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Abstract. This paper studies the initial value problem of Boussinesq-type system

which describes the motion of water waves. We show the time local well-posedness

in the weighted Sobolev space. This is the generalization of Angulo’s work [1] from

the view of regularity. Our argument is based on the contraction mapping principle

for the integral equations after reducing our problem into the derivative nonlinear

Schrödinger system. To overcome the regularity loss in the nonlinearity, we shall

apply the smoothing e¤ects of linear Schrödinger group due to Kenig-Ponce-Vega

[7]. The gauge transform is also used to remove size restriction on the initial data.
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1. Introduction

In this paper, we consider the initial value problem for the Boussinesq-type

system:

qtuþ qxvþ uqxu ¼ 0; x; t A R;

qtv� q3xuþ qxuþ qxðuvÞ ¼ 0; x; t A R;

uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x A R:

8><
>:ð1:1Þ

Kaup [5] proposed the system (1.1) as a model for the dynamics of the

water wave with the surface tension. In the above equations, u and v stand for

the horizontal velocity of the fluid and the vertical displacement of the surface

from the equilibrium state, respectively. For detail on the physical background,

see e.g., Angulo [1] and Kaup [5].

As far as we know, there is only one well-posedness result about (1.1).

Angulo [1] obtained the local solution in Sobolev space Hs;0
x �Hs�1;0

x ðs > 3=2Þ,
where

H s;a
x ¼ f f A S 0ðRÞ; khxiahDxi

s f kL2
x
< yg

with hxia ¼ ð1þ x2Þa=2 and hDxi
s ¼ F�1hxisF. His idea is based on the

energy method with the a priori estimate like



d

dt
ðkuðtÞk2

H
s; 0
x

þ kvðtÞk2
H

s�1; 0
x

ÞaCkqxuðtÞkLy
x
ðkuðtÞk2

H
s; 0
x

þ kvðtÞk2
H

s�1; 0
x

Þ:

Therefore, one requires s > 3=2 at least so that kqxuðtÞkLy
x

is estimated by the

Sobolev inequality.

Our concern at present paper is to construct a solution to (1.1) in the

function space with less regularity than the Angulo’s assumption. More

precisely, we show the time local well-posedness in X s ¼ ðHs;0
x �Hs�1;0

x ÞV
ðHs1;a1

x �Hs1�1;a1
x Þ with s > s1 þ a1 > 1, s1 > 1=2 and a1 > 1=2, where the well-

posedness stands for the existence, uniqueness of the solution and continuous

dependence on the initial data. From the view of regularity, this is the gen-

eralization of Angulo’s work and very close to the desired H 1;0
x � L2

x well-

posedness problem. Our idea is based on the contraction mapping principle of

the integral equation after deforming (1.1) into the system of nonlinear Schrö-

dinger equations:

iqt~uu
ð2Þ þ q2x~uu

ð2Þ þ iAðu� jÞqx~uuð2Þ þ ~ff ð2Þðj;~uuð2Þ; vðlÞÞ ¼~00;ð1:2Þ

where i is the imaginary unit, j A Cy
0 ðRÞ is independent of time variable, ~uuð2Þ

denotes 2� 1 matrix whose components belong to C , ~ff ð2Þðj;~uuð2Þ; vðlÞÞ stands for
the nonlinear term which includes large order derivatives of j and vðlÞ (mol-

lification of v) but does not cause the loss of derivative for ~uuð2Þ, and the matrix

Aðu� jÞ is defined by

Aðu� jÞ ¼ u� j 0

0 u� j

� �
:

For the derivation of (1.2), we refer to section 2. Note that the pair of ~uuð2Þ and

vðlÞ is obtained by the invertible transformation of ðu; vÞ t.
To solve (1.2), we first transform it into the integral equation and apply

the contraction mapping priciple in the Banach space YT which is defined in

section 5. Since the nonlinearity contains qx~uu
ð2Þ, we encounter the di‰culty

called ‘‘the loss of derivative’’. To overcome it, we make use of the smoothing

property of the linear Schrödinger group UðtÞ ¼ expðitq2xÞ due to Kenig-Ponce-

Vega [7] (This is introduced in section 3). In their work, however, one requires

the smallness on the initial data since, in the nonlinear estimate, the inclusion

L1
xL

y
T � Ly

x L2
T HL1

xL
2
T appears and the quantity k � kL1

xL
y
T

is not expected to be

small even when T # 0, where kgkL1
xL

y
T
¼ kðsupt A ½0;T �jgðt; xÞjÞkL1

x
. To remove

this smallness condition, we take advantage of the explicit appearance of j in

(1.2). More concretely speaking, when ku� jkL1
xL

y
T

arises from the nonlinear

estimate by applying the smoothing property of UðtÞ, we take j su‰ciently

close to u0 in Hs;0
x VHs1;a1

x and T > 0 su‰ciently small. Then, we can make
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ku� jkL1
xL

y
T
so small that the contraction mapping principle successfully works.

