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1. Introduction and hypotheses

Let us consider the second order abstract di¤erential equation

u 00ðtÞ þ 2Bu 0ðtÞ þ AuðtÞ ¼ f ðtÞ; t A ð0; 1Þ;ð1Þ

together with the boundary conditions

uð0Þ ¼ u0;

uð1Þ ¼ u1:

�
ð2Þ

Here f is a continuous X -valued function on ½0; 1�, X being a complex Banach

space, u0; u1 are given elements of DðAÞ, the domain of A, A and B are two

closed linear operators in X .

We seek for a strict solution uð:Þ to (1), (2), i.e. a function

u A C2ð½0; 1�;X ÞVC1ð½0; 1�;DðBÞÞVCð½0; 1�;DðAÞÞ;

satisfying (1) and (2).

* The research was partially supported by Italian MIUR and by University of Bologna, funds for

selected research topics. It fits the program of GNAMPA.



Our main goal is to give both an alternative approach with respect to

recent results due to El Haial and Labbas [4] and to improve the main result by

Favini, Labbas, Tanabe, Yagi [5]. To this end we will assume that

B2 � A is a linear closed densely defined operator in X and

Eld 0; bðlI þ B2 � AÞ�1 A LðX Þ:
kðlI þ B2 � AÞ�1kLðX Þ cC=ð1þ lÞ;

8><
>:ð3Þ

(it is well known that hypothesis (3) implies that �ðB2 � AÞ1=2 is the infin-

itesimal generator of an analytic semigroup fTðtÞg, td 0, in X ),

DðAÞJDðB2Þ;ð4Þ

Ey A DðBÞ BðB2 � AÞ�1
y ¼ ðB2 � AÞ�1

By;ð5Þ

A is boundedly invertible;ð6Þ

DððB2 � AÞ1=2ÞJDðBÞ;ð7Þ

GB� ðB2 � AÞ1=2 generates an analytic semigroup on X :ð8Þ

Remark 1.

1. If X is a Hilbert space, B;B2 � A are self-adjoint operators, B2 � A

being positive, too, and in addition DðAÞJDðB2Þ, an easy modifi-

cation to Heinz Theorem (see [14], p. 44–46) shows that

DððB2 � AÞ1=2ÞJDðBÞ;

holds as well, so that (7) is satisfied.

2. In general case of operators defined in Banach spaces (7) implies that

for every r > 0

Ey A DðB2 � AÞ kBykcCðr1=2kyk þ r�1=2kðB2 � AÞykÞ:

Conversely if, for some g A �0; 1=2½ and every rd r0 > 0, one has

Ey A DðB2 � AÞ kBykcCðrgkyk þ rg�1kðB2 � AÞykÞ;

then

DððB2 � AÞ1=2ÞJDðBÞ;

(see [13], p. 73–74).

3. Let A0 and B be two closed linear operators in X commuting in the

resolvent sense with DðA0ÞJDðB2Þ, DðA0Þ everywhere dense in X and

B2 � A0 a closed operator. If there exists some l0 < 0 such that

El > 0

kðA0 þ l0I � lIÞ�1kc 1=l;

kðB2 þ lIÞ�1kc 1=l;

8<
:
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then for any s > 0

kððsþ l0ÞI � ðl0I þ A0Þ þ B2Þ�1k
¼ kðA0 � B2 � sIÞ�1k
c 1=s;

8><
>:

(see [3], p. 320). Therefore (3) holds for A ¼ A0 þ l0I .

4. Assumptions (3)@(4) yield

B2ðB2 � AÞ�1 A LðX Þ;ð9Þ

and

AðB2 � AÞ�1 A LðX Þ:ð10Þ

5. As it is well known, the only assumptions (3), (5) do not imply (8).

However, sometimes some conditions easily verifiable, guarantee that

assumption (8) is satisfied without asking smallness of B with respect to

ðB2 � AÞ1=2. Here we recall the following one from Favini and

Triggiani [7], Theorem 1.1, p. 94.

Let L be a strictly positive self-adjoint operator on the Hilbert

space X and let M be another self-adjoint operator on X such that

DðL1=2ÞJDðjMj1=2Þ where jMj ¼ ðM 2Þ1=2. Then �LG iM generate

analytic semigroups in X .

On the other hand, if one assumes DðLÞJDðMÞ ð¼ DðjMjÞÞ,
then by the Corollary in Tanabe [14], p. 45, DðL1=2ÞJDðjMj1=2Þ and

thus �LG iM generate analytic semigroups in X again. Assumption

(8) follows if we take B ¼ iM and ðB2 � AÞ1=2 ¼ L.

We give an example when all the assumptions (3)@(8) are satisfied.

Example 2. Take X ¼ L2ðRÞ with the usual inner product

h f ; gi ¼
ð
R

f ðxÞgðxÞdx;

and let A and B defined by

DðAÞ ¼ H 2ðRÞ; Au ¼ au 00 � cu;

DðBÞ ¼ H 1ðRÞ; Bu ¼ bu 0;

�

with a > b2, b0 0 and c > 0. A is stricly negative self-adjoint operator and

B2 � A coincides with

DðB2 � AÞ ¼ H 2ðRÞ; ðB2 � AÞu ¼ ðb2 � aÞu 00 � cu:

Therefore B2 � A is a strictly positive self-adjoint operator on X . One then

knows that ðB2 � AÞ1=2 has the same property as well with
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DððB2 � AÞ1=2Þ ¼ H 1ðRÞ:

Now the operator H ¼ 1
i
B, where

DðHÞ ¼ H 1ðRÞ; Hu ¼ 1

i
bu 0;

is self-adjoint. Then Remark 1, statement 4, applies and

�ðB2 � AÞ1=2 G iH ¼GB� ðB2 � AÞ1=2;

generates an analytic semigroup on X . Thus (8) holds. The assumptions

(3)@(7) are easily verified together.

We give a direct approach to problem (1)–(2), extending to the case B0 0,

the pioneering work by S. G. Krein [10], pp. 299–270. Moreover, we prove the

maximal regularity of the strict solution u, that is

u 00;Bu 0;Au A C yð½0; 1�;XÞ;

provided that f A C yð½0; 1�;XÞ and f ð0Þ; f ð1Þ;Au0 and Au1 verify conditions of

compatibility with respect to equation (1). Here C yð½0; 1�;X Þ denotes the space

of all X -valued Hölder continuous functions on ½0; 1� with exponent y.

In fact, a representation formula of the solution is found taking into

account the basic properties of analytic semigroups.

The plan of the paper is as follows. Section 2 is devoted to the existence

and the uniqueness of the strict solution u for (1)–(2). In section 3 we prove

the maximal regularity of u. In section 4 we give some examples of application

to partial di¤erential equations.

2. Existence and uniqueness of the strict solution

We shall establish the first result as follows.

Theorem 3. Under assumptions (3)@(8), if, in addition DðBAÞHDðB3Þ,
then for all f A C yð½0; 1�;XÞ, 0 < y < 1 and any u0; u1 A DðAÞ, problem (1)–(2)

has a unique strict solution on ½0; 1�.

For the proof of this Theorem, we need the following Lemmas.

