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Abstract. This paper is concerned with the existence of bounded mild solutions to

equations of the form u 0ðtÞ ¼ AuðtÞ þ f ðtÞ, where A generates a holomorphic semi-

group that is not necessarily strongly continuous, and f is a bounded function. This

problem arises when one considers a parabolic equation in spaces of continuous

functions. The obtained results, that are stated in terms of spectral properties of the

spectrum of A and the uniform spectrum of f , extend previous ones.
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1. Introduction

In this paper we consider the existence of bounded solutions to first order

parabolic equations of the form

u 0ðtÞ ¼ AuðtÞ þ f ðtÞ; uðtÞ A X ;ð1:1Þ

and to complete second order equations of the form

u 00ðtÞ ¼ Bu 0ðtÞ þ AuðtÞ þ f ðtÞ; uðtÞ A X ;ð1:2Þ

where A, B are generally unbounded sectorial operators on a Banach space

X , f is an X-valued bounded function on R. Our study is motivated by the

following typical example:

Example 1.1. Consider the partial di¤erential equation

q
qt
uðt; xÞ ¼ q2

qx2 uðt; xÞ þ f ðt; xÞ; ðt; xÞ A ð0;yÞ � ð0; 1Þ;
uðt; 0Þ ¼ uðt; 1Þ ¼ 0; tb 0;

uð0; xÞ ¼ FðxÞ; x A ½0; 1�;

8><>:ð1:3Þ

where uðt; xÞ, f ðt; xÞ are scalar. Let us study Eq. (1.3) in X :¼ C½0; 1� (the

space of all continuous functions on ½0; 1� with the sup-norm), and define



Au ¼ u 00; DðAÞ ¼ fu A C2½0; 1� : uð0Þ ¼ uð1Þ ¼ 0g:ð1:4Þ

Then, the closure of DðAÞ is

DðAÞ ¼ fu A C½0; 1� : uð0Þ ¼ uð1Þ ¼ 0g0C½0; 1�;ð1:5Þ

so, A is not densely defined on C½0; 1�. Therefore, if we assume that f ðt; �Þ A
C½0; 1� depends continuously on t and bounded on R, then we will be concerned

with the evolution equation (1.1) with the non-densely defined operator A (as

shown in [9, 18]) that generates a (non-strongly continuous) analytic semigroup

in X .

Notice that if we study Eq. (1.3) in X :¼ Lp½0; 1�, then many available

results can be applied depending upon the behavior of f . For instance, since in

this case A generates a strongly continuous semigroup in X , if f is uniformly

continuous or so, the problem can be treated in the frameworks of [15, 20, 11,

6, 12]. If f is not necessarily uniformly continuous, but almost automorphic,

the problem has been treated in [3] using the newly introduced concept of

uniform spectrum.

The motivation for studying parabolic equations in continuous function

spaces was well written in the pioneering works of B. Stewart, X. Mora, E.

Sinestrari, A. Lunardi. We refer the reader to [19, 10, 18, 9] for more in-

formation. One advantage of using the continuous function spaces instead

of the Lp function spaces is that the obtained abstract results on the behavior of

solutions for (1.1) imply the pointwise behavior for parabolic systems.

The purpose of this paper is to develop a general framework in which the

above example can be treated regardless of the choice of the function space

X (that is either C½0; 1� or Lp½0; 1�), and of the behavior of the forcing term

f . To this end, we will extend the method of sums of commuting operators to

the case where all operators are not densely defined. Next, using the concept of

uniform spectrum of a bounded function we can formulate a general su‰cient

(that is necessary in some sense) condition for the existence and uniqueness of

a bounded solution of the same profile as f . The obtained result extends

previous ones on the subject. Moreover, we will show that some classes of

complete second order evolution equations can be reduced to first order evolu-

tion equations to which our obtained results apply.

This paper is organized as follows: In the next section, we explain several

notations, and then summarize the concepts of spectra of a bounded function.

The main results of the paper (Theorems 3.2, 4.4 and their corollaries) are given

in Sections 3 and 4. For the reader’s convenience, we add an appendix with a

result of Arendt, Rabiger and Sourour on an estimate of the spectrum of a sum

of two commuting operators.
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2. Preliminaries

2.1. Notations

For a linear operator T on a complex Banach space X , DðTÞ, sðTÞ and

rðTÞ denote the domain, spectrum and the resolvent set of T , respectively. In

particular, siðAÞ stands for sðAÞV iR. The field of complex numbers is denoted

by C . <z and =z denote the real and imaginary parts of a given complex

number z, respectively. Given positive numbers c, y, R and a real o, in this

paper we will use the following notations

Sc :¼ fz A C j <zb�cð1þ j=zjÞg;

Sðy;RÞ :¼ fz A C : jzjbR; jarg zja yg;

Sy;o :¼ fl A C : l0o; jargðl� oÞj < yg:

So, for every c > 0, Sc ISp=2þe;0 ISðp=2þ e;RÞ for some su‰ciently small

e > 0 and all positive R. The notation BCðR;XÞ stands for the space of

all X-valued bounded and continuous functions on R, and BC 1ðR;XÞ :¼
f f ABCðR;XÞ j bf 0 ABCðR;XÞg, BC 2ðR;XÞ :¼f f ABC1ðR;XÞ j bf 00 ABCðR;XÞg.
We will denote by BUCðR;XÞ the subspace of BCðR;XÞ consisting of all

uniformly continuous and bounded functions.

