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Abstract. This paper is concerned with the study of the system of Laplace operators

with perfect wall condition in the Lp framework. Our study includes a bounded

domain, an exterior domain and a domain having noncompact boundary such as

a perturbed half space. A direct application of our study is to prove the analyticity

of the semigroup corresponding to the Maxwell equation of parabolic type, which

appears as a linearized equation in the study of the nonstationary problem concerning

the Ginzburg-Landau-Maxwell equation describing the Ginzburg-Landau model for

superconductivity, the magnetohydrodynamic equation and the Navier-Stokes equation

with Neumann boundary condition. And also, our theory is applicable to some

solvability of the stationary problem of these nonlinear equations in the Lp framework.
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1. Introduction

1.1. Main results

In this paper we investigate the resolvent problem for the system of Laplace

operators with perfect wall condition on some domain WHRn, nf 2:

lu� Du ¼ f þ ‘ � F in W;

�ðcurl uÞn ¼ gþ Fn; n � u ¼ 0 on qW;

ð1:1Þ

where qW is the boundary of W; n is the unit outer normal vector to qW; the

resolvent parameter l is contained in the sector

Se ¼ f00 z A C j jarg zj < p� eg; 0 < e < p=2;

f ¼ tð f1; . . . ; fnÞ ALpðWÞn, F ¼ ðFijÞ AW 1
p ðWÞn�n and g ¼ tðg1; . . . ; gnÞ AW 1

p ðWÞn
are the prescribed forces which satisfy the conditions:
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n � ðFnÞjqW ¼ 0 and n � gjqW ¼ 0:ð1:2Þ

To state our result precisely, at this point we outline our notation used

throughout the paper. Given vector or matrix M, tM means the transposed

M. Given Banach space X with norm k � kX , we set

X n ¼ fv ¼ tðv1; . . . ; vnÞ j vj A Xg; kvkX ¼
Xn
j¼1

kvjkX ;

X n�n ¼ fV ¼ ðVijÞ jVij A Xg; kVkX ¼
Xn
i; j¼1

kVijkX ;

and V ¼ ðVijÞ means the n� n matrix whose i-th column and j-th row

component is Vij . For the di¤erentiation of the n� n matrix of functions

F ¼ ðFijÞ, the n-vector of functions g ¼ tðg1; . . . ; gnÞ and the scalar function f ,

we use the following notation: qj f ¼ qf =qxj,

‘f ¼ tðq1 f ; . . . ; qn f Þ; ‘ � g ¼
Xn
j¼1

qjgj; ‘ � F ¼
t Xn

j¼1

qjF1j; . . . ;
Xn
j¼1

qjFnj

 !
;

‘g ¼ ðgijÞ with gij ¼ qjgi; curl g ¼ ‘g� tð‘gÞ ¼ ðgijÞ with gij ¼ qjgi � qigj;

where the dot � denotes the inner-product of Rn. For the functional space,

LpðWÞ denotes the usual Lp space on W with norm k � kLpðWÞ. Moreover, we set

Wm
p ðWÞ ¼ u A LpðWÞ j kukW m

p ðWÞ ¼
X
jajem

kqa
xukLpðWÞ < y

8<
:

9=
;;

_WW 1
p ðWÞn ¼ fg A W 1

p ðWÞn j n � gjqW ¼ 0g;

_WW 1
p ðWÞn�n ¼ fF A W 1

p ðWÞn�n j n � ðFnÞjqW ¼ 0g:

Note that what F A _WW 1
p ðWÞn�n and what g A _WW 1

p ðWÞn imply that F and g satisfy

the condition (1.2), respectively. C ¼ Cða; b; . . .Þ means that the constant C

depends on the quantities a; b; . . . in the parenthesis. Moreover, to denote

generic constants we use the same letter C, and therefore the constants C may

change from line to line. Given R > 0, we set

BR ¼ fx A Rn j jxj < Rg; BR ¼ RnnBR:

We are interested in LpðWÞ estimates of the unknown vector u ¼
tðu1; . . . ; unÞ. To describe our main results we formulate some assumptions on

the domain.
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Assumption 1.1. Let WHRn, nf 2, be a domain with boundary qW AC2;1

and suppose one of the following cases:

( i ) W is bounded.

( ii ) W is an exterior domain, i.e., there exists a compact set O such that

W ¼ RnnO.
(iii) W is a perturbed half space, i.e., there exists an R > 0 such that

WVBR ¼ Rn
þ VBR, where

Rn
þ ¼ fx ¼ ðx1; . . . ; xnÞ A Rn j xn > 0g:

For the notational simplicity, we set

I1
p ðu; l;WÞ ¼ jlj1=2kukLpðWÞ þ k‘ukLpðWÞ;

I2
p ðu; l;WÞ ¼ jlj kukLpðWÞ þ jlj1=2k‘ukLpðWÞ þ k‘2ukLpðWÞ;

where

‘ku ¼ ðqa
xu j jaj ¼ kÞ; ‘1u ¼ ‘u; ‘0u ¼ u:

The following theorems are our main results.

Theorem 1.2. Let 1 < p < y, 0 < e < p=2, d > 0 and WHRn, nf 2, be a

domain satisfying the Assumption 1.1. Then, we have the following assertions:

(1) For every l A Se, f A LpðWÞn, F A _WW 1
p ðWÞn�n

and g A _WW 1
p ðWÞn, the

problem (1.1) admits a unique solution u A W 2
p ðWÞn which satisfies the estimates:

I1
p ðu; l;WÞeCfjlj�1=2k f kLpðWÞ þ kFkLpðWÞ þ jlj�1=ð2pÞkgkLpðqWÞg;ð1:3Þ

I2
p ðu; l;WÞeCfk f kLpðWÞ þI1

p ððF ; gÞ; l;WÞg;ð1:4Þ

where C ¼ CðW; p; e; dÞ > 0 and jljf d.

(2) If f and F satisfy the conditions: ‘ � f ¼ 0 in W and n � f ¼ 0 on qW,

and F þ tF ¼ 0, respectively, and g ¼ 0, then ‘ � u ¼ 0 in W.

(3) If f A Wm
p ðWÞn, F A Wmþ1

p ðWÞn�n
, g A Wmþ1

p ðWÞ and qW A Cmþ2;1 for

some integer mf 1 additionally, then u A Wmþ2
p ðWÞn.

Remark 1.3. Noting the formula:

Du ¼ ‘ � ðcurl uÞ þ ‘ð‘ � uÞ; u ¼ tðu1; . . . ; unÞ;ð1:5Þ

by Theorem 1.2 (2) we know the unique existence of solution u A W 2
p ðWÞn of the

resolvent problem corresponding to the parabolic Maxwell equation:

lu� ‘ � ðcurl uÞ þ ‘F ¼ f ; ‘ � u ¼ 0 in W;

�ðcurl uÞn ¼ 0; n � u ¼ 0 on qW;

ð1:6Þ
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where F is a function corresponding to the Helmholtz decomposition of the

n-vector f , i.e.

f ¼ hþ ‘F with ‘ � h ¼ 0 in W and n � hjqW ¼ 0:

Theorem 1.4. Let 1 < p < y, 0 < e < p=2 and suppose that W is a bounded

and simply connected domain in R3. Then, there exists a positive constant d1
such that if l A C satisfies the condition: jlje d1, then for every f A LpðWÞ3,
F A _WW 1

p ðWÞ3�3
and g A _WW 1

p ðWÞ3, the problem (1.1) admits a unique solution

u A W 2
p ðWÞ3 which satisfies the estimates:

kukW 1
p ðWÞ eCfkð f ;FÞkLpðWÞ þ kgkLpðqWÞg;ð1:7Þ

kukW 2
p ðWÞ eCfk f kLpðWÞ þ kðF ; gÞkW 1

p ðWÞg:ð1:8Þ

Moreover, if f and F satisfy the conditions: ‘ � f ¼ 0 in W and n � f ¼ 0 on

qW, and F þ tF ¼ 0, respectively, and g ¼ 0, then ‘ � u ¼ 0 in W.

Finally, we consider the weak solution corresponding to (1.1). In view of

(1.5), by the divergence theorem of Gauss we have

ð�Du; vÞG ¼ �ððcurl uÞnqG; vÞqG � ð‘ � u; nqG � vÞqGð1:9Þ

þ 1

2
ðcurl u; curl vÞG þ ð‘ � u;‘ � vÞG;

where nqG denotes the unit outer normal to the boundary qG of the domain

G. Here and hereafter we set

ðu; vÞG ¼
ð
G

uðxÞ � vðxÞdx; ðu; vÞqG ¼
ð
qG

uðxÞ � vðxÞds;

where ds is the surface element of qG. By (1.9) we see that the variational

formula corresponding to (1.1) is the following:

lðu; vÞW þ 1

2
ðcurl u; curl vÞWþð‘ � u;‘ � vÞW ¼ ð f ; vÞW�ðF ;‘vÞW�ðg; vÞqWð1:10Þ

for any v A _WW 1
p 0 ðWÞn. Here and hereafter p 0 denotes the dual exponent of p

such that 1=pþ 1=p 0 ¼ 1.

Theorem 1.5. Let 1 < p < y, 0 < e < p=2 and d > 0. (1) Let WHRn,

nf 2, be a domain satisfying the Assumption 1.1. Then, for every l A Se,

f A LpðWÞn, F A LpðWÞn�n
and g A LpðqWÞn, the variational equation (1.10)

admits a unique solution u A _WW 1
p ðWÞn which satisfies the estimate (1.3).

(2) Suppose that W is a bounded and simply connected domain in R3.

Then, there exists a positive constant d1 such that if l A C satisfies the con-

T. Akiyama, H. Kasai, Y. Shibata and M. Tsutsumi364



dition: jlje d1, then for every f A LpðWÞ3, F A LpðWÞ3�3
and g A LpðqWÞ3, the

variational equation (1.10) admits a unique solution u A _WW 1
p ðWÞ3 which satisfies

the estimate (1.7).

(3) In addition, we assume that f and F satisfy the conditions: ‘ � f ¼ 0

in W and n � f ¼ 0 on qW, and F þ tF ¼ 0, respectively, and that g ¼ 0 in the both

case of (1) and (2). Then, ‘ � u ¼ 0 in W.

1.2. Motivation

In order to deal with some fundamental problems in mathematical physics,

we meet the parabolic Maxwell equation:

ut þ ‘� ð‘� uÞ þ muþ ‘F ¼ F ; ‘ � u ¼ 0 in WT ;ð1:11Þ

ð‘� uÞ � njqW ¼ 0; n � ujqW ¼ 0; ujt¼0 ¼ a;

where W is some domain in R3, m is a non-negative constant, WT ¼ W� ½0;TÞ
and t denotes the time variable.