Lemma 4. Under the hypotheses (3), (4) one has

1. Assumption (5) is equivalent to

DðBðB2 � AÞÞHDððB2 � AÞBÞ and

Ez A DðBðB2 � AÞÞ; BðB2 � AÞz ¼ ðB2 � AÞBz:

�
ð11Þ
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2. Assumption (5) is equivalent to

Ey A DðBÞ; ðB2 � AÞ�1=2
y A DðBÞ and

BðB2 � AÞ�1=2
y ¼ ðB2 � AÞ�1=2

By:

(
ð12Þ

3. If (5) holds, then

Ey A DðAÞ; AðB2 � AÞ�1=2
y ¼ ðB2 � AÞ�1=2

Ay;ð13Þ

and if (5), (7) hold, then

Ey A DðAÞ; BðB2 � AÞ1=2y ¼ ðB2 � AÞ1=2By:ð14Þ

4. If (5), (6) hold, then

Ey A X ; ðB2 � AÞ�1=2
A�1y ¼ A�1ðB2 � AÞ�1=2

y;ð15Þ

and if (5), (6), (7) hold, then

Ey A DððB2 � AÞ1=2Þ; A�1ðB2 � AÞ1=2y ¼ ðB2 � AÞ1=2A�1y:ð16Þ

Proof. Assume (3), (4).

1. If (5) holds, then for any z A DðBðB2 � AÞÞHDðBÞ we have

Bz ¼ BðB2 � AÞ�1ðB2 � AÞz ¼ ðB2 � AÞ�1
BðB2 � AÞzð17Þ

so Bz A DðB2 � AÞ and z A DððB2 � AÞBÞ. Therefore

ðB2 � AÞBz ¼ BðB2 � AÞz:

Conversely, assume (11) and let y A DðBÞ. Then

ðB2 � AÞ�1
y A DðBðB2 � AÞÞ

and

BðB2 � AÞðB2 � AÞ�1
y ¼ ðB2 � AÞBðB2 � AÞ�1

y

which implies

ðB2 � AÞ�1
By ¼ BðB2 � AÞ�1

y:

2. If (12) holds, then for any y A DðBÞ we have

BðB2 � AÞ�1=2ðB2 � AÞ�1=2
y ¼ ðB2 � AÞ�1=2

BðB2 � AÞ�1=2
y

¼ ðB2 � AÞ�1=2ðB2 � AÞ�1=2
By;

which implies (5).
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Conversely, assume (5). Let y A DðBÞ, l A rð�ðB2 � AÞÞ and set

z ¼ ðB2 � Aþ lIÞ�1
y:

Then

ðB2 � AÞz ¼ y� lz A DðBÞ;

so that z A DðBðB2 � AÞÞ. Now, in virtue of statement 1, we have

BðB2 � Aþ lIÞz ¼ ðB2 � Aþ lIÞBz

and thus

ðB2 � Aþ lIÞ�1
By ¼ BðB2 � Aþ lIÞ�1

y:

To conclude, let y A DðBÞ. Then using a suitable curve g, we can write

ðB2 � AÞ�1=2
y ¼ 1

2pi

ð
g

ð�lÞ�1=2ðB2 � Aþ lIÞ�1
y dl:

Now the integral

ð
g

Bð�lÞ�1=2ðB2 � Aþ lIÞ�1
y dl;

is convergent since

kBð�lÞ�1=2ðB2 � Aþ lIÞ�1
ykX ¼ jlj�1=2kðB2 � Aþ lIÞ�1

Byk

aC
kBykX
jlj3=2

;

thus ðB2 � AÞ�1=2
y A DðBÞ and

BðB2 � AÞ�1=2
y ¼ 1

2pi

ð
g

Bð�lÞ�1=2ðB2 � Aþ lIÞ�1
y dl

¼ 1

2pi

ð
g

ð�lÞ�1=2ðB2 � Aþ lIÞ�1
By dl

¼ ðB2 � AÞ�1=2
By;

from which (12) follows.

3. If (5) holds, then from (12) we get

Ey A DðB2Þ; B2ðB2 � AÞ�1=2
y ¼ ðB2 � AÞ�1=2

B2y;
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thus

Ey A DðAÞ; AðB2 � AÞ�1=2
y ¼ ðB2 � AÞ�1=2

Ay:

Suppose that (5) and (7) hold. Let y A DðAÞ ¼ DðB2 � AÞ. Then

ðB2 � AÞ1=2y A DðBÞ and in virtue of (12) one has

BðB2 � AÞ�1=2ðB2 � AÞ1=2y ¼ ðB2 � AÞ�1=2
BðB2 � AÞ1=2y;

which gives

ðB2 � AÞ1=2By ¼ BðB2 � AÞ1=2y:

4. It is enough to consider A�1y A DðAÞ and apply (13), (14). 9

Lemma 5. Under assumptions (3), (4), (5) and (7) one has, for any z A
rð�B� ðB2 � AÞ1=2Þ and any l A rðB� ðB2 � AÞ1=2Þ

1.

ðzI þ Bþ ðB2 � AÞ1=2Þ�1ðB2 � AÞ�1=2ð18Þ

¼ ðB2 � AÞ�1=2ðzI þ Bþ ðB2 � AÞ1=2Þ�1;

ðlI � Bþ ðB2 � AÞ1=2Þ�1ðB2 � AÞ�1=2ð19Þ

¼ ðB2 � AÞ�1=2ðlI � Bþ ðB2 � AÞ1=2Þ�1;

2.

ðzI þ Bþ ðB2 � AÞ1=2Þ�1ðB2 � AÞ1=2yð20Þ

¼ ðB2 � AÞ1=2ðzI þ Bþ ðB2 � AÞ1=2Þ�1
y;

ðlI � Bþ ðB2 � AÞ1=2Þ�1ðB2 � AÞ1=2yð21Þ

¼ ðB2 � AÞ1=2ðlI � Bþ ðB2 � AÞ1=2Þ�1
y;

where y A DððB2 � AÞ1=2Þ.

Proof.

1. Consider x A X and set

y ¼ ðB2 � AÞ�1=2ðzI þ Bþ ðB2 � AÞ1=2Þ�1
x A DðB2 � AÞ ¼ DðAÞ:

Now using (14) we have
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ðB2 � AÞ1=2ðzI þ Bþ ðB2 � AÞ1=2Þy

¼ ðzI þ Bþ ðB2 � AÞ1=2ÞðB2 � AÞ1=2y;

which implies (18). By the same way we obtain (19).

2. Is enough to apply (18), (19) to x A X such that y ¼ ðB2 � AÞ�1=2x. 9

Lemma 6. Let us assume (3)@(7). Then

1.

ðB� ðB2 � AÞ1=2ÞðBþ ðB2 � AÞ1=2ÞA�1 ¼ I

ðBþ ðB2 � AÞ1=2ÞðB� ðB2 � AÞ1=2ÞA�1 ¼ I :

(
ð22Þ

2. For any y A DððB2 � AÞ1=2Þ

ðB� ðB2 � AÞ1=2ÞA�1ðBþ ðB2 � AÞ1=2Þyð23Þ

¼ ðB� ðB2 � AÞ1=2ÞðA�1B� BA�1Þyþ y;

and

ðBþ ðB2 � AÞ1=2ÞA�1ðB� ðB2 � AÞ1=2Þyð24Þ

¼ ðBþ ðB2 � AÞ1=2ÞðA�1B� BA�1Þyþ y:

Proof.