Let M be a closed subspace of BCðR;XÞ. The operator AM of multi-

plication by A is defined on DðAMÞ :¼ fg A M : gðtÞ A DðAÞ Et A R;Agð�Þ A Mg,
and AMg :¼ Agð�Þ for all g A DðAMÞ.

2.2. Spectral theory of bounded functions

In the present paper, for u A BCðR;XÞ, spðuÞ stands for the Carleman

spectrum, which consists of all x A R such that the Carleman transform of u,

defined by

ûuðlÞ :¼
Ðy
0 e�ltuðtÞdt ðRe l > 0Þ;
�
Ðy
0 eltuð�tÞdt ðRe l < 0Þ;

(

has no holomorphic extension to any neighborhoods of ix. For each u A
BCðR;XÞ we denote Mu :¼ spanfSðtÞu; t A Rg (here SðtÞ is the translation

BCðR;XÞ C f ð�Þ 7! f ðtþ �Þ A BCðR;XÞ) which is a closed subspace of
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BCðR;XÞ. If u A BUCðR;XÞ, the Carleman spectrum of u coincides with its

Arveson spectrum, defined by (see [2, Lemma 4.6.8])

i spðuÞ ¼ sðDuÞ:ð2:1Þ

where Du is the infinitesimal generator of the restriction of the group of

translations ðSðtÞjMu
Þt AR to the closed subspace Mu.

Below we list some properties of the spectra of functions which we will

need in the sequel.

Proposition 2.1. Let u; un; v A BCðR;XÞ such that limn!ykun � uk ¼ 0.

Then

( i ) spðuÞ is closed;

( ii ) spðuþ vÞH spðuÞU spðvÞ;
(iii) If spðuÞ ¼ q, then u ¼ 0;

(iv) If B A LðXÞ, then spðBuð�ÞÞH spðuÞ;
( v ) If spðunÞHL, En, then spðuÞHL.

Proof. We refer the reader to [2] for more details and information on

other properties of the Carleman spectrum. r

2.2.1. Uniform spectrum of a function in BCðR;XÞ

Let us consider the following simple ordinary di¤erential equation in a

complex Banach space X

x 0ðtÞ � lx ¼ f ðtÞ;ð2:2Þ

where f A BCðXÞ. If <l0 0, the homogeneous equation associated with this

has an exponential dichotomy, so, (2.2) has a unique bounded solution which

we denote by xf ;lð�Þ. Moreover, from the theory of ordinary di¤erential equa-

tions, it follows that for every fixed x A R,

xf ;lðxÞ :¼
Ð x
�y elðx�tÞf ðtÞdt ðif Re l < 0Þ;
�
Ðy
x
elðx�tÞf ðtÞdt ðif Re l > 0Þ;

(
ð2:3Þ

¼
Ð 0
�y e�lhf ðxþ hÞdh ðif Re l < 0Þ;
�
Ðy
0 e�lhf ðxþ hÞdh ðif Re l > 0Þ:

(
ð2:4Þ

As is well known, the di¤erentiation operator D is a closed operator on

BCðR;XÞ. The above argument shows that rðDÞICniR and xf ;l ¼
ðD� lÞ�1

f for every l A CniR and f A BCðR;XÞ.
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Hence, for every l A C with <l0 0 and f A BCðR;XÞ the function

½ðl�DÞ�1
f �ðtÞ ¼ dSðtÞ fSðtÞ f ðlÞ A BCðR;XÞ. Moreover, ðl�DÞ�1

f is analytic on

CniR.

Definition 2.2. Let f be in BCðR;XÞ. Then,

( i ) a A R is said to be uniformly regular with respect to f if there exists a

neighborhood U of ia in C such that the function ðl�DÞ�1
f , as a

complex function of l with <l0 0, has an analytic continuation into

U.

(ii) The set of x A R such that x is not uniformly regular with respect to

f A BCðR;XÞ is called uniform spectrum of f and is denoted by

spuð f Þ.

