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Blowup Behavior of Radial Solutions to Jäger-Luckhaus System

in High Dimensional Domains
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Abstract. In this paper, we will consider the blowup and the time-global existence

of radial solutions to a simplified system of the so called Keller-Segel model in a

domain of three or more dimensional Euclidean space. In the two dimensional case,

the blowup solutions have a delta function singularity at each blowup point (see

[13]). However, in the three dimensional case, Herrero, Medina and Velázquez [7]

show that there exist self-similar blowup solutions and that the solutions have a

singularity which is di¤erent from a delta function singularity. In this paper, we will

consider the blowup criterion and the blowup self-similar solutions in the three or

more dimensional cases.
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1. Introduction

In this paper, we consider the blowup behavior of radial solutions to the

following system

ut ¼ ‘ � ð‘u� u‘vÞ in W� ð0;TÞ;
0 ¼ Dv� uþ m in W� ð0;TÞ:

�
ð1Þ

Here, m is a nonnegative constant, and W ¼ fx A RN j jxj < Lg (0 < Lay,

N ¼ 1; 2; 3; . . .). In particular, we consider the following case.

m ¼
l

jWj if 0 < L < y;

0 if L ¼ y:

8><>:
In the case where 0 < L < y, the initial condition and the boundary

condition

qu

qn
¼ qv

qn
¼ 0 on qW� ð0;TÞ;

uð� ; 0Þ ¼ u0 in W

8><>:ð2Þ



are imposed on the solutions. Here u0 is radial, smooth, nonnegative and

nontrivial in W, and n is the outer normal unit vector. Moreover, l ¼ ku0k1
and jWj ¼

Ð
W
1 dx.

Here and henceforth, we use the notation k � kp for the LpðWÞ norms of

functions.

Keller and Segel [9] introduced a system to describe the aggregation of

cellular slime molds. We refer to the system introduced by Keller and Segel as

the Keller-Segel model. The system (1) is introduced by Jäger and Luckhaus

[8] as a simplified Keller-Segel model. We refer to the system (1) as the Jäger-

Luckhaus system.

Firstly, we describe the results for the system (1) and (2) with L A ð0;yÞ
and m ¼ l=jWj.

In Theorems 1 and 2, we describe the criterion of the blowup of the

solutions. Concerning this aspect, the following results are shown.

In the case where N ¼ 1, the blowup cannot occur. That is to say, the

solution to (1) and (2) exists and is bounded globally in time.

In the case where N ¼ 2, the blowup can occur. Jäger and Luckhaus [8]

find blowup solutions for lg 1. Here, we say that the solution u blows up if

lim supt!Tkuð� ; tÞky ¼ y for some T A ð0;yÞ. Nagai [10] introduces a system

replacing the second equation (1) with 0 ¼ Dv� vþ u. We refer to this system

as the Nagai system. Moreover, Nagai [10] shows that the radial solutions to

the Nagai system with (2) cannot blow up if l < 8p, and that the radial solution

blows up if l > 8p and
Ð
W
jxj2u0ðxÞdxf 1. Nagai [11] and the author and

Suzuki [14] show similar results for the non-radial solutions to the Nagai

system. For non-radial and blowup solutions to the Nagai system with (2), the

author and Suzuki [13] show that there are a set B of finite points in W and a

L1-function f satisfying

uð� ; tÞ *
X
q AB

mðqÞdq þ f in MðWÞ as t ! Tmax:

Here and henceforth, Tmax is the maximal existence time of the classical solution

and

mðqÞb 8p if q A W;

4p if q A qW:

�
By using a similar argument as the one in [10, 11, 14, 13], we can show that the

solutions to (1) and (2) have the same properties as those of the solutions to the

Nagai system with (2).

Then, in the two dimensional case, the blowup solution has a delta function

singularity at each blowup point q A B.
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In the case where Nb 3, Nagai [10] finds blowup solutions to the Nagai

system with (2) for each l > 0.

Secondly, we describe the result for the system (1) with L ¼ y. For any

C > 0, Herrero, Medina and Velázquez [6] find radial and blowup solutions to

(1) with N ¼ 3, L ¼ y and m ¼ 1 satisfyingð
jxj<r

uðx;TmaxÞdx ! C r ! 0:

Moreover, they [7] find radial and blowup solutions u to (1) with N ¼ 3,

L ¼ y and m ¼ 0 satisfying

uðx;TmaxÞ@
C

jxj2
as jxj ! 0ð3Þ

for a constant C > 0, and there is a function u such that

uðx; tÞ ¼ 1

Tmax � t
u

jxjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tmax � t

p !
:ð4Þ

We refer to the function u in (4) as the self-similar solution of (1).

Therefore, in the three or more dimensional cases, we can expect that

several singularities appear in blowup solutions.

In this paper, we treat Jäger-Luckhaus system in the three or more

dimensional domain. In Theorems 1 and 2, we treat the criterion of the

blowup and the time-global existence. That is di¤erent from the one in [10].

In Theorem 3, we consider the blowup solutions having a singularity similar

to the one in (3), and self-similar solutions to (1) with m ¼ 0 in RN ðNb 3Þ.
Our results are the following.

In Theorems 1 and 2, we assume that u0 is radial and that W is a bounded

open ball.

Theorem 1. Let W ¼ fx A RN j jxj < Lg, 0 < L < y, Nb 3 and m ¼ l=jWj.
For some k > 0 and l A ð0; l��, suppose that u0 satisfiesð

jxj<r

u0ðxÞdxa
loNkr

N

1þ kr2
for 0 < r < L;

where

l� ¼ 2N þ 4þ 2ðN � 2ÞkL2

N þ ðN � 2ÞkL2
A 2;

2N þ 4

N

� �
:

Then, the solution u to (1) and (2) exists globally in time and satisfies
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sup
0at

kuð� ; tÞky < y:

Here, oN is the area of the unite sphere in RN .

Theorem 2. Let W ¼ fx A RN j jxj < Lg, 0 < L < y, Nb 3, m ¼ l=jWj and
l > ð2N þ 4Þ=N. There exist k > 0 and d A ð0;LÞ such thatð

jxj<r

u0ðxÞdxb
loNkr

N

1þ kr2
for 0 < ra d

implies that Tmax < y for the solution to (1) and (2). Then, the solution u to (1)

and (2) blows up.

In Theorem 1, we observe that l� ! ð2N þ 4Þ=N as kL2 ! 0. Then, we

can regard that ð2N þ 4Þ=N in Theorem 2 is the best constant.

In the following theorem, we describe the existence of self-similar solutions

fujgjb1 to (1).

We denote

VjðsÞ ¼
1

oNeðN�2Þs

ð e s
0

ujðxÞxN�1 dx and HjðsÞ ¼ V 0
j ðsÞ

for j ¼ 1; 2; 3; . . . .

Theorem 3. Let W ¼ RN, Nb 3 and m ¼ 0.

There exists a radial and positive self-similar solution u1 to (1) satisfying

V1ðsÞ > 0 and H1ðsÞ > 0 for s A R;

lims!y V1ðsÞ ¼ 4 and lims!y H1ðsÞ ¼ 0.

In particular, in the case where 3aNa 9, there exist radial and

positive self-similar solutions fujgjb2 to (1) satisfying lims!y VjðsÞ A ð0; 2Þ and

lims!y HjðsÞ ¼ 0 and the following.