1. In virtue of (14), one has

ðB2 � AÞ1=2BA�1 ¼ BðB2 � AÞ1=2A�1;

hence

ðB� ðB2 � AÞ1=2ÞðBþ ðB2 � AÞ1=2ÞA�1

¼ B2A�1 � ðB2 � AÞ1=2BA�1 þ BðB2 � AÞ1=2A�1 � ðB2 � AÞA�1

¼ I ;

and also

ðBþ ðB2 � AÞ1=2ÞðB� ðB2 � AÞ1=2ÞA�1 ¼ I :

2. Let y A DððB2 � AÞ1=2Þ. Then

ðB� ðB2 � AÞ1=2ÞA�1ðBþ ðB2 � AÞ1=2Þyð25Þ

¼ BA�1By� ðB2 � AÞ1=2A�1Byþ BA�1ðB2 � AÞ1=2y

� ðB2 � AÞ1=2A�1ðB2 � AÞ1=2y:
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Now using (16), we get

ðB2 � AÞ1=2A�1ðB2 � AÞ1=2y ¼ ðB2 � AÞ1=2ðB2 � AÞ1=2A�1yð26Þ

¼ B2A�1y� y;

and

BA�1ðB2 � AÞ1=2y ¼ BðB2 � AÞ1=2A�1yð27Þ

¼ ðB2 � AÞ1=2BA�1y:

Using (25), (26) and (27) we obtain

ðB� ðB2 � AÞ1=2ÞA�1ðBþ ðB2 � AÞ1=2Þy

¼ BðA�1B� BA�1Þy� ðB2 � AÞ1=2ðA�1B� BA�1Þyþ y

¼ ðB� ðB2 � AÞ1=2ÞðA�1B� BA�1Þyþ y:

Similarly we get

ðBþ ðB2 � AÞ1=2ÞA�1ðB� ðB2 � AÞ1=2Þy

¼ BA�1Byþ ðB2 � AÞ1=2A�1By� BA�1ðB2 � AÞ1=2y

� ðB2 � AÞ1=2A�1ðB2 � AÞ1=2y

¼ ðBþ ðB2 � AÞ1=2ÞðA�1B� BA�1Þyþ y: 9

Lemma 7. Under assumptions (3)@(7), Bþ ðB2 � AÞ1=2 has a bounded

inverse if and only if B� ðB2 � AÞ1=2 has a bounded inverse and then

ðB� ðB2 � AÞ1=2Þ�1 ¼ ðBþ ðB2 � AÞ1=2ÞA�1;

ðBþ ðB2 � AÞ1=2Þ�1 ¼ ðB� ðB2 � AÞ1=2ÞA�1:

(
ð28Þ

Proof. Assume that Bþ ðB2 � AÞ1=2 is boundedly invertible. To prove

that B� ðB2 � AÞ1=2 is boundedly invertible it is enough, in virtue of (22), to

show that this operator is one-to-one.

So let x A DððB2 � AÞ1=2Þ such that

ðB� ðB2 � AÞ1=2Þx ¼ 0:

Due to (20), we can write

ðB2 � AÞ�1ðB2 � AÞ1=2ðBþ ðB2 � AÞ1=2Þ�1ðB2 � AÞ1=2x

¼ ðB2 � AÞ�1ðB2 � AÞ1=2ðB2 � AÞ1=2ðBþ ðB2 � AÞ1=2Þ�1
x

¼ ðBþ ðB2 � AÞ1=2Þ�1
x;
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which implies that ðBþ ðB2 � AÞ1=2Þ�1
x A DðAÞ and thus

0 ¼ ðB� ðB2 � AÞ1=2ÞðBþ ðB2 � AÞ1=2ÞA�1AðBþ ðB2 � AÞ1=2Þ�1
x

¼ AðBþ ðB2 � AÞ1=2Þ�1
x:

Since A is one to one, x ¼ 0, as desired. 9

Lemma 8. Under assumptions (3)@(7), the following assertions are

equivalent.

1. Bþ ðB2 � AÞ1=2 is boundedly invertible,

2. B� ðB2 � AÞ1=2 is boundedly invertible,

3. Ey A DððB2 � AÞ1=2Þ ðB2 � AÞ1=2ðA�1B� BA�1Þy ¼ 0,

4. Ey A DðBÞ ðA�1B� BA�1Þy ¼ 0,

5. DðBAÞHDðB3Þ.

Proof. From (22), Bþ ðB2 � AÞ1=2 will be boundedly invertible if and

only if for any y A DððB2 � AÞ1=2Þ

ðB� ðB2 � AÞ1=2ÞA�1ðBþ ðB2 � AÞ1=2Þy ¼ y:

Therefore, due to (23), Bþ ðB2 � AÞ1=2 is boundedly invertible if and only if for

any y A DððB2 � AÞ1=2Þ

ðB� ðB2 � AÞ1=2ÞðA�1B� BA�1Þy ¼ 0:ð29Þ

Similarly B� ðB2 � AÞ1=2 is boundedly invertible if and only if for any y A
DððB2 � AÞ1=2Þ

ðBþ ðB2 � AÞ1=2ÞðA�1B� BA�1Þy ¼ 0:ð30Þ

On the other hand by Lemma 7, assertions 1 and 2 are equivalent and, in virtue

of (29) and (30), imply

ðB2 � AÞ1=2ðA�1B� BA�1Þy ¼ 0;ð31Þ

for any y A DððB2 � AÞ1=2Þ, i.e. assertion 3.

Now assume assertion 3 and let y A DðBÞ. Then, from (12)

ðB2 � AÞ�1=2
y A DðBÞ;

and

ðB2 � AÞ1=2ðA�1B� BA�1ÞðB2 � AÞ�1=2
y ¼ 0;

thus

ðB2 � AÞ1=2A�1BðB2 � AÞ�1=2
y� ðB2 � AÞ1=2BA�1ðB2 � AÞ�1=2

y ¼ 0;

so, by (12) and (15), we get

ðB2 � AÞ1=2ðB2 � AÞ�1=2
A�1By� ðB2 � AÞ1=2ðB2 � AÞ�1=2

BA�1y ¼ 0;
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and

ðA�1B� BA�1Þy ¼ 0:

We then obtain assertion 4.

Now assume assertion 4. Then in virtue of (7), (29) holds. Hence

Bþ ðB2 � AÞ1=2 is boundedly invertible, that is assertion 1.

To conclude it is enough to prove that assertions 4 and 5 are equivalent.

To this end assume assertion 4, then for y A DðBAÞ we write

By ¼ A�1BAy A DðAÞ;

so By A DðAÞHDðB2Þ and y A DðB3Þ. This gives assertion 5. Conversely if

assertion 5 holds then, from (5), we deduce

Ey A DðBðB2 � AÞÞ; ðB2 � AÞBy ¼ BðB2 � AÞy;

which implies

Ey A DðB3ÞVDðBAÞ; B3y� ABy ¼ B3y� BAy;

thus

Ey A DðBAÞ; ABy ¼ BAy;

from which assertion 4 follows. 9

Proof of Theorem 3. Let us assume (3)@(8), and DðBAÞHDðB3Þ, let

f A C yð½0; 1�;X Þ, where y A �0; 1½, and u0; u1 A DðAÞ. Our first step consists in

finding a particular solution uð:Þ to (1). We introduce uð:Þ by

uðtÞ ¼ � 1

2

ð t
0

Vðt� sÞðB2 � AÞ�1=2
f ðsÞdsð32Þ

� 1

2

ð1
t

Uðs� tÞðB2 � AÞ�1=2
f ðsÞds;

for 0c tc 1, where VðtÞ and UðtÞ denote the analytic semigroups generated

by �B� ðB2 � AÞ1=2 and B� ðB2 � AÞ1=2, respectively.