In fact, A. Schmid [18] and L. P. Gor’kov and G. M. Eliashberg [10]

asserted that the non-stationary Ginzburg-Landau model for superconductivity

is described by the TDGLM (time dependent Ginzburg-Landau-Maxwell)

equation:

ct � iFc ¼ ð‘� iAÞ2cþ kð1� jcj2cÞ in WT ;

sðAt � ‘FÞ þ ‘� ð‘� AÞ þ ‘�H ¼ JGL in WT ;

‘ � A ¼ 0 ðCoulomb gaugeÞ in WT ;

qncjqW ¼ 0; ð‘� AþHÞ � njqW ¼ 0; n � AjqW ¼ 0;

ðc;AÞjt¼0 ¼ ðc0;A0Þ;

ð1:12Þ

where c is the complex-valued order parameter; F is the scalar electric po-

tential; A is the magnetic vector potential, s and k are positive physical

constants; H is the external magnetic field; qn ¼ n � ‘; and

JGL ¼ � i

2
½cð‘� iAÞc� cð‘� iAÞc�;

which is called the Ginzburg-Landau current. If we linearize (1.12) at the

constant state ðc;A;HÞ ¼ ðc0; 0; 0Þ with jc0j ¼ 1, c0 being a complex number,

then we have (1.11) with m > 0 from the second equation of (1.12) as a lin-

earized equation.

If we consider the magnetohydrodynamic equation proposed by T. G.

Cowling [5] or L. Landau and E. Lifshitz [11]:
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ut þ ð‘ � uÞu ¼ �‘pþ 1

Re
Duþ S

1

2
‘jHj2 � ðH � ‘ÞH

� �
þ F in WT ;

Ht ¼ ðH � ‘Þu� ðu � ‘ÞH � 1

Rm
‘� ð‘�HÞ in WT ;

‘ � u ¼ 0; ‘ �H ¼ 0 in WT ;

ujqW ¼ 0; ð‘�HÞ � njqW ¼ 0; n �HjqW ¼ 0;

ðu;HÞjt¼0 ¼ ðu0;H0Þ;

ð1:13Þ

where S, Re and Rm are positive physical constants, then we have (1.11) from

the second equation of (1.13) with m ¼ 0 as a linearized equation at the constant

state.

If we consider the Navier-Stokes equation with Neumann boundary

condition:

ut þ ðu � ‘Þu ¼ ‘pþ nDuþ f ; ‘ � u ¼ 0 in WT ;

‘� u� njqW ¼ 0; n � ujqW ¼ 0; ujt¼0 ¼ a;

ð1:14Þ

where n is a positive physical constant, then we have (1.11) with m ¼ 0 as a

linearized equation because of the formula: �Du ¼ ‘� ð‘� uÞ � ‘ð‘ � uÞ with

‘ � u ¼ 0.

To solve (1.12), (1.13) and (1.14) by using the usual contraction mapping

principle, it is important to show the analyticity of the semigroup corresponding

to (1.11). Therefore, according to the well-known analytic semigroup theory

(cf. Pazy [17]), it is the most fundamental point that we investigate the theory

for the resolvent problem (1.6), which follows from our main results in the

subsection 1.1.

Moreover, if we consider the stationary problem corresponding to (1.12):

�iFc ¼ ð‘� iAÞ2cþ kð1� jcj2Þc in W;

�s‘Fþ ‘� ð‘� AÞ þ ‘�H ¼ JGL; ‘ � A ¼ 0 in W;

qncjqW ¼ 0; ð‘� AþHÞ � njqW ¼ 0; n �HjqW ¼ 0;

ð1:15Þ

where H ¼ tðH1;H2;H3Þ is a given external force, then as a linearized problem

at the constant state c ¼ c0 A C with jc0j ¼ 1 we have

Aþ ‘� ð‘� AÞ þ ‘�H ¼ 0; ‘ � A ¼ 0 in W;

ð‘� AþHÞ � njqW ¼ 0 n � AjqW ¼ 0:

ð1:16Þ

The problem (1.16) is reduced to the equation (1.1) with l ¼ 1, f ¼ 0, g ¼ 0

and
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F ¼
0; �H3; H2

H3; 0; �H1

�H2; H1; 0

0
B@

1
CA:

In fact, since H þ tH ¼ 0, Theorem 1.2 (2) guarantees the unique existence of

solution A to (1.1) which satisfies the condition: ‘ � A ¼ 0. And therefore, by

(1.5) we have �‘� ð‘� AÞ ¼ ‘ � ðcurl AÞ ¼ DA, which implies that A satisfies

(1.16). In view of Theorems 1.4 and 1.5, by using the contraction mapping

principle we will be able to solve (1.15) at least for small external forces.

In spite of these backgrounds, to the authors it does not seem to be known

the systematic study of the system of Laplace operators with perfect wall

condition. And the main results for the strong solutions to (1.1) stated in the

subsection 1.1 do not seem to be derived directly from the well-known general

theory of elliptic operators like the Agmon, Douglis and Nirenberg [2] and

Lions and Magenes [12], [13], [14]. We only know the work due to Miyakawa

[15], where he proved Theorem 1.2 with F ¼ G ¼ 0 for large jlj and proved the

local existence theorem of the Navier-Stokes equation with Neumann boundary

condition in the Lp framework when the domain is bounded. In fact, he

noticed that (1.6) is reduced to (1.1) when f satisfies the condition: ‘ � f ¼ 0

in W and n � f jqW ¼ 0, i.e. f is in the solenoidal space, and then he reduced the

problem to the model problem in the half-space to get some a priori estimate

and used Agmon’s trick [1] to get the resolvent estimate for large jlj, which

is enough to show the analyticity of the Stokes semigroup. But, if we would

like to study the asymptotic behavior of solutions as time goes to infinity, it

is important to investigate the behavior of the resolvent operator near the origin.

Moreover, to consider the stationary solution and its stability concerning the

initial disturbance, it is important to show not only Theorem 1.2 but also

Theorem 1.5. Concerning the weak solution in the Lp theory, to the authors

nothing seems to be known about (1.1) although the L2 theory is rather well

known (cf. Sermange and Temam [19], Duvaut and Lions [6], Georgescu [9]).

In the case of Neumann or Dirichlet problem for the Laplace operator, Simader

and Sohr [20], [21] gave some new idea concerning the weak solution, which

gave us an extension of Gårding inequality to the Lp framework and seems to

be applicable also to (1.1) with l ¼ 0 only. But our approach is to drive the

estimates (1.3) and (1.7) to prove the existence of weak solutions, which seems

to be new and completely di¤erent from the idea due to Simader and Sohr [21].

Moreover, we think that it is important to consider (1.12), (1.13) and (1.14) in

the domains mentioned in Assumption 1.1 in view of several di¤erent physical

situations. Therefore, we think that it is worth while giving a self-contained

and very elementary independent proof of our main results stated in the sub-

section 1.1 in order to give a foundation of the study of nonlinear problems.
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After the preparation of the a priori estimates of solutions to the problem

(1.1) in the whole space and half-space in § 2, we solve the problem (1.1) in the

bent half-space in § 3, which is the main point in our approach. And, after the

discussion of the unique existence theorem of the weak solution in the L2ðWÞ
framework in § 4 and the discussion of the reduction of the problem to the

whole space, half-space and bent half-space problems in § 5, following the

argument due to Farwig and Sohr [7] we prove Theorem 1.2 (1) by showing

the several lemmas in § 6. What the solution u satisfies the divergence free

condition: ‘ � u ¼ 0 follows from the special structure of the boundary con-

dition and (1.5) (cf. Lemma 6.7 below). To prove Theorem 1.4, our proof

relies on the result due to von Wahl [24] (cf. Proposition 4.3 below) which

guarantees the estimate:

k‘ukLpðWÞ eCfkcurl ukLpðWÞ þ k‘ � ukLpðWÞg for any u A _WW 1
p ðWÞn

provided that W is a bounded and simply connected domain in R3 and

1 < p < y.

2. The whole space and the half-space problems

We start with the following theorem concerning the whole space problem.

Theorem 2.1. Let 1 < p < y and 0 < e < p=2. Then, for every l A Se,

f A LpðRnÞ and F ¼ tðF1; . . . ;FnÞ A W 1
p ðRnÞn, there exists a unique u A W 2

p ðRnÞ
which solves the equation:

ðl� DÞu ¼ f þ ‘ � F in Rnð2:1Þ

and satisfies the estimates:

I1
p ðu; l;RnÞeCfjlj�1=2k f kLpðR nÞ þ kFkLpðR nÞg;ð2:2Þ

I2
p ðu; l;RnÞeCk f þ ‘ � FkLpðR nÞð2:3Þ

for some constant C ¼ Cðe; pÞ.
Moreover, if u A LpðRnÞ satisfies the condition: ðl� DÞu A LqðRnÞ for some

l A Se and 1 < q < y, then u A W 2
q ðRnÞ.

Proof. To solve (2.1), we use the Fourier transform F and its inverse

transform F�1. Since

j jxj2 þ ljf ðsin e=2Þðjxj2 þ jljÞð2:4Þ

for any l A Se and x A Rn, if we define uðxÞ ¼ F�1½ðlþ jxj2Þ�1Fð f þ
‘ � FÞðxÞ�ðxÞ, by the Fourier multiplier theorem (cf. Stein [22], Triebel [23]) we

see that u satisfies (2.1), (2.2) and (2.3), because
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jqa
x ðlþ jxj2Þ�1jeCa; eðjlj þ jxj2Þ�1jxj�jajð2:5Þ

where Ca; e is a constant depending only on a; e and n. The uniqueness holds in

the class of the Schwartz’s tempered distributions when l A Se, which is proved

by using the Fourier transform and (2.4). Moreover, the solution is given

exactly by using the Fourier transform, so that in view of the uniqueness in

the Schwartz’s tempered distribution class what ðl� DÞu A LqðRnÞ implies that

u ¼ F�1½ð1þ jxj2Þ�1F½ f �ðxÞ�ðxÞ A W 2
q ðRnÞ, where f ¼ ðl� DÞu A LqðRnÞ. r

Next, we consider the Neumann problem:

ðl� DÞu ¼ f þ ‘ � F in Rn
þ; qnujxn¼0 ¼ ð�Fn þ gÞjxn¼0;ð2:6Þ

where F ¼ tðF1; . . . ;FnÞ.

Theorem 2.2. Let 1 < p < y and 0 < e < p=2. Then, for every l A Se,

f A LpðRn
þÞ, F A W 1

p ðRn
þÞ

n
and g A W 1

p ðRn
þÞ, the Neumann problem (2.6) admits

a unique solution u A W 2
p ðRn

þÞ which satisfies the a priori estimates:

I1
p ðu; l;Rn

þÞeCfjlj�1=2k f kLpðRn
þÞ þ kFkLpðRn

þÞ þ jlj�1=ð2pÞkgð� ; 0ÞkLpðRn�1Þg;ð2:7Þ

I2
p ðu; l;Rn

þÞeCfk f kLpðRn
þÞ þI1

p ððF ; gÞ; l;Rn
þÞg;ð2:8Þ

for some constant C ¼ Cðe; pÞ > 0.

Proof. For the notational simplicity, we set h ¼ f þ ‘ � F . Let us define

the even extension he of h by

heðxÞ ¼ hðxÞ xn > 0;

hðx 0;�xnÞ xn < 0;

�

where x 0 ¼ ðx1; . . . ; xn�1Þ. Let us define

vðxÞ ¼ F�1½ðlþ jxj2Þ�1F½he�ðxÞ�ðxÞ;ð2:9Þ

and then we have

qnvjxn¼0 ¼ 0;ð2:10Þ

I2
p ðv; l;RnÞeCk f þ ‘ � FkLpðRn

þÞ:ð2:11Þ

In fact, (2.11) follows from (2.5) and the Fourier multiplier theorem.

