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1. Introduction

In this paper we consider the existence of bounded solutions to first order
parabolic equations of the form

(1.1) u'(1) = Au(t) + f(2), u(t) e X,
and to complete second order equations of the form
(1.2) u" (1) = Bu'(t) + Au(t) + f(2), u(r) e X,

where A, B are generally unbounded sectorial operators on a Banach space
X, f is an X-valued bounded function on R. Our study is motivated by the
following typical example:

Example 1.1. Consider the partial differential equation

~2

Lu(t,x) = Su(t,x) + f(1,x), (£,x) € (0,0) x (0,1),
(1.3) u(,0) =u(t,1)=0, =0,
u(0,x) = &(x), xel0,1],

where u(¢,x), f(t,x) are scalar. Let us study Eq. (1.3) in X := C[0,1] (the
space of all continuous functions on [0, 1] with the sup-norm), and define
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(1.4) Au=u",  D(A)={ueC?0,1]:u(0) = u(1) = 0}.

Then, the closure of D(A) is

(1.5) D{A) = {ue C[0,1] : u(0) = u(1) = 0} # €0, 1],

so, A is not densely defined on C[0,1]. Therefore, if we assume that f(¢,-) €
C[0, 1] depends continuously on ¢ and bounded on R, then we will be concerned
with the evolution equation (1.1) with the non-densely defined operator 4 (as
shown in [9, 18]) that generates a (non-strongly continuous) analytic semigroup
in X.

Notice that if we study Eq. (1.3) in X := L?[0,1], then many available
results can be applied depending upon the behavior of f. For instance, since in
this case A generates a strongly continuous semigroup in X, if f is uniformly
continuous or so, the problem can be treated in the frameworks of [15, 20, 11,
6, 12]. If f is not necessarily uniformly continuous, but almost automorphic,
the problem has been treated in [3] using the newly introduced concept of
uniform spectrum.

The motivation for studying parabolic equations in continuous function
spaces was well written in the pioneering works of B. Stewart, X. Mora, E.
Sinestrari, A. Lunardi. We refer the reader to [19, 10, 18, 9] for more in-
formation. One advantage of using the continuous function spaces instead
of the L? function spaces is that the obtained abstract results on the behavior of
solutions for (1.1) imply the pointwise behavior for parabolic systems.

The purpose of this paper is to develop a general framework in which the
above example can be treated regardless of the choice of the function space
X (that is either C[0,1] or L?[0,1]), and of the behavior of the forcing term
f. To this end, we will extend the method of sums of commuting operators to
the case where all operators are not densely defined. Next, using the concept of
uniform spectrum of a bounded function we can formulate a general sufficient
(that is necessary in some sense) condition for the existence and uniqueness of
a bounded solution of the same profile as f. The obtained result extends
previous ones on the subject. Moreover, we will show that some classes of
complete second order evolution equations can be reduced to first order evolu-
tion equations to which our obtained results apply.

This paper is organized as follows: In the next section, we explain several
notations, and then summarize the concepts of spectra of a bounded function.
The main results of the paper (Theorems 3.2, 4.4 and their corollaries) are given
in Sections 3 and 4. For the reader’s convenience, we add an appendix with a
result of Arendt, Rabiger and Sourour on an estimate of the spectrum of a sum
of two commuting operators.



Bounded Solutions of Parabolic Equations 339

Acknowledgement. The authors are grateful to the anonymous referee for
carefully reading the manuscript and pointing out several errors in the previous
version of this paper.

2. Preliminaries
2.1. Notations

For a linear operator T on a complex Banach space X, D(T), o(T) and
p(T) denote the domain, spectrum and the resolvent set of T, respectively. In
particular, g;(A4) stands for g(4) NiR. The field of complex numbers is denoted
by C. Rz and Sz denote the real and imaginary parts of a given complex
number z, respectively. Given positive numbers ¢, , R and a real w, in this
paper we will use the following notations

2oi={zeC|Rz = —c(1 +193z])},
2(0,R):={zeC:|z|] = R,|arg z| < 6},
St ={1eC:1+#w,|arg(l— w)| < 0}.