It turns out that the uniform spectrum of a function f A BCðR;XÞ
coincides with its Carleman spectrum, as shown below:

Proposition 2.3. Let f A BCðR;XÞ. Then

spuð f Þ ¼ spð f Þ:ð2:5Þ

Proof. First we show that

spuðxf ;l0Þ ¼ spuð f Þ;ð2:6Þ

where xf ;l is defined by (2.3), and l0 is a given complex number such that

<l0 0 0. In fact, we have, for every <l0 0

ðl�DÞ�1
xf ;l0 ¼ �ðl�DÞ�1ðl0 �DÞ�1

f ¼ �ðl0 �DÞ�1ðl�DÞ�1
f :

So, ðl�DÞ�1
xf ;l0 has an analytic continuation into a neighborhood of ib,

where b is a real number, if and only if so does ðl�DÞ�1
f . That is (2.6)

holds. Note that since the derivative of xf ;l0 is bounded, this function is

uniformly continuous, so,

spð f ÞH spuð f Þ ¼ spuðxf ;l0Þ ¼ spðxf ;l0Þ:

To complete the proof of this proposition, it su‰ces to show that

ðRnspð f ÞÞH ðRnspðxf ;l0ÞÞ:ð2:7Þ

To this end, we will use the Beurling spectrum as an alternative of the Carleman

spectrum. That is, x A ðRnspð f ÞÞ, if and only if there is a positive e such that

if f A L1ðRÞ with the support of its Fourier transform suppð ~ffÞ is contained in

ðx� e; xþ eÞ, then f � f ¼ 0. Next, it can be easily checked that

f � xf ;l0 ¼ f � ðl0 �DÞ�1
f ¼ ðl0 �DÞ�1ðf � f Þ ¼ 0:
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This shows that if x A ðRnspð f ÞÞ, then x A ðRnspðxf ;l0ÞÞ. That is (2.7) holds.

This completes the proof of the proposition. r

Corollary 2.4. For any closed subset LHR, the set LðXÞ :¼
f f A BCðR;XÞ : spð f ÞHLg is a closed subspace of BCðR;XÞ which is invariant

under translations.

The following result will be needed in the sequel whose proof is given

below with some correction of the one in [3] for the reader’s convenience.

Lemma 2.5. Let L be a closed subset of R and let DL be the di¤erentiation

operator acting on LðXÞ. Then we have

sðDLÞ ¼ iL:ð2:8Þ

Proof. Since the function ga defined by gaðtÞ :¼ eiatx, a A L, t A R, x0 0,

is in LðXÞ and spðgaÞ ¼ fag we see that ia A sðDLÞ, that is, iLH sðDLÞ. Now

we prove the converse. For b A RnL we consider the equation

ibg� g 0 ¼ f ; f A LðXÞ:ð2:9Þ

We will prove that (2.9) is uniquely solvable for every f A LðXÞ. This equation

has at most one solution. In fact, if g1, g2 are two solutions, then g ¼ g1 � g2
is a solution of the homogeneous equation, that is for f ¼ 0. Taking Carle-

mann transform of both sides of the corresponding equation we may see that

spðgÞH fbg. Since g A LðXÞ we have spðgÞHL. Combining these facts we

have spðgÞ ¼ q, that is g ¼ 0.

Now we prove the existence of at least one solution to Eq. (2.9). In fact,

for <l0 0 the equation lg� g 0 ¼ f has a unique solution which is nothing but

ðl�DÞ�1
f . Since ib B spð f Þ, by definition, the function ðl�DÞ�1

f , defined on

CniR, has an analytic continuation into a neighborhood of ib. In particular,

the following limit exists liml!ibðl�DÞ�1
f :¼ g0. We are going to show that

g0 is a solution of (2.9) and g0 A L. Indeed, since

ðib �DÞðl�DÞ�1
f ¼ ððib � lÞ þ ðl�DÞÞðl�DÞ�1

f

¼ ðib � lÞðl�DÞ�1
f þ ðl�DÞðl�DÞ�1

f

¼ ðib � lÞðl�DÞ�1
f þ f ;

we have

lim
l!ib

ðib �DÞðl�DÞ�1
f ¼ f :ð2:10Þ

Using the closedness of the operator ðib �DÞ, we come up with g0 being in

the domain of ib �D and ðib �DÞg0 ¼ f . Next, to prove that g0 A LðXÞ, in
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view of Corollary 2.4 it su‰ces to show that for every <l0 0 0, the function

ðl0 �DÞ�1
f is in LðXÞ. Since both l and l0 are in rðDÞ, and

ðl�DÞ�1ðl0 �DÞ�1
f ¼ ðl0 �DÞ�1ðl�DÞ�1

f

we see that ðl�DÞ�1ðl0 �DÞ�1
f has an analytic continuation into a neigh-

borhood of ib. This completes the proof of the lemma. r

2.3. Condition H1 and H2

Below we will need the following conditions:

Condition H1: Two operators A and B on a Banach space X satisfy the

following conditions:

(a) B is invertible and DðBÞHDðAÞ;
(b) A and B are sectorial operators with rðAÞ and rðBÞ containing Sðo;RÞ for

some real number o and positive number R.