We also note that the estimate of kukL1
xL

y
T

gives the regularity and weight

conditions on the initial data. Although the nonlinearity ~ff ð2Þðj;~uuð2Þ; vðlÞÞ likely

diverges when j is close to u0, it is suitably estimated by fixing j and then

taking T > 0 rather small. This is because we can explicitly derive the power

of T in the estimate of ~ff ð2Þðj;~uuð2Þ; vðlÞÞ.
Let us state our main theorem. (The notations are explained at the end of

this section.)

Theorem 1.1. (i) Let ðu0; v0Þ A ðHs;0
x �Hs�1;0

x ÞV ðHs1;a1
x �Hs1�1;a1

x Þ1X s

with s > s1 þ a1, s1 > 1=2 and a1 > 1=2. Then, for some T > 0, there exists a

unique solution to (1.1) such that ðuðtÞ; vðtÞÞ A Cð½0;T �;X sÞ and hxia1u A L2
xL

y
T .

Furthermore, this solution satisfies the smoothing properties:

kDs�1=2
x qxukLy

x L2
T
þ kDs�1=2

x vkLy
x L2

T
< y:

(ii) Let ðu 0ðtÞ; v 0ðtÞÞ be a solution to (1.1) for the initial data ðu 0
0; v

0
0Þ with

kðu 0
0; v

0
0Þ � ðu0; v0ÞkX s < d. If d > 0 is su‰ciently small, then there exists some

T 0 A ð0;TÞ such that

kðu 0; v 0Þ � ðu; vÞkLy
T 0X

s aCkðu 0
0; v

0
0Þ � ðu0; v0ÞkX s ;

kDs�1=2
x qxðu 0 � uÞkLy

x L2
T 0
aCkðu 0

0; v
0
0Þ � ðu0; v0ÞkX s ;

kDs�1=2
x ðv 0 � vÞkLy

x L2
T 0
aCkðu 0

0; v
0
0Þ � ðu0; v0ÞkX s :

This paper is organized as follows. In section 2, we discuss the transfor-

mation of the system (1.1) into the coupled nonlinear Schrödinger equations.

In section 3 and 4, we state the preliminary estimates of linear Schrödinger

group UðtÞ in weighted norm spaces. In section 5, the nonlinear estimates are

presented. In section 6–8, we show the existence, uniqueness and Lipschitz

continuity of the solution on the initial data.

We close this section by introducing several notations. The quantity k � kX
denotes the norm of a Banach space X . BðX Þ denotes the bounded linear

operators on X . Let Lp
xL

r
T and Lr

TL
p
x be the function spaces Lp

xðR;Lrð0;TÞÞ
and Lrð0;T ;Lp

xðRÞÞ, respectively. The fractional order derivative Ds
x stands for

F�1jxjsF. In addition, the modified fractional order derivative ~DDs
x is defined

by ~DDs
x ¼ F�1jxjsð1� hðxÞÞF with hðxÞ A Cy

0 ðRÞ such that hðxÞ ¼ 1 if jxj < 1

and hðxÞ ¼ 0 if jxj > 2.

We often use 2� 1 vector valued functions like ~ff ðt; xÞ ¼ ð f1ðt; xÞ; f2ðt; xÞÞ t
and we let k~ff kX ¼ k f1kX þ k f2kX . The projection Pj ð j ¼ 1; 2Þ is defined by

Pj
~ff ¼ fj.
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2. Transformation of the system

In this section, we transform the system (1.1) into the nonlinear Schrö-

dinger system. Let us proceed in three steps.