Then uð:Þ is strongly di¤erentiable on ½0; 1� and due to Lemma 5, we have

u 0ðtÞ ¼ 1

2

ð t
0

Vðt� sÞðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2
f ðsÞds

þ 1

2

ð1
t

Uðs� tÞðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2
f ðsÞds

¼ 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

ð t
0

Vðt� sÞ f ðsÞds

þ 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

ð1
t

Uðs� tÞ f ðsÞds:
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Observe that

ðB2 � AÞ1=2uð0Þ ¼ � 1

2

ð1
0

UðsÞ f ðsÞds

¼ � 1

2

ð1
0

UðsÞð f ðsÞ � f ð0ÞÞds� 1

2

ð1
0

UðsÞ f ð0Þds:

We recall that there exists C > 0 such that for any s A �0; 1�

kðB� ðB2 � AÞ1=2ÞUðsÞkX a
C

s
;

therefore, since f A C yð½0; 1�;X Þ, one has

ðB2 � AÞuð0Þ

¼ � 1

2
ðB2 � AÞ1=2ðB� ðB2 � AÞ1=2Þ�1

�
ð1
0

ðB� ðB2 � AÞ1=2ÞUðsÞð f ðsÞ � f ð0ÞÞds

� 1

2
ðB2 � AÞ1=2ðB� ðB2 � AÞ1=2Þ�1ðUð1Þ �Uð0ÞÞ f ð0Þ;

it follows that

uð0Þ A DðB2 � AÞ ¼ DðAÞ:ð33Þ

By the same way we obtain

uð1Þ A DðAÞ:ð34Þ

Since f is Hölder-continuous, we also deduce that uð:Þ is twice continuously

di¤erentiable and

u 00ðtÞ ¼ � 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ

ð t
0

Vðt� sÞ f ðsÞds

þ 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

f ðtÞ

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ

ð1
t

Uðs� tÞ f ðsÞds

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

f ðtÞ
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¼ � 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds

� 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2ðI � VðtÞÞ f ðtÞ

þ 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

f ðtÞ

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

ð1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2ðUð1� tÞ � IÞ f ðtÞ

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

f ðtÞ

¼ � 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

ð1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds

þ 1

2
ðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

VðtÞ f ðtÞ

� 1

2
ðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2

Uð1� tÞ f ðtÞ:

Moreover in virtue of Lemma 5, uðtÞ A DðAÞ, Auð:Þ A Cð½0; 1�;XÞ and

AuðtÞ ¼ � 1

2
AðB2 � AÞ�1=2

ð t
0

Vðt� sÞ f ðsÞdsþ
ð1
t

Uðs� tÞ f ðsÞds
� �

¼ � 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds

� 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1ðI � VðtÞÞ f ðtÞ

� 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1

ð 1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds

� 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1ðUð1� tÞ � IÞ f ðtÞ

¼ � 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds
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� 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1

ð1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds

� 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

f ðtÞ

þ 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1

f ðtÞ

þ 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

VðtÞ f ðtÞ

� 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1

Uð1� tÞ f ðtÞ:

Now

1

2
AðB2 � AÞ�1=2ððB� ðB2 � AÞ1=2Þ�1 � ðBþ ðB2 � AÞ1=2Þ�1Þ

¼ 1

2
AðB2 � AÞ�1=2ððBþ ðB2 � AÞ1=2ÞA�1 � ðB� ðB2 � AÞ1=2ÞA�1Þ

¼ AðB2 � AÞ�1=2ðB2 � AÞ1=2A�1

¼ I ;

and thus

AuðtÞ ¼ f ðtÞ þ 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

VðtÞ f ðtÞ

� 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1

Uð1� tÞ f ðtÞ

� 1

2
AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds

� 1

2
AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1

ð1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds:

(notice that AðB2 � AÞ�1=2ðBG ðB2 � AÞ1=2Þ�1 A LðX Þ).
Since f is Hölder-continuous and from (8), it is well known thatð t

0

Vðt� sÞ f ðsÞds A DðBþ ðB2 � AÞ1=2Þ ¼ DððB2 � AÞ1=2Þ

ð1
t

Uðs� tÞ f ðsÞds A Dð�Bþ ðB2 � AÞ1=2Þ ¼ DððB2 � AÞ1=2Þ;

then u 0ðtÞ A DðBÞ and
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Bu 0ðtÞ ¼ � 1

2
BðB2 � AÞ�1=2

VðtÞ f ðtÞ þ 1

2
BðB2 � AÞ�1=2

Uð1� tÞ f ðtÞ

þ 1

2
BðBþ ðB2 � AÞ1=2Þ�1

�
ð t
0

qV

qs
ðt� sÞðBþ ðB2 � AÞ1=2ÞðB2 � AÞ�1=2ð f ðsÞ � f ðtÞÞds

þ 1

2
BðB� ðB2 � AÞ1=2Þ�1

�
ð1
t

qU

qs
ðs� tÞðB� ðB2 � AÞ1=2ÞðB2 � AÞ�1=2ð f ðsÞ � f ðtÞÞds:

Therefore

u 00ðtÞ þ 2Bu 0ðtÞ þ AuðtÞ ¼ f ðtÞ þ 1

2
ððiÞ þ ðiiÞ þ ðiiiÞ þ ðivÞÞ;

where

ðiÞ ¼ f�BðB2 � AÞ�1=2 þ I þ AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1gVðtÞ f ðtÞ;

ðiiÞ ¼ fBðB2 � AÞ�1=2 þ I � AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1gUð1� tÞ f ðtÞ;

ðiiiÞ ¼ �f�BðB2 � AÞ�1=2 þ I þ AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1g

�
ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds;

ðivÞ ¼ fBðB2 � AÞ�1=2 þ I � AðB2 � AÞ�1=2ðB� ðB2 � AÞ1=2Þ�1g

�
ð 1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds:

On the other hand

AðB2 � AÞ�1=2ðBþ ðB2 � AÞ1=2Þ�1

¼ �ðB2 � AÞ1=2ðBþ ðB2 � AÞ1=2Þ�1

þ BðB2 � AÞ�1=2
BðBþ ðB2 � AÞ1=2Þ�1

¼ �ðB2 � AÞ1=2ðBþ ðB2 � AÞ1=2Þ�1

þ BðB2 � AÞ�1=2 � BðBþ ðB2 � AÞ1=2Þ�1

¼ BðB2 � AÞ�1=2 � I :

Hence ðiÞ ¼ ðiiiÞ ¼ 0.
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Analogously it is readily seen that ðiiÞ ¼ ðivÞ ¼ 0. We have proved that

uðtÞ is the unique strict solution of (1) satifying the boundary conditions

uð0Þ ¼ � 1

2

ð1
0

UðsÞðB2 � AÞ�1=2
f ðsÞds;

uð1Þ ¼ � 1

2

ð1
0

Vð1� sÞðB2 � AÞ�1=2
f ðsÞds:

To conclude our proof, let us now consider the homogeneous problem

v 00ðtÞ þ 2Bv 0ðtÞ þ AvðtÞ ¼ 0; t A ½0; 1�;ð35Þ

with non-homogeneous boundary conditions

vð0Þ ¼ x0; vð1Þ ¼ x1;ð36Þ

where x0; x1 A DðAÞ. We have the lemma as follows.

Lemma 9. Assume (3)@(8) and DðBAÞHDðB3Þ. If x0; x1 A DðAÞ, then

problem (35)–(36) has a unique strict solution.