So, for every ¢ >0, X2 Sy4.0 2 2(n/2 +¢ R) for some sufficiently small
£>0 and all positive R. The notation BC(R,X) stands for the space of
all X-valued bounded and continuous functions on R, and BC!(R,X):=
{fe€BC(R,X)|3f €BC(R,X)}, BC’(R,X):={feBC'(R,X)|3f"eBC(R,X)}.
We will denote by BUC(R,X) the subspace of BC(R,X) consisting of all
uniformly continuous and bounded functions.

Let .# be a closed subspace of BC(R,X). The operator .o, of multi-
plication by A is defined on D(.o/;) :={ge # : g(t) € D(A) Vte R, Ay(-) € M},
and of,g:= Ag(-) for all ge D(A,).

2.2. Spectral theory of bounded functions

In the present paper, for ue BC(R,X), sp(u) stands for the Carleman
spectrum, which consists of all £ € R such that the Carleman transform of u,
defined by

o I e u(dr (Re 2> 0),
= { — [ e¥u(—t)dt  (Re 1 < 0),

has no holomorphic extension to any neighborhoods of i£. For each ue
BC(R,X) we denote .#,:=span{S(t)u,7€ R} (here S(r) is the translation
BC(R,X)> f(-)— f(r+:) e BC(R,X)) which is a closed subspace of
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BC(R,X). If ue BUC(R,X), the Carleman spectrum of u coincides with its
Arveson spectrum, defined by (see [2, Lemma 4.6.8])

(2.1) isp(u) =a(2,).

where 2, is the infinitesimal generator of the restriction of the group of
translations (S(7)| 4 ),cg to the closed subspace .7,,.

Below we list some properties of the spectra of functions which we will
need in the sequel.

Proposition 2.1. Let u,u,,ve BC(R,X) such that lim,_ . |u,
Then

—ul| =0.

(1) sp(u) is closed;

(i) sp(u+v) < sp(u) Usp(v);

(iti) If sp(u) = &, then u=0;

(iv) If Be L(X), then sp(Bu(-)) = sp(u);
(v) If sp(u,) = A4, Yn, then sp(u) < A.

Proof. We refer the reader to [2] for more details and information on
other properties of the Carleman spectrum. |

2.2.1. Uniform spectrum of a function in BC(R, X)

Let us consider the following simple ordinary differential equation in a
complex Banach space X

(2.2) X (1) — x = /1),

where f e BC(X). If R #0, the homogeneous equation associated with this
has an exponential dichotomy, so, (2.2) has a unique bounded solution which
we denote by xy ;(-). Moreover, from the theory of ordinary differential equa-
tions, it follows that for every fixed & € R,

. 5 e Ndt  (if Re 2 <0),
(2.3) x7,4(8) = {—Jf He=0f(Hdt - (if Re 4> 0),

(2.4) {I_ e Mf(E+n)dy  (if Rei<0),

[ e 1f(E+n)dn  (if Re i >0).

As is well known, the differentiation operator & is a closed operator on
BC(R,X). The above argument shows that p(Z)> C\iR and x; ;=
(2 — 2)"'f for every Ae C\iR and f e BC(R,X).
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Hence, for every Ae C with R.#0 and fe BC(R,X) the function
(2 —2) 7)) = S(t) f (1) e BC(R,X). Moreover, (1— %) 'f is analytic on
C\iR.

Definition 2.2. Let f be in BC(R,X). Then,

(i) o€ R is said to be uniformly regular with respect to f if there exists a
neighborhood % of ix in C such that the function (i — 2)”'f, as a
complex function of A with 1 # 0, has an analytic continuation into
U.

