 0�;RnÞ, fb 0. It means that M is positive.

Conversely, assume that M is positive on C0ð½�h; 0�;RnÞ. Let hð�Þ ¼
ðhijð�ÞÞ. We show that hijð�Þ A NBVð½�h; 0�;RÞ is an increasing scalar function

for every i; j A f1; 2; . . . ; ng. Since M is positive, it is easy to see that the

operator

Mij : C0ð½�h; 0�;RÞ ! R; f 7! Mijf :¼
ð0
�h

fðyÞdhijðyÞ;

is also positive for every i; j A f1; 2; . . . ; ng. Fix y1; y2 A ð�h; 0Þ, y1 < y2, k A N ,

k > maxf1=ðy1 þ hÞ; 1=ðy2 � y1Þg and consider the continuous function fk
defined by

fkðyÞ :¼

0 if y A ½�h; y1 � 1=k�
kyþ 1� ky1 if y A ðy1 � 1=k; y1�
1 if y A ðy1; y2 � 1=k�
�kyþ ky2 if y A ðy2 � 1=k; y2�
0 if y A ðy2; 0�:

8>>>>><
>>>>>:

ð27Þ

Since fk is a continuous on ½�h; 0�, it follows from a standard property of

Riemann-Stieltjes integral that
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ð0
�h

fkðyÞdhijðyÞ ¼
ð y1�1=k

�h

þ
ð y1
y1�1=k

þ
ð y2�1=k

y1

þ
ð y2
y2�1=k

þ
ð0
y2

 !
fkðyÞdhijðyÞ;

see e.g. [20]. This givesð y1
y1�1=k

fkðyÞdhijðyÞ þ hij y2 �
1

k

� �
� hijðy1Þ þ

ð y2
y2�1=k

fkðyÞdhijðyÞb 0;

for every k A N large enough. Taking into account that hij is continuous

from the left at y1, y2 and letting k ! y, we have hijðy2Þb hijðy1Þ for every

y1; y2 A ð�h; 0Þ. In case of y1 ¼ �h < y2 < 0, by a similar way, we also get

hijðy2Þb hijðy1Þ. Finally, since hij is continuous from the left at 0, we have

hijð0Þb hijðyÞ for y A ½�h; 0�. This completes our proof. r

Combining Theorem 3.11, Remark 3.10 and Theorem 3.11, we have the

following.

Theorem 3.12. The following statements are equivalent:

( i ) The equation (17) is positive.

( ii ) A0 is a Metzler matrix and h A NBV0ð½�h; 0�;Rn�nÞ is an increasing

matrix function.

(iii) A0 is a Metzler matrix and the operator M defined by (18) is positive

on X, where X is one of the following vector spaces C1
0 ð½�h; 0�;RnÞ,

C0ð½�h; 0�;RnÞ, C1ð½�h; 0�;RnÞ, Cð½�h; 0�;RnÞ.

As a direct corollary of the above theorems, we obtain a criterion for

positive linear time delay di¤erential systems with discrete time-delays.

Corollary 3.13. The linear time delay di¤erential system of the form

dx

dt
ðtÞ ¼ A0xðtÞ þ

XN
i¼1

Aixðt� hiÞ; tb 0;ð28Þ

is positive if and only if A0 is a Metzler matrix and Ai, i A N, are nonnegative

matrices.

Proof. Without loss of generality, we assume that 0 < h1 < h2 < � � � < hN .

It is important to note that the system (28) can be represented in the form (17)

where hð�Þ is defined uniquely by

hðyÞ ¼

0 if y ¼ �hN

AN if y A ð�hN ;�hN�1�
AN þ AN�1 if y A ð�hN�1;�hN�2�
. . . if . . . :

AN þ AN�1 þ � � � þ A1 if y A ð�h1; 0�:

8>>>>><
>>>>>:

ð29Þ
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The conclusion of the Corollary 3.13 is now straight-forward from Theorem

3.11. r

4. A novel criterion for exponential stability of positive linear functional

di¤erential equations

Consider a linear retarded system described by the following general

functional di¤erential equation

_xxðtÞ ¼ A0xðtÞ þ
ð0
�h

dhðyÞxðtþ yÞ; tb 0; xðtÞ A Rnð30Þ

xðyÞ ¼ f0ðyÞ; y A ½�h; 0�:

where A0 A Rn�n and hð�Þ A NBV0ð½�h; 0�;Rn�nÞ are given. It is well-known

that, for any given f0 A C, the system (30) has a unique solution xðf0; �Þ defined

and continuous on ½�h;yÞ, see, e.g. [7].

The system (30) is said to be exponentially asymptotically stable, if there

are constants K > 0, a > 0 such that for all f A C, the solution xðf; �Þ of (30)

satisfies

kxðf; tÞkaKe�atkfk; tb 0:

Denote the set of all roots of the characteristic equation of the system as

sðA0; hÞ :¼ fs A C : det DðsÞ ¼ 0g;ð31Þ

where DðsÞ is the characteristic quasi-polynomial defined by (19). Then the

necessary and su‰cient condition for the system (30) to be exponentially

asymptotically stable is

sðA0; hÞHC� :¼ fs A C : Rs < 0gð32Þ

By the property of sðA0; hÞ it can be shown that (32) is equivalent to the

condition

mðA0; hÞ :¼ maxfRs : s A sðA0; hÞg < 0;

see e.g. [5]. Then, mðA0; hÞ is called the spectral abscissa of the retarded system

(30).