Step 1 Decomposition in the Fourier space. Let hðxÞ A Cy
0 ðRÞ with hðxÞ ¼ 1

if jxj < 1 and hðxÞ ¼ 0 if jxj > 2. In addition, we let vðlÞ ¼ F�1hðxÞFv and

vðhÞ ¼ v� vðlÞ. Then, from (1.1), it follows that

qtuþ qxv
ðhÞ þ uqxuþ qxv

ðlÞ ¼ 0;

qtv
ðhÞ þ ð1�F�1hFÞð�q3xuþ qxuþ qxðuvÞÞ ¼ 0;

qtv
ðlÞ þF�1hFð�q3xuþ qxuþ qxðuvÞÞ ¼ 0:

8><
>:

Let w ¼ q�1
x vðhÞð1

Ð x
�y vðhÞðyÞdyÞ. Then, the first two equations in the above

system yield

qtuþ q2xwþ uqxuþ f ¼ 0;

qtw� q2xuþ uqxwþ g ¼ 0;

(
ð2:1Þ

where f ¼ qxv
ðlÞ and g ¼ uþ uvðlÞ þF�1hFðq2xu� u� uðqxwþ vðlÞÞÞ. We ob-

serve that f and g do not cause the loss of derivative. Also, since the symbol

of q�1
x F�1ð1� hÞF does not have a singularity, w A Hs1;a1

x if v A Hs1;a1
x . This

is why we require the decomposition in Fourier space. Since our aim is the

reduction of regularity of the solution, let us mainly consider the transformation

of u and w.

Step 2 Diagonalization. We next diagonalize the system (2.1). Set

uð1Þ

wð1Þ

� �
¼ 1ffiffiffi

2
p 1 i

i 1

� �
u

w

� �
1R

u

w

� �
:

Then, (2.1) is transformed into the nonlinear Schrödinger system:

qt
uð1Þ

wð1Þ

� �
þ �iq2x 0

0 iq2x

 !
uð1Þ

wð1Þ

� �
þ uqx

uð1Þ

wð1Þ

� �
þ R

f

g

� �
¼ 0

0

� �
:ð2:2Þ

For the simple expression of (2.2), let ~uuð1Þ ¼ uð1Þ

wð1Þ

� �
1Q

uð1Þ

wð1Þ

� �
. Then, ~uuð1Þ

satisfies

qt~uu
ð1Þ � iq2x~uu

ð1Þ þ AðuÞqx~uuð1Þ þ ~ff ð1Þ ¼~00;ð2:3Þ

where AðuÞ ¼ u 0

0 u

� �
, ~ff ð1Þ ¼ QR

f

g

� �
and u ¼ 1ffiffiffi

2
p ðuð1Þ � iwð1ÞÞ.

Step 3 Gauge Transform. In this step, we further deform (2.3) by the

gauge transformation to make the heavy term AðuÞqx~uuð1Þ small. This kind of

transformation sometimes appears in the study of derivative nonlinear Schrö-

dinger equations (see, e.g., Hayashi [3] and Hayashi-Ozawa [4]). In our case,
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however, the direct application of the known gauge transformation does not

work so well, since u in AðuÞ is not a solution to the nonlinear Schrödinger

equation and we can not expect the suitable ellimination of the heavy term.

Let jðxÞ A Cy
0 ðRÞ and write (2.3) as

qt~uu
ð1Þ � iq2x~uu

ð1Þ þ AðjÞqx~uuð1Þ þ Aðu� jÞqx~uuð1Þ þ ~ff ð1Þ ¼~00:ð2:4Þ

To eliminate AðjÞqx~uuð1Þ in (2.4), we make use of the gauge transform defined by

~uuð2Þ ¼ eiq
�1
x j=2 0

0 eiq
�1
x j=2

 !
~uuð1Þ 1KðjÞ~uuð1Þ:

Consequently ~uuð2Þ and vðlÞ satisfy

iqt~uu
ð2Þ þ q2x~uu

ð2Þ þ iAðu� jÞqx~uuð2Þ þ ~ff ð2Þðj;~uuð2Þ; vðlÞÞ ¼~00;

qtv
ðlÞ � qxF

�1hFðq2xu� u� uðqxwþ vðlÞÞÞ ¼ 0:

(
ð2:5Þ

where ~ff ð2Þðj;~uuð2Þ; vðlÞÞ ¼ Bðj; uÞ~uuð2Þ þ iKðjÞ~ff ð1Þ with

Bðj; uÞ ¼ 1

4

�2iqxj� j2 þ 2ju 0

0 �2iqxj� j2 þ 2ju

� �
:

We note here that the relation between ðu; vÞ and ð~uuð2Þ; vðlÞÞ is invertible. In

fact, ðu;wÞ ¼ R�1Q�1KðjÞ�1~uuð2Þ and hence ðu; vÞ ¼ ðu; qxwþ vðlÞÞ A Cð½0;T �;X sÞ
if and only if both ~uuð2Þ and vðlÞ belong to Cð½0;T �;Hs;0

x VHs1;a1
x Þ. This implies

that the solution to (2.5) with ~uuð2Þð0; xÞ ¼ KðjÞQRðu0; q�1
x F�1ð1� hÞFv0Þ t and

vðlÞð0; xÞ ¼ F�1hFv0 is immediately transformed into the solution to (1.1).