(i) The set of & e R such that ¢ is not uniformly regular with respect to
f€BC(R,X) is called uniform spectrum of f and is denoted by

spu(f)-

It turns out that the uniform spectrum of a function f e BC(R,X)
coincides with its Carleman spectrum, as shown below:

Proposition 2.3. Let f e BC(R,X). Then

(2:5) sp, (/) = sp(f).
Proof. First we show that
(26) Spu(xf,lo) = Spu(f)v

where xy ; is defined by (2.3), and 4y is a given complex number such that
Rlg #0. In fact, we have, for every RA #0

(G=2) x5 =—(= D) o= 2)f ==(o—2)' (42— 2)7'Y.

So, (/I—EZ)*ley j, has an analytic continuation into a neighborhood of if,
where £ is a real number, if and only if so does (A— 2)”'f. That is (2.6)
holds. Note that since the derivative of x; ; is bounded, this function is
uniformly continuous, so,

sp(f) = spu(f) = sPu(xr,40) = sP(r.,70)-
To complete the proof of this proposition, it suffices to show that
(2.7) (R\sp(f)) = (R\sp(x.7))-

To this end, we will use the Beurling spectrum as an alternative of the Carleman
spectrum. That is, & € (R\sp(f)), if and only if there is a positive ¢ such that
if ¢ € L'(R) with the support of its Fourier transform supp(¢) is contained in
(E—¢E+e¢), then ¢ f=0. Next, it can be easily checked that

$xxss=dx (20— 2) ' f = (o—2) (¢ f)=0.
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This shows that if &e (R\sp(f)), then &e (R\sp(xy ,,)). That is (2.7) holds.
This completes the proof of the proposition. O

Corollary 24. For any closed subset A c R, the set A(X):=
{f € BC(R,X) :sp(f) = A} is a closed subspace of BC(R,X) which is invariant
under translations.

The following result will be needed in the sequel whose proof is given
below with some correction of the one in [3] for the reader’s convenience.

Lemma 2.5. Let A be a closed subset of R and let 9,4 be the differentiation
operator acting on A(X). Then we have

(2.8) o(Z4) = iA.

Proof.  Since the function g, defined by g,(¢) := e™x, ae A, te R, x #0,
is in A(X) and sp(g,) = {a} we see that in € 6(Z,), that is, id = 0(Z,). Now
we prove the converse. For e R\A we consider the equation

(2.9) ibg—g' =/  [fedX).

We will prove that (2.9) is uniquely solvable for every f € A(X). This equation
has at most one solution. In fact, if gy, g, are two solutions, then g = g — ¢»
is a solution of the homogeneous equation, that is for f = 0. Taking Carle-
mann transform of both sides of the corresponding equation we may see that
sp(g) = {f}. Since g€ A(X) we have sp(g) = 4. Combining these facts we
have sp(g) = &, that is g = 0.

Now we prove the existence of at least one solution to Eq. (2.9). In fact,
for RA # 0 the equation Ag — ¢’ = f has a unique solution which is nothing but
(A—2)7'f. Since iff ¢ sp(f), by definition, the function (1 — 2)~'f, defined on
C\iR, has an analytic continuation into a neighborhood of if. In particular,
the following limit exists lim;_;5(4 — ,@)_1 f:=go. We are going to show that
go is a solution of (2.9) and gy € 4. Indeed, since

(B=2) =) f =((B=D)+ (- D)(-2)f
= (=1 =2) [+ =)A=
= (ip=D—-2) '+ f,
we have

(2.10) lim (if — 2)(A—2)"'f = f.

A—ifs

Using the closedness of the operator (if — ), we come up with gy being in
the domain of if — 2 and (if — Z)go = f. Next, to prove that gy € A(X), in
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view of Corollary 2.4 it suffices to show that for every R4y # 0, the function
(Jo—2)"'f is in A(X). Since both A and Ay are in p(2), and

=2 -2 f=0o—2)"'(h-2)'f

we see that (A—2)'(lo— 2)”'f has an analytic continuation into a neigh-
borhood of if. This completes the proof of the lemma. O

2.3. Condition H1 and H2
Below we will need the following conditions:

Condition H1: Two operators A and B on a Banach space X satisfy the
following conditions:
(a) B is invertible and D(B) < D(A);
(b) A and B are sectorial operators with p(4) and p(B) containing X'(w, R) for
some real number w and positive number R.
Condition H2: A subspace .# of BC(R,X) with sup-norm satisfies the
following conditions:
(a) . is closed;
(b) . contains all functions of the form Bf(-), whenever f € .# and B e L(X);
(c) For every complex number A with 1 # 0, the following inclusion holds:

(A—D) 't = 1.