Proof. It su‰ces to show that under the indicated assumptions, problem

(35)–(36) has one strict solution. To accomplish this, we in fact furnish an

explicit solution to it, precisely

vðtÞ ¼ VðtÞx0 þUð1� tÞx1;ð37Þ

where

Z ¼ e�2ðB2�AÞ1=2

x0 ¼ ðI � ZÞ�1ðx0 �Uð1Þx1Þ
x1 ¼ ðI � ZÞ�1ðx1 � Vð1Þx0Þ:

8><
>:

Notice that since the imaginary axis is contained in the resolvent set

rð�ðB2 � AÞ1=2Þ;

I � Z has a bounded inverse (see Lunardi [11], p. 60)

ðI � ZÞ�1 ¼ 1

2pi

ð
g#

e2z

1� e2z
ðzI þ ðB2 � AÞ1=2Þ�1

dzþ I ;

where g# ¼ g1 � g2 is a suitable curve in the complex plane (see Lunardi [11],

p. 59). On the other hand, since x0; x1 A DðAÞ and in virtue of assumption (4),

there exists h A X such that
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ðzI þ ðB2 � AÞ1=2Þ�1ðx0 �Uð1Þx1Þ

¼ ðzI þ ðB2 � AÞ1=2Þ�1ðB2 � AÞ�1h

¼ ðB2 � AÞ�1ðzI þ ðB2 � AÞ1=2Þ�1h A DðAÞ;

therefore x0 ¼ ðI � ZÞ�1ðx0 �Uð1Þx1Þ A DðAÞ. Similarly x1 A DðAÞ.
From (20) of Lemma 5 it follows that for z A rð�B� ðB2 � AÞ1=2Þ and

y A DððB2 � AÞ1=2Þ that

ðzI þ Bþ ðB2 � AÞ1=2Þ�1
Byð38Þ

¼ ðzI þ Bþ ðB2 � AÞ1=2Þ�1

� ððzI þ Bþ ðB2 � AÞ1=2Þy� zy� ðB2 � AÞ1=2yÞ

¼ y� zðzI þ Bþ ðB2 � AÞ1=2Þ�1
y

� ðB2 � AÞ1=2ðzI þ Bþ ðB2 � AÞ1=2Þ�1
y

¼ ððzI þ Bþ ðB2 � AÞ1=2Þ � zI � ðB2 � AÞ1=2Þ

� ðzI þ Bþ ðB2 � AÞ1=2Þ�1
y

¼ BðzI þ Bþ ðB2 � AÞ1=2Þ�1
y:

Analogously

ðlI � Bþ ðB2 � AÞ1=2Þ�1
By ¼ BðlI � Bþ ðB2 � AÞ1=2Þ�1

yð39Þ

for l A rðB� ðB2 � AÞ1=2Þ and y A DððB2 � AÞ1=2Þ. Hence, again using the

second part of Lemma 5 one gets

ðzI þ Bþ ðB2 � AÞ1=2Þ�1ðl� Bþ ðB2 � AÞ1=2Þy

¼ ðl� Bþ ðB2 � AÞ1=2ÞðzI þ Bþ ðB2 � AÞ1=2Þ�1
y;

which yields

ðl� Bþ ðB2 � AÞ1=2Þ�1ðzI þ Bþ ðB2 � AÞ1=2Þ�1ð40Þ

¼ ðzI þ Bþ ðB2 � AÞ1=2Þ�1ðl� Bþ ðB2 � AÞ1=2Þ�1:

It follows from (40) that UðtÞ and VðtÞ commute, and

d

dt
ðUðtÞVðtÞÞ ¼ �2UðtÞðB2 � AÞ1=2VðtÞ ¼ �2ðB2 � AÞ1=2UðtÞVðtÞ;
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which implies

UðtÞVðtÞ ¼ VðtÞUðtÞ ¼ e�2tðB2�AÞ1=2 ;

in particular

Uð1ÞVð1Þ ¼ Vð1ÞUð1Þ ¼ Z:
Since

Uð1ÞðI � ZÞ�1 ¼ ðI � ZÞ�1
Uð1Þ;

on DðAÞ ¼ DðB2 � AÞ (see Lemma 5), we have

vð0Þ ¼ x0 þUð1Þx1

¼ ðI � ZÞ�1ðx0 �Uð1Þx1Þ þUð1ÞðI � ZÞ�1ðx1 � Vð1Þx0Þ

¼ ðI � ZÞ�1ðx0 �Uð1Þx1Þ þ ðI � ZÞ�1
Uð1Þðx1 � Vð1Þx0Þ

¼ x0:

Analogousely

vð1Þ ¼ x1:

We also have that vð:Þ is strongly di¤erentiable for t A ½0; 1� and

v 0ðtÞ ¼ �VðtÞðBþ ðB2 � AÞ1=2Þx0 �Uð1� tÞðB� ðB2 � AÞ1=2Þx1:

Recall that since x0; x1 A DðAÞ, then

ðBþ ðB2 � AÞ1=2ÞðB� ðB2 � AÞ1=2Þxi ¼ Axi; i A f0; 1g:

By virtue of (38) and (39) one has for y A DððB2 � AÞ1=2Þ

BVðtÞy ¼ VðtÞBy; BUð1� tÞy ¼ Uð1� tÞBy:

Therefore

2Bv 0ðtÞ ¼ �VðtÞ2BðB� ðB2 � AÞ1=2Þ�1
Ax0ð41Þ

�Uð1� tÞ2BðBþ ðB2 � AÞ1=2Þ�1
Ax1;

moreover, Lemma 5 guarantees that v is two times di¤erentiable and

v 00ðtÞ ¼ VðtÞð2B2 � Aþ 2BðB2 � AÞ1=2Þx0ð42Þ

þUð1� tÞð2B2 � A� 2BðB2 � AÞ1=2Þx1:

Commutativity of the involved operators yields that for t A ½0; 1�, vðtÞ A DðAÞ
and
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AvðtÞ ¼ VðtÞAx0 þUð1� tÞAx1:ð43Þ

Summing (41), (42) and (43) we get by Lemmas 7 and 8

v 00ðtÞ þ 2Bv 0ðtÞ þ AvðtÞ

¼ VðtÞ½2BðBþ ðB2 � AÞ1=2Þ � 2BðB� ðB2 � AÞ1=2Þ�1
A�x0

þUð1� tÞ½2BðB� ðB2 � AÞ1=2Þ � 2BðBþ ðB2 � AÞ1=2Þ�1
A�x1

¼ 0;

for any t A ½0; 1�. 9

To conclude the proof of Theorem 3, note that due to (33), (34)

u0 � uð0Þ A DðAÞ; u1 � uð1Þ A DðAÞ:

Now, let u the strict solution of problem (35)–(36) with

x0 ¼ u0 � uð0Þ; x1 ¼ u1 � uð1Þ;

then it is a simple matter to recognize that

uð:Þ ¼ uð:Þ þ uð:Þ;

is the unique solution to problem (1)–(2).

3. Maximal regularity of the strict solution

In this section we will prove the following maximal regularity theorem.

Theorem 10. Under assumptions (3)@(8), if, in addition DðBAÞHDðB3Þ,
then for all f A C yð½0; 1�;X Þ, 0 < y < 1 and any u0; u1 A DðAÞ satisfying

f ðiÞ;Aui A D�ðB2�AÞðy=2;yÞ ¼ ðDðAÞ;XÞ1�y=2;y; i ¼ 0; 1;

the unique strict solution u to problem (1)–(2) has the maximal regularity

property: u 00;Bu 0;Au A C yð½0; 1�;X Þ.

Here, D�ðB2�AÞðy=2;yÞ is the well known real interpolation space

ðDðB2 � AÞ;X Þ1�y=2;y;

characterized by

D�ðB2�AÞðy=2;þyÞ

¼ j A X : sup
r>0

ry=2kðB2 � AÞðrI þ B2 � AÞ�1jkX < y

� �
:
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Proof. We recall that

uðtÞ ¼ VðtÞx0 þUð1� tÞx1

� 1

2
ðB2 � AÞ�1=2

ð t
0

Vðt� sÞ f ðsÞdsþ
ð1
t

Uðs� tÞ f ðsÞds
� �

where

x0 ¼ ðI � ZÞ�1ðu0 �Uð1Þu1Þ

þ 1

2
ðI � ZÞ�1ðB2 � AÞ�1=2

ð1
0

UðsÞ f ðsÞds�Uð1Þ
ð1
0

Vð1� sÞ f ðsÞds
� �

;

x1 ¼ ðI � ZÞ�1ðu1 � Vð1Þu0Þ

þ 1

2
ðI � ZÞ�1ðB2 � AÞ�1=2

ð1
0

Vð1� sÞ f ðsÞds� Vð1Þ
ð1
0

UðsÞ f ðsÞds
� �

:

(See section 2).