Let us define the solution wðxÞ of the equation:

ðl� DÞw ¼ 0 in Rn
þ; qnwjxn¼0 ¼ ð�Fn þ gÞjxn¼0:ð2:12Þ

Applying the partial Fourier transform F 0 with respect to x 0 to the equation

(2.12), we have the ordinary di¤erential equation with respect to xn:
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½ðlþ jx 0j2Þ � q2n �F 0½w�ðx 0; xnÞ ¼ 0; xn > 0;

qnF
0½w�ðx 0; 0Þ ¼ �F 0½Fn�ðx 0; 0Þ þF 0½g�ðx 0; 0Þ;

and therefore we have

wðxÞ ¼ ðF 0Þ�1 e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p
xnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jx 0j2
q F 0½Fn � g�ðx 0; 0Þ

2
64

3
75ðx 0Þ:ð2:13Þ

Here, ðF 0Þ�1 is the inversion formula of F 0. In particular, if we set

uðxÞ ¼ vðxÞ þ wðxÞ;ð2:14Þ

then u solves (2.6). In order to estimate w we shall use the following lemma.

Lemma 2.3. Let 1 < p < y, 0 < e < p=2, l A R and Fðx 0; lÞ be a function

in CyðRn�1nf0gÞ for each l A Se which satisfies the condition:

jqa 0

x 0 Fðx 0; lÞjeCa 0; ejljljx 0j�ja 0 jð2:15Þ

for any multi-index a 0 ¼ ða1; . . . ; an�1Þ with some constant Ca 0; e depending only on

a 0 and e. For every l A Se and k A W 1
p ðRn

þÞ, we set

yðxÞ ¼ ðF 0Þ�1½e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnFðx 0; lÞF 0½k�ðx 0; 0Þ�ðx 0Þ:

Then, there hold estimates:

kykLpðRn
þÞ e jljl�1=2pkkð� ; 0ÞkLpðR n�1Þ;ð2:16Þ

k‘ykLpðRn
þÞ eCjljlfk‘kkLpðRn

þÞ þ jlj1=2kkkLpðR n
þÞg:ð2:17Þ

Proof. By (2.4) we have

Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
f 2ceðjx 0j2 þ jljÞ1=2ð2:18Þ

for any l A Se and x 0 A Rn�1, where ce ¼ ð2
ffiffiffi
2

p
Þ�1ðsinðe=2ÞÞ3=2. By (2.15) and

(2.18)

jqa 0

x 0 ½e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnFðx 0; lÞ�jeCa 0; ejx 0j�ja 0jjljle�ceðjx 0jþjlj1=2Þxnð2:19Þ

for any multi-index a 0 ¼ ða1; . . . ; an�1Þ and xn > 0, and therefore by the Fourier

multiplier theorem

kykp

LpðRn
þÞ

¼
ðy
0

kyð� ; xnÞkp

LpðR n�1Þdxnð2:20Þ

eCjljpl
ðy
0

e�cejlj1=2pxn dxnkkð� ; 0Þkp

LpðR n�1Þ

eCe;pjljpl�1=2kkð� ; 0Þkp

LpðR n�1Þ;
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which implies (2.16).

To prove (2.17), we take d > 0 in such a way that d ¼ ce=4 and we set

yðxÞ ¼ ðF 0Þ�1½e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnedjx

0jxnFðx 0; lÞF 0½yd�ðx 0; xnÞ�ðx 0Þ
where

F 0½yd�ðx 0; xnÞ ¼ e�djx 0 jxnF 0½k�ðx 0; 0Þ:

By (2.19) we have

jqa 0

x 0 ½e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnedjx

0 jxnFðx 0; lÞ�jeCa 0; ejljljx 0j�ja 0 j

for any multi-index a 0, and therefore by the Fourier multiplier theorem we

have

kqj ykLpðR n
þÞ eCejljlkqj ydkLpðR n

þÞ; j ¼ 1; . . . ; n� 1:ð2:21Þ

On the other hand, since

�2qnEðxÞ ¼ �2qnF
�1½jxj�2�ðxÞ ¼ ðF 0Þ�1½e�jx 0jxn �ðx 0Þ; xn > 0

as follows from the integral formula of Cauchy in the theory of one complex

variable where E is the fundamental solution for the Laplacian, by the Agmon-

Douglis-Nirenberg lemma for the singular integral operator in the half-space (cf.

Agmon-Douglis-Nirenberg [2, Theorem 3.3], Galdi [8, II.9, Theorem 9.6]), we

have

k‘ydkLpðRn
þÞ eCdk‘kkLpðR n

þÞ;

which combined with (2.21) implies that

kqj ykLpðRn
þÞ eCd; ejljlk‘kkLpðRn

þÞ; j ¼ 1; . . . ; n� 1:

Observing the identity:

qn yðxÞ ¼ �ðF 0Þ�1½e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnðlþ jx 0j2Þ�1=2lFðx 0; lÞF 0½k�ðx 0; 0Þ�ðx 0Þ

�
Xn�1

j¼1

i�1qjðF 0Þ�1½e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnðlþ jx 0j2Þ�1=2xjFðx 0; lÞF 0½k�ðx 0; 0Þ�ðx 0Þ

and noting that ðlþ jx 0j2Þ�1=2
ffiffiffi
l

p
Fðx 0; lÞ and ðlþ jx 0j2Þ�1=2xjFðx 0; lÞ also

satisfy the condition (2.15), we have

kqn ykLpðR n
þÞ eCd; ejljlfk‘kkLpðR n

þÞ þ jljð1=2Þð1�1=pÞkkð� ; 0ÞkLpðR n�1Þg:ð2:22Þ

Since

jljð1=2Þð1�1=pÞkkð� ; 0ÞkLpðR n�1Þ e sk‘kkLpðR n
þÞ þ Cðs; pÞjlj1=2kkkLpðR n

þÞð2:23Þ
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for any s > 0 as follows from the interpolation inequality:

kkð� ; 0ÞkLpðR n�1Þ e p1=pkkk1=p
0

LpðR n
þÞ
k‘kk1=p

LpðR n
þÞ
;ð2:24Þ

combining (2.22) and (2.23) implies (2.17), which completes the proof of the

lemma. r

We continue the proof of Theorem 2.2. Applying Lemma 2.3 to (2.13)

and using (2.23), we have I2
p ðw; l;Rn

þÞeCI1
p ððFn; gÞ; l;Rn

þÞ, which combined

with (2.14) and (2.11) implies (2.8).

To prove (2.7), we observe that

ð2:25Þ

F½he�ðxÞ ¼ F½ f e�ðxÞ þ
Xn�1

j¼1

ixjF½ðFjÞe�ðxÞ � 2F 0½Fn�ðx 0; 0Þ þ ixnF½ðFnÞo�ðxÞ;

where ðFnÞoðxÞ ¼ Fnðx 0; xnÞ for xn > 0 and ¼ �Fnðx 0;�xnÞ for xn < 0, i.e.,

the odd extension of Fn to the whole space. By using the integral formula of

Cauchy in the theory of one complex variable, we have

2F�1½ðlþ jxj2Þ�1F 0½Fn�ðx 0; 0Þ�ðxÞ ¼ F 0 e�
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
xnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jx 0j2
q F 0½Fn�ðx 0; 0Þ

2
64

3
75ðx 0Þ;

which combined with (2.25), (2.14), (2.13) and (2.9) implies that

uðxÞ ¼ F�1½ðlþ jxj2Þ�1F½ f e�ðxÞ�ðxÞ þ
Xn�1

j¼1

F�1½ðlþ jxj2Þ�1
ixjF½ðFjÞe�ðxÞ�ðxÞ

þF�1½ðlþ jxj2Þ�1
ixnF½ðFjÞo�ðxÞ�ðxÞ � ðF 0Þ�1 e�

ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p
xnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jx 0j2
q F 0½g�ðx 0; 0Þ

2
64

3
75ðx 0Þ

Applying Lemma 2.3 and the Fourier multiplier theorem with help of (2.4) and

(2.5), we have (2.7). This completes the proof of the theorem. r

Now, we consider the Dirichlet problem:

ðl� DÞu ¼ f þ ‘ � F in Rn
þ; ujxn¼0 ¼ 0:ð2:26Þ

Theorem 2.4. Let 1 < p < y and 0 < e < p=2. Then, for every l A Se,

f A LpðRn
þÞ and F ¼ tðF1; . . . ;FnÞ A W 1

p ðRn
þÞ

n
, the Dirichlet problem (2.26) admits

a unique solution u A W 2
p ðRn

þÞ which satisfies the estimates:

I1
p ðu; l;Rn

þÞeCfjlj�1=2k f kLpðR n
þÞ þ kFkLpðR n

þÞg;ð2:27Þ

I2
p ðu; l;Rn

þÞeCkð f ;‘FÞkLpðR n
þÞ:ð2:28Þ
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Proof. Set k ¼ f þ ‘ � F and uðxÞ ¼ F�1½ðjxj2 þ lÞ�1F½ko�ðxÞ�ðxÞ, where

ko is the odd extension of k to the whole space. Then, we have ujxn¼0 ¼ 0. In

view of (2.5), by the Fourier multiplier theorem we have (2.28). Since

F½ko�ðxÞ ¼ F½ f o�ðxÞ þ
Xn�1

j¼1

ixjF½F o
j �ðxÞ þ ixnF½F e

n �ðxÞ;

in view of (2.5) by the Fourier multiplier theorem we have (2.27). This

completes the proof of the theorem. r

Finally, we consider (1.1) in the half-space Rn
þ:

ðl� DÞu ¼ f þ ‘ � F in Rn
þ;

�ðcurl uÞn0 ¼ gþ Fn0; n0 � u ¼ 0 on Rn
0;

ð2:29Þ

where n0 ¼ ð0; . . . ; 0;�1Þ and Rn
0 ¼ fðx 0; xnÞ A Rn j xn ¼ 0g. Since n0 � u ¼ un ¼ 0

on Rn
0, we have

�ðcurl uÞn0 ¼ tðqnu1; . . . ; qnun�1; 0Þ on Rn
0.

Therefore, if gn ¼ 0 and Fnn ¼ 0 on Rn
0, then (2.29) is equivalent to the

problem:

ðl� DÞuj ¼ fj þ
Xn
k¼1

qkFjk; j ¼ 1; . . . ; n; in Rn
þ;

qnuj ¼ gj � Fjn; j ¼ 1; . . . ; n� 1; on Rn
0;

un ¼ 0 on Rn
0:

ð2:30Þ

Then, combining Theorems 2.2 and 2.4, we have the following theorem.

Theorem 2.5. Let 1 < p < y and 0 < e < p=2. Then, the following

assertions hold.

(1) For every l A Se, f ¼ tð f1; . . . ; fnÞ A LpðRn
þÞ

n
, F ¼ ðFijÞ A W 1

p ðRn
þÞ

n�n

with Fnnjxn¼0 ¼ 0 and g ¼ tðg1; . . . ; gn�1; 0Þ A W 1
p ðRn

þÞ
n
, the half-space problem

(2.29) admits a unique solution u A W 2
p ðRn

þÞ
n
which satisfies the estimates:

I1
p ðu; l;Rn

þÞeCfjlj�1=2k f kLpðR n
þÞ þ kFkLpðR n

þÞð2:31Þ

þ jlj�1=ð2pÞkgð� ; 0ÞkLpðR n�1Þg;

I2
p ðu; l;Rn

þÞeCfk f kLpðR n
þÞ þI1

p ððF ; gÞ; l;Rn
þÞg:ð2:32Þ

(2) If u A W 1
p ðRn

þÞ satisfies the homogeneous variational equation:
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lðu;FÞR n
þ
þ 1

2
ðcurl u; curl FÞR n

þ
þ ð‘ � u;‘ �FÞR n

þ
¼ 0ð2:33Þ

for any F A _WW 1
p 0 ðRn

þÞ
n
, then u ¼ 0 provided that l A Se.