Remark 2.6. If .4 is a closed subspace of BUC(R, X), then the condition
(c) in the above definition of Condition H2 is nothing but the translation
invariance of the function space .#. In fact, in this case, by the identity

f()% e R S(EfdE, (RA>0,fed),

J— 71 —
e {—foao eHS(E)f dE (R <0, f € ),

the translation invariance of .# yields the condition (c) of Condition H2. Con-
versely, if the condition (c) of Condition H2 is satisfied, then, the exponential
formula

S(1)f = lim (1 _ %@)_nf, (f e .4)

n— oo
yields the translation invariance.

Example 2.7. The following classes of function spaces satisfy Condition
H2:
(i) The function space A(X):={f e BC(R,X) :sp(f) = A}, where 4 is a
closed subset of R, satisfies Condition H2. In fact, it is closed, so con-
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dition (a) is satisfied. By (iv) of Proposition 2.1, condition (b) is satisfied.
From the last lines of the proof of Lemma 2.5, condition (c) is satisfied;

(ii) Any function spaces .# satisfying the condition (11) in [20], that is, .# <
BUC(R,X), and CS(.)f € .#4 whenever f e .# and Ce L(.4,X);

(i) Any function spaces satisfying Condition HI in [11], that is, .# c
BUC(R,X), and .# satisfies the two conditions listed in the definition of
Condition H2.

Recall that

Definition 2.8. An operator 4 on a Banach space X is said to be sectorial
if there are constants w € R, 0 € (n/2,7) and M > 0 such that

{p(A) 5 Spw:={1eC: ]+ w,larg(l— )| <6},

”R(/LA)H < Vi/[aﬂ’ Vie SU,w-

(2.11)

Lemma 2.9. Let .# be a function space that satisfies Condition H2, and
let A be a sectorial operator on X. Then the operator </, of multiplication by A
is a sectorial operator on M.

Proof. First we prove that o(</,) = a(A). In fact, let uep(4). To
prove that u € p(.eZ,) we show that for each & € .# the equation ug — oZ,9 =h
has a unique solution in .#. In fact, since, by Condition H2, (u— A) 'h(:)
€ ./, the function g := (u — A)"'h(-) is a solution of the equation ug — /,g = h.
This equation has no more than one solution because for every fixed #, the
equation ux — Ax = h(ty) has a unique solution. This shows that ue p(<Z,)
and (u—.4,) 'h=g:=(u—A)"'h(-) for every he.#. This also yields the
same estimate on ||R(x, </4)|| in (2.11), proving the lemma. O

As shown in [9, Chapter 2], a sectorial operator 4 generates an analytic
semigroup that is not necessarily strongly continuous.

3. First order equations

In this section we investigate first order equations of the form

(3.1) u' (1) = Au(t) + £(2), u(t) e X,
where A4 generates an analytic semigroup (that is not necessarily strongly

continuous) and f is an X-valued bounded and continuous function. Before
proceeding we recall the concepts of classical and mild solutions of (3.1).

Definition 3.1. (i) A function u € BC(R, X) is said to be a mild solution of
(3.1) on R if for all t>s, [lu(&)dée D(A), and

t t

u(E)dé + J F(E)dé.

s

(3.2) u(t) —u(s) = AJ

N
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(ii) A function u € BC'(R, X) is said to be a classical solution of (3.1) on
R if for all teR, u(z) is in D(A), and (3.1) holds.

