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Variational Properties of a Generic Model Equation

in Exterior 3D Domains
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Abstract. We study a generic model equation in an exterior domain. We assume the

case of a non-constant coe‰cient function. Using a variational approach we prove

existence and uniqueness theorems in anisotropically weighted Sobolev spaces. As the

main tool we derive and apply an inequality of the Friedrichs-Poincaré type.
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1. Introduction

1.1. A scalar model problem

In a three-dimensional exterior domain W in R3, the classical Oseen prob-

lem [15] describes the velocity vector and the associated pressure by a linearized

version of the incompressible Navier-Stokes equations as a perturbation of

vy the velocity at infinity; vy is generally assumed to be constant in a fixed

direction, say the first axis, vy ¼ jvyje1. In the next we denote jvyj by k, and

we will write the convective term in the form kq1v. On the other hand it is

known that for various flows past a rotating obstacle, the convective term is

modified by some additional term a � ‘v, where a ¼ aðxÞ is some concrete non-

constant coe‰cient function, e.g. o� x with a given vector o, see [6, 12]; in

view of industrial applications aðxÞ can also play the role of an experimentally

known standard, see [7].

This paper is devoted to the study of the following boundary problem:

�nDuþ kq1uþ a � ‘u ¼ f in W;ð1:1Þ

u ¼ 0 on qW;ð1:2Þ

u ! 0 as jxj ! y;ð1:3Þ
where n and k are some positive constants, a ¼ aðxÞ a given vector function,

f ¼ f ðxÞ a given scalar function.

The elliptic equation (1.1) can be taken as a scalar model equation for the

Oseen equations in the steady case:



�nDvþ kq1vþ a � ‘vþ ‘p ¼ f 0 in W;

‘ � v ¼ 0 in W:

In the exterior domain W, the convective operators kq1 and a � ‘ cannot be

treated as perturbations of lower order of the Laplacian, this is well known.

A common approach to study the asymptotic properties of the solutions to

the Dirichlet problem of the classical steady Oseen flow (the case aðxÞ1 0) is

to use convolutions with Oseen fundamental tensor and its first and second

gradients for the velocity (or with the fundamental solution of Laplace equation

for the pressure), see e.g. [3, 10, 11, 8]. So, the situation is completely di¤erent

in the study of our model equation. But it is also crucial to understand the

anisotropic structure of the solutions near the infinity in this case using the

following weight functions

wðxÞ ¼ ha
b ðxÞ ¼ ha

b ðx; d; eÞ ¼ ð1þ drÞað1þ esÞb;

r1 rðxÞ ¼ ðx2
1 þ x2

2 þ x2
3Þ

1=2; s1 sðxÞ ¼ r� x1;

for x ¼ ½x1; x2; x3� A R3, e; d > 0, a; b A R. Discussing the range of the expo-

nents a and b the corresponding weighted spaces LpðW;wÞ give the appropriate

framework to test the solutions to (1.1)–(1.3) also with aðxÞD 0. This paper is

concerned with p ¼ 2.

Let us mention that ha
b belongs to the Muckenhoupt class A2 of weights in

R3 if �1 < b < 1 and �3 < aþ b < 3.

1.2. Basic notations and elementary properties

Let us outline our notations: The domain W is exterior to a body Wc,

i.e. W ¼ R3nWc, we assume Wc to be compact with a Lipschitz boundary qWc.

Let 0 A Wc and denote by m > 0 the distance of qWc to the origin distð0; qWcÞ,
and by M > 0 a real number such that BM HW, where BR ¼ fx A R3;

jxjbRg. We need to denote the special sets WR ¼ WVBR, WR ¼ WVBR,

where BR ¼ fx A R3; jxjaRg, BR0

R ¼ BR0 VBR, WR0

R ¼ WR VWR0 for positive

numbers R0 < R.

Let L2ðW;wÞ be the set of measurable functions f ð�Þ on W such that

k f k2;W;w ¼
ð
W

j f j2w dx

� �1=2
< y:

We will use the notation L2
a;bðWÞ instead of L2ðW; ha

b Þ and k � k2;a;b
instead of k � kL2ðW;ha

b
Þ. Because ðha

b Þ
�1 is locally integrable, then, by Hölder’s

inequality, it follows that L2
a;bðWÞHL1

locðWÞ. It thus makes sense to talk about

weak derivatives of functions in L2
a;bðWÞ. Let us define the weighted Sobolev
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space H 1ðW; ha0
b0
; ha1

b1
Þ as the set of functions u A L2

a0;b0
ðWÞ with the weak deriva-

tives qiu A L2
a1;b1

ðWÞ. The norm of u A H 1ðW; ha0

b0
; ha1

b1
Þ is given by

kukH 1ðW;h
a0
b0

;h
a1
b1
Þ ¼

ð
W

juj2ha0

b0
dxþ

ð
W

j‘uj2ha1
b1

dx

� �1=2
:

As usual, H
�
1ðW; ha0

b0
; ha1

b1
Þ will be the closure of Cy

0 ðWÞ in H 1ðW; ha0
b0
; ha1

b1
Þ. The

following proposition is proved exactly in the same way as in the non-weighted

case (see R. A. Adams [1, pp. 45–46]), when ha
b A A2.

Proposition 1.1. Let WHR3 be open set and ha0
b0
; ha1

b1
A A2. Then the

Sobolev spaces H 1ðW; ha0
b0
; ha1

b1
Þ and H

�
1ðW; ha0

b0
; ha1

b1
Þ are Banach spaces, more

precisely Hilbert spaces equipped with the scalar product

ðu; vÞH 1ðW;h
a0
b0

;h
a1
b1
Þ ¼

ð
W

uvha0
b0

dxþ
ð
W

‘u � ‘vha1
b1

dx:

For simplicity, we shall use the following abbreviations:

H 1ðWÞ instead of H 1ðW; 1; 1Þ

H
�
1ðWÞ instead of H

�
1ðW; 1; 1Þ

L2
a;bðWÞ instead of L2ðW; ha

b Þ

k � k2;a;b instead of k � kL2ðW;ha
b
Þ

H 1
a;b

�
ðWÞ instead of H

�
1ðW; ha�1

b�1 ; h
a
b Þ

Va;bðWÞ instead of H
�
1ðW; ha�1

b ; ha
b Þ

In fact we shall only use these last two Hilbert spaces for ab 0, b > 0,

aþ b < 3. Concerning the weight functions ha
b , we will use two notations ha

b ðxÞ
and ha; d

b; e ðxÞ taking the advantages of the following formulas and remarks:

Remark 1.2. Let us note that for ha; d
b; e and for any d1; d2; e1; e2 > 0 one has

cmin � ha; d2
b; e2

a ha; d1
b; e1

a cmax � ha; d2
b; e2

;

where cmin ¼ minð1; ðd1=d2ÞaÞ �minð1; ðe1=e2ÞbÞ;

cmax ¼ maxð1; ðd1=d2ÞaÞ �maxð1; ðe1=e2ÞbÞ:

The parameters d and e are useful to re-scale separately the isotropic and

anisotropic parts of weight function ha
b . We also have the following elementary

inequalities for b > 0:

2minð0;b�1Þ½1þ ðe � sÞb�a h0; db; e a 2maxð0;b�1Þ½1þ ðe � sÞb�ð1:4Þ
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Remark 1.3. Obviously we have the explicit expressions:

qir1
qr

qxi
¼ xi

r
; q1s ¼

�s

r
;