For j ¼ 2, there exists s1 A R such that

V2ðsÞ > 0 and H2ðsÞ > 0 for s < s1;

V2ðs1Þ > 2 and H2ðs1Þ ¼ 0;

V2ðsÞ > 0 and H2ðsÞ < 0 for s1 < s:

8><>:
For each jb 3, there exists fsig2j�3

i¼1 HR such that

�y < s1 < s2 < � � � < s2j�3 < y;

VjðsÞ > 0 and HjðsÞ > 0 for s < s1 and s2i < s < s2iþ1;
Vjðs2i�1Þ > 2 and Hjðs2i�1Þ ¼ 0;
VjðsÞ > 0 and HjðsÞ < 0 for s2i�1 < s < s2i and s2j�3 < s;
Vjðs2iÞ A ð0; 2Þ and Hjðs2iÞ ¼ 0

8>><>>:
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for i ¼ 1; 2; . . . ; j � 2 and that

Vjðs2j�3Þ > 2 and Hjðs2j�3Þ ¼ 0:

The self-similar solution uj in Theorem 3 satisfies that

e2sujðesÞ ¼ oNfðN � 2ÞVjðsÞ þHjðsÞg;

for each T > 0

uðx; tÞ ¼ 1

T � t
u

jxjffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
� �

is a blowup solution to (1) with m ¼ 0 and that uðx;TÞ ¼ Cj=jxj2 with

Cj ¼ lim
y!y

y2uðyÞ ¼ oNðN � 2Þ lim
s!y

VjðsÞ:

2. Proof of Theorems 1 and 2

In this section, we prove Theorems 1 and 2 by using the comparison

theorem and the following lemma.

Throughout this section, we assume that

W ¼ fx A RN j jxj < Lg; N ¼ 3; 4; 5; . . . ; 0 < L < y and m ¼ l

jWj :

The following proposition and lemmas are shown for solutions to the

Nagai system with (2) in [10]. However, by using a similar argument as the

one in [10], we can show the following lemma for solutions to (1) and (2).

Hence, here we omit the proofs.

Proposition 1. The system (1) and (2) has the unique classical solution u in

W� ð0;TmaxÞ. Moreover, u is positive in W� ð0;TmaxÞ.

Then, the maximal existence time Tmax of the classical solution is positive

or infinite.

Lemma 2.1. Let u be a solution to (1) and (2). If Tmax < y, then u

satisfies that

lim
t!Tmax

kuð� ; tÞky ¼ y:

Lemma 2.2. Let u be a solution to (1) and (2). Suppose that

sup
0<t<Tmax

k‘vð� ; tÞky < y:ð5Þ
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Then it holds that

sup
0<t<Tmax

kuð� ; tÞky < y:

By using Lemmas 2.1 and 2.2, if (5) holds, the solution exists globally in

time and is bounded.

Putting

Uðr; tÞ ¼
ð
jxj<r

uðx; tÞdx; Vðr; tÞ ¼
ð
jxj<r

vðx; tÞdx;

U and V satisfy

Ut ¼ rN�1 q

qr

1

rN�1

qU

qr

� �
þ 1

oNrN�1
U � l

LN
rN

� �
qU

qr
;

0 ¼ rN�1 q

qr

1

rN�1

qV

qr

� �
� l

LN
rN þU :

8>>><>>>:ð6Þ

Putting F ¼ U=ðoNr
N�2Þ, F satisfies

Ft ¼ Frr þ
N � 3

r
Fr �

2ðN � 2Þ
r2

Fþ 1

r2
F� lr2

oNLN

� �
fðN � 2ÞFþ rFrg:

Let

Lð f Þ ¼ ft � frr �
N � 3

r
fr þ

2ðN � 2Þ
r2

f � 1

r2
f � lr2

oNLN

� �
fðN � 2Þ f þ rfrg:

Proof of Theorem 1. Putting F ¼ lkr2

1þ kr2
, F satisfies

Fr ¼
2lkr

ð1þ kr2Þ2
and Frr ¼

2lk

ð1þ kr2Þ2
� 8lk2r2

ð1þ kr2Þ3
:

Since we observe that

LðFÞ ¼ � 2lk

ð1þ kr2Þ2
� 8lk2r2

ð1þ kr2Þ3

( )
� 2ðN � 3Þlk

ð1þ kr2Þ2
þ 2ðN � 2Þlk

1þ kr2

� F� lr2

oNLN

� �
ðN � 2Þlk
1þ kr2

þ 2lk

ð1þ kr2Þ2

( )
;

then we have that

252 Takasi Senba



ð1þ kr2Þ3LðFÞð7Þ

¼ �2lkð1þ kr2Þ þ 8lk2r2 � 2ðN � 3Þlkð1þ kr2Þ

þ 2ðN � 2Þlkð1þ kr2Þ2 � lkr2fðN � 2Þlkð1þ kr2Þ þ 2lkg

þ lr2

oNLN
fðN � 2Þlkð1þ kr2Þ2 þ 2lkð1þ kr2Þg

¼ f�2lk � 2ðN � 3Þlk þ 2ðN � 2Þlkg

þ kr2f�2lk þ 8lk � 2ðN � 3Þlk þ 4ðN � 2Þlk

� l½ðN � 2Þlk þ 2lk�g þ k2r4f2ðN � 2Þlk � ðN � 2Þl2kg

þ lr2

oNLN
fðN � 2Þlkð1þ kr2Þ2 þ 2lkð1þ kr2Þg

¼ I þ kr2II þ k2r4III þ IV :

Combining (7) with

I ¼ 0; II ¼ lkf2N þ 4� lNg; III ¼ lkðN � 2Þf2� lg:ð8Þ

and

IV b 0ð9Þ

implies that for 0 < la l�

LðFÞb lk2r2

ð1þ kr2Þ3
f½2N þ 4þ 2ðN � 2Þkr2�ð10Þ

� ½N þ ðN � 2Þkr2�lgb 0 for 0 < r < L:

From the assumption of this theorem, we have Fð� ; 0ÞaF in ð0;LÞ. Com-

bining this with (10), Fð0; tÞ ¼ Fð0Þ ¼ 0 and FðL; tÞ ¼ FðL; 0ÞaFðLÞ, we have

that FaF in ð0;LÞ � ð0;TmaxÞ or

Uðr; tÞa lkoNr
N

1þ kr2
in ð0;LÞ � ð0;TmaxÞ;

in the comparison theorem.

From this, (6) and oNvr ¼ ðr1�NVrÞr, we observe that

j‘vj ¼ jvrja
1

oNrN�1

l

LN
rN þU

� �
aC1 in ð0;LÞ � ð0;TmaxÞ;ð11Þ

where C1 is a positive constant.

From this, Lemmas 2.1 and 2.2, we get this theorem. r
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For a positive constant h, let jh be a smooth function in ½0;yÞ satisfying

0a jh a 1; j 0
h a 0

and

jhðsÞ ¼
0 if 1þ ha s < y;

1 if 0a sa 1:

�
For a positive constant e, we put jh; eðxÞ ¼ j3

hðjxj=eÞ.

Lemma 2.3. Let u be a radial solution to (1) and (2). For 0 < e < L=2 and

0 < h < 1, it holds that

d

dt

ð
W

uðx; tÞje;hðxÞdx
���� ����aC2 for 0 < t < Tmax;

where C2 is a positive constant depending only on e and kjhkC 1ð½0;yÞÞ.