Theorem 4.1. Suppose that the system (30) is positive. Then, the system

(30) is exponentially asymptotically stable if and only if mðA0 þ hð0ÞÞ < 0.

Proof. Consider the continuous real function

f ðtÞ :¼ t� mðA0 þL�hhðtÞÞ t A R:ð33Þ

13Positive Linear Functional Di¤erential Equations



Since h A NBV0ð½�h; 0�;Rn�nÞ is an increasing matrix function, it is immediate

that

0aL�hhðt2ÞaL�hhðt1Þ t1; t2 A R; t2 > t1:

Since A0 is a Metzler matrix, by Theorem 2.1 (iv), we have

mðA0 þL�hhðt2ÞÞa mðA0 þL�hhðt1ÞÞ; t2 > t1:

Therefore, the real function f defined by (33) is strictly increasing on R. Set

m0 :¼ mðA0; hÞ. Then, by the definition of mðA0; hÞ, there exists a complex

number s such that <s ¼ m0 and det DðsÞ ¼ 0. This implies that m0 ¼ <sa

mðA0 þL�hhðsÞÞ. On the other hand, from the inequality

ð0
�h

esy dhðyÞ
����

����a
ð0
�h

em0y dhðyÞ

and from Theorem 2.1 (iv), it follows that mðA0 þL�hhðsÞÞa mðA0 þL�hhðm0ÞÞ.
Thus, m0 a mðA0 þL�hhðm0ÞÞ, or equivalently, f ðm0Þa 0. Assume f ðm0Þ < 0.

Since, clearly limt!þy f ðtÞ ¼ þy, we have f ðt0Þ ¼ 0 for some t0 > m0, so that

t0 ¼ mðA0 þL�hhðt0ÞÞ. By Theorem 2.1 (i), t0 is an eigenvalue of the Metzler

matrix A0 þL�hhðt0Þ. Then, we have det Dðt0Þ ¼ 0 for t0 > m0. However, this

conflicts with the definition of m0. Thus f ðm0Þ ¼ 0.

Taking into account that f is strictly increasing on R and f ðm0Þ ¼ 0,

we derive that m0 ¼ mðA0; hÞ < 0 if and only if 0 ¼ f ðm0Þ < f ð0Þ ¼
�mðA0 þ

Ð 0
�h

d½hðyÞ�Þ. It is equivalent to mðA0 þ hð0ÞÞ < 0. This completes our

proof. r

Example 4.2. Consider the scalar linear functional di¤erential equation

given by

_xxðtÞ ¼ �xðtÞ þ
ð0
�1

eyxðtþ yÞdy tb 0; xðtÞ A R:ð34Þ

The equation (34) can be represented as the equation of the form (30)

with h ¼ ey � e�1, y A ½�1; 0�. Clearly, h is an increasing function on ½�1; 0�.
Moreover, we have �1þ hð0Þ ¼ �e�1. So, by Theorem 4.1, the equation (34)

is exponentially asymptotically stable.

We now consider again the linear time delay di¤erential system of the form

(28). Since the characteristic polynomial is given by

DðsÞ ¼ sIn � A0 �
XN
i¼1

Aie
�his;
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the system (28) is asymptotically stable if and only if

det sIn � A0 �
XN
i¼1

Aie
�his

 !
0 0 Es A C ; <sb 0:

Furthermore, the system (28) is said to be delay-independently stable if

det sIn � A0 �
XN
i¼1

Aie
�his

 !
0 0 Es A C ; <sb 0; Ehi b 0; i A N :¼ f1; 2; . . . ;Ng

see e.g. [3]. Denote by

Hðs; z1; . . . ; zNÞ ¼ sIn � A0 �
XN
i¼1

ziAi

 !
; ðs; z1; . . . ; zNÞ A C Nþ1:ð35Þ

Then, a slightly stronger property was defined in [4] as follows.

Definition 4.3. The system (28) is called strongly delay-independently stable

if

det Hðs; z1; . . . ; zNÞ0 0; Eðs; z1; . . . ; zNÞ A C Nþ1; <sb 0; jzija 1; i A N:ð36Þ

The following theorem is a direct corollary of Theorem 4.1 and Theorem

2.1 (iv).

Theorem 4.4. Let the linear time delay system (28) be positive. Then the

following statements are equivalent:

( i ) The linear time delay di¤erential system (28) is asymptotically stable.

( ii ) The linear time delay di¤erential system (28) is delay-independently

stable.

(iii) The linear time delay di¤erential system (28) is strongly delay-

independently stable.

(iv) mðA0 þ A1 þ � � � þ ANÞ < 0.

Proof. The proof is straight-forward from Theorem 4.1 and Theorem 2.1

(iv) and is omitted here. r
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