‘r � ‘r1 1; ‘s � ‘r ¼ s

r
; ‘s � ‘s ¼ 2s

r
; Dr ¼ Ds ¼ 2

r
;

q1h
a
b ¼ adð1þ esÞ x1

r
� beð1þ drÞ s

r

� �
ha�1
b�1 ;ð1:5Þ

‘ha
b ¼ fadð1þ esÞ‘rþ beð1þ drÞ‘sgha�1

b�1 ;ð1:6Þ

j‘ha
b j

2 ¼
�
a2d2

1þ es

1þ dr

� �
þ 2abde

s

r
ð1:7Þ

þ 2b2e2
1þ dr

1þ es

� �
s

r

�
ðha�1=2

b�1=2Þ
2;

Dha
b ¼

�
aða� 1Þd2 1þ es

1þ dr

� �
þ 2abde

s

r
ð1:8Þ

þ 2bðb � 1Þe2 1þ dr

1þ es

� �
s

r

þ 2adð1þ esÞ 1
r
þ 2beð1þ drÞ 1

r

�
ha�1
b�1 :

1.3. Main results

The weighted estimates of the solution to the stationary Oseen problem

were firstly obtained by Finn, see [4], and then improved by Farwig [2]. In the

case aðxÞ1 0, Farwig studied the model equation (1.1), the way he proposed in

[2] combines a variational approach with the application of the potential theory.

For the case of non-constant function að�Þ we cannot follow the same

way because we have no expression of the fundamental solution. We are

also motivated by a Farwig’s remark ([2], Remark 2.8 p. 457) to improve his

variational result for positive a.

In solving the problem (1.1)–(1.3) by means of a pure variational approach,

we shall deal with the following equation:

n

ð
W

j‘uj2w dxþ n

ð
W

u‘u � ‘w dx� k

2

ð
W

u2q1w dxð1:9Þ

� 1

2

ð
W

u2 divðwaÞdx ¼
ð
W

fuw dx
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as we get integrating formally the product of (1.1) with wu (w is an appropriate

weight function). The left–hand side can be estimated from below by

n

2

ð
W

j‘uj2w dx� 1

2

ð
W

u2 n
j‘wj2

w
þ kq1wþ divðwaÞ

 !
dx:ð1:10Þ

It is not di‰cult to observe the existence of s0 > 0 such that �nðj‘wj2=wÞ�
kq1wb 0 for w ¼ ha

b and sb s0, (see Appendix A). Moreover, because this

term is known explicitly, we have the possibility to evaluate it from below by a

small negative quantity in the form �Cha�1
b�1 without any constraint in sð�Þ (see

Lemma 3.1).

An improved weighted Friedrichs-Poincaré type inequality in H 1
a;b

�
ðWÞ is

necessary: it is the first main technical result of this paper. The obtained

inequality allows us to compensate by the viscous Dirichlet integral the ‘‘small’’

negative contribution in the second integral of (1.10). We propose a similar

treatment to control the ‘‘small’’ negative contribution caused by a � ‘u in the

third integral of (1.10), under appropriate conditions on divðwaÞ (see Lemma

3.4). We finally prove the existence of a weak solution (1.1)–(1.3) in Va;bðWÞ
by the Lax-Milgram theorem.

The main results can be summarized in the following theorems (W is an

exterior domain in R3 and parameters a; b; d; e are specified in Section 1.2):

Theorem 1.4. Let b > 0. There are positive constants R0; c0; c1 depending

on a; b; d; e (explicit expressions of these constants are given by Lemma 2.3,

essentially c0 ¼ Oðe�2 þ d�2Þ and c1 ¼ Oðe�1d�1Þ for d and e tending to zero)

such that

kvk22;a�1;b�1 a c0

ð
WR0

j‘vj2ha
b dxþ c1

ð
WR0

j‘vj2ha
b dxð1:11Þ

for all v A H 1
a;b

�
ðWÞ.

Theorem 1.5. Let b A ð0; 1�. Assume a A ½0; y1bÞ, where y1 is a certain

constant from the interval ð0; 1Þ (see Lemma 3.4 and Appendix B). Let

a A ðCð1ÞðWÞÞ3 satisfy one of the conditions i), ii), iii) given by Theorem 3.9.

Then, for all f A L2
aþ1;bðWÞ, there exists a unique weak solution u A Va;bðWÞ to

problem (1.1)–(1.3) with

kuk22;a�1;b þ k‘uk22;a;b aCk f k22;aþ1;bð1:12Þ

for some positive constant C.

2. Friedrichs-Poincaré inequality

In this section we derive some inequality of the Friedrichs-Poincaré type in

weighted Sobolev spaces.
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Proposition 2.1. For arbitrary a; bb 0 we have

Dha
b ðxÞb 2b minð1; bÞedha�1

b�1ðxÞ

for all x A R3, x0 0.

Proof. We introduce b � ¼ minðb; 1Þ in (1.8) for r > 0 i.e. x0 0:

Dha
b ¼

�
a2d2

1þ es

1þ dr
� ad2

1þ es

1þ dr

� �
þ 2abde

s

r
þ 2bðb � 1Þ e

r
ð1þ drÞ es

1þ es

þ 2ad2ð1þ esÞ 1
dr

þ ð1� b � þ b�Þ2b e
r
ð1þ drÞ

�
ha�1
b�1 ;

for r > 0. We denote the five terms in f g by T1;T2; . . . ;T5, and overwrite the

previous relation as

Dha
b ¼ f½T1 þ T4� þ T2 þ ½T3 þ ð1� b�ÞT5� þ b�T5gha�1

b�1 :

Observing that T5 b 2bed, the proposition is trivial. r

Proposition 2.2. Let ab 0, bb 0, d > 0, e > 0 and k > 1. Then:

j‘ha
b ðxÞj

2
a 2kdeðaþ bÞ2ðha�1=2

b�1=2ðxÞÞ
2aÞ

for x A R3, jxjb j1=d� 1=ð2eÞj=ðk� 1Þ.
Let ab 0, bb 0, and d and e be arbitrary positive constants, such that

ðb � aÞð2e� dÞb 0. Then:

j‘ha
b ðxÞj

2
a ðadþ 2beÞ2ðha�1=2

b�1=2ðxÞÞ
2bÞ

for x A R3, x0 0.

Proof. If b ¼ 0 and a ¼ 0 then the assertions a) and b) are valid. Let us

concentrate on the nontrivial case:

a) From (1.7) for r > 0, s A ½0; 2r�, we have

j‘ha
b ðxÞj

2 ¼ gðsðxÞ; rðxÞÞðha�1=2
b�1=2ðxÞÞ

2;

gðs; rÞ1 a2d2
1þ es

1þ dr

� �
þ 2abde

s

r
þ 2b2e2

1þ dr

1þ es

� �
s

r

� �
;

qg

qs
ðs; rÞ > 0 for s A ½0; 2r�:

So, gðs; rÞ is increasing as a function of s and
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GðrÞ1 max
s A ½0;2r�

gðs; rÞ ¼ gð2r; rÞ ¼ a2d2
1þ 2er

1þ dr
þ 4abdeþ 4b2e2

1þ dr

1þ 2er

a 2kðaþ bÞ2de

for k > 1 and rb j1=d� 1=ð2eÞj=ðk� 1Þ. So, inequality a) is proved.