One writes

A ¼ ðBþ ðB2 � AÞ1=2ÞðB� ðB2 � AÞ1=2Þ

¼ ðB� ðB2 � AÞ1=2ÞðBþ ðB2 � AÞ1=2Þ;

and

AuðtÞ ¼ ðVðtÞAx0 þUð1� tÞAx1Þ

þ � 1

2
AðB2 � AÞ�1=2

ð t
0

Vðt� sÞ f ðsÞdsþ
ð1
t

Uðs� tÞ f ðsÞds
� �� �

¼ ðIÞ þ ðIIÞ:

Now

ðIIÞ ¼ � 1

2
ðBðB2 � AÞ�1=2 � IÞðBþ ðB2 � AÞ1=2Þ

ð t
0

Vðt� sÞ f ðsÞds

� 1

2
ðBðB2 � AÞ�1=2 þ IÞðB� ðB2 � AÞ1=2Þ

ð 1
t

Uðs� tÞ f ðsÞds

¼ � 1

2
ðBðB2 � AÞ�1=2 � IÞ

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds

� 1

2
ðBðB2 � AÞ�1=2 þ IÞ

ð 1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds

Angelo Favini, Rabah Labbas, Stéphane Maingot, Hiroki Tanabe and Atsushi Yagi442



� 1

2
ðBðB2 � AÞ�1=2 � IÞ f ðtÞ þ 1

2
ðBðB2 � AÞ�1=2 � IÞVðtÞ f ðtÞ

þ 1

2
ðBðB2 � AÞ�1=2 þ IÞ f ðtÞ � 1

2
ðBðB2 � AÞ�1=2 þ IÞUð1� tÞ f ðtÞ

¼ � 1

2
ðBðB2 � AÞ�1=2 � IÞ

ð t
0

qV

qs
ðt� sÞð f ðsÞ � f ðtÞÞds

� 1

2
ðBðB2 � AÞ�1=2 þ IÞ

ð1
t

qU

qs
ðs� tÞð f ðsÞ � f ðtÞÞds

þ f ðtÞ þ 1

2
ðBðB2 � AÞ�1=2 � IÞVðtÞð f ðtÞ � f ð0ÞÞ

þ 1

2
ðBðB2 � AÞ�1=2 � IÞVðtÞ f ð0Þ

� 1

2
ðBðB2 � AÞ�1=2 þ IÞUð1� tÞð f ðtÞ � f ð1ÞÞ

� 1

2
ðBðB2 � AÞ�1=2 þ IÞUð1� tÞ f ð1Þ:

Therefore, ðIIÞ A C yð½0; 1�;XÞ provided that f A C yð½0; 1�;XÞ and

f ð0Þ A D�B�ðB2�AÞ1=2ðy;yÞ ¼ D�ðB2�AÞ1=2ðy;yÞ ¼ D�ðB2�AÞðy=2;yÞ

f ð1Þ A D
B�ðB2�AÞ1=2ðy;yÞ ¼ D�ðB2�AÞ1=2ðy;yÞ ¼ D�ðB2�AÞðy=2;yÞ;

(see [2], Proposition 1.3 and Theorem 1.4, pp. 360–361).

We turn to ðIÞ. One has

ðIÞ ¼ ðI � ZÞ�1
VðtÞAu0 � ðI � ZÞ�1

Uð1ÞVðtÞAu1

þ ðI � ZÞ�1
Uð1� tÞAu1 � ðI � ZÞ�1

Vð1ÞUð1� tÞAu0

þ 1

2
ðI � ZÞ�1

VðtÞAðB2 � AÞ�1=2

ð 1
0

UðsÞ f ðsÞds

� 1

2
ðI � ZÞ�1

VðtÞUð1ÞAðB2 � AÞ�1=2

ð1
0

Vð1� sÞ f ðsÞds

þ 1

2
ðI � ZÞ�1

Uð1� tÞAðB2 � AÞ�1=2

ð1
0

Vð1� sÞ f ðsÞds

� 1

2
ðI � ZÞ�1

Vð1ÞUð1� tÞAðB2 � AÞ�1=2

ð1
0

UðsÞ f ðsÞds

¼ ðI1Þ þ ðI2Þ þ ðI3Þ þ ðI4Þ þ ðI5Þ þ ðI6Þ:
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Since Au0;Au1 A D�ðB2�AÞðy=2;yÞ, then ðI1Þ; ðI2Þ A C yð½0; 1�;XÞ. Write

AðB2 � AÞ�1=2

ð1
0

UðsÞ f ðsÞds

¼ ðBðB2 � AÞ�1=2 þ IÞðB� ðB2 � AÞ1=2Þ
ð1
0

UðsÞ f ðsÞds

¼ ðBðB2 � AÞ�1=2 þ IÞðB� ðB2 � AÞ1=2Þ
ð1
0

UðsÞð f ðsÞ � f ð0ÞÞds

þ ðBðB2 � AÞ�1=2 þ IÞðB� ðB2 � AÞ1=2Þ
ð1
0

UðsÞ f ð0Þds

¼ ðBðB2 � AÞ�1=2 þ IÞ
ð1
0

ðB� ðB2 � AÞ1=2ÞUðsÞð f ðsÞ � f ð0ÞÞds

þ ðBðB2 � AÞ�1=2 þ IÞðUð1Þ � IÞ f ð0Þ:

Now, it is known thatð1
0

ðB� ðB2 � AÞ1=2ÞUðsÞð f ðsÞ � f ð0ÞÞds A D
B�ðB2�AÞ1=2ðy;yÞ;

see [2], Theorem 1.4, p. 361. Thus

VðtÞ
ð1
0

ðB� ðB2 � AÞ1=2ÞUðsÞð f ðsÞ � f ð0ÞÞds A C yð½0; 1�;XÞ:

On the other hand, the assumption on f ð0Þ implies VðtÞ f ð0Þ A C yð½0; 1�;XÞ.
Then ðI3Þ A C yð½0; 1�;X Þ.

Concerning ðI4Þ, one writes

AðB2 � AÞ�1=2

ð 1
0

Vð1� sÞ f ðsÞds

¼ ðBðB2 � AÞ�1=2 � IÞðBþ ðB2 � AÞ1=2Þ
ð1
0

Vð1� sÞð f ðsÞ � f ð1ÞÞds

þ ðBðB2 � AÞ�1=2 � IÞðBþ ðB2 � AÞ1=2Þ
ð1
0

Vð1� sÞ f ð1Þds

¼ ðBðB2 � AÞ�1=2 � IÞ
ð1
0

ðBþ ðB2 � AÞ1=2ÞVð1� sÞð f ðsÞ � f ð1ÞÞds

þ ðBðB2 � AÞ�1=2 � IÞðI � Vð1ÞÞ f ð1Þ:

The same arguments used below imply ðI4Þ A C yð½0; 1�;X Þ.
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As well ðI5Þ and ðI6Þ are handled analogously by changing VðtÞ to

Uð1� tÞ. Therefore, under the preceding assumptions, Auð:Þ A C yð½0; 1�;XÞ.
On the other hand