We notice that a classical solution is a mild solution. However, as is
well known, a mild solution may not be a classical solution. In case where
A generates a Cy-semigroup (7()),.,, the concept of mild solutions defined
above coincides with the well-known one (see e.g. [14]), that is, in this case
mild solutions on R of (3.1) are continuous solutions to the following integral
equation

t
(3.3) u(t) =T(t— s)u(s) + J T(t— &) f(E)de, Vi >s.
The following result improves in some respect one of the main results in [15,
20, 11].

Theorem 3.2. Let A satisfy the following conditions for some positive
numbers &, R and a real number o:

(i)
pA+a) > 2<g+s,R),

(i)

sup  ||[AR(Z, 4 + a)|| < 0.
/eX(n/2+¢,R)

Assume further that M be a function space satisfying Condition H2.  Then, for
(3.1) to have at least a mild solution in M for every given [ € M, it is sufficient
that

(3-4) o(Zu)No(A) = D.

Proof.  Without loss of generality we may assume « = 0. The main idea
follows the one in [11], that is, we will apply the method of sums of commuting
operators. However, we will not use the explicit expression for the generator
of the associated evolution semigroups because the analytic semigroup, say
(T(#)),5, may not be strongly continuous.

Before proceeding, we check that </, and &, satisfy the condition P of
Definition 5.2 (ii). By Lemma 2.9 it suffices to show that ./, and &, are
commuting. In fact, let 1 be such that 4 #0, and let uep(4). Then Ae
p(2) and ue p(<f), where 2 is the differentiation operator on BC(R, X), and
of is the operator of multiplication by 4 on BC(R,X). By the conditions (c)
and (b) of Condition H2, this yields that 1 € p(2,) and p € p(oZ,). Next, since
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g=A=24) f is the unique bounded solutlon of the equatlon Ax —x' = f for
a given f €./, it is obvious that (u— A) 'g(:)=(A—Z4)" (,u Ay s
the unique bounded solution of the equation Ax —x' = (u— A)~ i (+), so,

(= Ay) " O=24) == D0) (e~ A)'f

for every fe.#. That is, o/, and &, are commuting.
By Theorem 5.3, that applies to the pair of operators .7, and Z,, we
have

(3.5) o((ALu — Du)™) = o(Ay) + (D).
y (3.4), and (3.5) we see that
0¢ oLy —2a)™).
Therefore, there is a unique u € .4 such that
(Au—Du)™u=f.
This means that there is a sequence of classical solutions {u,} to the equations

u,’i(t) = A”n(l) +fn(0

such that w, -u and f,—f a n— o in Z,, -topology, that is,
IR(Ao, Ly)(uy — u)|| — 0 and ||R(Ao, Ly)(fu— f)|| = 0 as n— oo, for some
(and thus, for all Ay € p(«Z;)). Notice that we can take Ay in p(4). Since .#
satisfies Condition H2, both R(Ag, 4)u,(-) and R(A¢, A)u(-) are in #, so they
are R(Lo, oy )u, and R(Ao,o/,)u. And hence,

[R(40, Lu)(un — )| = sup 1R (20, A) (un (1) — u(2))]|-

Next, since

1

lt) = n(s) = 4 | (e )dé+J f(Ode,  Vizs,

s

we have

t

AR (g, A) Jt Uy (E)dE = R(/IO,A)AJ 0 (8)dE

N N

= R(io, A)(un(0) — tr(s)) — R, A) J,fn(é)dc‘f

The right hand side approaches
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t

R, A)(u(t) — u(s)) - j R, A)f(E)dé,

s

as n — oo. Also, we have

t t

R(20, AYu(&)dé = R(io, A) j u(E)de.

A

lim JtR(AO?A)un(g)df = J

—
n—oo s

Therefore, in view of the closedness of 4 we get

t t

u(E)de = R(io, A)(u(t) — u(s)) - j R0, A)f (&)dE,

N

AR (g, A) J

N

so,

t t

u(E)dE = R(io, A)(ult) — u(s)) — j Ry, A)f(£)de.

s

- J u(&)dE + ioR(, A) J

N S
This yields

t t

jl u(E)dE = R(2, A) (zo j

s S

W(E)dE — u(t) + u(s) + J

s

f(é)dé) e D(4)

and

t t t

u(E)dE — u(t) + u(s) + j F(E)de.