b) To justify second inequality b), we observe that for the given values of

a; b; d; e and for r > 0, GðrÞaGð0Þ. r

Next we derive an inequality of the Friedrichs-Poincaré type in the space

H 1
a;b

�
ðWÞ. It is necessary for our aim to get expressions of constants in this

inequality. Let us recall that H 1
a;b

�
ðWÞ is a completion of Cy

0 ðWÞ in the norm

v 7!
ð
W

v2ha�1
b�1 dxþ

ð
W

j‘vj2ha
b dx:

It follows from Proposition 2.1

Lemma 2.3. Let ab 0, b > 0, aþ b < 3, k > 1. Let d and e be arbitrary

positive constants, such that ðb � aÞð2e� dÞb 0. Then for all u A H 1
a;b

�
ðWÞ

bb�de

ð
W

u2ha�1
b�1 dxa

ðadþ 2beÞ2

bb�de

ð
WR0

j‘uj2ha
b dxð2:13Þ

þ 2kðaþ bÞ2

bb�

ð
WR0

j‘uj2ha
b dx;

where R0 b j1=d� 1=ð2eÞj=ðk� 1Þ. Moreover, if d ¼ 2e then

kuk2;a�1;b�1 a
aþ b

bb�e

� �
k‘uk2;a;b:ð2:14Þ

Proof. Due to the density of Cy
0 ðWÞ in H 1

a;b

�
ðWÞ it is su‰cient to prove

the inequality for all u A Cy
0 ðWÞ. From Proposition 2.1 it follows that for

v A Cy
0 ðWÞ

2bb�de

ð
W

v2ha�1
b�1 dxa

ð
W

v2Dha
b dx ¼ �2

ð
W

v‘v � ‘ha
b dx

a bb �de

ð
W

jvj2ha�1
b�1 dxþ 1

bb �de

ð
W

j‘vj2j‘ha
b j

2 1

ha�1
b�1

dx;

hence, we have:

bb �de

ð
W

v2ha�1
b�1 dxa

1

bb�de

ð
W

j‘vj2
j‘ha

b j
2

ha�1
b�1

dx:
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From Proposition 2.2 with W ¼ WR0
UWR0 , R0 b j1=d� 1=ð2eÞj=ðk� 1Þ we get:

bb�de

ð
W

v2ha�1
b�1 dxa

ðadþ 2beÞ2

bb�de

ð
WR0

j‘vj2ha
b dx

þ 2kðaþ bÞ2

bb�

ð
WR0

j‘vj2ha
b dx:

In particular, if d ¼ 2e it follows from this relation the inequality kuk2;a�1;b�1 a

k1=2ððaþ bÞ=ðbb �eÞÞk‘uk2;a;b for all k > 1. So, we get the relation (2.14).r

Remark 2.4. In the next we will use Lemma 2.3 in the form given by

Theorem 1.4 in Introduction, i.e. (1.11) with

c0 ¼
adþ 2be

bb�de

� �2
; c1 ¼

2k

de

aþ b

bb�

� �2
:

Let us observe that if additionally d < 2e and 1 < ka ð2eÞ=dþ d=ð2eÞ � 1 then

c0 b c1.

Remark 2.5. The usefulness of b > 0 arises not only from possibility to

justify the previous weighted Friedrichs-Poincaré type inequality, but also from

the properties of q1h
a
b .

Remark 2.6. From the Hardy’s inequality, one can derive

kuk2;�2;b a ck‘uk2;0;b
for b > 0, i.e. another Poincaré type inequality which will be of interest to prove

the coercivity in Section 3.3, for ‘‘small’’ divðaha
b Þ.

Let us recall the Hardy’s inequality we will use (for the proof see [9], p. 33):

Proposition 2.7. Let 1 < p < y, �0 p� 1. Let u ¼ uðtÞ be a function

di¤erentiable a.e. in ð0;yÞ such thatðy
0

ju 0ðtÞjpt� dt < y;

lim
t!0þ

uðtÞ ¼ 0 for � < p� 1; lim
t!þy

uðtÞ ¼ 0 for � > p� 1:

Then the following inequality is satisfied:ðy
0

juðtÞjpt��p dta
p

�� pþ 1

� �pðy
0

ju 0ðtÞjpt� dt:

For an arbitrary function f A Cy
0 ðWÞ we will use in the proof of the next

lemma the same notation for the extension of the function by zero on R3.
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Because 0 B supp f (see section 1.2), f1 0 in some neighbourhood of point 0.

We obtain:

Lemma 2.8. For b > 0 and an arbitrary function f A Cy
0 ðWÞ the following

relation is satisfied: ð
W

f2 1

jxj2
h0b dxa 22þj1�bj

ð
W

j‘fj2h0b dx:ð2:15Þ

Proof. Let us denote Fðr; j;cÞ1 fðr sin c; r cos j cos c; r sin j cos cÞ,
r A ½0;yÞ, j A ½0; 2pÞ, c A ½�p=2; p=2�. Let p ¼ 2, � ¼ 2þ b, b > �1. From

Hardy’s inequality it followsðy
0

F2rb dra
4

ð1þ bÞ2
ðy
0

dF

dr

� �2
r2þb dr;

and after integration with respect to j and c we have

ð2p
0

ð p=2
�p=2

ðy
0

F2rb dr

� �
ð1� sin cÞb cos c dc

" #
dj

a
4

ð1þ bÞ2
ð 2p
0

ð p=2
�p=2

ðy
0

dF

dr

� �2
r2þb dr

 !
ð1� sin cÞb cos c dc

" #
dj:

So, in Cartesian coordinates we get:

ð
W

f2 1

jxj2
sb dxa

4

ð1þ bÞ2
ð
W

‘f � x

jxj

����
����
2

sb dxa
4

ð1þ bÞ2
ð
W

j‘fj2sb dx:

Repeating the consideration for b ¼ 0 and using elementary inequality (1.4) we

get the assertion of the lemma. r

3. A model equation with non-constant coe‰cient functions

3.1. The model problem in WR

We will study in this section the existence of a weak solution of the

problem (1.1), (1.2) in a bounded domain WR. We will need some technical

lemmas.

Let us define a function Fa;bðs; r; nÞ by the relation:

Fa;bðs; r; nÞha�1
b�1 1�n

j‘ha
b j

2

ha
b

� kq1h
a
b :ð3:16Þ

The following lemma gives the evaluation of Fa;bðs; r; nÞ from below.
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Lemma 3.1. Let 0a a < b, k > 1, 0 < ea ð1=ð2kÞÞ � ðk=nÞ � ððb � aÞ=b2Þ
and d; n; k > 0. Then

Fa;bðs; r; nÞ � 1� 1

k

� �
kdeðb � aÞsb�adk 1þ n

k
ad

� �
ð3:17Þ

for all r > 0 and s A ½0; 2r�.