Proof. Noticing that qje;h=qn ¼ 0 in qW, we observe that

d

dt

ð
W

uje;h dx ¼
ð
W

‘ � ð‘u� u‘vÞje;h dxð12Þ

¼
ð
W

uDje;h dxþ
ð
W

u‘v � ‘je;h dx:

Since it holds that 0aU a l in W and that ‘je;h ¼ 0 for jxjb ð1þ hÞe, we

have thatð
W

u‘v � ‘je;h dx
���� ���� ¼ ð

W

u ‘v � x

jxj

� �
x

jxj � ‘je;h
� �

dx

���� ����
a

ð
W

u

oN jxjN�1
l
jxjN

LN
þU

 !
3

e
jj 0

hjdxa
6l2

oNeN
kjhkC 1ð½0;yÞÞ:

From this and (12), we have this lemma. r

Proof of Theorem 2. For ð2N þ 4Þ=N < ~ll < l and T > 0, we put

Fðr; tÞ ¼
~llkðtÞr2

1þ kðtÞr2 and kðtÞ ¼ 1

ðT � tÞ2
:

Combining (7) with

Ftðr; tÞ ¼
~llk 0ðtÞr2

ð1þ kðtÞr2Þ2
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implies that

ð1þ kðtÞr2Þ3LðFÞ ¼ ~llk 0ðtÞr2ð1þ kðtÞr2Þ þ ~II þ kðtÞr2 eIIII þ kðtÞ2r4 eIIIIII þ eIVIV ;

where ~II , eIIII , eIIIIII and eIVIV are the terms I , II , III and IV in (7) replacing k and l

with kðtÞ and ~ll, respectively. Then, it follows from this and (8) that

ð1þ kðtÞr2Þ3LðFÞ ¼ kðtÞr2VI þ kðtÞ2r4VII ;ð13Þ

where

VI ¼ ~ll
k 0ðtÞ
kðtÞ þ lN ~ll

oNLN
þ eIIIIð14Þ

¼ ~llkðtÞ 2~llðT � tÞ þ 2N þ 4þ lN

oNLN
ðT � tÞ2 � ~llN

� �
and

VII ¼ ~ll
k 0ðtÞ
kðtÞ þ lð2N � 2Þ~ll

oNLN
þ lðN � 2Þ~llkðtÞr2

oNLN
þ eIIIIIIð15Þ

¼ ~llðN � 2ÞkðtÞ 2ðT � tÞ
ðN � 2Þ þ

2ðN � 1Þl
ðN � 2ÞoNLN

ðT � tÞ2 þ lr2

oNLN
þ 2� ~ll

� �
:

We take d > 0 such that

� 2

N
þ ld2

oNLN
¼ 0:

Noticing ~ll > ð2N þ 4Þ=N, we obtain that VI a 0 and VII a 0 in ð0; dÞ � ð0;TÞ
for any su‰ciently small T > 0. Then, we have that

LðFÞa 0 in ð0; dÞ � ð0;TÞð16Þ

for any su‰ciently small T > 0.

By Lemma 2.3, we have that

Uðð1þ hÞe; tÞ �Uðe; 0Þb
ð
W

uðx; tÞje;hðxÞdx�
ð
W

u0ðxÞje;hðxÞdxð17Þ

¼
ð t
0

d

ds

ð
W

uðx; sÞje;hðxÞdxdsb�C2t:

We assume that for k0 > 0
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Uðr; 0Þb 2oNlk0r
N

1þ 2k0r2
for 0 < ra d:ð18Þ

Putting y ¼
ffiffiffiffiffiffiffiffi
l=~ll

q
> 1, we take h > 0 satisfying

y~llð1þ hÞN ¼ l:

Then, for any k0 > 0 and 0 < r < L, it holds that

2lk0r
N

1þ 2k0r2
b

y~llk0ð1þ hÞNrN

1þ k0ð1þ hÞ2r2
:

Combining this with (17) and (18), for any 0 < ea dð1þ hÞ�1, we have that

Uðð1þ hÞe; tÞbUðe; 0Þ � C2tb
y~llk0ð1þ hÞNeN

1þ k0ð1þ hÞ2e2
� C2t:ð19Þ

Since C2 depends only on h and e, then for such h, e and C2, we can take T > 0

such that

y~llT�2ð1þ hÞNeN

1þ T�2ð1þ hÞ2e2
� C2T b

~llT�2ð1þ hÞNeN

1þ T�2ð1þ hÞ2e2
:ð20Þ

Putting k0 ¼ T�2, we observe that

Fðð1þ hÞe; tÞbFðð1þ hÞe; tÞ for 0 < t < minðTmax;TÞð21Þ

by (18) and (19).

Therefore, taking d > 0, h > 0 and e > 0 such that

� 2

N
þ ld2

oNLN
¼ 0;

ffiffiffiffiffi
l~ll

p
ð1þ hÞN ¼ l and 0 < ea

d

1þ h
;

and take T > 0 satisfying (20), VI a 0 at t ¼ 0 and that VII a 0 at ðr; tÞ ¼
ðd; 0Þ.

For such d and T , we assume (18) with k0 ¼ 1=T 2. Then, we have (16),

(21), Fð0; tÞ ¼ 0 ¼ Fð0; tÞ in ð0;minðTmax;TÞÞ and Fðr; 0ÞbFðr; 0Þ in ð0; dÞ.
Combining those with the comparison theorem, it implies that

FbF in ð0; ð1þ hÞeÞ � ð0;minðTmax;TÞÞ

or

Uðr; tÞboNr
N�2Fðr; tÞ in ð0; ð1þ hÞeÞ � ð0;minðTmax;TÞÞ:

Putting rðtÞ ¼ ð1þ hÞe
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðt=TÞ

p
, it holds that
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kuð� ; tÞky b
NUðrðtÞ; tÞ
oNrðtÞN

¼ NFðrðtÞ; tÞ
rðtÞ2

b
NFðrðtÞ; tÞ

rðtÞ2

¼ N ~llkðtÞ
1þ kðtÞrðtÞ2

¼ N ~llT

TðT � tÞ2 þ ð1þ hÞ2e2ðT � tÞ
:

From this, we obtain that 0 < Tmax aT . Here, we finish the proof of this

theorem. r

3. Proof of Theorem 3

In this section, we treat (1) with m ¼ 0 and W ¼ RN ðNb 3Þ.
Recall that

Fðr; tÞ ¼ 1

oNrN�2
Uðr; tÞ; Uðr; tÞ ¼

ð
jxj<r

uðx; tÞdx:

For T > 0, let as put

y ¼ rffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p ; t ¼ �logðT � tÞ and Cðy; tÞ ¼ Fðr; tÞ:

Then, C satisfies that

MðCÞ ¼ Ct �Cyy �
N � 3

y
� y

2

� �
Cy þ

2ðN � 2Þ
y2

C

� C

y2
fðN � 2ÞC þ yCyg ¼ 0 in ð0;yÞ � ð�log T ;yÞ

with

Cð0; �Þ ¼ Cyð0; �Þ ¼ 0 in ð�log T ;yÞ:

The self-similar solution satisfies Ct ¼ 0 and MðCÞ ¼ 0. Then, we consider the

problem

Cyy þ
N � 3

y
� y

2

� �
Cy �

2ðN � 2Þ
y2

C

þC

y2
fðN � 2ÞC þ yCyg ¼ 0 in ð0;yÞ;

Cð0Þ ¼ Cyð0Þ ¼ 0:

8>>>>>><>>>>>>:
ð22Þ

For S A R and a solution of (22), putting s ¼ log y� S, VðsÞ ¼ CðyÞ and

HðsÞ ¼ V 0ðsÞ, then the problem (22) is equivalent to the problem
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V 0 ¼ H in R;

H 0 ¼ �ðN � 4ÞH þ 2ðN � 2ÞV

þ 1

2
e2ðsþSÞH � VfðN � 2ÞV þHg in R;

lims!�y VðsÞ ¼ 0; lims!�y HðsÞ ¼ 0:

8>>>>>><>>>>>>:
ð23Þ

Let e A ð0; 1Þ be positive and su‰ciently small and let S < ð1=2Þ log eþ
logðN � 2Þ.