A

(o=

S

u(&)dé = 7~0J

Therefore,

t t

WO+ | 1z

s

u(t)—u(s):AJ
that is » is a mild solution of (3.1). This completes the proof of the
theorem. U

Remark 3.3. In Theorem 3.2 we have discussed only the existence of a
mild solution with the same profile as f. However, we do not know if it is
unique. With additional condition on .# we can show the uniqueness of the
mild solution.

As a consequence we have

Corollary 3.4. Let A be a sectorial operator, and let A be a closed subset of
the real line. Then, for (3.1) to have a unique mild solution in A(X) for every
given f € A(X), it is necessary and sufficient that

(3.6) iANe(A) = .
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Proof.  Sufficiency: By Lemma 2.5, id=o0(2,). Since A(X) satisfies
Condition H2, the existence of a mild solution in A(X) follows from Theorem
3.2. We now show that this solution is unique. This can be done via the
concept of Carleman spectrum. In fact, let v and w in A(X) be two bounded
mild solutions of (3.1) on R. We will show that u=v—w=0. In fact, for
R4 > 0 and 4 € p(4), taking the Carleman transforms of both sides of (3.2) with
s =10, we have #(1) € D(4) and

u(d) — %u(O) = %Aa(/l)
So,
(3.7) @(2) = R(4, A)u(0).

Similarly, if ®1 <0 and A€ p(4) we can show that (3.7) holds. Therefore,
since R(/, A) is holomorphic, one has i sp(#) = 6(A4). On the other hand, since
vand w are in A(X), sp(u) € 4. And hence, i sp(u) < iANa(4) = . So, by
Proposition 2.1, u =0, that is, v = w, and the bounded mild solution in A4(X)
is unique.

Necessity: For every fixed real Jg e A take f(t) = ae™', where a is any
element of X. By the above theorem, there exists a unique mild solution u, of
(3.1) whose uniform spectrum is contained in {49}. In particular, the Carleman
spectrum u is contained in {/¢}. Hence, us is of the form uy(f) = be™". So,
ur is continuously differentiable. We have

u(t) — u(s) 4 1 J’
t_

r—s

t

u()de + %J 1de, Vi s

N

N

Letting ¢ — s implies that u(s) € D(4) for all se€ R, and

(3.8) ' (s) = Au(s) + £ (s)

for all s € R, that is, u(-) is a classical solution of (3.1). On the other hand,
(3.8) is nothing but

bijge™* = (be™)’
= Abe™ + ae'™.

Dividing both sides by e we get idgh = Ab +a. So, for every a e X, there
exists a unique b such that iloh — Ab = a. This means that ily ¢ o(4). That
is, g(4)Nid = . The proof is completed. O
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Remark 3.5. Even if A generates a strongly continuous analytic semi-
group, the operator .7 of multiplication by 4 may not generate a strongly
continuous analytic semigroup in BC(R,X). Similarly for the operators of
multiplication by A4 on other subspaces of BC(R,X). Therefore, it is natural
to consider the general case where A generates an analytic semigroup that is not
necessarily strongly continuous.

Corollary 3.6. Let A be a sectorial operator, and let f be in BC(R,X).
Then, (3.1) has a unique mild solution uy € BC(R,X) such that sp(uy) < sp(f)
provided

(3.9) isp(f)No(4) = @
Proof. 1t suffices to take A4 = sp(f) and apply the above corollary. []

Remark 3.7. If f is almost automorphic function, then the function space
AA4(X) (the space of all almost automorphic functions with uniform spectrum
contained in A) satisfies Condition H2, where A :=sp(f). Since the spectrum
of the differentiation operator on this function space is exactly i4, by Theorem
3.2 and Corollary 3.6 we get a main result of [3].