Bu 0ðtÞ ¼ �VðtÞBðBþ ðB2 � AÞ1=2Þx0 �Uð1� tÞBðB� ðB2 � AÞ1=2Þx1

þ 1

2
BðB2 � AÞ�1=2

�
ðBþ ðB2 � AÞ1=2Þ

�
ð t
0

Vðt� sÞð f ðsÞ � f ðtÞÞdsþ ðI � VðtÞÞ f ðtÞ
�

þ 1

2
BðB2 � AÞ�1=2

�
ðB� ðB2 � AÞ1=2Þ

�
ð1
t

Uðs� tÞð f ðsÞ � f ðtÞÞdsþ ðUð1� tÞ � IÞ f ðtÞ
�

¼ ðJ1Þ þ ðJ2Þ þ ðJ3Þ þ ðJ4Þ:

The previous arguments apply to ðJ3Þ and ðJ4Þ. Moreover, since x0; x1 A DðAÞ,
we get

BðBþ ðB2 � AÞ1=2ÞA�1Ax0 ¼ BðB� ðB2 � AÞ1=2Þ�1
Ax0

BðB� ðB2 � AÞ1=2ÞA�1Ax1 ¼ BðBþ ðB2 � AÞ1=2Þ�1
Ax1:

But we already know that Vð:ÞAx0 A C yð½0; 1�;XÞ, Uð1� :ÞAx1 A C yð½0; 1�;XÞ.
9

4. Examples

Example 1 (Periodic boundary conditions).

Take X ¼ L2ð0; 1Þ and let us introduce an operator T : DðTÞHX ! X

defined by

DðTÞ ¼ f f A H 1ð0; 1Þ : f ð0Þ ¼ f ð1Þg
Tf ¼ if 0:

�

It is well known that T is self-adjoint and its spectrum is sðTÞ ¼ 2pZ, (see [12],

p. 75). So that T 2, where

DðT 2Þ ¼ f f A H 2ð0; 1Þ : f ð0Þ ¼ f ð1Þ; f 0ð0Þ ¼ f 0ð1Þg
T 2f ¼ �f 00;

�
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is positive self-adjoint. We then introduce B ¼ �iT and A defined by

DðAÞ ¼ DðT 2Þ
Af ¼ ð�2T 2 � aIÞ f ¼ 2f 00 � af ;

�

(where a > 0). Then B2 � A ¼ T 2 þ aI with domain DðT 2Þ is positive self-

adjoint. Therefore DðTÞ coincides with the complex interpolation space

½X ;DðT 2Þ�1=2 (see [15], p. 143), and ðT 2 þ aIÞ1=2 is positive self-adjoint. We

have from Remark 1, statement 5, that GB� ðB2 � AÞ1=2 generates an analytic

semigroup in X .

It follows that we can solve the boundary-value problem

q2u

qt2
ðx; tÞ þ 2

q2u

qxqt
ðx; tÞ þ 2

q2u

qx2
ðx; tÞ � auðx; tÞ

¼ f ðx; tÞ; ðx; tÞ A ð0; 1Þ � ð0; 1Þ;
uðx; 0Þ ¼ u0ðxÞ; 0 < x < 1;

uðx; 1Þ ¼ u1ðxÞ; 0 < x < 1;

uð0; tÞ ¼ uð1; tÞ; 0 < t < 1;

qu

qx
ð0; tÞ ¼ qu

qx
ð1; tÞ; 0 < t < 1;

qu

qt
ð0; tÞ ¼ qu

qt
ð1; tÞ; 0 < t < 1;

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

with u0; u1 A DðAÞ ¼ DðT 2Þ, provided that f A C yð½0; 1�;L2ð0; 1ÞÞ.

Example 2 (Degenerate parabolic operators).

Let a A C 1ð½0; 1�Þ be a real valued function which is strictly positive on

ð0; 1Þ, að0Þ ¼ að1Þ ¼ 0. Let us define the di¤erential operator

Tu ¼ d

dx
a
du

dx

� �
; u A DðTÞ;

where

DðTÞ ¼ fu A L2ð0; 1Þ :

u is locally absolutely continuous in ð0; 1Þ and au 0 A H 1
0 ð0; 1Þg:

Then it shown (see [1], Lemma 2.7 and Theorem 2.8), that T is self-adjoint and

generates an analytic semigroup with angle p=2 and bounded in L2ð0; 1Þ. Let

DðBÞ ¼ DðTÞ
B ¼ iT ;

�
and
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DðAÞ ¼ DðT 2Þ ¼ fu A L2ð0; 1Þ : au 0 A H 1
0 ð0; 1Þ and aðau 0Þ 00 A H 1

0 ð0; 1Þg
A ¼ �aT 2 � cI

�

where a > 1 and c > 0

Since

B2 � A ¼ ða� 1ÞT 2 þ cI ;

B2 � A is a positive self-adjoint operator. Then ðB2 � AÞ1=2 is positive with

domain DðTÞ and thus by Remark 1 (statement 5) GB� ðB2 � AÞ1=2 generates

an analytic semigroup in X , with domain DðTÞ. Hence we can handle the

boundary-value problem

q2u

qt2
ðx; tÞ þ 2i

q

qx
aðxÞ q2u

qxqt
ðx; tÞ

 !

� a
q

qx
aðxÞ q2

qx2
aðxÞ qu

qx
ðx; tÞ

� � !
� cuðx; tÞ

¼ f ðx; tÞ; ðx; tÞ A ð0; 1Þ � ð0; 1Þ;
uðx; 0Þ ¼ u0ðxÞ; 0 < x < 1;

uðx; 1Þ ¼ u1ðxÞ; 0 < x < 1;

a
qu

qx

� �
ð0; tÞ ¼ a

qu

qx

� �
ð1; tÞ ¼ 0; 0 < t < 1;

a
q2

qx2
a
qu

qx

� � !
ð0; tÞ ¼ a

q2

qx2
a
qu

qx

� � !
ð1; tÞ ¼ 0; 0 < t < 1;

a
q2u

qxqt

 !
ð0; tÞ ¼ a

q2u

qxqt

 !
ð1; tÞ ¼ 0; 0 < t < 1;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

with u0; u1 A DðAÞ provided that f A C yð½0; 1�;L2ð0; 1ÞÞ.

Example 3.

To begin with, we recall that if M is a non-negative self-adjoint operator

in the Hilbert space X , then M has the imaginary power Mit A LðXÞ and

kMitkaC for jtja e, where e;C are suitable positive constants (see [15], p.

143). Therefore the complex interpolation space ½X ;DðMnÞ�m=n coincides with

DðMmÞ for all m; n A N , m < n (see [15], p. 103).

Take B a strictly positive self-adjoint operator in X and let A ¼ �B3.

Then

B2 � A ¼ B2 þ B3 ¼ B2 þ ðB2Þ3=2;

is strictly positive self-adjoint, and
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DððB2 � AÞ1=2Þ ¼ ½X ;DðB3Þ�1=2

¼ DðB3=2Þ:

�ðB2 � AÞ1=2 generates of course an analytic semigroup. Moreover there exists

a constant C > 0 such that

kBukaCkuk1=3kB3=2uk2=3

aCkuk1=3kB3=2ðB2 � AÞ�1=2ðB2 � AÞ1=2uk2=3;

for u A DðB3=2Þ, so that GB is bounded with respect to �ðB2 � AÞ1=2 and has

a ðB2 � AÞ1=2 bound equal to 0. It follows that GB� ðB2 � AÞ1=2 generates

an analytic semigroup in X . In this case DðAÞWDðB2Þ, however all our

assumptions are satisfied.

As an example, take A;B defined in X ¼ L2ðWÞ by

DðBÞ ¼ H 1
0 ðWÞVH 2ðWÞ; B ¼ �D;

DðAÞ ¼ fu A H 6ðWÞ; ujqW ¼ DujqW ¼ D2ujqW ¼ 0g; A ¼ D3;

where W is a bounded domain in Rq, qb 1, with a smooth boundary qW.