Firstly, we prove the existence and uniqueness of the solution to (23) in the

set

Oe ¼ fðV ;HÞ A C1ðð�y; 0�Þ2 jV > 0;H > 0;Vð0Þ ¼ e;ð24Þ

kVkO;1 ¼ sup
sa0

e�ðN�2ÞsjVðsÞja 2e;

kHkO;1 ¼ sup
sa0

e�ðN�2ÞsjHðsÞja ðN � 1Þeg:

Let kðV ;HÞkO ¼ kVkO;1 þ kHkO;1.
For ðV0;H0Þ A Oe, we define ð ~VV ; ~HHÞ as the solution to

~VV 0 ¼ ~HH;

~HH 0 ¼ �ðN � 4Þ ~HH þ 2ðN � 2Þ ~VV þ 1

2
e2ðsþSÞH0 � V0fðN � 2ÞV0 þH0g

lims!�y
~VVðsÞ ¼ 0; lims!�y

~HHðsÞ ¼ 0; ~VVð0Þ ¼ e:

8>>><>>>:
Then, we define ð ~VV ; ~HHÞ ¼ FSðV0;H0Þ.

Lemma 3.1. For any su‰ciently small e > 0 and S < ð1=2Þ log eþ
logðN � 2Þ, FS satisfies that FSOe HOe and has a unique fixed point ðV ;HÞ in

Oe satisfying

VðsÞ > 0; and HðsÞ > 0 for s A ð�y; 0�:

Proof. Putting

F ðsÞ ¼ 1

2
e2ðsþSÞH0 � V0fðN � 2ÞV0 þH0g;

we have that

~VVðsÞ ¼ C3e
ðN�2Þs þ 1

N
eðN�2Þs

ð s
�y

e�ðN�2ÞxFðxÞdx

� 1

N
e�2s

ð s
�y

e2xF ðxÞdx ¼ C3e
ðN�2Þs þ VIIIðsÞ � IX ðsÞ:
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Then, it holds that e ¼ ~VVð0Þ ¼ C3 þ VIIIð0Þ � IX ð0Þ,

jVIIIðsÞja 1

N
eðN�2Þs N � 1

4
e2e2s þ 2ð3N � 5Þ

N � 2
e2eðN�2Þs

� �
and that

jIXðsÞja 1

N
eðN�2Þs N � 1

2ðN þ 2Þ e
2e2s þ 3N � 5

N � 1
e2eðN�2Þs

� �
:

Therefore, for any su‰ciently small e > 0, we can obtain that C3 < 3e=2,

kVkO;1 a 2e and that V is positive in ð�y; 0Þ.
We have that

~HHðsÞ ¼ ~VV 0ðsÞ ¼ ðN � 2ÞC3e
ðN�2Þs

þ ðN � 2Þ
N

eðN�2Þs
ð s
�y

e�ðN�2ÞxFðxÞdxþ 2

N
e�2s

ð s
�y

e2xF ðxÞdx:

Taking the smaller e > 0, if necessary, and using an argument similar to the

above, we have that ~HHðsÞ > 0 for �y < sa 0 and that k ~HHkO;1 a ðN � 1Þe.
Therefore, if FS has a fixed point ð ~VV ; ~HHÞ, then we obtain that ~VVðsÞ > 0 and

~HHðsÞ > 0 for s A ð�y; 0� and that ð ~VV ; ~HHÞ A Oe. For any su‰ciently small e > 0

and any S < ð1=2Þ log eþ logðN � 2Þ we define

ð ~VV ; ~HHÞ ¼ FSðV0;H0Þ for ðV0;H0Þ A Oe:

Then, for any su‰ciently small e > 0 and any S < ð1=2Þ log eþ logðN � 2Þ, FS

is a map on Oe.

For ðV0i;H0iÞ A Oe ði ¼ 1; 2Þ, putting

ð ~VVi; ~HHiÞ ¼ FSðV0i;H0iÞ;

Fi ¼
1

2
e2ðsþSÞH0i � V0iðH0i þ ðN � 2ÞV0iÞ;

C3; i ¼ e� 1

N

ð 0
�y

e�ðN�2ÞxFiðxÞdxþ
1

N

ð0
�y

e2xFiðxÞdx;

we observe that

~VV2ðsÞ � ~VV1ðsÞ ¼ ðC3;2 � C3;1ÞeðN�2Þs

þ 1

N
eðN�2Þs

ð s
�y

e�ðN�2ÞxðF2ðxÞ � F1ðxÞÞdx

� 1

N
e�2s

ð s
�y

e2xðF2ðxÞ � F1ðxÞÞdx;
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~HH2ðsÞ � ~HH1ðsÞ ¼ ðN � 2ÞðC3;2 � C3;1ÞeðN�2Þs

þ ðN � 2Þ
N

eðN�2Þs
ð s
�y

e�ðN�2ÞxðF2ðxÞ � F1ðxÞÞdx

þ 2

N
e�2s

ð s
�y

e2xðF2ðxÞ � F1ðxÞÞdx:

C3;2 � C3;1 ¼ � 1

N

ð0
�y

e�ðN�2ÞxðF2ðxÞ � F1ðxÞÞdx

þ 1

N

ð0
�y

e2xðF2ðxÞ � F1ðxÞÞdx:

Combining those with

kF2 � F1kO;1 a 3ekH02 �H01kO;1 þ ð3N � 5ÞekV02 � V01kO;1
implies that

k ~VV2 � ~VV1kO;1 aC4eðkV02 � V01kO;1 þ kH02 �H01kO;1Þ;

k ~HH2 � ~HH1kO;1 aC5eðkV02 � V01kO;1 þ kH02 �H01kO;1Þ;

Here and henceforth, Ci ði ¼ 4; 5; 6; 7; 8Þ are positive constants depending only

on N. Then, we obtain that

kð ~VV2 � ~VV1; ~HH2 � ~HH1ÞkO aC6ekðV02 � V01;H02 �H01ÞkO

and that FS is a contraction map on Oe for any su‰ciently small e > 0 and

any S < ð1=2Þ log eþ logðN � 2Þ. Then, FS has a unique fixed point ðV ;HÞ
in Oe. Thus, we finish the proof of this lemma. r

From the definition of FS, the fixed point of FS is the solution to (23) with

Vð0Þ ¼ e.