(3) Let u A _WW 1
p ðRn

þÞ satisfy the variational problem:

lðu;FÞR n
þ
þ 1

2
ðcurl u; curl FÞR n

þ
þ ð‘ � u;‘ �FÞR n

þ
ð2:34Þ

¼ ð f ;FÞR n
þ
� ðF ;FÞR n

þ
� ðg;FÞR n

0
for any F A _WW 1

p 0 ðRn
þÞ

n:

If f A LpðRn
þÞ

n VLqðRn
þÞ

n
, F A W 1

p ðRn
þÞ

n�n VW 1
q ðRn

þÞ
n�n

with Fnnjxn¼0 ¼ 0

and g ¼ ðg1; . . . ; gn�1; 0Þ A W 1
p ðRn

þÞ
n VW 1

q ðRn
þÞ

n
for some 1 < q < y, then u A

W 2
p ðRn

þÞ
n VW 2

q ðRn
þÞ

n.

Proof. In view of (2.30), the first assertion follows from Theorems 2.2

and 2.4 immediately. The uniqueness assertion (2) follows from the solv-

ability of the dual problem with f A Cy
0 ðRn

þÞ
n, F ¼ 0 and g ¼ 0, which is

guaranteed by (1). Finally, we shall show (3). Since the solution to (2.29)

can be constructed by using the Fourier transform exactly, we see that there

exists a v A W 2
p ðRn

þÞ
n VW 2

q ðRn
þÞ

n of the equation (2.29). Since v also satisfies

the variational equation (2.34), the uniqueness assertion (2) implies that u ¼ v,

which implies that u A W 2
p ðRn

þÞ
n VW 2

q ðRn
þÞ

n. r

3. The bent half-space problem

Let o : Rn�1 ! R be a function in B3ðRn�1Þ, where BkðRn�1Þ ðkf 0Þ
denotes the set of all bounded functions whose derivatives up to k are also

bounded almost everywhere in Rn�1. Let H be the bent half space with

boundary qH defined by

H ¼ fx ¼ ðx 0; xnÞ A Rn j xn > oðx 0Þ; x 0 ¼ ðx1; . . . ; xn�1Þ A Rn�1g;ð3:1Þ

qH ¼ fx ¼ ðx 0; xnÞ A Rn j xn ¼ oðx 0Þ; x 0 A Rn�1g:ð3:2Þ

The unit outer normal n ¼ tðn1; . . . ; nnÞ of qH is defined by

tn ¼ ð‘ 0o;�1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘ 0oj2

q
; ‘ 0o ¼ ðq1o; . . . ; qn�1oÞ; qj ¼ q=qxj:ð3:3Þ

In this section, we consider the bent half-space problem:

ðl� DÞu ¼ f þ ‘ � F in H;

�ðcurl uÞnjqH ¼ ðgþ FnÞjqH ; n � ujqH ¼ 0;

ð3:4Þ
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where F and g satisfy the condition:

n � ðFnÞjqH ¼ 0 and n � gjqH ¼ 0:ð3:5Þ

Theorem 3.1. Let oðx 0Þ A B3ðRn�1Þ and set

jjjojjj ¼
X
ja 0 je3

kqa 0

x 0okLyðR n�1Þ; qa 0

x 0 ¼ qa1
1 . . . qan�1

n�1 ; a 0 ¼ ða1; . . . ; an�1Þ:

Let H be a bent half space defined by (3.1). Let 1 < p < y and 0 < e < p=2.

Then, there exist constants K ¼ Kðp; e; nÞ A ð0; 1Þ and l0 ¼ l0ðp; e; n; jjjojjjÞf 1

possessing the following properties:

(1) If k‘ 0okLyðR n�1Þ eK, then for every l A Se with jljf l0, f ¼
tð f1; . . . ; fnÞ A LpðHÞn, F ¼ ðFijÞ A W 1

p ðHÞn�n
and g ¼ tðg1; . . . ; gnÞ A W 1

p ðHÞn
which satisfy (3.5), the bent half-space problem (3.4) admits a unique solution

u A W 2
p ðHÞn. This solution satisfies the a priori estimates (1.3) and (1.4) with

W ¼ H for some constant C ¼ Cðp; e; n; jjjojjjÞf 1.

(2) If we assume that f A Wm
p ðHÞn, F A Wmþ1

p ðHÞn�n
, g A Wmþ1

p ðHÞn and

o A Bmþ3ðRn�1Þ for some integer mf 1 additionally, then u A Wmþ2
p ðHÞn.

Proof. Let u ¼ tðu1; . . . ; unÞ be a solution to (3.4), which is written

conponentwise as follows:

ðl� DÞuj ¼ fj þ
Xn
k¼1

qkFjk in H;ð3:6Þ

�
Xn
k¼1

ðqkuj � qjukÞnk ¼ gj þ
Xn
k¼1

Fjknk on qH;ð3:7Þ

Xn
k¼1

nkuk ¼ 0 on qH;ð3:8Þ

where j ¼ 1; . . . ; n and qj ¼ q=qxj. Since nn 0 0, by (3.5) we see that the nth

component of equations in (3.7) is automatically satisfied if other boundary

conditions are satisfied. Therefore, as the boundary condition, we adopt (3.7)

with j ¼ 1; . . . ; n� 1 and (3.8), below. Using the change of variable:

yj ¼ xj; j ¼ 1; . . . ; n� 1; yn ¼ xn � oðx 0Þ ¼ xn � oðy 0Þ;ð3:9Þ

we will reduce the problem in the bent half space H to that in the half-space.

In fact, since

q

qxj
¼ q

qyj
� oj

q

qyn
; j ¼ 1; . . . ; n� 1;

q

qxn
¼ q

qyn
ð3:10Þ
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where oj ¼ qo=qxj, if we set ujðxÞ ¼ ~uujðyÞ, fjðxÞ ¼ ~ffjðyÞ, FijðxÞ ¼ ~FFijðyÞ,
gjðxÞ ¼ ~ggjðyÞ and njðxÞ ¼ ~nnjðyÞ, the problem (3.6), (3.7) with j ¼ 1; . . . ; n� 1

and (3.8) are reduced to the equation:

ðl� DÞ~uul ¼ ~ffl þ
Xn�1

k¼1

qkð ~FFlk � okqn~uulÞð3:11Þ

þ qn ~FFln �
Xn�1

k¼1

ok
~FFlk �

Xn�1

k¼1

okqk~uul þ j‘ 0oj2qn~uul

 !
in Rn

þ;

qn~uuj ¼ �~nn�1
n ~ggj þ

Xn�1

k¼1

ojk~uuk �
"
~FFjn �

Xn�1

k¼1

ok
~FFjk �

Xn�1

k¼1

okqk~uujð3:12Þ

þ j‘ 0oj2qn~uuj þ ojqn ~uun �
Xn�1

k¼1

ok~uuk

 !#
on Rn

0;

~uun �
Xn�1

k¼1

ok~uuk ¼ 0ð3:13Þ on Rn
0;

where l ¼ 1; . . . ; n, j ¼ 1; . . . ; n� 1, ojk ¼ q2o=qyjqyk, qj ¼ q=qyj , and we have

used the formula:

qj~uun ¼
Xn�1

k¼1

qjðok~uukÞ on Rn
0 for j ¼ 1; . . . ; n� 1;

which follows from (3.13). If we set

vj ¼ ~uuj; j ¼ 1; . . . ; n� 1; vn ¼ ~uun �
Xn�1

k¼1

ok~uuk;ð3:14Þ

then (3.11) to (3.13) is reduced to the equations:

ðl� DÞvj ¼ ~ffj þ
Xn�1

k¼1

qkð ~FFjk � okqnvjÞ þ qn

 
~FFjn �

Xn�1

k¼1

ok
~FFjk �

Xn�1

k¼1

okqkvjð3:15Þ

þ j‘ 0oj2qnvj þ ojqnvn

!
� ojq

2
nvn in Rn

þ;

qnvj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘ 0oj2

q
~ggj þ

Xn�1

k¼1

ojkvk �
"
~FFjn �

Xn�1

k¼1

ok
~FFjk �

Xn�1

k¼1

okqkvjð3:16Þ

þ j‘ 0oj2qnvj þ ojqnvn

#
on Rn

0;
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ðl� DÞvn ¼ ~ffn �
Xn�1

k¼1

ok
~ffk þ

Xn�1

k¼1

qk ~FFnk �
Xn�1

l¼1

olFlk � 2okqnvn

( )
ð3:17Þ

þ qn ~FFnn �
Xn�1

l¼1

olð ~FFln þ ~FFnlÞ þ
Xn�1

k;l¼1

olok
~FFlk

" #

þ j‘ 0oj2q2nvn þ
Xn�1

k;l¼1

olk
~FFlk �

Xn�1

k;l¼1

2oklokqnvl

þ ðD 0oÞqnvn þ
Xn�1

l¼1

½2ð‘ 0olÞ � ð‘ 0vlÞ þ ðD 0olÞvl� in Rn
þ;

vn ¼ 0 on Rn
0;ð3:18Þ on Rn

0;

where

q2nvn ¼ q2vn=qx
2
n ; ð‘ 0olÞ � ð‘ 0vlÞ ¼

Xn�1

k¼1

ðqkolÞqkvl; D 0ol ¼
Xn�1

k¼1

q2kvl:

By (3.17) we write ð1þ j‘ 0oj2Þq2nvn in terms of ~ffj ; ~FFj; ~GGj;‘v and qj‘v

ð j ¼ 1; . . . ; n� 1Þ and we insert this formula into the right hand side of (3.15)

and (3.17). Using the fact:

~FFnn �
Xn�1

k¼1

okð ~FFnk þ ~FFknÞ þ
Xn�1

k;l¼1

okol
~FFkljyn¼0 ¼ n � ðFnÞjqH ¼ 0ð3:19Þ

which follows from (3.5), finally we arrive at the half space problem:

ðl� DÞvj ¼ Ajð f ;F ; vÞ þ
Xn
k¼1

qk½BjkðF ; vÞ� in Rn
þ; j ¼ 1; . . . ; n;

qnvj ¼ Ejðg; vÞ � BjnðF ; vÞ; on Rn
0; j ¼ 1; . . . ; n� 1;

vn ¼ 0 on Rn
0;

ð3:20Þ

where kj ¼ ojð1þ j‘ 0oj2Þ�1;

Ajð f ;F ; vÞ ¼ ~ffj þ kj ~ffn �
Xn�1

l¼1

ol
~ffl

 !
�
Xn�1

l¼1

ðqlkjÞ ~FFnl �
Xn�1

m¼1

om
~FFml

( )