Hereafter, let us mainly seek for the solution to (2.5).

3. Preliminary estimates

In this section, we introduce several key estimates to be frequently used

in this paper. In what follows, we use the brief notation GF for
Ð t
0 Uðt� t 0Þ �

F ðt 0Þdt 0. The smoothing property of UðtÞ and G plays an important role in

recovering the regularity loss of the nonlinearity.

Lemma 3.1. Let p A ½2;y� and q A ½2;yÞ. Then, we have

kD1=2�1=p
x UðtÞfkLp

xL
2
T
aCT 1=pkfkL2

x
;ð3:1Þ

kD1�1=q
x GFkLq

xL
2
T
aCT 1=qkFkL1

xL
2
T
;ð3:2Þ

kqxGFkLy
x L2

T
aCkFkL1

xL
2
T
;ð3:3Þ

kD1=2
x GFkLy

T
L2
x
aCkFkL1

xL
2
T
:ð3:4Þ
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Proof of Lemma 3.1. The estimates for the case p ¼ y in (3.1), (3.3) and

(3.4) are proved in [7; Theorem 2.1, Corollary 2.2 and Theorem 2.3]. The

interpolation yields (3.1) and (3.2) (See [2; Proposition 2.3]). r

The following lemma is the well-known Strichartz inequalities.

Lemma 3.2. Let 0a 2=rj ¼ 1=2� 1=qj a 1=2, ð j ¼ 1; 2Þ. Then, we have

kUðtÞfkLr1
T
L

q1
x
aCkfkL2

x
;ð3:5Þ

kGFkLr1
T
L

q1
x
aCkFk

L
r 0
2

T
L

q 0
2

x

;ð3:6Þ

where 1=r2 þ 1=r 02 ¼ 1=q2 þ 1=q 0
2 ¼ 1.

Proof of Lemma 3.2. See, e.g., [12, 14]. r

By interpolating Lemma 3.1 and 3.2, we obtain another type of smoothing

property of UðtÞ and G.

Lemma 3.3. Let p A ½6;yÞ. Then, we have

kD1=2�3=p
x UðtÞfk

L
p
xL

2p=ð p�4Þ
T

aCkfkL2
x
;ð3:7Þ

kD1�6=p
x GFk

L
p
xL

2p=ð p�4Þ
T

aCT 3=2pkFkL1
xL

2
T
:ð3:8Þ

Proof of Lemma 3.3. Let ði�1qxÞz 1F�1xzF ¼ F�1 expðz Log xÞF with

z A C and Log x ¼ logjxj þ i arg x. Then, by the analogous argument as in [7],

we have

kði�1qxÞ1þiy
UðtÞfkLy

x L2
T
aCepjyjkfkL2

x
;ð3:9Þ

kði�1qxÞ1þiy
GFkLy

x L2
T
aCepjyj=2kFkL1

xL
2
T

for y A R:ð3:10Þ

On the other hand, by Lemma 3.2 with p1 ¼ r1 ¼ 6, p 0
2 ¼ 1 and r 02 ¼ 4=3, we

see that

kði�1qxÞ iyUðtÞfkL6
xL

6
T
aCepjyjkfkL2

x
;ð3:11Þ

kði�1qxÞ iyGFkL6
xL

6
T
aCepjyjkGFkL6

T
L6
x

ð3:12Þ

aCepjyjkFk
L

4=3
T

L1
x

aCepjyjT 1=4kFkL1
xL

2
T
:

Note that, to show the first inequality of (3.12), we used the Fourier multiplier

theorem for ði�1qxÞ iy. Applying Stein’s interpolation [11] to the combination of

(3.9) with (3.11), and (3.10) with (3.12), we obtain Lemma 3.3. r
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Let us call k f ð� ; xÞkLy
T

‘‘the maximal function of f ðt; xÞ’’. We next give

the estimates for the maximal function.