Condition H2: A subspace M of BCðR;XÞ with sup-norm satisfies the

following conditions:

(a) M is closed;

(b) M contains all functions of the form Bf ð�Þ, whenever f A M and B A LðXÞ;
(c) For every complex number l with <l0 0, the following inclusion holds:

ðl�DÞ�1MHM:

Remark 2.6. If M is a closed subspace of BUCðR;XÞ, then the condition

(c) in the above definition of Condition H2 is nothing but the translation

invariance of the function space M. In fact, in this case, by the identity

ðl�DÞ�1
f ¼

Ðy
0 e�lxSðxÞ f dx; ð<l > 0; f A MÞ;
�
Ð 0
�y e�lxSðxÞ f dx ð<l < 0; f A MÞ;

(

the translation invariance of M yields the condition (c) of Condition H2. Con-

versely, if the condition (c) of Condition H2 is satisfied, then, the exponential

formula

SðtÞ f ¼ lim
n!y

I � t

n
D

� ��n

f ; ð f A MÞ

yields the translation invariance.

Example 2.7. The following classes of function spaces satisfy Condition

H2:

( i ) The function space LðXÞ :¼ f f A BCðR;XÞ : spð f ÞHLg, where L is a

closed subset of R, satisfies Condition H2. In fact, it is closed, so con-
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dition (a) is satisfied. By (iv) of Proposition 2.1, condition (b) is satisfied.

From the last lines of the proof of Lemma 2.5, condition (c) is satisfied;

( ii ) Any function spaces M satisfying the condition (11) in [20], that is, MH
BUCðR;XÞ, and CSð�Þ f A M whenever f A M and C A LðM;XÞ;

(iii) Any function spaces satisfying Condition H1 in [11], that is, MH
BUCðR;XÞ, and M satisfies the two conditions listed in the definition of

Condition H2.

Recall that

Definition 2.8. An operator A on a Banach space X is said to be sectorial

if there are constants o A R, y A ðp=2; pÞ and M > 0 such that

rðAÞISy;o :¼ fl A C : l0o; jargðl� oÞj < yg;
kRðl;AÞka M

jl�oj ; El A Sy;o:

(
ð2:11Þ

Lemma 2.9. Let M be a function space that satisfies Condition H2, and

let A be a sectorial operator on X . Then the operator AM of multiplication by A

is a sectorial operator on M.

Proof. First we prove that sðAMÞH sðAÞ. In fact, let m A rðAÞ. To

prove that m A rðAMÞ we show that for each h A M the equation mg�AMg ¼ h

has a unique solution in M. In fact, since, by Condition H2, ðm� AÞ�1
hð�Þ

A M, the function g :¼ ðm� AÞ�1
hð�Þ is a solution of the equation mg�AMg ¼ h.

This equation has no more than one solution because for every fixed t0 the

equation mx� Ax ¼ hðt0Þ has a unique solution. This shows that m A rðAMÞ
and ðm�AMÞ�1

h ¼ g :¼ ðm� AÞ�1
hð�Þ for every h A M. This also yields the

same estimate on kRðm;AMÞk in (2.11), proving the lemma. r

As shown in [9, Chapter 2], a sectorial operator A generates an analytic

semigroup that is not necessarily strongly continuous.

3. First order equations

In this section we investigate first order equations of the form

u 0ðtÞ ¼ AuðtÞ þ f ðtÞ; uðtÞ A X ;ð3:1Þ

where A generates an analytic semigroup (that is not necessarily strongly

continuous) and f is an X-valued bounded and continuous function. Before

proceeding we recall the concepts of classical and mild solutions of (3.1).

Definition 3.1. (i) A function u A BCðR;XÞ is said to be a mild solution of

(3.1) on R if for all tb s,
Ð t
s
uðxÞdx A DðAÞ, and

uðtÞ � uðsÞ ¼ A

ð t
s

uðxÞdxþ
ð t
s

f ðxÞdx:ð3:2Þ
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(ii) A function u A BC1ðR;XÞ is said to be a classical solution of (3.1) on

R if for all t A R, uðtÞ is in DðAÞ, and (3.1) holds.

We notice that a classical solution is a mild solution. However, as is

well known, a mild solution may not be a classical solution. In case where

A generates a C0-semigroup ðTðtÞÞtbs, the concept of mild solutions defined

above coincides with the well-known one (see e.g. [14]), that is, in this case

mild solutions on R of (3.1) are continuous solutions to the following integral

equation

uðtÞ ¼ Tðt� sÞuðsÞ þ
ð t
s

Tðt� xÞ f ðxÞdx; Etb s:ð3:3Þ

The following result improves in some respect one of the main results in [15,

20, 11].