þ
Xn�1

l;m¼1

kjolm
~FFml � kjðlvnÞ �

Xn�1

l¼1

qlkjqlvn þ 2
Xn�1

l¼1

ðqlkjÞolqnvn

� 2
Xn�1

l;m¼1

kjolmolqnvm þ kjðD 0oÞqnvn þ kj
Xn�1

l¼1

f2ð‘ 0olÞ � ð‘ 0vlÞ þ ðD 0olÞvlg;
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Anð f ;F ; vÞ ¼ ð1þ j‘ 0oj2Þ�1

"
~ffn �

Xn�1

l¼1

ol
~ffl þ

Xn�1

l;m¼1

olm
~FFml �

Xn�1

l;m¼1

2olmolqnvm

þ ðD 0oÞqnvn þ
Xn�1

l¼1

f2ð‘ 0olÞ � ð‘ 0vlÞ þ ðD 0olÞvlg
#

�
Xn�1

k¼1

ðqkð1þ j‘ 0oj2Þ�1Þ ~FFnk �
Xn�1

l¼1

olFlk

 !
þ 2

Xn�1

k¼1

ðqkð1þ j‘ 0oj2Þ�1Þokqnvn

þ j‘ 0oj2ð1þ j‘ 0oj2Þ�1ðlvnÞ þ
Xn�1

k¼1

ðqkj‘ 0oj2ð1þ j‘ 0oj2Þ�1Þqkvn;

BjkðF ; vÞ ¼ ~FFjk þ kj ~FFnk �
Xn�1

l¼1

ol
~FFlk

 !
þ kjðqkvn � 2okqnvnÞ � okqnvj ;

BjnðF ; vÞ ¼ ~FFjn �
Xn�1

l¼1

ol
~FFjl �

Xn�1

l¼1

olqlvj þ j‘ 0oj2qnvj þ ojqnvn

þ kj ~FFnn �
Xn�1

l¼1

olð ~FFln þ ~FFnlÞ þ
Xn�1

l;m¼1

olom
~FFml

" #
;

BnkðF ; vÞ ¼ ð1þ j‘ 0oj2Þ�1 ~FFnk �
Xn�1

l¼1

ol
~FFlk � 2okqnvn � j‘ 0oj2qkvn

" #
;

BnnðF ; vÞ ¼ ð1þ j‘ 0oj2Þ�1 ~FFnn �
Xn�1

l¼1

olð ~FFln þ ~FFnlÞ þ
Xn�1

l;m¼1

olom
~FFml

" #
;

Ejðg; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘ 0oj2

q
~ggj þ

Xn�1

l¼1

ojlvl;

and j; k ¼ 1; . . . ; n� 1.

If v is a solution to (3.20), then defining ~uu by (3.14) in terms of v and

setting uðxÞ ¼ ~uuðyÞ by (3.9), we see that u is a solution to (3.4). Therefore, we

shall solve (3.20) by the contraction mapping principle, below. To do this,

given v A W 2
p ðRn

þÞ, we consider the half-space problem:

ðl� DÞw ¼ Að f ;F ; vÞ þ ‘ � BðF ; vÞ in Rn
þ;

�ðcurl wÞn0 ¼ Eðg; vÞ þ BðF ; vÞn0 on Rn
0;

ð3:21Þ

where n0 ¼ ð0; . . . ; 0;�1Þ,
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Að f ;F ; vÞ ¼ tðA1ð f ;F ; vÞ; . . . ;Anð f ;F ; vÞÞ; BðF ; vÞ ¼ ðBjkðF ; vÞÞ;

Eðg; vÞ ¼ tðE1ðg; vÞ; . . . ;En�1ðg; vÞ; 0Þ:

For the notational simplicity, we set Kj ¼ k‘ jokLyðR n�1Þ, j ¼ 1; 2; 3. Since we

will choose K1 small enough, we may assume that K1 e 1. Since BnnðF ; vÞ ¼ 0

on Rn
0 as follows from (3.19), we can apply Theorem 2.5 to solve (3.21), and

therefore there exists a unique solution w A W 2
p ðRn

þÞ
n of (3.21) which satisfies

the a priori estimate:

I1
p ðw; l;Rn

þÞeCfjlj�1=2k f kLpðHÞ þ ð1þ K2ÞkFkLpðHÞ þ jlj�1=ð2pÞkgkLpðqHÞð3:22Þ

þ ðK1 þ jlj�1=2
K2 þ jlj�1

K3ÞI1
p ðv; l;Rn

þÞg;

I2
p ðw; l;Rn

þÞeCfk f kLpðHÞ þ k‘ðF ; gÞkLpðHÞ þ ðK2 þ jlj1=2ÞkðF ; gÞkLpðHÞ

þ ðK1 þ jlj�1=2
K2 þ jlj�1

K3ÞI2
p ðv; l;Rn

þÞg;

provided that jljf 1, where we have used (2.23). Let us define the map G by

Gv ¼ w, and set

Ml ¼ Cfk f kLpðHÞ þ k‘ðF ; gÞkLpðHÞ þ ðK2 þ jlj1=2ÞkðF ; gÞkLpðHÞg:

If we choose K1 > 0 and l0 f 1 in such a way that

CK1 e 1=4; Cðl�1=2
0 K2 þ l�1

0 K3Þe 1=4;ð3:23Þ

then noting that the equation is linear, by (3.22) we have

I2
p ðGv; l;Rn

þÞe 2Ml provided that I2
p ðv; l;Rn

þÞe 2Ml;ð3:24Þ

I2
p ðGv1 � Gv2; l;Rn

þÞe
1

2
I2
p ðv1 � v2; l;Rn

þÞ;ð3:25Þ

for any l A Se with jljf l0, which implies that G is the contraction map.

Therefore, there exists a fixed point v A W 1
p ðRn

þÞ
n with Gv ¼ v, which solves

(3.20). Inserting v ¼ w into the left hand side of (3.22) and using (3.23) we see

that

I1
p ðv; l;Rn

þÞeCfjlj�1=2k f kLpðHÞ þ kFkLpðHÞ þ jlj�1=ð2pÞkgkLpðqHÞg;

I2
p ðv; l;Rn

þÞeCfk f kLpðHÞ þI1
p ððF ; gÞ; l;HÞg;

for any l A Se with jljf l0ðf 1Þ, where C ¼ Cðp; n; e;K2;K3Þ.
To get the higher regularity of v, we use the following lemma.

Lemma 3.2. Let 1e p < y and i ¼ 1; . . . ; n� 1. (1) If u A LpðRn
þÞ

satisfies the condition: k½u�i;hkLpðR n
þÞ eC for any h with 0 < jhje 1 with some
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constant C independent of h, then qiu A LpðRn
þÞ and kqiukLpðR n

þÞ eC. Here and

hereafter, we set

½u�i;h ¼
uðxþ heiÞ � uðxÞ

h
; ei ¼ ð0; . . . ; 1

i-th
; . . . ; 0Þ:

(2) If u A W 1
p ðRn

þÞ, then k½u�i;hkLpðRn
þÞ e kqiukLpðRn

þÞ for any h with 0 < jhje 1.

In view of Lemma 3.2, if we consider the equation for ½v�i;h (i ¼ 1; . . . ;

n� 1 and 0 < jhje 1), then what f A W 1
p ðHÞ, F A W 2

p ðHÞ, g A W 2
p ðHÞ and

o A B4ðRn�1Þ implies that qiv A W 2
p ðRn

þÞ. If we write q3v=qy3n by using the

equation (3.20), we see also that q3v=qy3n A LpðRn
þÞ. Repeated use of this

argument implies the higher regularity of v, which completes the proof of

Theorem 3.1. r

For the later use, finally we shall show the following regularity theorem of

the weak solution.

Lemma 3.3. Let 1< p<y, 0< e< p=2 and set K1 ¼ minq¼p;p 0 K0ðq; e; nÞ A
ð0; 1Þ, where K0ðq; e; nÞ ðq ¼ p; p 0Þ are the same constants as in Theorem 3.1.

Let l A C and assume that v A _WW 1
p ðHÞn satisfies the variational equation:

ð3:26Þ

lðv;FÞH þ 1

2
ðcurl v; curl FÞH þ ð‘ � v;‘ �FÞH ¼ ð f ;FÞH � ðF ;‘FÞH � ðg;FÞqH

for any F A _WW 1
p 0 ðHÞn. If f A LpðHÞn, F A W 1

p ðHÞn�n
, g A W 1

p ðHÞ, and F and g

satisfy (3.5), then v A W 2
p ðHÞn provided k‘ 0okLyðR n�1Þ eK1.

Proof. Let l1 ¼ maxq¼p;p 0 l0ðq; e; n; jjjojjjÞ, where l0ðq; e; n; jjjojjjÞ ðq ¼ p; p 0Þ
are the same numbers as in Theorem 3.1. Then v satisfies the variational

equation (3.26), where l and f are replaced by l1 and f þ ðl1 � lÞv, re-

spectively. By the existence theorem of the dual problem with l ¼ l1, we

see that the uniqueness of the variational equation (3.26) with l ¼ l1 holds.

On the other hand, by Theorem 3.1 with l ¼ l1 we know the existence of

w A W 2
p ðHÞn which solves the equation (3.4), where l and f are replaced by l1

and f þ ðl1 � lÞv, respectively. Since w also satisfies the variational equation

(3.26) where l and f are replaced by l1 and f þ ðl1 � lÞv, respectively, the

uniqueness implies that v ¼ w, which means that v A W 2
p ðHÞ. This completes

the proof of the lemma. r

4. The unique solvability of the variational equation in the L2 framework

In this section, we discuss the unique solvability of the variational equation

(1.10) in the L2 framework. We start with the following two lemmas.
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Lemma 4.1. There exists a constant C ¼ CðW; nÞ > 0 such that

kuk2W 1
2
ðWÞ e 2k‘ � uk2L2ðWÞ þ kcurl uk2L2ðWÞ þ Ckuk2L2ðWÞð4:1Þ

for any u A _WW 1
2 ðWÞn:

Proof. See G. Duvaut and J. L. Lions [6].

Lemma 4.2. If W is a bounded and simply connected domain in R3, then

there exists a constant C ¼ CðWÞ > 0 such that

kuk2W 1
2
ðWÞ eCfk‘ � uk2L2ðWÞ þ kcurl uk2L2ðWÞg for any u A _WW 1

2 ðWÞn:ð4:2Þ

Proof. To prove Lemma 4.2, we need the following proposition due to

von Wahl [24].

Proposition 4.3. Let 1 < p < y and G be a bounded domain in R3 with

qG A C1. Then, there exists a constant C > 0 such that

k‘ukLpðWÞ eCfk‘ � ukLpðWÞ þ kcurl ukLpðWÞg for any u A _WW 1
p ðWÞnð4:3Þ

if and only if the Betti number of W is equal to zero.

In view of Lemma 4.1, to prove Lemma 4.2 it su‰ces to prove that there

exists a constant C ¼ CðWÞ > 0 such that

kukL2ðWÞ eCfk‘ � ukL2ðWÞ þ kcurl ukL2ðWÞg for any u A _WW 1
2 ðWÞn:ð4:4Þ

We shall show (4.4) by contradiction. Suppose that (4.4) does not hold.