Lemma 3.4. Let s > 1=2 and T A ð0; 1�. Then, we have

kUðtÞfkL2
xL

y
T
aCkfk

H
s; 0
x
;ð3:13Þ

kGFkL2
xL

y
T
aCT 1=2kFk

L2
T
H

s; 0
x
:ð3:14Þ

Proof of Lemma 3.4. For the estimate (3.13), see [7; Theorem 3.1]. By

(3.13), we can show (3.14) since

kGFkL2
xL

y
T
a

ðT
0

kUðtÞUð�t 0ÞF ðt 0ÞkL2
xL

y
T
dt 0

aCkFk
L1
T
H s; 0

x

aCT 1=2kFk
L2
T
H

s; 0
x
: r

For the estimate of UðtÞ in weighted norm spaces, we often require the

commutator estimate of ~DDs
x 1F�1jxjsð1� hÞF and hxia. This is described as

Lemma 3.5. Let s; a A ½0; 1Þ. Then, ½ ~DDs
x ; hxi

a� belongs to BðLp
xÞ and

BðLp
xL

r
T Þ for p; r A ½1;y�.

Proof of Lemma 3.5. The commutator ½ ~DDs
x ; hxi

a� has the integral kernel

like

Kðx; yÞ ¼ ð2pÞ�1
Os�

ð
eiðx�yÞxjxjsð1� hðxÞÞdxðhxia � hyiaÞ;

where Os�
Ð

stands for the oscillatory integral. Since jhxia � hyiaja
Cjx� yj, we see that

jKðx; yÞja Cjx� yj�s if jx� yja 1;

CN jx� yj�N if jx� yj > 1.

�

Hence, Young’s inequality yields Lemma 3.5. r

We next show the commutator estimate of Ds
x and the gauge transform.

Lemma 3.6. Let p A ½1;y�, s A ð0; 1Þ and j A Cy
0 ðRÞ. Then, we have

kDs
x e

q�1
x jf kLp

x
aCe

kjk
L1
x ð1þ kjkLy

x
Þðk f kLp

x
þ kDs

x f kLp
x
Þ;ð3:15Þ

where q�1
x j ¼

Ð x
�y jðyÞdy.
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Proof of Lemma 3.6. We write Ds
x e

q�1
x jf as

Ds
x e

q�1
x jf ¼ eq

�1
x jDs

x f þ ½Ds
x ; e

q�1
x j� f 1 f1 þ f2:

It is easy to see that k f1kLp
x
a e

kjk
L1
x kDs

x f kLp
x
.

To estimate f2, we note that ½Ds
x ; e

q�1
x j� possesses the integral kernel like

Kðx; yÞ ¼ ð2pÞ�1
Os�

ð
eixjxjsdxðx� yÞ�1jx� yj�s

� exp

ð y
�y

jðzÞdz
� �

� exp

ð x
�y

jðzÞdz
� �� �

:

This yields

jKðx; yÞjaCe
kjk

L1
x

jx� yj�skjkLy
x

if jx� yja 1;

jx� yj�1�s if jx� yja 1:

(

Applying Young’s inequality, we have k f2kLp
x
aCe

kjk
L1
x ð1þ kjkLy

x
Þk f kLp

x
.

Hence, we obtain the desired result. r

When we apply the fractional order derivative to the nonlinear term, we

require Leibniz’ type rule described in the following.

Lemma 3.7. Let s A ð0; 1Þ, s1; s2 A ½0; s� with s ¼ s1 þ s2. Also, let p; r A
½1;yÞ and p1; p2; r1; r2 A ð1;yÞ with 1=p ¼ 1=p1 þ 1=p2 and 1=r ¼ 1=r1 þ 1=r2.

Then, we have

kDs
x ð fgÞ � ðDs

x f Þg� f ðDs
xgÞkLp

xL
r
T
aCkDs1

x f kLp1
x L

r1
T
kDs2

x gkLp2
x L

r2
T
:ð3:16Þ

Proof of Lemma 3.7. For the proof of this Lemma, see [8; Appendix]. r

4. Estimates in weighted norm spaces

We derive the Strichartz type estimate and the estimate of maximal func-

tion in the weighted norm spaces. It su‰ces to consider the case T A ½0; 1�.