For any su‰ciently small e > 0 and any S < ð1=2Þ log eþ logðN � 2Þ, we
define the fixed point of FS in Oe as ðVS;HSÞ. Moreover, we define

FSðsÞ ¼
1

2
e2ðsþSÞHSðsÞ � VSðsÞðHSðsÞ þ ðN � 2ÞVSðsÞÞ;

C3ðSÞ ¼ e� 1

N

ð0
�y

e�ðN�2ÞxFSðxÞdxþ
1

N

ð0
�y

e2xFSðxÞdx:

Then, the following holds.

Lemma 3.2. For any su‰ciently small e > 0, ðVS;HSÞ is continuous in Oe

with respect to S A ð�y; ð1=2Þ log eþ logðN � 2ÞÞ.
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Proof. We consider only any su‰ciently small e > 0 such that Lemma 3.1

holds. Let Si < ð1=2Þ log eþ logðN � 2Þ for i ¼ 1; 2. We assume that S1 < S2

without loss of generality. For i ¼ 1; 2, putting

Vi ¼ VSi
; Hi ¼ HSi

; Fi ¼ FSi
and

Fi ¼
1

2
e2ðsþSiÞHi � ViðHi þ ðN � 2ÞViÞ;

we observe that

jF2ðsÞ � F1ðsÞja
1

2
e2sðe2S2 � e2S1ÞH1ðsÞ þ

1

2
e2ðsþS2ÞjH2ðsÞ �H1ðsÞj

þ jV2ðsÞ � V1ðsÞjðH2ðsÞ þ ðN � 2ÞV2ðsÞÞ

þ V1ðsÞðjH2ðsÞ �H1ðsÞj þ ðN � 2ÞjV2ðsÞ � V1ðsÞjÞ

and that

jC3ðS1Þ � C3ðS2Þja
1

N

ð0
�y

e�ðN�2ÞxðF2ðxÞ � F1ðxÞÞdx
���� ����

þ 1

N

ð0
�y

e2xðF2ðxÞ � F1ðxÞÞdx
���� ����

Then, by using a calculation similar to the one in Lemma 3.1, we have that

kðV2 � V1;H2 �H1ÞkO aC7je2S1 � e2S2 j þ C8ekðV2 � V1;H2 �H1ÞkO:

That implies the continuity of ðVS;HSÞ in Oe with respect to S for any

su‰ciently small e > 0 and S < ð1=2Þ log eþ logðN � 2Þ. Thus, we have this

lemma. r

Here and henceforth, we consider only e A ð0; 1Þ such that Lemmas 3.1 and

3.2 hold.

Let ðV�y;H�yÞ be the fixed point of F�y. Then, ðV�y;H�yÞ satisfies

the following system.

V 0 ¼ H in R;

H 0 ¼ �ðN � 4ÞH þ 2ðN � 2ÞV � VfðN � 2ÞV þHg in R;

lims!�y VðsÞ ¼ 0; lims!�y HðsÞ ¼ 0; Vð0Þ ¼ e:

8><>:ð25Þ

Biler, Hilhorst and Nadzieja [1] investigate the properties of the solutions to

(25). Then, we have the following lemma.

Lemma 3.3. The system (25) has a unique solution ðV�y;H�yÞ.
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(1) lims!y V�yðsÞ ¼ 2, lims!y H�yðsÞ ¼ 0.

(2) In the case where 3aNa 9, there exists a sequence fsjgyj¼1 satisfying

�y < sj < sjþ1 < y;

V�yðsÞ > 0 and H�yðsÞ > 0 for s < s1 and s2j < s < s2jþ1;

V�yðs2j�1Þ > 2 and H�yðs2j�1Þ ¼ 0;

V�yðsÞ > 0 and H�yðsÞ < 0 for s2j�1 < s < s2j;

V�yðs2jÞ A ð0; 2Þ and H�yðs2jÞ ¼ 0

8>>>>><>>>>>:
for j ¼ 1; 2; 3; . . . .

(3) In the case where Nb 10, it holds that VðsÞ > 0 and HðsÞ > 0 for

s A R.

Here and henceforth, we regard ðVS;HSÞ as the function in ð�y; smaxÞ,
where smax is the maximal existence time of ðVS;HSÞ. Then, it holds that

smax A ð0;y�.
The following lemmas are shown by using Lemma 3.2 and the continuity of

the solution to

V 0 ¼ H in ð0;yÞ;
H 0 ¼ �ðN � 4ÞH þ 2ðN � 2ÞV

þ 1

2
e2ðsþSÞH � VfðN � 2ÞV þHg in ð0;yÞ

8>>><>>>:
with respect to Vð0Þ, Hð0Þ and S.

Lemma 3.4. For any ~SS < ð1=2Þ log eþ logðN � 2Þ and any ~ss < smax ¼
smaxð ~SSÞ, there exists a positive constant d such that ~ss < smaxðSÞ for S A
ð ~SS � d; ~SS þ dÞ and that ðVS;HSÞ is continuous with respect to ðS; sÞ A ð ~SS � d;
~SS þ dÞ � ½0; ~ss �.

Here and henceforth, sjðSÞ ð j ¼ 1; 2; 3; . . .Þ and smaxðSÞ denote sj and the

maximal existence time of ðVS;HSÞ, respectively.

Lemma 3.5. As S ! �y, smaxðSÞ tends to infinity and ðVS;HSÞ uniformly

converges to ðV�y;H�yÞ in ð�y; ~ss � for any constant ~ss.

Proof of Theorem 3. For Nb 3, we obtain that

CðyÞ ¼ 4y2

2ðN � 2Þ þ y2

satisfies (22). Since there exists a self-similar solution corresponding to C , then

for Nb 10 we get this theorem.

Therefore, we consider only the case where 3aNa 9.
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Putting

e ¼ 4e2Sð1Þ

2ðN � 2Þ þ e2Sð1Þ
;

VSð1ÞðsÞ ¼
2e2ðsþSð1ÞÞ=ðN � 2Þ

1þ e2ðsþSð1ÞÞ=ð2N � 4Þ and HSð1ÞðsÞ ¼ V 0
Sð1ÞðsÞ;

Sð1Þ satisfies Sð1Þ < ð1=2Þ log eþ logðN � 2Þ and ðVSð1Þ;HSð1ÞÞ is the fixed point

of FSð1Þ in Oe.

We shall show the existence of fSð jÞgyj¼1 H ð�y; ð1=2Þ log eþ logðN � 2ÞÞ
such that ðVSð jÞ;HSð jÞÞ is the fixed point of FSð jÞ in Oe.