Proof. Expressing the function Fa;bðs; r; nÞ explicitly we get

Fa;bðs; r; nÞ ¼ �na2d2
1þ es

1þ dr

� �
� 2nabde

s

r
� 2nb2e2

1þ dr

1þ es

� �
s

r

� kadð1þ esÞ r� s

r
þ kbeð1þ drÞ s

r
:

For convenient use we subtract ð1� 1=kÞkdeðb � aÞs from Fa;bðs; r; nÞ. We

observe (see Appendix A) that, for the given a; b; e; k, for all d; n; k > 0 and for

r > 0,

Fa;bðs; r; nÞ � 1� 1

k

� �
kdeðb � aÞsbFa;bð0; r; nÞ;

which immediately gives inequality (3.17). r

Let us recall the model problem on WR:

�nDuþ kq1uþ a � ‘u ¼ f in WR;ð3:18Þ

u ¼ 0 on qWR 1 qWc U qBR:ð3:19Þ

We show the existence of a weak solution uR A H
�
1ðWRÞ of this problem. Fol-

lowing (1.9), (1.10) again with w ¼ h0b0 , b0 A ð0; 1�, using notation (3.16), let us

introduce a continuous bilinear form Q1 ð� ; �Þ on H
�
1ðWRÞ �H

�
1ðWRÞ:

Q1ðu; vÞ ¼
ð
WR

n‘u � ‘ðvh0b0Þdxþ k

ð
WR

q1uðvh0b0Þdx

þ
ð
WR

ða � ‘uÞðvh0b0Þdx;

Q1ðv; vÞb
n

2

ð
WR

j‘vj2h0b0 dxþ 1

2

ð
WR

v2F0;b0ðs; r; nÞh
�1
b0�1 dxð3:20Þ

� 1

2

ð
WR

v2 divðh0b0aÞdx:

We need a certain smallness of the positive part of divðh0b0aÞ. We will ask for

estimate of this term from above in the following form with appropriate con-

stants C1;C2;C3 > 0: divðh0b0aÞaC1h
�1
b0�1 þ C2h

0
b0
=jxj2 þ C3j‘h0b0 j

2=h0b0 . The
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corresponding integrals to the first two terms could be estimated using (2.13)

and (2.15) respectively. The third term can be covered by the expression

F0;b0ðs; r; nÞ: for a ¼ 0 we have from Lemma 3.1 that F0;b0ðs; r; nÞh�1
b0�1 �

C3j‘h0b0 j
2=h0b0 1F0;b0ðs; r; nþ C3Þh�1

b0�1 b 0. So, let us make the following as-

sumption on a:

divðh0b0aÞaA
n0ðb�

0 Þ
2e20

4
h�1
b0�1 þ ð1� AÞ n0

23�b0

h0b0
r2

ð3:21Þ

þ nðN � 1Þ
j‘h0b0 j

2

h0b0

;

for some N > 1, 0aAa 1, 0 < n0 < n, e0 < ð1=2Þ � ðk=ðnNÞÞ � ð1=b0Þ,
ha
b0
1 ha; e0

b0; e0
.

Lemma 3.2. Let 0 < b0 a 1 and a A ðCð1ÞðWRÞÞ3 satisfying condition (3.21).

Then, for all f A L2
1;b0

ðWRÞ, there exists uR A H
�
1ðWRÞ, the unique solution of

Q1ðuR; vÞ ¼
ð
WR

fvh0b0 dxð3:22Þ

for all v A H
�
1ðWRÞ.

Proof. There exists a constant of coercivity C ¼ CðRÞ > 0 such that

Q1ðv; vÞbCkvk2;ð3:23Þ

where k � k is here the norm in the space H
�
1ðWRÞ. Indeed, using condition

(3.21) we have from (3.20) ðk > 1Þ:

Q1ðv; vÞbEðv;WRÞ1 1� 1

k

� �
n

2

ð
WR

j‘vj2h0b0 dxð3:24Þ

þ A

2

n

k

ð
WR

j‘vj2h0b0 dx�
ð
WR

v2
n0ðb�

0 Þ
2e20

4
h�1
b0�1 dx

 !

þ 1� A

2

n

k

ð
WR

j‘vj2h0b0 dx�
ð
WR

v2
n0

23�b0

h0b0

jxj2
dx

 !

þ 1

2

ð
WR

v2 F0;b0ðs; r; nÞh
�1
b0�1 � nðN � 1Þ

j‘h0b0 j
2

h0b0

 !
dx:

If 1 < k < n=n0, d ¼ e0, 1 < k < 3=2, we have from Remark 2.4:ð
WR

v2
n0ðb�

0 Þ
2e20

4
h�1
b0�1 dxa

n

k

ð
WR

j‘vj2h0b0 dx:ð3:25Þ
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If 1 < k < n=n0, it follows from Lemma 2.8:ð
WR

v2
n0

23�b0

1

jxj2
h0b0 dxa

n

k

ð
WR

j‘vj2h0b0 dx:ð3:26Þ

Because e0 < ð1=2Þ � ðk=ðnNÞÞ � ð1=b0Þ there is a constant k satisfying all pre-

vious conditions and additionally e0 a ð1=ð2kÞÞ � ðk=ðnNÞÞ � ð1=b0Þ. We get:

ð
WR

v2 F0;b0ðs; r; nÞh
�1
b0�1 � nðN � 1Þ

j‘h0b0 j
2

h0b0

 !
dxð3:27Þ

1

ð
WR

v2F0;b0ðs; r; nNÞh�1
b0�1 dxb 1� 1

k

� �
ke20b0

ð
WR

v2h�1
b0�1s dx:

From the relations (3.24)–(3.27) we get

Q1ðv; vÞb 1� 1

k

� �
n

2

ð
WR

j‘vj2h0b0 dxþ ke0b0
2

ð
WR

v2h�1
b0�1ðe0sÞdx

� �
:

Using Lemma 2.3 and Remark 2.4 we derive:

Q1ðv; vÞb 1� 1

k

� ��
n

4

ð
WR

j‘vj2h0b0 dxþ ne20b
2
0

16

ð
WR

v2h�1
b0�1 dx

þ ke0b0
2

ð
WR

v2h�1
b0�1ðe0sÞdx

�
:

The sum of the second and the third integrals can be estimated by an integral of

v2h�1
b0
, because h�1

b0�1 þ h�1
b0�1ðe0sÞ ¼ h�1

b0�1ð1þ e0sÞ ¼ h�1
b0
:

Q1ðv; vÞb 1� 1

k

� �
n

4
min 1;

1

4
e20b

2
0 ;
2k

n
b0e0

� �
ð3:28Þ

�
ð
WR

j‘vj2h0b0 dxþ
ð
WR

v2h�1
b0

dx

� �

Hence, we get (3.23) with C ¼ ð1� 1=kÞ n=4 minf1; e20b
2
0=4; 2kb0e0=ngð1þ e0RÞ�1,

and the inequality (3.23) is proved. Using Lax-Milgram theorem we get that

there is uR A H
�
1ðWRÞ such that (3.22) is satisfied. r

Remark 3.3. An arbitrary function F A H
�
1ðWRÞ can be expressed in the

form fh0b0 , where f is a function from H
�
1ðWRÞ. Therefore we have also for uR

QðuR;FÞ ¼
ð
WR

fF dx;ð3:29Þ

for an all F A H
�
1ðWRÞ, where by the definition QðuR;FÞ1QðuR; fh0b0Þ1

Q1ðu; fÞ.
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3.2. Uniform estimates of uR

Our next aim is to prove that the weak solutions uR of (3.22) are uniformly

bounded in Va;bðWÞ as R ! þy. To prove this, we need some additional

asymptotic property of function a: Let g ¼ gðrÞ be a nonnegative non-

increasing continuous function defined on interval ½m;þyÞ with the limit

limr!þy gðrÞ ¼ 0, and the function a satisfies the following condition:

divðha
b ðxÞaðxÞÞa gðjxjÞha�1

b�1ðxÞ;ð3:30Þ

for all x A W (ha
b 1 ha; d

b; e , d > 0, e > 0).

Let y1 be the unique real solution of the algebraic equation 4y3 þ 8y2 þ
5y� 1 ¼ 0. It is easy to verify that y1 A ð0; 1Þ. We will also explain later, why

the control of a=b by y1 is necessary.