Then, there exists a sequence fujg in _WW 1
2 ðWÞn such that

kujkL2ðWÞ ¼ 1;ð4:5Þ

k‘ � ujkL2ðWÞ þ kcurl ujkL2ðWÞ < 1=j:ð4:6Þ

Combining (4.5), (4.6) and (4.1) implies that kujkW 1
2
ðWÞ eM for any j with some

constant M independent of j. Since W is bounded, passing to the subsequence

if necessary, we may assume that there exists a u A _WW 1
2 ðWÞn such that

uj ! u weakly in W 1
2 ðWÞ; uj ! u strongly in L2ðWÞ:ð4:7Þ

By (4.3), (4.5), (4.6) and (4.7), we see that ‘u ¼ 0 and kukL2ðWÞ ¼ 1. What

‘u ¼ 0 implies that u is a constant vector, which combined with the fact that

n � ujqW ¼ 0 implies that u ¼ 0. This contradicts what kukL2ðWÞ ¼ 1, which

completes the proof of Lemma 4.2. r

Set

Bl½u;F� ¼ lðu;FÞW þ 1

2
ðcurl u; curl FÞW þ ð‘ � u;‘ �FÞW;
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and by Lemma 4.1 and (2.4) we see that for any d > 0 and 0 < e < p=2 there

exists a constant c ¼ Cðd; e;WÞ > 0 such that there holds the estimate:

jBl½u; u�jf ckuk2W 1
2
ðWÞ for any l A Se with jljf d and u A _WW 1

2 ðWÞn:ð4:8Þ

Moreover, if W is a bounded and simply connected domain in R3, then by

Lemma 4.2 we see that there exists constant d1 > 0 and c ¼ cðWÞ > 0 such that

there holds the estimate:

jBl½u; u�jf ckuk2W 1
2
ðWÞ for any l A C with jlje d1 and u A _WW 1

2 ðWÞn:ð4:9Þ

In view of (4.8) and (4.9), by the Lax and Milgram theorem we have the

following theorem.

Theorem 4.4. Let 0 < e < p=2, d > 0 and WHRn, nf 2, be a domain sat-

isfying the Assumption 1.1. Then, for every l A Se with jljf d, f A W �1
2 ðWÞn ¼

ð _WW 1
2 ðWÞnÞ�, F A L2ðWÞn�n

and g A L2ðqWÞn, the variational problem (1.10) admits

a unique solution u A _WW 1
2 ðWÞn.

Moreover, if W is a bounded and simply connected domain in R3, then there

exists a constant d1 > 0 such that for every l A C with jlje d1, f A W �1
2 ðWÞn,

F A L2ðWÞn�n
and g A L2ðqWÞn, the variational problem (1.10) admits a unique

solution u A _WW 1
2 ðWÞn.

5. Localization of the problem (1.1)

Let u be a solution to (1.1) and j A CyðRnÞ a cut-o¤ function. Then, we

have

ðl� DÞðjuÞ ¼ Aj þ ‘ � Fj in W;ð5:1Þ

�curlðjuÞnjqW ¼ ðBj þ FjnÞjqW; n � ðjuÞjqW ¼ 0;ð5:2Þ

where

Aj ¼ jf � F ð‘jÞ þ ðDjÞu; Fj ¼ jF � 2utð‘jÞ; Bj ¼ jg� ½ð‘jÞ � n�u;ð5:3Þ
and n is suitably extended to the whole W. In particular,

n � ðFjnÞjqW ¼ Bj � njqW ¼ 0ð5:4Þ

which follows from (1.2) and the fact that n � ujqW ¼ 0. If supp jV qW ¼ q,

then the problem (5.1) to (5.2) is the equation in Rn:

ðl� DÞðjuÞ ¼ Aj þ ‘ � Fj in Rn:ð5:5Þ

If supp jV qW ¼ supp jVRn
0, then the problem (5.1) to (5.2) is the boundary

value problem in Rn
þ:
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ðl� DÞðjuÞ ¼ Aj þ ‘ � Fj in Rn
þ;

�curlðjuÞn0jqW ¼ ðBj þ Fjn0ÞjR n
0
; n0 � ðjuÞjR n

0
¼ 0:

ð5:6Þ

Below, we discuss the case where supp jV qW is a really curved boundary.

In this case, we reduce the problem to that in the bent half space. Let x0 A qW

and h be a positive number determined later. Suppose that j satisfies the

condition:

jðxÞ ¼ 1 jx� x0j < h;

0 jx� x0j > 2h:

�
ð5:7Þ

Let T ¼ ðaijÞ be an orthogonal matrix such that ðan1; . . . ; annÞ ¼ � tnðx0Þ. If

we set y ¼ Tðx� x0Þ, then ‘x ¼ tT‘y with ‘x ¼ tðq=qx1; . . . ; q=qxnÞ and ‘y ¼
tðq=qy1; . . . ; q=qynÞ. Moreover, we see easily that the problem (5.1) to (5.2) is

reduced to the following equation:

ðl� DÞv ¼ T ~AAj þ ‘ � ½T ~FFj
tT � in ~WW;

�ðcurl vÞmjq ~WW ¼ ðT ~BBj þ ½T ~FFj
tT �mÞjq ~WW; m � vjq ~WW ¼ 0;

ð5:8Þ

where ~WW ¼ TðW� fx0gÞ, ~AAjðyÞ ¼ AjðxÞ, ~FFjðyÞ ¼ FjðxÞ; ~BBjðyÞ ¼ BjðxÞ,
mðyÞ ¼ T~nnðyÞ ¼ TnðxÞ and vðyÞ ¼ T~uuðyÞ ¼ TuðxÞ. By the implicit function

theorem, we see that there exist small numbers e0; e1 with 0 < e1 < e0 e 1 and a

function rðy 0Þ A C 2;1ðB 0
e0
ð0ÞÞ such that

q ~WWVBe1ð0ÞH fy ¼ ðy 0; ynÞ A Rn j yn ¼ rðy 0Þ; y 0 A B 0
e0
ð0Þg;ð5:9Þ

~WWVBe1ð0ÞH fy ¼ ðy 0; ynÞ A Rn j yn > rðy 0Þ; y 0 A B 0
e0
ð0Þg;

tm ¼ ð‘ 0rðy 0Þ;�1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘ 0rðy 0Þj2

q
; ‘ 0r ¼ ðq1r; . . . ; qn�1rÞ;

rð0Þ ¼ 0 and ð‘ 0rÞð0Þ ¼ ð0; . . . ; 0Þ, where

Be1ð0Þ ¼ fy A Rn j jyj < e1g; B 0
e0
ð0Þ ¼ fy 0 A Rn�1 j jy 0j < e0g:

Let cðy 0Þ be a function in Cy
0 ðRn�1Þ such that cðy 0Þ ¼ 1 for jy 0je 1=2

and cðy 0Þ ¼ 0 for jy 0jf 1, and set oðy 0Þ ¼ cðy 0=e2Þrðy 0Þ for 0 < e2 < e0 < 1.

Then, we see that

k‘ 0okLyðR n�1Þ e c1r e2; jjjojjje c2re
�1
2 ;ð5:10Þ

where

c1r ¼ kckLyðRn�1Þ þ
1

2
k‘ckLyðR n�1Þ

� �
sup

jy 0 jee1

jð‘ 0Þ2rðy 0Þj

and c2r is a positive number depending on jjjcjjj and jjjrjjj but independent of e2.

Under these preparations, we set
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H ¼ fðy 0; ynÞ A Rn j yn > oðy 0Þ; y 0 A Rn�1g;ð5:11Þ

qH ¼ fðy 0; ynÞ A Rn j yn ¼ oðy 0Þ; y 0 A Rn�1g;

tm ¼ ð‘ 0o;�1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘ 0oj2

q
:

If we choose h such as 0 < 4h < e2, then by (5.7) to (5.9) and (5.11) we see that

vðyÞ ¼ TðjuÞðxÞ satisfies the bent half-space problem:

ðl� DÞv ¼ T ~AAj þ ‘ � ½T ~FFj
tT � in H;

�ðcurl vÞmjqH ¼ ðT ~BBj þ ½T ~FFj
tT �mÞjqH ; m � vjqH ¼ 0:

ð5:12Þ

Moreover, it follows from (5.4) and the fact that tTm ¼ ~nn that

m � ð½T ~FFj
tT �mÞjqH ¼ m � ðT ~BBjÞjqH ¼ 0:

Finally, we consider the localization of the solutions to the variational

equation (1.10). Let u A _WW 1
p ðWÞ satisfy the variational equation (1.10). When

supp jVW ¼ q, ju satisfies the equation:

ðl� DÞðjuÞ ¼ Aj þ ‘ � Fjð5:13Þ

in the sense of tempered distribution in Rn. When supp jVW ¼ supp jVRn
0,

ju satisfies the variational equation:

lðju;CÞR n
þ
þ 1

2
ðcurlðjuÞ; curl CÞR n

þ
þ ð‘ � ðjuÞ;‘ �CÞRn

þ
ð5:14Þ

¼ ðAj;CÞRn
þ
� ðFj;‘CÞR n

þ
� ðBj;CÞR n

0
for any C A W 1

p 0 ðRn
þÞ:

When supp jV qW is a really curved boundary, vðyÞ ¼ TuðxÞ satisfies the

variational equation:

lðv;CÞH þ 1

2
ðcurl v; curl CÞH þ ð‘ � v;‘ �CÞHð5:15Þ

¼ ðT ~AAj;CÞH � ðT ~FFj
tT ;‘CÞH � ðT ~BBj;CÞqH

for any C A _WW 1
p 0 ðHÞ:

6. The proof of theorems stated in subsection 1.1

First, we shall show some a priori estimates of the solution u A W 2
p ðWÞn to

(1.1). Let R be a positive large number such as WnBR�1 ¼ Rn
þnBR�1 when W

is a perturbed half-space and qWHBR�1 when W is a bounded domain or an

exterior domain in Rn.
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Lemma 6.1. Let 1 < p < y, 0 < e < p=2 and WHRn, nf 2, be a domain

satisfying the Assumption 1.1. Let f A LpðWÞn, F A _WW 1
p ðWÞn�n

and g A _WW 1
p ðWÞn.

Let u A W 2
p ðWÞn satisfy the equation (1.1) for some l A C . Then, the following

estimates hold:

(1) There exists a constant l0 f 1 such that

I1
p ðu; l;WÞeCfjlj�1=2k f kLpðWÞ þ kFkLpðWÞ þ jlj�1=ð2pÞkgkLpðqWÞg;ð6:1Þ

I2
p ðu; l;WÞeCfk f kLpðWÞ þI1

p ððF ; gÞ; l;WÞg;ð6:2Þ

for l A Se with jljf l0, where C ¼ Cðp; e;W; nÞ > 0.

(2) When W is an exterior domain or a perturbed half-space, for any

d A ð0; l0� there exists a constant C ¼ Cðd; p; e;W; nÞ > 0 such that there hold

kukW 1
p ðWÞ eCfkð f ;F ÞkLpðWÞ þ kgkLpðqWÞ þ kukLpðWRþ2Þg;ð6:3Þ

kukW 2
p ðWÞ eCfk f kLpðWÞ þ kðF ; gÞkW 1

p ðWÞ þ kukLpðWRþ2Þg;ð6:4Þ

for any l A Se with de jlje l0, where WRþ1 ¼ WVBRþ1.

(3) When W is a bounded domain, the estimates (6.3) and (6.4) also hold

for any l A C with jlje l0, where C ¼ Cðp; e;W; nÞ > 0.