Step 1. For any su‰ciently small S, there exist s1 and s2 with s1 < s2
such that

VSðsÞ > 0; HSðsÞ > 0; for s < s1;

VSðs1Þ > 2; HSðs1Þ ¼ 0;

VSðsÞ > 0; HSðsÞ < 0 for s1 < s < s2;

VSðs2Þ A ð0; 2Þ; HSðs2Þ ¼ 0;

8>>><>>>:ð26Þ

by Lemmas 3.3 and 3.5. Let

S2 ¼ fS < Sð1Þ j ðVS;HSÞ has s1 and s2 satisfying ð26Þg:

Since any su‰ciently small S is in S2, the unbounded connected component of

S2 exists. Let the supremum of the unbounded connected component of S2 be

Sð2Þ.
In order to prove Sð2Þ B S2, we assume that Sð2Þ A S2. Since it holds that

H 0
Sð2Þðs2Þ ¼ ðN � 2ÞVSð2Þðs2Þf2� VSð2Þðs2Þg > 0;

we observe that s2 < smax and that

VSð2ÞðsÞ > 0 and HSð2ÞðsÞ > 0 for 0 < s� s2 f 1:

Combining this with Lemma 3.4 implies that ðVS;HSÞ satisfies (26) for 0 <

S � Sð2Þf 1. It contradicts the definition of Sð2Þ. Then, we have Sð2Þ B S2

and that the unbounded connected component of S2 is ð�y;Sð2ÞÞ.
In order to prove Sð2Þ < Sð1Þ, we assume that Sð2Þ ¼ Sð1Þ.
For any S < Sð2Þ, ðVS;HSÞ has a constant s1 ¼ s1ðSÞ and s2 ¼ s2ðSÞ

satisfying (26) by the definition of Sð2Þ. By using Sð2Þ ¼ Sð1Þ, we shall show

that

s1ðSÞ ! y as S % Sð1Þ:ð27Þ

In order to prove (27), we assume that lim infS%Sð1Þ s1ðSÞ < y.
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Since there exists fSngH ð�y;Sð1ÞÞ such that

lim
n!y

Sn ¼ Sð1Þ; lim
n!y

s1ðSnÞ ¼ s1� < y;

we have that

0 ¼ lim
n!y

HSn
ðs1ðSnÞÞ ¼ HSð1Þðs1�Þ;

by Lemma 3.4. It contradicts HSð1Þ > 0 in R. Then, we get (27).

Let VSð1ÞðyÞ ¼ lims!y VSð1ÞðsÞ,

l1 ¼
1

2
ðVSð1ÞðyÞ þ 2Þ and l2 ¼ �ðN � 2Þ1=2 4

3
� l21 þ 1

3
l31

� �1=2
:

For S < Sð1Þ with jS � Sð1Þjf 1, we can find s < s1 such that VSðsÞb l1
by Lemma 3.4 and VSð1ÞðyÞ ¼ 4. It holds that VSðs1Þ > l1 for S < Sð1Þ with

jS � Sð1Þjf 1, since V 0
SðsÞ ¼ HSðsÞ > 0 for s < s1.

By doing this and (27), we can find t1 A ðs1; s2Þ satisfying

ð28Þ
1

4
e2ðt1þSÞl2 þ 2ðN � 2Þ < 0;

1

4
e2ðt1þSÞ � ðN � 4Þ � l1 > 0 and VSðt1Þ ¼ l1

for any S < Sð1Þ with jS � Sð1Þjf 1, since V 0
S ¼ HS < 0 in ðs1; s2Þ.

From (28), we get that

H 0
S a

1

4
e2ðsþSÞHS þ 2ðN � 2ÞVS � ðN � 2ÞV 2

S ; V 0
S ¼ HS in ½t1; s2�:ð29Þ

Multiplying HS ¼ V 0
S for the first equation of the above system and integrating

over ½t1; s�, we have that for s A ½t1; s2Þ

ðV 0
SðsÞÞ

2
b ðN � 2Þ V 2

S ðsÞ �
1

3
V 3
S ðsÞ

� �
� V 2

S ðt1Þ �
1

3
V 3
S ðt1Þ

� �� �
:

Since HS < 0 in ðs1; s2Þ and VSðs2Þ A ð0; 2Þ for S < Sð1Þ with jS � Sð1Þjf 1,

then we can find t2 A ðt1; s2Þ such that VSðt2Þ ¼ 2. Then, ðVS;HSÞ satisfies

ðHSðt2ÞÞ2 ¼ ðV 0
Sðt2ÞÞb l22 . Combining this with (28) implies that

1

4
e2ðt2þSÞHSðt2Þ þ ðN � 2Þ < 0:ð30Þ

Since VSðsÞ A ð0; 2� for s A ½t2; s2� and (29), we have that

H 0
SðsÞa

1

4
e2ðsþSÞHSðsÞ þ ðN � 2Þ for s A ½t2; s2�:ð31Þ
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Then, we have that H 0
SðsÞ < 0 in ½t2; s2Þ. In fact, we assume that

t3 ¼ supfs A ½t2; s2Þ jH 0
SðxÞ < 0 for x A ½t2; sÞg < s2:

Since H 0
Sðt2Þ < 0, by (30) and (31), then we have that t3 > t2. That is to say,

HS decreases in ½t2; t3�. This means that

H 0
Sðt3Þa

1

4
e2ðt3þSÞHSðt3Þ þ ðN � 2Þa 1

4
e2ðt2þSÞHSðt2Þ þ ðN � 2Þ < 0:

It contradicts the definition of t3. Then, we have that H 0
SðsÞ < 0 in ½t2; s2Þ.

This means that HSðs2Þa l2 < 0. It contradicts the definition of s2. There-

fore, we get Sð2Þ < Sð1Þ.
Step 2. In order to prove that the orbit fðVSð2ÞðsÞ;HSð2ÞðsÞÞgs<smax

crosses

the right half V -axis, we assume that the orbit does not cross the right half V -

axis.

Combining this with V 0
Sð2ÞðsÞ ¼ HSð2ÞðsÞ > 0 for sf�1 implies that

V 0
Sð2ÞðsÞ ¼ HSð2ÞðsÞ > 0 for s < smaxð32Þ

or

lim
s%smax

VSð2ÞðsÞ A ð0;y�:ð33Þ

We assume that lims%smax
VSð2ÞðsÞ ¼ VSð2ÞðsmaxÞa 2. Then, we have that

smax ¼ y and that lim inf s!y HSð2ÞðsÞ ¼ 0. It follows from (32) that

H 0
Sð2ÞðsÞb ðN � 2ÞVSð2ÞðsÞð2� VSð2ÞðsÞÞ for any su‰ciently large s:

Then, it holds that H 0
Sð2ÞðsÞ > 0 for any su‰ciently large s. Combining this

with HSð2ÞðsÞ > 0 in R implies that lims!y HSð2ÞðsÞ > 0. It contradicts

lim inf s!y HSð2ÞðsÞ ¼ 0. Therefore, we have that VSð2ÞðsmaxÞ A ð2;y�.
By using this and the argument of Step 1 replacing VSð1Þ and l1 by VSð2Þ

and minððVSð2ÞðsmaxÞ þ 2Þ=2; 3Þ, respectively, we get that

HSðs2Þa l2 < 0 for 0 < S � Sð2Þf 1:

It is a contradiction.