Lemma 3.4. Let 0 < ba 1, 0a a < y1b, f A L2
aþ1;bðWÞ and a A ðCð1ÞðWÞÞ3

such that conditions (3.21), (3.30) are satisfied. Then, as R ! þy, the weak

solutions uR of (3.22) given by Lemma 3.2 are uniformly bounded in Va;bðWÞ.
There is a constant C > 0, which does not depend on R, such that

ð
W

~uu2Rh
a�1
b dxþ

ð
W

j‘~uuRj2ha
b dxaC

ð
W

j f j2haþ1
b dxð3:31Þ

for all R greater than some R0 > 0, ~uuR being extension by zero of uR on WnWR.

Proof. First, we derive estimate of uR on a bounded subdomain

WR0
HWR, where 0 < M < R0 < R; The choice of R0 will be given in the next

part of the proof. Our aim is to get an estimate with a constant not depending

on R. Let us substitute f ¼ uR into (3.22). Hence, it follows from (3.28):

C1

ð
WR

j‘uRj2h0b0 dxþ
ð
WR

u2Rh
�1
b0

dx

� �
aQ1ðuR; uRÞ ¼

ð
WR

fuRh
0
b0

dx;

with the constant C1 > 0 stated in (3.28). Let R0 be some fixed positive

number such that 0 < M < R0 < R. We get

ð
WR0

j‘uRj2ha
b dxþ

ð
WR0

u2Rh
a�1
b dxaC2

ð
WR

j f j juRjha
b dx;ð3:32Þ

where the constant C2 ¼ C�1
1 ð1þ e0R0Það1þ 2e0R0Þjb�b0j depend on k; n; a; b;

b0; e0;R0; k, but does not depend on R.

Now, we are going to derive an estimate of uR on domain WR. Using the

test function F ¼ uRh
a
b ¼ uRð1þ drÞað1þ esÞb A H

�
1ðWRÞ in (3.29) we get after

integration by parts:
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n

ð
WR

j‘uRj2ha
b dxþ n

ð
WR

uR‘uR � ‘ha
b dx� k

2

ð
WR

u2Rq1h
a
b dx

� 1

2

ð
WR

divðha
baÞu2R dx ¼

ð
WR

fuRh
a
b dx:

So, taking condition (3.30) into account we get for some k > 1:

n

2k

ð
WR

j‘uRj2ha
b dxð3:33Þ

þ 1

2
n 1� 1

k

� �ð
WR

j‘uRj2ha
b dx�

ð
WR

u2RgðjxjÞha�1
b�1 dx

� �

þ 1

2

ð
WR

u2RFa;bðs; r; nÞha�1
b�1 dxa

ð
WR

j f j juRjha
b dx:

Let R0 be a positive constant such that

R0 b
1

d
� 1

2e

����
���� 1

ðk� 1Þ and gðR0Þ <
nde

2

k� 1

k2

bb �

aþ b

� �2
:ð3:34Þ

We will use the notation WR0

R ¼ WR0 VWR assuming R > R0. We are going

to estimate the left hand side in (3.33) from below. For our aim it is only

necessary to express coe‰cients of integrals taken over WR0

R , while coe‰cients of

integrals over WR0
we will denote by Ci > 0, i ¼ 1; 2; . . . ; verifying only that

these constants do not depend on R.

Using Lemma 2.3 and relation (3.34) we have:ð
WR

gðjxjÞu2Rha�1
b�1 dxa

ð
WR0

gðjxjÞu2Rha�1
b�1 dxþ

ð
W

R0
R

gðR0Þu2Rha�1
b�1 dx

a 2C3

ð
WR0

u2Rh
a�1
b�1 dxþ

ð
WR0

j‘uRj2ha
b dx

 !

þ 2gðR0Þk
de

aþ b

bb�

� �2ð
W

R0
R

j‘uRj2ha
b dx:

Due to the choice of R0 we have ð1� 1=kÞn=2� gðR0Þk=ðdeÞ � ððaþ bÞ=
ðbb�ÞÞ2 b 0. So, the second term in (3.33) can be estimated

1

2
n 1� 1

k

� �ð
WR

j‘uRj2ha
b dx�

ð
WR

u2RgðjxjÞha�1
b�1 dx

� �
ð3:35Þ

b�C3

ð
WR0

u2Rh
a�1
b�1 dxþ

ð
WR0

j‘uRj2ha
b dx

 !
:
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Using Lemma 3.1 (with 0a a < b, ea ð1=ð2kÞÞ � ðk=nÞ � ððb � aÞ=b2Þ) and

Lemma 2.3 (with d < 2e), the third term in (3.33) can be estimated:

ð
WR

u2RFa;bðs; r; nÞha�1
b�1 dx

b�adk 1þ nk

k
ad

� 	 2k
de

aþ b

bb�

� �2ð
W

R0
R

j‘uRj2ha
b dx

þ 1� 1

k

� �
kdeðb � aÞ

ð
W

R0
R

u2Rh
a�1
b�1s dx� 2C4

ð
WR0

j‘uRj2ha
b dx:

Denote C5 1 ð1=2Þadkð1þ kadn=kÞð2k=ðdeÞÞððaþ bÞ=ðbb�ÞÞ2. It is clear that

C5 a n=ð2k2Þ < n=ð2kÞ if 1þ kadn=ka k (i.e. da ðk=nÞ � ððk� 1Þ=ðk � bÞÞ) and

aa ð1=ð2k4ÞÞ � ðn=kÞ � ððbb�Þ=ðaþ bÞÞ2e. We have from (3.33)

n

2k
1� 1

k

� �ð
WR

j‘uRj2ha
b dxþ 1

2
1� 1

k

� �
kdeðb � aÞ

ð
WR

u2Rh
a�1
b�1s dx

� C6

ð
WR0

u2Rh
a�1
b�1 dx� C7

ð
WR0

j‘uRj2ha
b dxa

ð
WR

j f j juRjha
b dx:

We overwrite the integrals computed on the domain WR0
to the right hand side

estimating them by inequality (3.32). Before using the mentioned inequality

we should re-scale it with respect to new values e; d, see Remark 1.2. The new

constant in (3.32) after re-scaling we denote C 0
2. So, we get from the preceding

inequality:

n

k

ð
WR

j‘uRj2ha
b dxþ kdeðb � aÞ

ð
WR

u2Rh
a�1
b�1s dxaC8

ð
WR

j f j juRjha
b dx;

where C8 ¼ 2f1þ C 0
2 maxðC6;C7Þgð1� k�1Þ�1. We use Lemma 2.3 and Re-

mark 2.4. So, if d < 2e and 1 < ka ð2eÞ=dþ d=ð2eÞ � 1 we get

n

2k

bb�de

adþ 2be

� �2ð
WR

u2Rh
a�1
b�1 dxa

n

2k

ð
WR

j‘uRj2ha
b dx;

n

2k

ð
WR

j‘uRj2ha
b dxþ n

2k

bb�de

adþ 2be

� �2ð
WR

u2Rh
a�1
b�1 dx

þ kdeðb � aÞ
ð
WR

u2Rh
a�1
b�1s dxaC8

ð
WR

j f j juRjha
b dx:

So we get
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ð
WR

j‘uRj2ha
b dxþ 2

ð
WR

u2Rh
a�1
b�1 dxþ 2e

ð
WR

u2Rh
a�1
b�1s dx

1

ð
WR

j‘uRj2ha
b dxþ 2

ð
WR

u2Rh
a�1
b dxaC10

ð
WR

j f j juRjha
b dx;

where C10 ¼ C8=C9 and C9 ¼ minðn=ð2kÞ; ðn=2kÞððbb �deÞ=ðadþ 2beÞÞ2;
kdðb � aÞ=2Þ. We have:

C10

ð
WR

j f j juRjha
b dxaC10

t

2

ð
W

u2Rh
a�1
b dxþ 1

2t

ð
W

f 2haþ1
b dx

� �
:

So, if we choose t ¼ 2C�1
10 then we getð

WR

j‘uRj2ha
b dxþ

ð
WR

u2Rh
a�1
b dxaC

ð
WR

f 2haþ1
b dx;

where C ¼ C2
10=4. It can be easily shown that the all conditions on a; b; d; e; k

used in the proof are compatible if 0a a < y1b, see Appendix B. r

3.3. The model problem in W

Let y1 be the same as in Lemma 3.4.