Proof. First, we shall estimate u on WR ¼ WVBR. Given x0 A WR, let j

be a cut-o¤ function whose support is contained in some neighborhood of x0.

We apply Theorem 2.1 to (5.5) when supp jV qW ¼ q; Theorem 2.5 to (5.6)

when supp jV qW ¼ supp jVRn
þ; and Theorem 3.1 to (5.12) when supp jVW

is a really curved boundary. In the last case, we choose e2 so small that

c1pe2 eKðp; e; nÞ in (5.10) where Kðp; e; nÞ is the constant given in Theorem 3.1.

Since

kAjkLpðWÞ eCjkð f ;F ; uÞkLpðWjÞ; kFjkLpðWÞ eCjkðF ; uÞkLpðWjÞ;

k‘FjkLpðWÞ eCjkðF ; uÞkW 1
p ðWjÞ; kBjkLpðqWÞ eCjðkgkLpðqWÞ þ kukLpðqWVsupp jÞÞ;

kBjkLpðWÞ eCjkðg; uÞkLpðWjÞ; k‘BjkLpðWÞ eCjkðg; uÞkW 1
p ðWjÞ;

ð6:5Þ

where Wj ¼ WV supp j, by Theorems 2.1, 2.5 and 3.1 we see that there exist

positive constants lðx0Þf 1 and Cðx0Þ > 0 depending on x0 such that

I1
p ðju; l;WÞeCðx0Þfjlj�1=2k f kLpðWjÞ þ kFkLpðWjÞ þ jlj�1=ð2pÞkgkLpðqWÞð6:6Þ

þ kukLpðWjÞ þ jlj�1=ð2pÞkukLpðqWVsupp jÞg;

I2
p ðju; l;WÞeCðx0Þfk f kLpðWjÞ þI1

p ððF ; gÞ; l;WjÞ þI1
p ðu; l;WjÞg;
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where l A Se and jljf l0ðx0Þ. Since WR is compact, there exists a finite

number of points xj A WR, j ¼ 1; . . . ;N, such that WR H6N

j¼1
Wxj . Set l1 ¼

max1e jeN l0ðxjÞ and C ¼ max1e jeN CðxjÞ. Since we may assume that

jðxÞ ¼ 1 on Wx0 for some neighborhood Wx0 of x0, we have I j
p ðu; l;Wxj Þe

I j
p ðju; l;WÞ. And therefore, if we set

D ¼ 6
N

j¼1

ðWV supp jjÞHWRþ1:ð6:7Þ

then by (6.6) we have

I1
p ðu; l;WRÞeCfjlj�1=2k f kLpðDÞ þ kFkLpðDÞ þ jlj�1=ð2pÞkgkLpðqWÞð6:8Þ

þ kukLpðDÞ þ jlj�1=ð2pÞkukLpðqWVDÞg;

I2
p ðu; l;WRÞeCfk f kLpðDÞ þI1

p ððF ; gÞ; l;DÞ þI1
p ðu; l;DÞg;

for l A Se with jljf l1, where C ¼ Cðp; e; n;R;WÞ > 0. Next, given any

positive number l2 we consider the case when jlje l2. Replacing l and f by

l1 and f þ ðl1 � lÞu in the above argument, respectively, by (6.8) we have

kukW 1
p ðWRÞ eCfkð f ;F ÞkLpðWÞ þ kgkLpðqWÞ þ kukLpðDÞ þ kukLpðqWVDÞg;ð6:9Þ

kukW 2
p ðWRÞ eCfk f kLpðWÞ þ kðF ; gÞkW 1

p ðWÞ þ kukW 1
p ðDÞg;

for any l A C with jlje l2, where C ¼ Cðp; n;R;W; l2Þ > 0.

Now, we shall discuss the estimate of u on WR ¼ WVBR. Let j be a

function in CyðRnÞ such that jðxÞ ¼ 1 for jxjfR and jðxÞ ¼ 0 for

jxjeR� 1. Since WR ¼ W when W is a bounded domain, the argument below

is necessary only for W being an exterior domain or a perturbed half space.

Note that supp jVW ¼ supp jVRn when W is an exterior domain, and

supp jVW ¼ supp jVRn
þ when W is a perturbed half-space. Applying The-

orems 2.1 and 2.5 to (5.5) and (5.6), respectively, using (6.5) and noting that

ju ¼ u on WR, we have

I1
p ðu; l;WRÞeCðdÞfjlj�1=2k f kLpðWÞ þ kFkLpðWÞ þ jlj�1=ð2pÞkgkLpðqWÞð6:10Þ

þ kukLpðWRþ1Þ þ jlj�1=ð2pÞkukLpðqWVBRþ1Þg;

I2
p ðu; l;WRÞeCðdÞfk f kLpðWÞ þI1

p ððF ; gÞ; l;WÞ þI1
p ðu; l;WRþ1Þg;

for l A Se with jljf d, and therefore combining (6.8) and (6.10) and

inserting the estimates: kukLpðqWVBRþ1Þ eCkukW 1
p ðWRþ2Þ and I1

p ðu; l;WRþ1Þe
jlj�1=2I2

p ðu; l;WRþ1Þ into the resultant inequalities, we have
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I1
p ðl; u;WÞeCfjlj�1=2k f kLpðWÞ þ kFkLpðWÞ þ jlj�1=ð2pÞkgkLpðqWÞð6:11Þ

þ jlj�1=ð2pÞI1
p ðu; l;WÞg;

I2
p ðl; u;WÞeCfk f kLpðWÞ þI1

p ððF ; gÞ; l;WÞ þ jlj�1=2I1
p ðu; l;WRþ1Þg;

for l A Se with jljf l1 f 1. Choosing l0 ðf l1Þ so large that Cl
�1=ð2pÞ
0 e 1=2

in (6.11), we have (6.1) and (6.2).

To complete the proofs of (2) and (3), first we note that for any small s > 0

there exists a constant C ¼ Cðs; p; n;WÞ > 0 such that

kukLpðqWVDÞ e sk‘ukLpðWRþ2Þ þ CkukLpðWRþ2Þ;ð6:12Þ

kukW 1
p ðWRþ1Þ e skukW 2

p ðWRþ2Þ þ CkukLpðWRþ2Þ:ð6:13Þ

In fact, (6.12) follows from the estimate of the trace operator:

kukLpðqWVDÞ eCk‘uk1=p
LpðWRþ2Þkuk

1�1=p
LpðWRþ2Þ þ CkukLpðWRþ2Þð6:14Þ

which follows from (2.24). And, (6.13) follows from the classical interpolation

inequality:

kukW 1
p ðWRþ1Þ eCkuk1=2

W 2
p ðWRþ1Þkuk

1=2
LpðWRþ1Þ:ð6:15Þ

When W is an exterior domain or a perturbed half-space, combining (6.8), (6.9)

and (6.10), inserting (6.12) and (6.13) into the resultant estimates and choosing s

small enough, we have (6.3) and (6.4) for any l A Se with de jlje l0. When

W is a bounded, combining (6.8) and (6.9), inserting (6.12) and (6.13) into the

resultant estimates and choosing s small enough, we have also (6.3) and (6.4)

for l A C with jlje l0. This completes the proof of the lemma. r

In the course of the proof of main results, for the notational simplicity we

set

Ck
ð0ÞðWÞ ¼ fv A CkðWÞ j supp v is compactg; kf 0;

C1
ð0Þ; nðWÞn�n ¼ fF ¼ ðFijÞ A C1

ð0ÞðWÞn�n j n � ðFnÞjqW ¼ 0g;

C1
ð0Þ; nðWÞn ¼ fg ¼ tðg1; . . . ; gnÞ A C1

ð0ÞðWÞn j n � gjqW ¼ 0g:

Lemma 6.2. Let 1 < p < y, 0 < e < p=2 and WHRn, nf 2, be a

domain satisfying the Assumption 1.1. Let f A C0
ð0ÞðWÞn, F A C1

ð0Þ; nðWÞn�n
and

g A C1
ð0Þ; nðWÞn. Then, for any l A Se the problem (1.1) admits a solution

u A W 2
p ðWÞn.
Moreover, if W is a bounded and simply connected domain in R3, then the

problem (1.1) also admits a solution u A W 2
p ðWÞ3 when l A C and jlje d1, where

d1 is the same constant as in Theorem 4.4.
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Proof. In view of Theorem 4.4, the variational equation (1.10) admits a

unique solution u A _WW 1
2 ðWÞ for any l A Se. Moreover, if W is a bounded and

simply connected domain in R3, then the solution u A _WW 1
2 ðWÞ also exists for

jlje d1. What we have to prove is that the u belongs to W 2
p ðWÞ. We start

with the case where 1 < pe 2. First of all, we shall prove that u A W 2
2 ðWRÞV

W 2
p ðWRÞ. In this case, from (1.10) it follows that u also satisfies the variational

equation:

ðu;FÞW þ 1

2
ðcurl u; curl FÞW þ ð‘ � u;‘ �FÞWð6:16Þ

¼ ð f þ ð1� lÞu;FÞW � ðF ;FÞW � ðg;FÞqW for any F A _WW 1
p 0 ðWÞ:

Let x0 A WR and j be a cut-o¤ function whose support is contained in some

neighborhood of x0. In view of (6.16), we replace Aj and l by A 0
j ¼

jð f þ ð1� lÞuÞ � Fð‘jÞ þ ðDjÞu and 1 in (5.1) and (5.2), respectively. Then,

we apply Theorem 2.1 to (5.13) when supp jVW ¼ q; Theorem 2.5 to (5.14)

when supp jVW ¼ supp jVRn
þ; and Lemma 3.3 to (5.15) when supp jVW

is a really curved boundary. In the last case, we choose e2 > 0 so small

that c1r e2 eK1 in (5.10), where K1 is the same constant as in Lemma 3.3.

Therefore, we see that ju A W 2
2 ðWÞ, which implies immediately that u A W 2

2 ðWRÞ.
Since WR is bounded and 1 < pe 2, in particular we have u A W 2

2 ðWRÞV
W 2

p ðWRÞ. Especially, when W is bounded we have u A W 2
2 ðWÞVW 2

p ðWÞ, be-

cause WR ¼ W.

When W is an exterior domain or a perturbed half-space, we take j A
CyðRnÞ such a way that jðxÞ ¼ 1 for jxjfR and jðxÞ ¼ 0 for jxjeR� 1.

Since we already know that u A W 2
2 ðWRÞ and since both supp Dj and supp qkj

are contained in BR, we have Aj A LpðWÞn VL2ðWÞn, Fj A W 1
p ðWÞn�n VW 1

2 ðWÞn�n

and Bj A W 1
p ðWÞn VW 1

2 ðWÞn, where Aj;Fj and Bj are the same as in (5.3).