Remark 3.8. In the proof of Theorem 3.2 we have actually used the
closedness of the following operator .¥ defined on the function space .# with
the domain D(%) consists of all functions u € .# such that there is a function
f € for which u is a mild solution of Eq. (3.1), and Yu:= f if ue D(¥)
with such a function f. The following proposition may be of independent
interest.

Proposition 3.9. Let # be a closed subspace of BC(R,X) that satisfies
Condition H2, and let ¥ be defined as above. Then, ¥ is a single-valued
linear operator which is closed in the T4 topology, that is, if u, € D(Z) is a
sequence such that sup,||R(%, A)(u,(t) — u(2))|| — 0, and sup,||R(Ao, A)(Lu,(t) —
S| — 0 for some u, f € M, then ue D(F) and Lu=f.

Proof. First we show that the operator ¥ is a single-valued linear
operator. The linearity is clear. Now, suppose that there are functions
u, f,g € M such that j; u(&)dé e D(A) for all t=s; t,s€ R, and

t

(3.10) momwAjE@wé+jf@wa

N A

t t

M®&+JM@%-

N

(3.11) u(t) — u(s) :AJ

N

Therefore, for all > s
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: thxf)dé-— : th(é)dé.

t—5) Ct—s

s

Since f and ¢ are continuous, we come up with f(s) = g(s) for all s € R, that
is, f =g, yielding the single-valuedness of .Z.

Now we prove the 74-closedness of this operator. Let u, € D(¥) be a
sequence such that sup,||R(4y, A)(u,(t) — u(2))|| — 0, and sup,||R(Ao, A)(Lu,(t) —
S)| — 0 for some u, f € .#. Then, by the assumption and definition of %,
we have

t

(3.12)  uu(t) —uu(s) = 4 J u, (£)dé + th,,(f)dé, Vi>s;t,seR.

s

Now we can follow exactly the lines of the proof of Theorem 3.2. O

4. Second order equations

In this section we will study the existence of bounded solutions to the
second order equations of the form

(4.1) u" (1) = Bu'(t) + Au(t) + f(2), u(t) e X,

where A and B are closed linear operators and f is an X-valued bounded and
continuous function.
Define an operator

(4.2) P(J)=)—)B—4
and
Ag:={Ae€iR:1P7'()) e L(X)}.

Definition 4.1. A function u(-) defined on R is said to be a (bounded)
classical solution on R of (1.2) if
(i) ueBC*(R, X);
(ii) For every te R, u(t) e D(A), u'(t) e D(B) and Bu' € BC(R,X), Aue
BC(R,X);
(i) For every te R, (1.2) holds.

Definition 4.2. A function u(-) € BC(R, X) is said to be a (bounded) mild
solution on R of (1.2) if the following holds
(i) For all t>s; t,s€R, [[u(&)dée D(B), [/(t—Eu()dé e D(A);
(i) For every given s € R there is x € X such that the following holds for
all t>s:

t t t

U—@M@%+JU—@A®%.

N

(43) ult) — u(s) = (1= s)x + BJ

N

ma&+Aj

s
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Remark 4.3. It is clear that every classical solution on R of (1.2) is a mild
solution (on R) of this equation.

Theorem 4.4. Assume that A and B satisfy the following conditions:
(i) A and B satisfy Condition H1;
(ii) p(B) o Z. for some ¢ >0, and for some k > 0,

IR(Z,B)| <k(1+]A)"",  VieZ.
Then Eq. (1.2) has a unique mild solution with sp(u) < sp(f) provided

(4.4) isp(f)NAy = .
Proof. By setting

45 x(1) ;:(5,%), L:(f1 ;) Fo) :

we will reduce (1.2) to a first order equation of the form

Il
7N
= o
=
~__

(4.6) xX'(f) = Lx(t) + F(1),

where x(#) is in Y := D(B) x X, (here D(B) is equipped with the graph norm),
and L is an operator on D(B) x X with D(L) = D(B) x D(B).