Theorem 3.5 (Existence and uniqueness). Let 0 < ba 1, 0a a < y1b,

f A L2
aþ1;bðWÞ and a A ðCð1ÞðWÞÞ3. Let g ¼ gðrÞ be a nonnegative non-increasing

continuous function defined on interval ½m;þyÞ with the limit limr!þy gðrÞ ¼ 0,

and the function a satisfies in W the following two conditions:

divðh0b0aÞaA
n0ðb�

0 Þ
2e20

4
h�1
b0�1 þ ð1� AÞ n0

23�b0

h0b0
r2

ð3:36Þ

þ nðN � 1Þ
j‘h0b0 j

2

h0b0

;

for some N > 1, 0aAa 1, 0 < n0 < n, 0 < b0 a 1, e0 < ð1=2Þ � ðk=ðnNÞÞ �
ð1=b0Þ, ha

b 1 ha; e0
b; e0

.

divðha
b ðxÞaðxÞÞa gðjxjÞha�1

b�1ðxÞ;ð3:37Þ

for ha
b 1 ha; d

b; e with some d; e > 0. Then there exists a weak solution u A Va;bðWÞ
of the problem

�nDuþ kq1uþ a � ‘u ¼ f in W;ð3:38Þ

u ¼ 0 on qW;ð3:39Þ
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such that

kuk22;a�1;b þ k‘uk22;a;b aCk f k22;aþ1;b:

If moreover condition (3.36) is satisfied with 0 < b0 a b and �a � ‘ra const,

ðconst A RÞ then there is a unique weak solution of problem (3.38), (3.39).

Proof. Existence. Let Rn HR, Rn > M, n A N be a sequence converging

to þy. Let uRn
be the weak solution of (3.18), (3.19) on WRn

. Extending uRn

by zero on W�WRn
to a function ~uun A Va;bðWÞ we get a bounded sequence f~uung

in Va;bðWÞ. Thus, there is a subsequence ~uunk of ~uun with a weak limit u in

Va;bðWÞ. Obviously, u is a weak solution of (3.38), (3.39) and

kuk22;a�1;b þ k‘uk22;a;b a lim inf
k AN

ð
W

~uu2nkh
a�1
b dxþ

ð
W

j‘~uunk j
2ha

b dx

� �

aC

ð
W

j f j2haþ1
b dx:

Uniqueness. In order to show uniqueness in Va;bðWÞ we will prove that

the solution is unique in V0;b0ðWÞIVa;bðWÞ. Let u A Va;bðWÞ ,! V0;b0ðWÞ be a

weak solution of (3.38), (3.39) with f 1 0. Let F ¼ FðzÞ A Cy
0 ð½0;þyÞÞ be a

non-increasing cut-o¤ function such that FðzÞ1 1 for z < 1=2 and FðzÞ1 0 for

z > 1. Let jF 0ja 3. Let FR 1FRðxÞ1Fðr=RÞ1Fðjxj=RÞ for x 2 W. We

have j‘FRja 3=R and jq1FRja 3=R on W
R=2
R . Let fRjg A R be an increasing

sequence of radii with the limit þy. So we have that uj 1 uFRj
A H

�
1ðWÞ. So,

fujg is a sequence of functions with limit u in the space Va;bðWÞ. Using the test

functions j ¼ uF2
Rj
h0b0 ¼ ujFRj

ð1þ e0sÞb0 A H
�
1ðWÞ in (3.29) we have:

n

ð
W

‘u � ‘ðuF2
Rj
h0b0Þdxþ k

ð
W

q1uuF
2
Rj
h0b0 dxð3:40Þ

þ
ð
W

a � ‘uuF2
Rj
h0b0 dx ¼ 0:

Using in (3.40) relations

‘u � ‘ðuF2
Rj
h0b0Þ ¼ j‘uj j2h0b0 � ‘FRj

� ‘FRj
u2h0b0 þ ‘u � ‘h0b0F

2
Rj
u;

u‘u � ‘h0b0F
2
Rj

¼ uj‘uj � ‘h0b0 � u2‘FRj
� ‘h0b0FRj

;

integrating by parts, we get after some evident rearrangements and (3.36):

Eðuj;WRj
Þa k

2

ð
W

u2q1F
2
Rj
h0b0 dxþ 1

2

ð
W

u2h0b0a � ‘F
2
Rj

dx

þ n

ð
W

j‘FRj
j2u2h0b0 dxþ n

ð
W

u2‘FRj
� ‘h0b0FRj

dx;
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where Eðv;WRÞ was defined by (3.24). Let us show the estimate of the integral

ð1=2Þ
Ð
W
u2h0b0a � ‘F

2
Rj

dx, (the other integrals on the right hand side can be

estimated similarly but more simply by the integral
Ð
W

Rj=2

Rj

u2h�1
b0

dx):

1

2

ð
W

u2h0b0a � ‘F
2
Rj

dx ¼ 1

2

ð
W

ðu2h0b0aÞ � 2FRj
F 0 r

Rj

� �
1

Rj

‘r

� �
dx

a 3

ð
W

Rj=2

Rj

u2h0b0
1

Rj

� �
ð�1Þ minð0; a � ‘rÞdx

a 3c

ð
W

Rj=2

Rj

ðu2h�1
b0
Þ maxð0;�a � ‘rÞdx1 3c

ð
W

Rj=2

Rj

u2h�1
b0
½a � ‘r��dx;

where ½y�� means the negative part of a real number y, i.e. ½y�� 1maxð0;�yÞ.
(In the first inequality we used F 0 a 0, jF 0ja 3, FRj

b 0 on W;F 0 1 0 on

WnWRj=2
Rj

, the second inequality follows from 1=Rj a c=ð1þ drÞ on W
Rj=2
Rj

for

c > d if Rj b 1=ðc� dÞ.) So, estimating Eðuj;WRj
Þ from below as in the proof

of Lemma 3.2, we get:

1� 1

k

� �
n

2

ð
W

j‘ujj2h0b0 dxþ 1

2
1� 1

k

� �
ke20b0

ð
W

u2j h
�1
b0�1s dx

aC

ð
W

Rj=2

Rj

u2h�1
b0

dxþ
ð
W

Rj=2

Rj

u2h�1
b0
½a � ‘r��dx

0
@

1
A

For j ! y we get ð�a � ‘ra constÞ:

n

ð
W

j‘uj2h0b0 dxþ ke20b0

ð
W

u2h�1
b0�1s dxa 0

So, the uniqueness was proved. r

Remark 3.6. The right hand side f in (3.38) in Theorem 3.5 can be chosen

from the dual space of Va;bðWÞ: Let f A H�1
loc ðWÞ be a functional such that

k f k�1;a;b < þy, where

kvk�1;a;b 1 supfjh f ; ha
bvij; v A Va;bðWÞ; kvk2;a�1;b þ k‘vk2;a;b ¼ 1g:

One can get in this case the estimate kuk22;a�1;b þ k‘uk22;a;b aC 0k f k2�1;a;b.