Applying Theorems 2.1 and 2.5 to (5.13) and (5.14), respectively, we see that

ju A W 2
2 ðWÞn VW 2

p ðWÞn for l A Se. Therefore, we have u A W 2
2 ðWÞn VW 2

p ðWÞn.
Next we consider the case where 2 < p < y. Let us set q ¼ 2n=ðn� 2Þ

when nf 3 and q ¼ p when n ¼ 2. Since we know that u A W 2
2 ðWÞn from

the previous argument, by Sobolev’s imbedding theorem we see that u A
W 1

q ðWÞn. Then, A 0
j;Aj A LqðWÞn VL2ðWÞn, Fj A W 1

q ðWÞn�n VW 1
2 ðWÞn�n and

Bj A W 1
q ðWÞn VW 1

2 ðWÞn. Employing the same argument as above, by Theo-

rems 2.1 and 2.5, and Lemma 3.3 we see that u A W 2
q ðWÞn VW 2

2 ðWÞn. In

particular, we have the lemma when n ¼ 2 or 2 < pe q and nf 3. When

nf 3 and q < p < y, we set q1 ¼ 2n=ðn� 3Þ when nf 4 and q1 ¼ p when

n ¼ 3. Since we already know that u A W 2
q ðWÞn VW 2

2 ðWÞn, by Sobolev’s im-

bedding theorem we see that u A W 1
q1
ðWÞn. Therefore, repeating the same

argument as above, we see that u A W 2
q1
ðWÞVW 2

2 ðWÞn. In particular, we have
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the lemma when n ¼ 3 or q < pe q1 and nf 4. Repeated use of this ar-

gument finally implies that u A W 2
p ðWÞ. This completes the proof of the

lemma. r

Lemma 6.3. Let 1 < p < y and WHRn, nf 2, be a domain satisfying the

Assumption 1.1. Let u A W 1
p ðWÞn satisfy the homogeneous equation:

lðu;FÞW þ 1

2
ðcurl u; curl FÞW þ ð‘ � u;‘ �FÞW ¼ 0ð6:17Þ

for any F A _WW 1
p 0 ðWÞn. If l A Cnð�y; 0�, then u ¼ 0.

Moreover, when W is a bounded and simply connected domain in R3, if l A C

and jlje d1, then u ¼ 0, where d1 is the same constant as in Theorem 4.4.

Proof. Given f ¼ tð f1; . . . ; fnÞ, fj A Cy
0 ðWÞ, by Lemma 6.2 there exists a

F A W 2
p 0 ðWÞn which solves the equation:

ðl� DÞF ¼ f in W; �ðcurl FÞnjqW ¼ 0; n �FjqW ¼ 0:ð6:18Þ

Using (6.17) and (6.18), we have

0 ¼ ðlu;FÞW þ 1

2
ðcurl u; curl FÞW þ ð‘ � u;‘ �FÞW ¼ ðu; ðl� DÞFÞW ¼ ðu; f ÞW;

which combined with arbitrariness of choice of f implies that u ¼ 0. r

Lemma 6.4. Let 1 < p < y, 0 < e < p=2, d > 0 and WHRn, nf 2 be a

domain satisfying the Assumption 1.1. Let f A LpðWÞn, F A _WW 1
p ðWÞn�n

and

g A _WW 1
p ðWÞn. Let u A W 2

p ðWÞn satisfy the equation (1.1). Then, there hold the a

priori estimates (1.3) and (1.4) for any l A Se with jljf d with some constant C ¼
Cðp; e; d;W; nÞ > 0.

Moreover, if W is a bounded and simply connected domain in R3, then for

l A C with jlje d1 there hold the a priori estimates (1.7) and (1.8), where d1 is the

same constant as in Theorem 4.4.

Proof. In view of Lemma 6.1, (1.3) and (1.4) hold for l A Se with jljf l0,

where l0 f 1 is the constant given in Lemma 6.1. Therefore, since kgkLpðqWÞ e

CkgkW 1
p ðWÞ as follows from (2.23), in view of (6.3) and (6.4) it su‰ces to prove

that there exists a constant C such that

kukLpðWRþ2Þ eCfkð f ;F ;GÞkLpðWÞ þ kgkLpðqWÞgð6:19Þ

for any l A Se with d < jlje l0. We shall show (6.19) by contradiction.

Suppose that (6.19) does not hold. Then, there exist sequences fljgHSe

with de jlj je l0, fujgHW 2
p ðWÞn, f fjgHLpðWÞn, fFjgH _WW 1

p ðWÞn�n and gj H
_WW 1
p ðWÞn such that uj solves (1.1) with f ¼ fj , F ¼ Fj and g ¼ gj, and
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kujkLpðWRþ2Þ ¼ 1;ð6:20Þ

kð fj ;Fj;GjÞkLpðWÞ þ kgjkLpðqWÞ < 1=j:ð6:21Þ

By (1.1), uj satisfies also the variational equation:

lðuj ;FÞW þ 1

2
ðcurl uj; curl FÞW þ ð‘ � uj;‘ �FÞWð6:22Þ

¼ ð fj ;FÞW � ðFj;‘FÞW þ ðgj;FÞqW for any F A _WW 1
p 0 ðWÞ:

By (6.20), (6.21) and (6.3) we have kujkW 1
p ðWÞ eM for any j with some constant

M > 0 independent of j, which implies that passing to subsequences if nec-

essary, we may assume that there exists a l A Se with de jlje l0 and a

u A W 1
p ðWÞn such that

uj ! u weakly � in W 1
p ðWÞn; uj ! u strongly in LpðWÞ; lj ! lð6:23Þ

as j ! y. Passing j to y in (6.22) and using (6.21) and (6.23), we see that

u satisfies (6.17), which combined with Lemma 6.3 implies that u ¼ 0. On

the other hand, by (6.20) we see that kukLpðWRÞ ¼ 1, which contradicts what

u ¼ 0. Therefore, (6.19) holds.

When W is a bounded and simply connected domain in R3, in view of

Lemma 6.3 employing the same argument as above we also see that (6.19) holds

for l A C with jlje d1. This completes the proof of the lemma. r

Since C0
ð0ÞðWÞn;C1

ð0Þ; nðWÞn and C1
ð0Þ; nðWÞn�n are dense in LpðWÞn; _WW 1

p ðWÞn

and _WW 1
p ðWÞn�n, respectively, combining Lemmas 6.2 and 6.4 we see easily the

unique existence of solutions to (1.1) which satisfy the estimates (1.3) and

(1.4) for any l A Se with jljf d. Moreover, when W is a bounded and simply

connected domain in R3, we also see the unique existence of solutions to (1.1)

which satisfy the estimates (1.7) and (1.8) when l A C and jlje d1, where d1
is the same constant as in Theorem 4.4. Since Cy

0 ðWÞn and Cy
0 ðWÞn�n are

dense in LpðWÞn and LpðWÞn�n, respectively and since given g A LpðqWÞ with

n � gjqW ¼ 0 we can construct a sequence fgjgHW 1
p ðWÞ such that n � gjjqW ¼ 0

and gj ! g in LpðWÞ as j ! y, by (1.3), (1.7) and Lemma 6.3 we see easily

the unique existence of solutions to the variational equation (1.10) having the

estimates (1.3) and (1.7).

What we have to prove finally is that the conditions: ‘ � f ¼ 0 in W,

n � f jqW ¼ 0 and F þ tF ¼ 0 imply that ‘ � u ¼ 0 in W when g ¼ 0. Note that

what F þ tF ¼ 0 implies that F satisfies the condition in (1.2), and therefore

the existence theorems which we have already proved hold under the assump-

tion that F þ tF ¼ 0. To prove that ‘ � u ¼ 0, we start with the following

definition.
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Definition 6.5. Let 1 < p < y and l A C . We say that the domain W is

ðl; pÞ-unique if the following uniqueness assertion holds: Let u A W 1
p ðWÞ satisfy

the homogeneous equation:

ðl� DÞu ¼ 0 in W; qnujqW ¼ 0:ð6:24Þ

When W is a bounded domain, in addition we assume thatð
W

u dx ¼ 0:ð6:25Þ

Then, u ¼ 0.

Remark 6.6. (1) As we know well (cf. Miyakawa [16]), when v A LpðWÞn
and ‘ � v A LpðWÞ, the trace n � ujqW to the boundary qW is well-defined and

belongs to W
�1=p
p ðqWÞ. Moreover, we have the generalized Gauss formula:

ðn � v;cÞqW ¼ ð‘ � v;cÞW þ ðv;‘cÞW for any c A C1
ð0ÞðWÞ:ð6:26Þ

(2) When 1 < p < y and l A Cnð�y; 0�, if W is one of domains stated in

Assumption 1.1, then W is ðl; pÞ-unique. Moreover, if W is a bounded domain,

then there exists a constant d2 such that W is ðl; pÞ-unique for l A C with

jlje d2. These results were proved by many authors (cf. Galdi [8], Farwig and

Sohr [7], Simader and Sohr [21]).

Lemma 6.7. Let 1 < p < y and l A C . Assume that W is ðl; pÞ-unique.
Let f A LpðWÞn, F A W 1

p ðWÞn�n
and g ¼ 0 in the equation (1.1). Assume that

‘ � f ¼ 0 in W, n � f jqW ¼ 0 and F þ tF ¼ 0. Then, the solution u of (1.1)

satisfies the property: ‘ � u ¼ 0 in W.

Proof. By the assumption we have

ðl� DÞð‘ � uÞ ¼ ‘ � ð f þ ‘ � FÞ ¼ 0 in W;ð6:27Þ

because

‘ � ð‘ � FÞ ¼
Xn
j;k¼1

q2F

qxjqxk
¼ 0

as follows from the antisymmetricity of F . To prove that qnð‘ � uÞjqW ¼
ðn � ‘Þð‘ � uÞjqW ¼ 0, we take any j A Cy

0 ðqWÞ and consider the form:

ððn � ‘Þð‘ � uÞ; jÞqW. Let c be a function in C2
ð0ÞðWÞ such that cjqW ¼ j. By

(6.26) we have

ððn � ‘Þð‘ � uÞ; jÞqW ¼ ðð‘ � ‘Þð‘ � uÞ;cÞW þ ð‘ð‘ � uÞ;‘cÞW

¼ ðlð‘ � uÞ;cÞW þ ðDu� ‘ � ðcurl uÞ;‘cÞW
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where we have used (6.27) and (1.5). Since n � ujqW ¼ 0 and ðcurl uÞnjqW ¼
�FnjqW, we can proceed as follows:

¼ �ððl� DÞu;‘cÞW þ ðFn;‘cÞqW þ ðcurl u;‘ð‘cÞÞW
¼ �ð f þ ‘ � F ;‘cÞW þ ðFn;‘cÞqW;

where we have used the antisymmetricity of curl u which implies that ðcurl u;
‘ð‘cÞÞW ¼ 0. Since ‘ � f ¼ 0 in W and n � f jqW ¼ 0, we have ð f ;‘cÞW ¼ 0.

On the other hand, since ðF ;‘ð‘cÞÞW ¼ 0 as follows from the antisymmetricity

of F , we have ð‘ � F ;‘cÞW ¼ ðFn;‘cÞqW, and therefore ððn � ‘Þð‘ � uÞ; jÞqW ¼ 0

for any j A Cy
0 ðqWÞ. This implies that ðn � ‘Þð‘ � uÞjqW ¼ 0. When W is a

bounded domain, ð
W

‘ � u dx ¼
ð
qW

n � u ds ¼ 0;

which follows from the fact that n � ujqW ¼ 0. Therefore, the ðl; pÞ-uniqueness
of W implies that ‘ � u ¼ 0 in W. This completes the proof of the lemma.

Combining Remark 6.6 and Lemma 6.7, we can complete the proof of

Theorems 1.2, 1.4 and 1.5. r
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