One can then handles the boundary problem in a cylinder

q2u

qt2
ðx; tÞ � 2D

qu

qt
ðx; tÞ þ D3uðx; tÞ ¼ f ðx; tÞ; ðx; tÞ A W� ð0; 1Þ;

uðx; 0Þ ¼ u0ðxÞ; uðx; 1Þ ¼ u1ðxÞ; x A W;

uðs; tÞ ¼ Duðs; tÞ ¼ D2uðs; tÞ ¼ 0; ðs; tÞ A qW� ð0; 1Þ;
qu

qt
ðs; tÞ ¼ 0; ðs; tÞ A qW� ð0; 1Þ;

8>>>>>>>><
>>>>>>>>:

provided that f A C yð½0; 1�;L2ðWÞÞ; u0; u1 A DðAÞ. Maximal regularity of

solutions is correspondingly treated.

Example 4.

Let K be the infinitesimal generator of an analytic semigroup of angle p in

the complex Banach space X , i.e., K is closed linear, densely define and for each

e A �0; p=2½ there exists an Me b 1 such that

kðlI � KÞ�1ka Me

jlj ;

for all l A Sp�e, where

Sp�e ¼ fz A C �; jarg zj < p� eg:
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Suppose that 0 A rðKÞ too. Then for all n A N �, �K 2 n

also generates an

analytic semigroup of angle p. Indeed it su‰ces to prove this statement for

n ¼ 1. Let l ¼ reiy where r > 0, y A ½0; p½U �p; 2p�. One writes

lI þ K 2 ¼ reiyI þ K 2 ¼ ð
ffiffi
r

p
eiðpþyÞ=2 � KÞð

ffiffi
r

p
eið3pþyÞ=2 � KÞ:

Now

y A ½0; p½ ) ðpþ yÞ=2 A ½p=2; p½ and ð3pþ yÞ=2 A ½3p=2; 2p½;

y A �p; 2p� ) ðpþ yÞ=2 A �p; 3p=2� and ð3pþ yÞ=2 A ½2p; 5p=2½;

and thus the assumption yields easily the conclusion. Take B ¼ �K , A ¼ �K 2 r

so that B2 � A ¼ K 2 þ K 2 r

. Let rb 2 and assume �K to admit bounded

imaginary powers. It follows that B2 � A has bounded imaginary powers.

Therefore

DððB2 � AÞ1=2Þ ¼ ½X ;DðB2 � AÞ�1=2 ¼ ½X ;DðK 2 rÞ�1=2 ¼ DðK 2 r�1Þ;

(see [15], p. 151). �ðB2 � AÞ1=2 generates an analytic semigroup in X .

Moreover, moment’s inequality yields that GB is ðB2 � AÞ1=2 bounded with

bound equal to 0 (see [8], p. 65, whose proof is readily extended to arbitrary C0-

semigroup). Then GB� ðB2 � AÞ1=2 generates an analytic semigroup and all

our results work.

Concerning this example, take X ¼ LpðWÞ, 1 < p < y, when W is a

bounded domain in Rn, nd 1, with a smooth boundary qW. If B ¼ �D with

DðBÞ ¼ W 2;pðWÞVW
1;p
0 ðWÞ;

and A ¼ �D4 with

DðAÞ ¼ fu A W 8;pðWÞ : D jujqW ¼ 0 for j ¼ 0; 1; 2; 3g;

then our conditions apply.

Take also B ¼ �Dþ kI with

DðBÞ ¼ u A W 2;pðWÞ : qu
qn

¼ 0 on qW

� �
;

and k strictly positive. Consider A ¼ �D4 with

DðAÞ ¼ u A W 8;pðWÞ : qD
ju

qn
¼ 0 on qW for j ¼ 0; 1; 2; 3

� �
:

Then we are in the situation described above, again.

Example 5.

Let B be the generator of a bounded analytic semigroup (therefore B is of

negative type) and suppose 0 A rðBÞ. Observe that
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ðB2Þ1=2 ¼ �B:

Take A ¼ bB2, when b < 0. Then

B2 � A ¼ ð1� bÞB2;

yields

ðB2 � AÞ1=2 ¼ �ð1� bÞ1=2B;

and thus

GB� ðB2 � AÞ1=2 ¼GBþ ð1� bÞ1=2B ¼ ðð1� bÞ1=2 G 1ÞB

generates an analytic semigroup. Since all other assumptions (3)@(7) hold

together with DðBAÞHDðB3Þ, our results work.

As an example, if X ¼ LpðWÞ, 1 < p < y, W is a bounded domain in Rn,

nd 1, with a smooth boundary qW, B ¼ D with

DðBÞ ¼ W 2;pðWÞVW
1;p
0 ðWÞ;

and A ¼ bD2, b < 0, with

DðAÞ ¼ fu A W 4ðWÞ : ujqW ¼ DujqW ¼ 0g;

we can handle the boundary value problem

q2u

qt2
ðx; tÞ þ 2D

qu

qt
ðx; tÞ þ bD2uðx; tÞ ¼ f ðx; tÞ; ðx; tÞ A W� ð0; 1Þ;

uðx; 0Þ ¼ u0ðxÞ; x A W;

uðx; 1Þ ¼ u1ðxÞ; x A W;

uðx; tÞ ¼ Duðx; tÞ ¼ 0; ðx; tÞ A qW� ð0; 1Þ;
qu

qt
ðx; tÞ ¼ 0; ðx; tÞ A qW� ð0; 1Þ;

8>>>>>>>>>>><
>>>>>>>>>>>:

provided that f A C yð½0; 1�;LpðWÞÞ; u0; u1 A DðAÞ.
Maximal regularity is obtained using Theorem 10.

Example 6 (Degenerate parabolic equations, continued).

Refering to Example 2, take

B ¼ iðT � bIÞ; DðBÞ ¼ DðTÞ;

when b is a positive real number, and let A be the operator defined by

DðAÞ ¼ DðT 2Þ
A ¼ �aT 2 � cI ;

�
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when a > 1, c > 0. Then DðAÞ ¼ DðB2Þ and

B2 � A ¼ ða� 1ÞT 2 þ 2bT þ ðc� b2ÞI

is self-adjoint.

Notice that T is a negative operator so that �ð�TÞ1=2 generates a bounded

analytic semigroup in X ¼ L2ð0; 1Þ, with

ke�tð�TÞ1=2kLðX Þ c 1; td 0:

Take u A DðAÞ and evaluate

hðB2 � AÞu; ui ¼ ða� 1ÞkTuk2 � 2bkð�TÞ1=2uk2 þ ðc� b2Þkuk2

d ða� 1ÞkTuk2 � 4bkTuk kuk þ ðc� b2Þkuk2

d ða� 1� 2beÞkTuk2 þ ðc� b2 � 2b=eÞkuk2

for all e > 0. (See [8], Theorem 9.9, p. 65). Take e ¼ ða� 1Þ=2b.
To conclude, we see that if

c > b2
aþ 3

a� 1

then B2 � A is a strictly positive operator. Since all assumptions (4)@(8) hold

(see Remark 1.4), our results apply as well.

References

[ 1 ] Campiti, M., Metafune, G. and Pallara, D., Degenerate Self-adjoint Evolution Equations on

the Unit Interval, Semigroup Forum 57 (1998), 1–36.

[ 2 ] Da Prato, G., Abstract Di¤erential Equations, Maximal Regularity and Linearization,

Proceed. Symposia. Pura Math. 45 (1986), Part I, 359–370.

[ 3 ] Da Prato, G. and Grisvard, P., Sommes d’Opérateurs Linéaires et Equations Di¤érentielles
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