3.4. Su‰cient conditions on að�Þ

Conditions (3.36), (3.37) are given in the form which is appropriate for

the proof. Now, we will formulate simpler su‰cient conditions ensuring these

relations. We shall denote in the next lemma ha
b 1 ha;1

b;1 .
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Lemma 3.7. Let a A Cð1ÞðWÞ satisfies at least one of the conditions A)–C):

A) There are K > 0, d > 0 and 0 < n0 < n such that in W

a � ‘s

j‘sj aKh
�3=4�d

�1=4þd
; div aa

n0

24�b0

1

r2
:

B) There are K > 0, 0 < d < 1=2 and 1 < k < ½1þ ðn=ðkKÞÞ1=d �2d such that in W

a � ‘s

j‘sj aKh
�3=4�d

�1=4þd
; div aa

k

8

k� 1

k2
h�1
�1:

C) There are Ab 0, Bb 0, Aþ B < 1 such that in W

a � ‘s

j‘sj aA min b0n;
k

4

� �
h
�1=2
�1=2; div aa

Bn

16
min 4b2

0 ;
k2

4n2

� �
h�1
�1:

Then condition (3.21) is satisfied.

Proof. A) Let in this proof ha
b 1 ha; e0

b; e0
. Expressing explicitly terms of the

relation (3.36) we get

h0b0 div aþ ða � ‘sÞb0e0h0b0�1 aA
n0ðb�

0 Þ
2e20

4
h�1
b0�1

þ ð1� AÞ n0

23�b0

h0b0
r2

þ nðN � 1Þb2
0e

2
0

2s

r
h0b0�2:

It is clear that the following conditions (3.41) and (3.42) imply (3.36):

a � ‘saB A
n0b0e0

4
h�1
0 þ ð1� AÞ n0

4 � 21�b0b0e0r
2
h01

� �
ð3:41Þ

þ nðN � 1Þb0e0
2s

r
h0�1

div aa ð1� BÞ A
n0ðb �

0 Þ
2e20

4
h�1
�1 þ ð1� AÞ n0

4 � 21�b0r2

 !
ð3:42Þ

with 0aAa 1, 0aBa 1. Taking A ¼ 1=2� 2d with 0 < d < 1=4 we esti-

mate the right hand side in (3.41) using the inequality F tG1�t a tF þ ð1� tÞG
for F ;Gb 0, 0a ta 1:

B A
n0b0e0

4
h�1
0 þ ð1� AÞ n0

23�b0b0e0r
2
h01

� �
þ nðN � 1Þb0e0

2s

r
h0�1ð3:43Þ

b ½BðN � 1Þn0n�1=2
1

21�b0

� �1=4þd

ðb0e0Þ
1=2�2d 2s

r

� �1=2
r�1=2�2dh

�1=4þd

�1=4þd

b ½BðN � 1Þn0n�1=2
1

21�b0

� �1=4þd

ðb0e0Þ
1=2�2d

� j‘sj minð1; e�1=2þ2d
0 Þh�3=4�d;1

�1=4þd;1
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Let us take some k > 1 and N1Nðe0Þ ¼ ð1=2Þ � ðk=ðkne0ÞÞ � ð1=b0Þ, so the con-

dition e0 < ð1=2Þ � ðk=ðnNÞÞ � ð1=b0Þ is satisfied. Evidently, for e0 ! 0 we have

ðN � 1Þ1=2ðb0e0Þ
1=2�2d ! þy. Hence for arbitrary B > 0, K > 0, 0 < b0 a 1

there is e0 > 0 and N1Nðe0Þ > 1 such that the expression (3.43) can be

estimated from below:

bK j‘sjh�3=4�d;1
�1=4þd;1

Hence, the su‰cient condition for (3.41) is

a � ‘s

j‘sj aKh
�3=4�d;1
�1=4þd;1:

We estimate now the right hand side in (3.42). Because, B > 0 can be

taken su‰ciently small and A ¼ 1=2� 2d, we have:

ð1� BÞ A
n0ðb�

0 Þ
2e20

4
h�1; e0
�1; e0

þ ð1� AÞ n0

23�b0r2

 !

b ð1� BÞ 1

2
þ 2d

� �
n0

23�b0r2
b

n0

24�b0r2

So, su‰cient condition for (3.42) is

div aa
n0

24�b0r2
:

Analogously we can get conditions B) and C). r

In the next lemma we will present the su‰cient condition ensuring con-

dition (3.30) of Lemma 3.4

Lemma 3.8. Let a A ðCð1ÞðWÞÞ3 and let g0 ¼ g0ðrÞ be a nonnegative non-

increasing continuous function defined on interval ½m;þyÞ with the limit

limr!þy gðrÞ ¼ 0, and the function a satisfies the following conditions:

div aa g0ðrÞh�1
�1; a � ‘s

j‘sj a g0ðrÞh
�1=2
�1=2; a � ‘r1 a � ‘r

j‘rj a g0ðrÞh0�1:

Then condition (3.30) is satisfied.

Proof. We proceed analogously as in the proof of Lemma 3.7. r

From Theorem 3.5, Lemma 3.7 and Lemma 3.8 follows
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Theorem 3.9. Let 0 < ba1, 0aa< y1b, f A L2
aþ1;bðWÞ and a A ðCð1ÞðWÞÞ3.

Let g0 ¼ g0ðrÞ be a nonnegative non-increasing continuous function defined on

interval ½m;þyÞ with the limit limr!þy g0ðrÞ ¼ 0. We assume one of the

following cases, (ha
b 1 ha;1

b;1 , const A R):

i) There are K > 0, d > 0 and 0 < n0 < n such that in W:

a � ‘s

j‘sj aKh
�3=4�d

�1=4þd
; div aa

n0

24�b

1

r2
; consta a � ‘ra g0ðjxjÞh0�1:

ii) There are K > 0, 0 < d < 1=2 and 1 < k < ½1þ ðn=ðkKÞÞ1=d �2d such that

in W:

a � ‘s

j‘sjaKh
�3=4�d

�1=4þd
; consta a � ‘ra g0ðrÞh0�1

div aa
1

8

k� 1

k2
kh�1

�1; div aa g0ðrÞh�1
�1

iii) There are Ab 0, Bb 0, Aþ B < 1 such that in W:

a � ‘s

j‘sj aA min bn;
k

4

� �
h
�1=2
�1=2; div aa

Bn

16
min 4b2;

k2

4n2

� �
h�1
�1;

div aa g0ðrÞh�1
�1; a � ‘s

j‘sj a g0ðrÞh
�1=2
�1=2; consta a � ‘ra g0ðrÞh0�1:

Then there exists a unique weak solution u A Va;bðWÞ of the problem (1.1), (1.2)

such that

kuk22;a�1;b þ k‘uk22;a;b aCk f k22;aþ1;b:

Appendix A

Let us recall the definition of function Fa;bðs; r; nÞ, r > 0, s A ½0; 2r�:

Fa;bðs; r; nÞ1 �n
j‘ha

b j
2

ha
b

� kq1h
a
b

 !,
ha�1
b�1

Lemma 3.10. Let 0a a < b. Then, ( for a su‰ciently small d > 0) there

exists s0 > 0 such that

Fa;bðs; r; nÞb 0ð3:44Þ

for all r > 0, sb s0 > 0. Let moreover k > 1, 0 < ea ð1=ð2kÞÞ � ðk=nÞ �
ððb � aÞ=b2Þ and d; n; k > 0. Then
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Fa;bðs; r; nÞ � 1� 1

k

� �
kdeðb � aÞsb�adk 1þ n

k
ad

� �
ð3:45Þ

for all r > 0 and s A ½0; s0Þ.