Therefore, we obtain that the orbit fðVSð2ÞðsÞ;HSð2ÞðsÞÞgs<smax
crosses the

right half V -axis. That is to say, there exists s1 ¼ s1ðSð2ÞÞ satisfying

VSð2Þðs1Þ > 2; HSð2Þðs1Þ ¼ 0;

VSð2ÞðsÞ > 0; HSð2ÞðsÞ > 0 for s < s1:

�
Step 3. It holds that

265Blowup Behavior of Radial Solutions



smax ¼ smaxðSð2ÞÞ ¼ y;

VSð2ÞðsÞ > 0 and HSð2ÞðsÞ < 0 for s > s1:

�
ð34Þ

We shall show (34). As is mentioned in Step 1, it holds that Sð2Þ B S2. Then,

ðVSð2Þ;HSð2ÞÞ does not have s2 A ðs1; smaxÞ satisfying

VSð2ÞðsÞ > 0; HSð2ÞðsÞ < 0 for s1 < s < s2;

VSð2Þðs2Þ A ð0; 2Þ; HSð2Þðs2Þ ¼ 0:

If it holds that for t A ðs1; smaxÞ

VSð2Þ > 0; HSð2Þ < 0 in ðs1; tÞ;

then it holds that 0 < VSð2ÞðsÞ < VSð2Þðs1Þ for s A ðs1; tÞ and that

H 0
Sð2ÞðsÞb

1

2
e2ðsþSð2ÞÞHSð2ÞðsÞ � ðN � 2ÞVSð2Þðs1Þ2 for s1 < s < t:

Then, putting

t4 ¼ supft A ðs1; smaxÞ jVSð2ÞðsÞ > 0 and HSð2ÞðsÞ < 0 for s1 < s < tg

and assuming t4 < smax < y, ðVSð2Þ;HSð2ÞÞ satisfies

VSð2Þðt4Þ ¼ 0; HSð2Þðt4Þa 0:

Since ðVSð2Þ;HSð2ÞÞ ¼ ð0; 0Þ is the equilibrium point, then it holds that

t4 ¼ smax ¼ y. It contradicts t4 < smax < y. Therefore, we obtain that

HSð2Þðt4Þ < 0. That is to say, we have that

VSð2ÞðsÞ < 0; HSð2ÞðsÞ < 0 for s > t4 with 0 < s� t4 f 1:

Combining this with Lemma 3.4, implies that for any S < Sð2Þ with

jS � Sð2Þjf 1 ðVS;HSÞ has a t4 ¼ t4ðSÞ < smaxðSÞ satisfying

VSðt4Þ ¼ 0; HSðt4Þ < 0;

VSðsÞ > 0; HSðsÞ < 0 for s1 < s < t4:

It contradicts the definition of Sð2Þ. Then, we have that t4 ¼ smax ¼ y or (34).

Step 4. We shall show

lim
s!y

VSð2ÞðsÞ A ð0; 2Þ; lim
s!y

HSð2ÞðsÞ ¼ 0:ð35Þ

By (34), VSð2Þ is positive and decreasing in ðs1;yÞ. Then, there exists

lims!y VSð2ÞðsÞ and the limit is nonnegative.

We assume that lims!y VSð2ÞðsÞb 2 or VSð2ÞðsÞ > 2 for any sb s1.

Combining this with
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H 0
Sð2ÞðsÞ ¼

1

2
e2ðsþSð2ÞÞ � ðN � 4Þ � VSð2ÞðsÞ

� �
HSð2ÞðsÞ

þ ðN � 2Þð2� VSð2ÞðsÞÞVSð2ÞðsÞ

<
1

4
e2ðsþSð2ÞÞHSð2ÞðsÞ < 0 for any su‰ciently large s

implies that HSð2Þ decreases for any su‰ciently large s. By this and (34), we

have that lims!y HSð2ÞðsÞ ¼ �y and that

V 0
Sð2ÞðsÞa�1 for any su‰ciently large s:

This implies that VSð2ÞðsÞ < 0 for any su‰ciently large s. It contradicts (34).

Then, we obtain that lims!y VSð2ÞðsÞ A ½0; 2Þ. Combining this with (34) implies

that lim sups!y HSð2ÞðsÞ ¼ 0.

We assume that lims!y VSð2ÞðsÞ ¼ 0. Since it holds that

1

4
e2ðsþSð2ÞÞ

b ðN � 3Þ; VSð2ÞðsÞ A ð0; 1Þ for any su‰ciently large s;ð36Þ

then for s satisfying (36) we have that

H 0
Sð2ÞðsÞa

1

4
e2ðsþSð2ÞÞHSð2ÞðsÞ þ 2ðN � 2ÞVSð2ÞðsÞ:

Putting A ¼ e2Sð2Þ=4, x ¼ e2s and pðxÞ ¼ VSð2ÞðsÞ, p satisfies that

pxxðxÞ �
A

2
� 1

x

� �
pxðxÞa

ðN � 2Þ
2x2

pðxÞ:ð37Þ

Then, for any x with A=4b 1=x and x > e2s1 , it follows from pxðxÞ ¼
e�2sHSð2ÞðsÞ=2 < 0 that

pxxðxÞ �
A

4
pxðxÞa

ðN � 2Þ
2x2

pðxÞ:

Multiplying e�Ax=4, integrating this over ½x;X� for x < X and using that VSð2Þ
decreases in ½s1;yÞ, we get that for any su‰ciently large x

e�AX=4pxðXÞ � e�Ax=4pxðxÞa
ðN � 2Þ

2

ðX
x

1

z2
e�Az=4pðzÞdz

a
ðN � 2ÞpðxÞ

2x2

ðX
x

e�Az=4 dza
2ðN � 2Þ

Ax2
ðe�Ax=4 � e�AX=4ÞpðxÞ:

Combining this with lim supX!y pxðXÞX ¼ lim sups!y HSð2ÞðsÞ=2 ¼ 0 implies

that
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�e�Ax=4pxðxÞa
2ðN � 2Þ

Ax2
e�Ax=4pðxÞ for any su‰ciently large x:

Then, for a su‰ciently large x0 it holds that

pðxÞb exp
2ðN � 2Þ

A
ðx�1 � x�1

0 Þ
� �

pðx0Þ for xb x0

or

lim
s!y

VSð2ÞðsÞ ¼ lim
x!y

pðxÞb exp � 2ðN � 2Þ
Ax0

� �
pðx0Þ > 0:

It contradicts lims!y VSð2ÞðsÞ ¼ 0. Then, we have that

lim
s!y

VSð2Þ A ð0; 2Þ:ð38Þ

In order to prove lims!y HSð2ÞðsÞ ¼ 0, we assume that

Hy ¼ lim inf
s!y

HSð2ÞðsÞ < 0

or that there exits a sequence hk with limk!y hk ¼ y satisfying

HSð2ÞðhkÞa
1

2
Hy for kb 1:ð39Þ

From this and the second equation of (23), we have that

H 0
Sð2ÞðhKÞ <

1

4
e2ðhKþSð2ÞÞHy þ 2ðN � 2Þ sup

0as<y
VSð2ÞðsÞ

<
1

8
e2ðhKþSð2ÞÞHy for any su‰ciently large K :

We shall show that

H 0
Sð2ÞðsÞ <

1

8
e2ðhKþSð2ÞÞHy for sb hK :ð40Þ

In fact, if this is not the case, then s > hK such that H 0
Sð2ÞðsÞ ¼

e2ðhKþSð2ÞÞHy=8. Let h� be the minimum of such s. Since HSð2Þ decreases

in ½hK ; h��, we have that HSð2ÞðsÞaHy=2 for s A ½hN ; h�� by (39). Then, we

obtain that HSð2Þ satisfies (40) at h�. It contradicts the definition of h�. Then,

we get (40). This implies that VSð2ÞðsÞ ¼ 0 for some sb hK . It contradicts

(34). Then, we have that lims!y HSð2ÞðsÞ ¼ 0. By this and (38), we have (35).