Theorem 3.2. Let A satisfy the following conditions for some positive

numbers e, R and a real number a:

( i )

rðAþ aÞIS
p

2
þ e;R

� �
;

(ii)

sup
l ASðp=2þe;RÞ

klRðl;Aþ aÞk < y:

Assume further that M be a function space satisfying Condition H2. Then, for

(3.1) to have at least a mild solution in M for every given f A M, it is su‰cient

that

sðDMÞV sðAÞ ¼ q:ð3:4Þ

Proof. Without loss of generality we may assume a ¼ 0. The main idea

follows the one in [11], that is, we will apply the method of sums of commuting

operators. However, we will not use the explicit expression for the generator

of the associated evolution semigroups because the analytic semigroup, say

ðTðtÞÞtb0, may not be strongly continuous.

Before proceeding, we check that AM and DM satisfy the condition P of

Definition 5.2 (ii). By Lemma 2.9 it su‰ces to show that AM and DM are

commuting. In fact, let l be such that <l0 0, and let m A rðAÞ. Then l A
rðDÞ and m A rðAÞ, where D is the di¤erentiation operator on BCðR;XÞ, and
A is the operator of multiplication by A on BCðR;XÞ. By the conditions (c)

and (b) of Condition H2, this yields that l A rðDMÞ and m A rðAMÞ. Next, since
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g ¼ ðl�DMÞ�1
f is the unique bounded solution of the equation lx� x 0 ¼ f for

a given f A M, it is obvious that ðm� AÞ�1
gð�Þ ¼ ðl�DMÞ�1ðm�AMÞ�1

f is

the unique bounded solution of the equation lx� x 0 ¼ ðm� AÞ�1
f ð�Þ, so,

ðm�AMÞ�1ðl�DMÞ�1
f ¼ ðl�DMÞ�1ðm�AMÞ�1

f

for every f A M. That is, AM and DM are commuting.

By Theorem 5.3, that applies to the pair of operators AM and DM, we

have

sððAM �DMÞAMÞH sðAMÞ þ sð�DMÞ:ð3:5Þ

By (3.4), and (3.5) we see that

0 B sððAM �DMÞAMÞ:

Therefore, there is a unique u A M such that

ðAM �DMÞAMu ¼ f :

This means that there is a sequence of classical solutions fung to the equations

u 0
nðtÞ ¼ AunðtÞ þ fnðtÞ

such that un ! u and fn ! f as n ! y in TAM
-topology, that is,

kRðl0;AMÞðun � uÞk ! 0 and kRðl0;AMÞð fn � f Þk ! 0 as n ! y, for some

(and thus, for all l0 A rðAMÞ). Notice that we can take l0 in rðAÞ. Since M

satisfies Condition H2, both Rðl0;AÞunð�Þ and Rðl0;AÞuð�Þ are in M, so they

are Rðl0;AMÞun and Rðl0;AMÞu. And hence,

kRðl0;AMÞðun � uÞk ¼ sup
t AR

kRðl0;AÞðunðtÞ � uðtÞÞk:

Next, since

unðtÞ � unðsÞ ¼ A

ð t
s

unðxÞdxþ
ð t
s

fnðxÞdx; Etb s;

we have

ARðl0;AÞ
ð t
s

unðxÞdx ¼ Rðl0;AÞA
ð t
s

unðxÞdx

¼ Rðl0;AÞðunðtÞ � unðsÞÞ � Rðl0;AÞ
ð t
s

fnðxÞdx:

The right hand side approaches
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Rðl0;AÞðuðtÞ � uðsÞÞ �
ð t
s

Rðl0;AÞ f ðxÞdx;

as n ! y. Also, we have

lim
n!y

ð t
s

Rðl0;AÞunðxÞdx ¼
ð t
s

Rðl0;AÞuðxÞdx ¼ Rðl0;AÞ
ð t
s

uðxÞdx:

Therefore, in view of the closedness of A we get

ARðl0;AÞ
ð t
s

uðxÞdx ¼ Rðl0;AÞðuðtÞ � uðsÞÞ �
ð t
s

Rðl0;AÞ f ðxÞdx;

so,

�
ð t
s

uðxÞdxþ l0Rðl0;AÞ
ð t
s

uðxÞdx ¼ Rðl0;AÞðuðtÞ � uðsÞÞ �
ð t
s

Rðl0;AÞ f ðxÞdx:

This yieldsð t
s

uðxÞdx ¼ Rðl0;AÞ l0

ð t
s

uðxÞdx� uðtÞ þ uðsÞ þ
ð t
s

f ðxÞdx
� �

A DðAÞ

and

ðl0 � AÞ
ð t
s

uðxÞdx ¼ l0

ð t
s

uðxÞdx� uðtÞ þ uðsÞ þ
ð t
s

f ðxÞdx:

Therefore,

uðtÞ � uðsÞ ¼ A

ð t
s

uðxÞdxþ
ð t
s

f ðxÞdx;

that is u is a mild solution of (3.1). This completes the proof of the

theorem. r

Remark 3.3. In Theorem 3.2 we have discussed only the existence of a

mild solution with the same profile as f . However, we do not know if it is

unique. With additional condition on M we can show the uniqueness of the

mild solution.