First, notice that L satisfies the following: There are positive numbers &
and R such that

(i)
p(L) > X(n/2 + & R);

(i1)

sup  |AR(,L)| < 0.
LeX(n/2+¢,R)

This claim can be proved by adapting the estimates in [4, p. 85-87], so we omit
the details. Moreover,

(4.7) o(L) c {ie C|FP7'()) e L(X)}.

Next, by Theorem 3.2 and its corollaries, there exists a unique bounded mild
solution of (4.6) on R, say x(-), such that sp(x) < sp(F) =sp(f). Now we
show that this yields the existence of a bounded mild solution to (4.1). In
fact, by definition, for all ¢ > s, f; x(&)dé e D(L), and

t t

x(&)d¢ +J F(&)de, Vt > s.

s

(48) (1) — x(s) = LJ

N
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Since D(L) = D(B) x D(B), if x(t) = (u(t),v(¢)) € D(B) x X, we have f; v(&)d¢é €

D(B). Re-writing the above equation in the matrix form we have

(u(t)) B <u(s)> B (o 1) [lu(&)ae +< 0 )

(1) o(s) )~ \4 B\ [lu(&)de Iy r(©de )

Therefore,
(4.9) u(t) —u(s) = J v(&)déE,
(4.10) ()~ o) = 4 [ w@de + B[ v+ | (&)
Now if we integrate (4.10) in ¢ and use (4.9) (s is fixed) we come up with

| @z = (=) = [ an [ werac+ B[ an | oerae

S KAREE

u(t) —u(s) — (t —s)v(s) = 4 ‘

+

N

(0 — Eul(&)de + Bj

t

(u(tr) — u(s))dn

A

(t=28)f(&)de.

Since u(t) € D(B) for all ¢, it follows from the above that

N

where x := v(s) — Bu(s).
Obviously, sp(u) < sp(f).

5. Appendix

[~ e+ 5|

t t

u()dé + J (t - (e,

\} A

This shows that u(-) is a mild solution on R.

O

We recall now the notion of two commuting operators which will be used

in the sequel.

Definition 5.1.
empty resolvent set.
equivalent conditions hold:

(i)

(i)

some (all) u e p(B).

Let 4 and B be operators on a Banach space G with non-
We say that 4 and B commute if one of the following

RU, A)R(t, B) = R(t, BYR(, A) for some (all) /€ p(A), e p(B),
x e D(A) implies R(u,B)xe D(A) and AR(u,B)x = R(u,B)Ax for
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Definition 5.2. Let 4 and B be commuting operators. Then
(i) A is said to be of class X (6 + =/2, R) if there are positive constants 6,
R such that 0 < 6 < /2, and
(5.1)  2(0+=m/2,R) < p(A) and sup  [|AR(4,4)|| < oo,
AeZ(0+n/2,R)
(i) A4 and B are said to satisfy Condition P if there are positive con-

stants 0,0, R,0" < 0 such that 4 and B are of class X(0+ /2, R),
X(n/2 —0', R), respectively.

If A and B are commuting operators, 4+ B is defined by (4 + B)x =
Ax + Bx with domain D(4 + B) = D(A4) N D(B).

In this paper we will use the following norm, defined by 4 on the space X,
Xl -, = | R(4, A)x||, where 7€ p(A4). It is seen that different 1€ p(4) yields
equivalent norms. We say that an operator C on X is A-closed if its graph
is closed with respect to the topology induced by 74 on the product X x X. It
is easily seen that C is A-closable if x, — 0, x, € D(C), Cx,, — y with respect to
J,4 in X implies y =0. In this case, A-closure of C is denoted by C“.

Theorem 5.3. Assume that A and B commute. Then the following asser-
tions hold:
(i) If ome of the operators is bounded, then

(5.2) (A + B) = o(A) + o(B).
(i) If A and B satisfy Condition P, then A+ B is A-closable, and
(5.3) o((4 + B)?) c a(A) + a(B).

In particular, if D(A) is dense in X, then (A+ B)? = A+ B, where
A + B denotes the usual closure of A+ B.

Proof. For the proof we refer the reader to [1, Theorems 7.2, 7.3]. [
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