Step 5. By Lemmas 3.3 and 3.5, for any su‰ciently small SðVS;HSÞ has

si ði ¼ 1; 2; 3; 4Þ satisfying
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�y < s1 < s2 < s3 < s4 < y;

VSðsÞ > 0 and HSðsÞ > 0 for s < s1 and s2 < s < s3;

VSðsiÞ > 2 and HSðsiÞ ¼ 0 for i ¼ 1; 3;

VSðsÞ > 0; HSðsÞ < 0 for s1 < s < s2 and s3 < s < s4;

VSðsiÞ A ð0; 2Þ and HSðsiÞ ¼ 0 for i ¼ 2; 4:

8>>>>><>>>>>:
ð41Þ

Then, we define S3 and Sð3Þ as

fS < Sð2Þ j ðVS;HSÞ has si ði ¼ 1; 2; 3; 4Þ satisfying ð41Þg

and the supremum of the unbounded connected component of S3, respec-

tively. By using similar arguments as those in Steps 1, 2, 3 and 4, we have

that the unbounded connected component of S3 is ð�y;Sð3ÞÞ, Sð3Þ < Sð2Þ,
smax ¼ y, lims!y VSð3ÞðsÞ A ð0; 2Þ and that lims!y HSð3ÞðsÞ ¼ 0. Moreover,

ðVSð3Þ;HSð3ÞÞ has si ði ¼ 1; 2; 3Þ satisfying

�y < s1 < s2 < s3 < y;

VSð3ÞðsÞ > 0 and HSð3ÞðsÞ > 0 for s < s1 and s2 < s < s3;

VSð3ÞðsiÞ > 2 and HSð3ÞðsiÞ ¼ 0 for i ¼ 1; 3;

VSð3ÞðsÞ > 0 and HSð3ÞðsÞ < 0 for s1 < s < s2 and s3 < s;

VSð3Þðs2Þ A ð0; 2Þ and HSð3Þðs2Þ ¼ 0:

8>>>>><>>>>>:
Step 6. By using arguments similar to the above, we can find fSð jÞgyj¼4

with Sð jÞ < Sð j � 1Þ ð j ¼ 4; 5; 6; . . .Þ satisfying the following properties.

For each jb 4, ðVSð jÞ;HSð jÞÞ satisfies smaxðSð jÞÞ ¼ y, lims!y VSð jÞðsÞ A
ð0; 2Þ and lims!y HSð jÞðsÞ ¼ 0 and has fsig2j�3

i¼1 satisfying

�y < s1 < s2 < � � � < s2j�3 < y;

VSð jÞðsÞ > 0 and HSð jÞðsÞ > 0 for s < s1 and s2i < s < s2iþ1;

VSð jÞðs2i�1Þ > 2 and HSð jÞðs2i�1Þ ¼ 0;

VSð jÞðsÞ > 0 and HSð jÞðsÞ < 0 for s2i�1 < s < s2i and s2j�3 < s;

VSð jÞðs2iÞ A ð0; 2Þ and HSð jÞðs2iÞ ¼ 0

8>>><>>>:
for i ¼ 1; 2; 3; . . . j � 2, and

VSð jÞðs2j�3Þ > 2 and HSð jÞðs2j�3Þ ¼ 0:

Then, we can find the self-similar solutions corresponding to fðVSð jÞ;HSð jÞÞgyj¼1.

Since ðVSð jÞ;HSð jÞÞ0 ðVSð j 0Þ;HSð j 0ÞÞ for j0 j 0, we can find infinite self-similar

solutions.

Step 7. We shall show that the corresponding self-similar solution uj to

ðVSð jÞ;HSð jÞÞ is positive. Recall y ¼ r=
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t

p
and s ¼ log y� Sð jÞ. Then, it

holds that
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VSð jÞðsÞ ¼
1

oNyN�2

ð y
0

ujðhÞhN�1 dh

or

HSð jÞðsÞ þ ðN � 2ÞVSð jÞðsÞ ¼
y2

oN

ujðyÞ:

In order to prove the positivity of uj, we assume that the existence of t5 is

satisfying

HSð jÞðt5Þ þ ðN � 2ÞVSð jÞðt5Þ ¼ 0:

Since it holds that lims!y VSð jÞðsÞ A ð0; 2Þ and that lims!y HSð jÞðsÞ ¼ 0, we

observe that

HSð jÞðsÞ þ ðN � 2ÞVSð jÞðsÞ > 0 for any su‰ciently large s:

Then, we can define t6 A R as

supfs A R jHSð jÞðsÞ þ ðN � 2ÞVSð jÞðsÞa 0g:

Since

HSð jÞðt6Þ þ ðN � 2ÞVSð jÞðt6Þ ¼ 0ð42Þ

and HSð jÞðsÞ þ ðN � 2ÞVSð jÞðsÞ > 0 for s > t6, then it holds that

HSð jÞðt6Þ < 0; VSð jÞðt6Þ > 0;ð43Þ

H 0
Sð jÞðt6Þ þ ðN � 2ÞV 0

Sð jÞðt6Þb 0:ð44Þ

and that

H 0
Sð jÞðt6Þ ¼

1

2
e2ðt6þSð jÞÞ � ðN � 2Þ

� �
HSð jÞðt6Þ;ð45Þ

by (42) and the second equation of (23). By (44), (45) and V 0
Sð jÞ ¼ HSð jÞ, we

have that

0aH 0
Sð jÞðt6Þ þ ðN � 2ÞV 0

Sð jÞðt6Þ ¼
1

2
e2ðt6þSð jÞÞHSð jÞðt6Þ

or HSð jÞðt6Þb 0. It contradicts (43). Then, we have the positivity of the self-

similar solutions fujgyj¼1.

Thus, we conclude the proof of this theorem. r

Acknowledgment. I would like to express my hearty thanks to the

referee, Prof. Edward Rummel and Fr. Imerio Mario Piacere, who read my

manuscript very carefully and whose comments helped to improve this paper.

270 Takasi Senba



References

[ 1 ] Biler, P., Hilhorst, D. and Nadzieja, T., Existence and nonexistence of solutions for a model

gravitational of particles, II, Colloq. Math., 67 (1994), 297–308.

[ 2 ] Childress, S., ‘‘Chemotactic collapse in two dimensions,’’ Lecture Notes in Biomath., 55,

Springer, Berlin, 1984, 61–66.

[ 3 ] Childress, S. and Percus, J. K., Nonlinear aspects of chemotaxis, Math. Biosci., 56 (1981),

217–237.

[ 4 ] Herrero, M. A. and Velázquez, J. J. L., Singularity patterns in a chemotaxis model, Math.

Ann., 306 (1996), 583–623.

[ 5 ] Herrero, M. A. and Velázquez, J. J. L., A blow-up mechanism for a chemotaxis model,

Ann. Scoula Norm. Sup. Pisa IV, 35 (1997), 633–683.

[ 6 ] Herrero, M. A., Medina, E. and Velázquez, J. J. L., Finite-time aggregation into a single

point in a reaction-di¤usion system, Nonlinearity, 10 (1997), 1739–1754.

[ 7 ] Herrero, M. A., Medina, E. and Velázquez, J. J. L., Self-similar blowup for a reaction-

di¤usion system, Journal of Computational and Applied Mathematics, 97 (1998), 99–119.
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