As a consequence we have

Corollary 3.4. Let A be a sectorial operator, and let L be a closed subset of

the real line. Then, for (3.1) to have a unique mild solution in LðXÞ for every

given f A LðXÞ, it is necessary and su‰cient that

iLV sðAÞ ¼ q:ð3:6Þ
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Proof. Su‰ciency: By Lemma 2.5, iL ¼ sðDLÞ. Since LðXÞ satisfies

Condition H2, the existence of a mild solution in LðXÞ follows from Theorem

3.2. We now show that this solution is unique. This can be done via the

concept of Carleman spectrum. In fact, let v and w in LðXÞ be two bounded

mild solutions of (3.1) on R. We will show that u ¼ v� w ¼ 0. In fact, for

<l > 0 and l A rðAÞ, taking the Carleman transforms of both sides of (3.2) with

s ¼ 0, we have ûuðlÞ A DðAÞ and

ûuðlÞ � 1

l
uð0Þ ¼ 1

l
AûuðlÞ:

So,

ûuðlÞ ¼ Rðl;AÞuð0Þ:ð3:7Þ

Similarly, if <l < 0 and l A rðAÞ we can show that (3.7) holds. Therefore,

since Rðl;AÞ is holomorphic, one has i spðuÞH sðAÞ. On the other hand, since

v and w are in LðXÞ, spðuÞHL. And hence, i spðuÞH iLV sðAÞ ¼ q. So, by

Proposition 2.1, u ¼ 0, that is, v ¼ w, and the bounded mild solution in LðXÞ
is unique.

Necessity: For every fixed real l0 A L take f ðtÞ ¼ aeil0t, where a is any

element of X . By the above theorem, there exists a unique mild solution uf of

(3.1) whose uniform spectrum is contained in fl0g. In particular, the Carleman

spectrum uf is contained in fl0g. Hence, uf is of the form uf ðtÞ ¼ beil0t. So,

uf is continuously di¤erentiable. We have

uðtÞ � uðsÞ
t� s

¼ A
1

t� s

ð t
s

uðxÞdxþ 1

t� s

ð t
s

f ðxÞdx; Et > s:

Letting t ! s implies that uðsÞ A DðAÞ for all s A R, and

u 0ðsÞ ¼ AuðsÞ þ f ðsÞð3:8Þ

for all s A R, that is, uð�Þ is a classical solution of (3.1). On the other hand,

(3.8) is nothing but

bil0e
l0s ¼ ðbeil0sÞ0

¼ Abel0s þ aeil0s:

Dividing both sides by el0s we get il0b ¼ Abþ a. So, for every a A X, there

exists a unique b such that il0b� Ab ¼ a. This means that il0 B sðAÞ. That

is, sðAÞV iL ¼ q. The proof is completed. r
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Remark 3.5. Even if A generates a strongly continuous analytic semi-

group, the operator A of multiplication by A may not generate a strongly

continuous analytic semigroup in BCðR;XÞ. Similarly for the operators of

multiplication by A on other subspaces of BCðR;XÞ. Therefore, it is natural

to consider the general case where A generates an analytic semigroup that is not

necessarily strongly continuous.

Corollary 3.6. Let A be a sectorial operator, and let f be in BCðR;XÞ.
Then, (3.1) has a unique mild solution uf A BCðR;XÞ such that spðuf ÞH spð f Þ
provided

i spð f ÞV sðAÞ ¼ q:ð3:9Þ

Proof. It su‰ces to take L ¼ spð f Þ and apply the above corollary. r

Remark 3.7. If f is almost automorphic function, then the function space

AALðXÞ (the space of all almost automorphic functions with uniform spectrum

contained in L) satisfies Condition H2, where L :¼ spð f Þ. Since the spectrum

of the di¤erentiation operator on this function space is exactly iL, by Theorem

3.2 and Corollary 3.6 we get a main result of [3].

Remark 3.8. In the proof of Theorem 3.2 we have actually used the

closedness of the following operator L defined on the function space M with

the domain DðLÞ consists of all functions u A M such that there is a function

f A M for which u is a mild solution of Eq. (3.1), and Lu :¼ f if u A DðLÞ
with such a function f . The following proposition may be of independent

interest.