Proof. First, let us assume a > 0. We have:

Fa;bðs; r; nÞ ¼ �na2d2
1þ es

1þ dr

� �
� 2nabde

s

r
� 2nb2e2

1þ dr

1þ es

� �
s

r

� kadð1þ esÞ x1
r
þ kbeð1þ drÞ s

r
;

where x1 ¼ r� s. So, the expression of rð1þ drÞð1þ esÞFa;bðs; r; nÞ is the poly-

nomial of R ¼ 1þ dr with coe‰cients being polynomials of S ¼ 1þ es:

rð1þ drÞð1þ esÞFa;bðs; r; nÞ ¼ AR2 þ BRþ C;

where A ¼ kðb � aÞS2 þ ð�2nb2e� kbÞS þ 2nb2e;

B ¼ ka
d

e
S3 þ ka 1� d

e

� �
� nadð2b þ aÞ

� �
S2 þ 2nabdS;

C ¼ na2dS2:

Note that the discriminant D of polynomial A is positive for all a; b; d; e; n,

k > 0. We can see that C > 0, B > 0 for d small enough (if ka > nadð2b þ aÞ),
and A > 0 if S > S0, where S0 ¼ ð1=ð2kðb � aÞÞÞ½2nb2eþ kb þ

ffiffiffiffi
D

p
�. Finally,

let us denote s0 ¼ ðS0 � 1Þ=e, then

Fa;bðs; r; nÞb 0

for all r > 0, if sb s0. Let us mention that if e is small enough, i.e. if

0 < e < k=ð2nbÞ, we have s0 a ða=ðeðb � aÞÞÞð1þ 2nkbe=ðk � 2nbeÞ2Þ. Indeed,

S0 ¼
1

2kðb � aÞ ½ð2nb
2eþ kbÞ þ

ffiffiffiffi
D

p
� ¼ b

ðb � aÞ

"
nbe

k
þ 1

2

� �

þ 1

2
� nbe

k

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8nkea

ðk � 2nbeÞ2

s #
a

b

ðb � aÞ 1þ 2nkea

ðk � 2nbeÞ2

" #
;

s0 ¼
1

e
ðS0 � 1Þa 1

e

a

ðb � aÞ 1þ 2nkbe

ðk � 2nbeÞ2

 !
:

Relation (3.45) follows from an estimate of the derivative of function F1:
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F1ðs; rÞ1Fa;bðs; r; nÞ � 1� 1

k

� �
kdeðb � aÞs;

q

qs
F1ðs; rÞ ¼ �na2d2e

1

1þ dr
� 2nabde

1

r
� 2nb2e2

1þ dr

r

1

ð1þ esÞ2

� kadeþ kad
1

r
ð1þ 2esÞ þ kbeð1þ drÞ 1

r

� 1� 1

k

� �
kdeðb � aÞ;

q

qs
F1ðs; rÞb de

(
1

r
k

a

e
þ b

d

� �
� na2 � 2nab � 2

nb2e

d

" #

þ �2nb2eþ 1

k
kðb � aÞ

� �)
:

We have ka=eb na2 þ 2nab, kb=db 2nb2e=d, kðb � aÞ=kb 2nb2e if ea

kðb � aÞ=ð2knb2Þ. Hence, if ea kðb � aÞ=ð2knb2Þ then

q

qs
F1ðs; rÞb 0:

So, we get immediately:

F1ðs; rÞbF1ð0; rÞ1�kad� na2d2
1

1þ dr
b�adk 1þ n

k
ad

� �
: r

Appendix B

Let us show that all conditions on a; b; d; e; k used in the proof of Lemma

3.4 are compatible if 0 < ba 1, 0a a < y1 b. Let us collect these assump-

tions: 0 < d < 2e, 1 < ka ð2eÞ=dþ d=ð2eÞ � 1, 0a a < b, ea ð1=ð2k2ÞÞ � ðk=nÞ �
ððb � aÞ=b2Þ, da ðk=nÞ � ðk� 1Þ=ðkbÞ, aa ð1=ð2k4ÞÞ � ðn=kÞ � ðbb�=ðaþ bÞÞ2e.

From aa ð1=ð2k4ÞÞ � ðn=kÞ � ðbb �=ðaþ bÞÞ2e, and ea ð1=ð2k2ÞÞ � ðk=nÞ �
ððb � aÞ=b2Þ we get aa ð1=ð4k6ÞÞ � ðb �Þ2ðb � aÞ=ðaþ bÞ2. So we get (k > 1,

ba 1): a=ba ð1=ð4k6ÞÞð1� a=bÞ=ð1þ a=bÞ2. By substitution y ¼ a=b we get

the inequality

4y3 þ 8y2 þ 4yþ k�6ðy� 1Þa 0:ð3:46Þ

Taking into account the condition 0a a < b we seek for solutions from

½0; 1Þ. It is clear that the equation 4y3 þ 8y2 þ 4yþ k�6ðy� 1Þ ¼ 0 has a

unique real solution yk A ð0; 1Þ for k > 1. It is also clear that arbitrary
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y A ½0; ykÞ solves (3.46). The value yk as a function of k is decreasing. For

k ! 1 we get the inequality 4y3 þ 8y2 þ 5y� 1a 0. This respective equation

has a unique solution y1 ¼ ð
ffiffiffiffiffi
13

p
=ð6

ffiffiffi
6

p
Þ þ 53=216Þ1=3 þ ð1=30Þð

ffiffiffiffiffi
13

p
=ð6

ffiffiffi
6

p
Þþ

53=216Þ�1=3. Approximately, with an error less than 10�8 we have y1 ¼
:

0:1582981 ðy1 > 1=7Þ. If 0a a < y1b then there is k > 1 su‰ciently close to

number 1, such that 0a aa ykb, so the relation aa ð1=ð4k6ÞÞ � ðb�Þ2ðb � aÞ=
ðaþ bÞ2 is satisfied. Then we can define e ¼ ð1=ð2k2ÞÞ � ðk=nÞ � ððb � aÞ=b2Þ.
The relation ea ð1=2kÞ � ðk=nÞ � ð1=bÞ is satisfied. Then we take su‰ciently

small d > 0 such that 0 < d < 2e and 1 < ka ð2eÞ=dþ d=ð2eÞ � 1. Hence, all

conditions which we assume in the proof of Lemma 3.4 are satisfied.
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[14] Novotný A., Pokorný M., Steady plane flow of viscoelastic fluid past an obstacle, Ap-

plications of Math. 47 (2002), 231–254.

[15] Oseen C. W., Neuere Methoden und Ergebnisse in der Hydrodynamik, Leipzig, Akad.

Verlagsgesellschaft M.B.H., 1927.

[16] Rudin W., Real and Complex Analysis, McGraw-Hill, New York, second edition, 1974.

[17] Smith D., Estimates at Infinity for Stationary Solutions of the N.S. Equations in Two

Dimensions, Arch. Rat. Mech. Anal. 20 (1965), 341–372.

[18] Turesson B. O., Nonlinear Potential Theory and Weighted Sobolev Spaces, Springer Verlag,

New York, 2000.

nuna adreso:

S. Kračmar
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