Proposition 3.9. Let M be a closed subspace of BCðR;XÞ that satisfies

Condition H2, and let L be defined as above. Then, L is a single-valued

linear operator which is closed in the TA topology, that is, if un A DðLÞ is a

sequence such that suptkRðl0;AÞðunðtÞ � uðtÞÞk ! 0, and suptkRðl0;AÞðLunðtÞ�
f ðtÞÞk ! 0 for some u; f A M, then u A DðLÞ and Lu ¼ f .

Proof. First we show that the operator L is a single-valued linear

operator. The linearity is clear. Now, suppose that there are functions

u; f ; g A M such that
Ð t
s
uðxÞdx A DðAÞ for all tb s; t; s A R, and

uðtÞ � uðsÞ ¼ A

ð t
s

uðxÞdxþ
ð t
s

f ðxÞdx;ð3:10Þ

uðtÞ � uðsÞ ¼ A

ð t
s

uðxÞdxþ
ð t
s

gðxÞdx:ð3:11Þ

Therefore, for all t > s
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1

t� s

ð t
s

f ðxÞdx ¼ 1

t� s

ð t
s

gðxÞdx:

Since f and g are continuous, we come up with f ðsÞ ¼ gðsÞ for all s A R, that

is, f ¼ g, yielding the single-valuedness of L.

Now we prove the TA-closedness of this operator. Let un A DðLÞ be a

sequence such that suptkRðl0;AÞðunðtÞ � uðtÞÞk ! 0, and suptkRðl0;AÞðLunðtÞ�
f ðtÞÞk ! 0 for some u; f A M. Then, by the assumption and definition of L,

we have

unðtÞ � unðsÞ ¼ A

ð t
s

unðxÞdxþ
ð t
s

fnðxÞdx; Etb s; t; s A R:ð3:12Þ

Now we can follow exactly the lines of the proof of Theorem 3.2. r

4. Second order equations

In this section we will study the existence of bounded solutions to the

second order equations of the form

u 00ðtÞ ¼ Bu 0ðtÞ þ AuðtÞ þ f ðtÞ; uðtÞ A X ;ð4:1Þ

where A and B are closed linear operators and f is an X-valued bounded and

continuous function.

Define an operator

PðlÞ ¼ l2 � lB� Að4:2Þ

and

L0 :¼ fl A iR : b=P�1ðlÞ A LðXÞg:

Definition 4.1. A function uð�Þ defined on R is said to be a (bounded)

classical solution on R of (1.2) if

( i ) u A BC2ðR;XÞ;
( ii ) For every t A R, uðtÞ A DðAÞ, u 0ðtÞ A DðBÞ and Bu 0 A BCðR;XÞ, Au A

BCðR;XÞ;
(iii) For every t A R, (1.2) holds.

Definition 4.2. A function uð�Þ A BCðR;XÞ is said to be a (bounded) mild

solution on R of (1.2) if the following holds

( i ) For all tb s; t; s A R,
Ð t
s
uðxÞdx A DðBÞ,

Ð t
s
ðt� xÞuðxÞdx A DðAÞ;

(ii) For every given s A R there is x A X such that the following holds for

all tb s:

uðtÞ � uðsÞ ¼ ðt� sÞxþ B

ð t
s

uðxÞdxþ A

ð t
s

ðt� xÞuðxÞdxþ
ð t
s

ðt� xÞ f ðxÞdx:ð4:3Þ
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Remark 4.3. It is clear that every classical solution on R of (1.2) is a mild

solution (on R) of this equation.

Theorem 4.4. Assume that A and B satisfy the following conditions:

( i ) A and B satisfy Condition H1;

(ii) rðBÞISc for some c > 0, and for some k > 0,

kRðl;BÞka kð1þ jljÞ�1; El A Sc:

Then Eq. (1.2) has a unique mild solution with spðuÞH spðfÞ provided

i spð f ÞVL0 ¼ q:ð4:4Þ

Proof. By setting

xðtÞ :¼ uðtÞ
u 0ðtÞ

� �
; L ¼ 0 I

A B

� �
; FðtÞ :¼ 0

f ðtÞ

� �
;ð4:5Þ

we will reduce (1.2) to a first order equation of the form

x 0ðtÞ ¼ LxðtÞ þ FðtÞ;ð4:6Þ

where xðtÞ is in Y :¼ DðBÞ � X , (here DðBÞ is equipped with the graph norm),

and L is an operator on DðBÞ � X with DðLÞ ¼ DðBÞ �DðBÞ.
First, notice that L satisfies the following: There are positive numbers e

and R such that

( i )

rðLÞISðp=2þ e;RÞ;

(ii)

sup
l ASðp=2þe;RÞ

klRðl;LÞk < y:

This claim can be proved by adapting the estimates in [4, p. 85–87], so we omit

the details. Moreover,

sðLÞH fl A C j b=P�1ðlÞ A LðXÞg:ð4:7Þ

Next, by Theorem 3.2 and its corollaries, there exists a unique bounded mild

solution of (4.6) on R, say xð�Þ, such that spðxÞH spðFÞ ¼ spð f Þ. Now we

show that this yields the existence of a bounded mild solution to (4.1). In

fact, by definition, for all tb s,
Ð t
s
xðxÞdx A DðLÞ, and

xðtÞ � xðsÞ ¼ L

ð t
s

xðxÞdxþ
ð t
s

FðxÞdx; Etb s:ð4:8Þ

351Bounded Solutions of Parabolic Equations



Since DðLÞ ¼ DðBÞ �DðBÞ, if xðtÞ ¼ ðuðtÞ; vðtÞÞ A DðBÞ � X , we have
Ð t
s
vðxÞdx A

DðBÞ. Re-writing the above equation in the matrix form we have

uðtÞ
vðtÞ

� �
� uðsÞ

vðsÞ

� �
¼ 0 I

A B

� � Ð t
s
uðxÞdxÐ t

s
vðxÞdx

 !
þ

0Ð t
s
f ðxÞdx

� �
:

Therefore,

uðtÞ � uðsÞ ¼
ð t
s

vðxÞdx;ð4:9Þ

vðtÞ � vðsÞ ¼ A

ð t
s

uðxÞdxþ B

ð t
s

vðxÞdxþ
ð t
s

f ðxÞdx:ð4:10Þ

Now if we integrate (4.10) in t and use (4.9) (s is fixed) we come up withð t
s

vðxÞdx� ðt� sÞvðsÞ ¼ A

ð t
s

dt1

ð t1
s

uðxÞdxþ B

ð t
s

dt1

ð t1
s

vðxÞdx

þ
ð t
s

dt1

ð t1
s

f ðxÞdx;

uðtÞ � uðsÞ � ðt� sÞvðsÞ ¼ A

ð t
s

ðt� xÞuðxÞdxþ B

ð t
s

ðuðt1Þ � uðsÞÞdt1

þ
ð t
s

ðt� xÞ f ðxÞdx:

Since uðtÞ A DðBÞ for all t, it follows from the above that

uðtÞ � uðsÞ ¼ ðt� sÞxþ A

ð t
s

ðt� xÞuðxÞdxþ B

ð t
s

uðxÞdxþ
ð t
s

ðt� xÞ f ðxÞdx;

where x :¼ vðsÞ � BuðsÞ. This shows that uð�Þ is a mild solution on R.

Obviously, spðuÞH spð f Þ. r

5. Appendix

We recall now the notion of two commuting operators which will be used

in the sequel.

Definition 5.1. Let A and B be operators on a Banach space G with non-

empty resolvent set. We say that A and B commute if one of the following

equivalent conditions hold:

( i ) Rðl;AÞRðm;BÞ ¼ Rðm;BÞRðl;AÞ for some (all) l A rðAÞ, m A rðBÞ,
(ii) x A DðAÞ implies Rðm;BÞx A DðAÞ and ARðm;BÞx ¼ Rðm;BÞAx for

some (all) m A rðBÞ.
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Definition 5.2. Let A and B be commuting operators. Then

( i ) A is said to be of class Sðyþ p=2;RÞ if there are positive constants y,

R such that 0 < y < p=2, and

Sðyþ p=2;RÞH rðAÞ and sup
l ASðyþp=2;RÞ

klRðl;AÞk < y;ð5:1Þ

(ii) A and B are said to satisfy Condition P if there are positive con-

stants y; y 0;R; y 0 < y such that A and B are of class Sðyþ p=2;RÞ,
Sðp=2� y 0;RÞ, respectively.

If A and B are commuting operators, Aþ B is defined by ðAþ BÞx ¼
Axþ Bx with domain DðAþ BÞ ¼ DðAÞVDðBÞ.

In this paper we will use the following norm, defined by A on the space X ,

kxkTA
:¼ kRðl;AÞxk, where l A rðAÞ. It is seen that di¤erent l A rðAÞ yields

equivalent norms. We say that an operator C on X is A-closed if its graph

is closed with respect to the topology induced by TA on the product X � X . It

is easily seen that C is A-closable if xn ! 0, xn A DðCÞ, Cxn ! y with respect to

TA in X implies y ¼ 0. In this case, A-closure of C is denoted by CA.

Theorem 5.3. Assume that A and B commute. Then the following asser-

tions hold:

( i ) If one of the operators is bounded, then

sðAþ BÞH sðAÞ þ sðBÞ:ð5:2Þ

(ii) If A and B satisfy Condition P, then Aþ B is A-closable, and

sððAþ BÞAÞH sðAÞ þ sðBÞ:ð5:3Þ

In particular, if DðAÞ is dense in X , then ðAþ BÞA ¼ Aþ B, where

Aþ B denotes the usual closure of Aþ B.

Proof. For the proof we refer the reader to [1, Theorems 7.2, 7.3]. r
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