Lemma 4.1. Let s A ½0; 1Þ, a A ½1=2; 1Þ, s 0 > sþ a and 0a 2=r ¼ 1=2�
1=pa 1=2. Then, we have

kDs
xhxi

aUðtÞfkLr
T
L

p
x
aCT 1=2ðkfk

H
s 0 ; 0
x

þ kfkH s; a
x
Þ;ð4:1Þ

kDs
xhxi

aGFkLr
T
L

p
x
aCT 1=2ðkDs 0�1=2

x FkL1
xL

2
T
þ kFkL2

T
H s; a

x
Þ;ð4:2Þ

kDs
xhxi

aGFkLr
T
L

p
x
aCT 1=2ðkFk

Ly
T
H

s 0 ; 0
x

þ kFkLy
T
H

s; a
x
Þ:ð4:3Þ

For the case a < 1=2, we can show the following.
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Lemma 4.2. Let s A ½0; 1Þ, a A ½0; 1=2Þ and 0a 2=r ¼ 1=2� 1=pa 1=2.

Then, we have

kDs
xhxi

aUðtÞfkLr
T
L

p
x
aCT 1=2ðkfk

H
sþ1=2; 0
x

þ kfkH s; a
x
Þ;ð4:4Þ

kDs
xhxi

aGFkLr
T
L

p
x
aCT 1=2ðkDs

xFkL1
xL

2
T
þ kFkL2

T
H

s; a
x
Þ;ð4:5Þ

kDs
xhxi

aGFkLr
T
L

p
x
aCT 1=2ðkFk

Ly
T
H

sþ1=2; 0
x

þ kFkLy
T
H

s; a
x
Þ:ð4:6Þ

Proof of Lemma 4.1. Let f ðt; xÞ ¼ UðtÞfðxÞ. Then f satisfies

iqt f ¼ �q2x f ;

f ð0; xÞ ¼ fðxÞ:

�
ð4:7Þ

Multiplying hxia on both hand sides of (4.7), we have

iqtðhxiaf Þ ¼ �q2xðhxiaf Þ þ 2ðqxhxiaÞqx f þ ðq2xhxiaf Þ:

Applying Ds
x and rewriting the above relation by Duhamel’s principle, we see

that

Ds
xhxi

aUðtÞf ¼ UðtÞDs
xhxi

af� 2iGDs
x ðqxhxiaqx f Þ � iGDs

x ðq
2
xhxi

af Þð4:8Þ

1 f1ðt; xÞ þ f2ðt; xÞ þ f3ðt; xÞ:

By making use of Lemma 3.2, f1 and f3 are easily estimated as

k f1kLr
T
L

p
x
aCkfkH s; a

x
;

k f3kLr
T
L

p
x
aCkDs

x ðq
2
xhxi

aÞUðtÞfkL1
T
L2
x

aCTkfk
H

s; 0
x

aCTkfkH s; a
x
:

As for the estimate of f2, we apply Lemma 3.2 and we have

k f2kLr
T
L

p
x
aCkDs

x ðqxhxiaÞqxUðtÞfkL1
T
L2
x

ð4:9Þ

aCT 1=2ðkðqxhxiaÞDs
xqxUðtÞfkL2

xL
2
T

þ k½Ds
x ; qxhxi

a�qxUðtÞfkL2
T
L2
x
Þ

aCT 1=2ðkDs
xqxUðtÞfkLq

xL
2
T
þ T 1=2kfk

H
s; 0
x
Þ;

where 1=q A ða� 1=2; 1=2Þ. Note that, in the above estimate, the commutator

½Ds
x ; qxhxi

a� is the s� 1th order pseudo-di¤erential operator. Using Lemma

3.1, we see that
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k f2kLr
T
L

p
x
aCT 1=2kfk

H
sþ1=qþ1=2; 0
x

:

As a result, we obtain (4.1).

To prove (4.2), we first follow the analogous derivation of (4.8). Then, we

have

Ds
xhxi

aGF ¼ GðDs
xhxi

aFÞ � 2iGðDs
x ðqxhxisÞqxGF Þ

� iGðDs
x ðq

2
xhxi

aÞGF Þ

1 g1ðt; xÞ þ g2ðt; xÞ þ g3ðt; xÞ:

According to Lemma 3.2, we have

kg1kLr
T
L

p
x
aCkDs

xhxi
aFkL1

T
L2
x

aCT 1=2kFkL2
T
H

s; a
x
;

kg3kLr
T
L

p
x
aCTkDs

x ðq
2
xhxi

aÞGFkLy
T
L2
x

aCT 3=2kFk
L2
T
H

s; 0
x

aCT 3=2kFkL2
T
H s; a

x
:

It remains to estimate g2. Lemma 3.2 gives

kg2kLr
T
L

p
x
aCT 1=2ðkðqxhxiaÞDs

xqxGFkL2
xL

2
T
þ k½Ds

x ; qxhxi
a�qxGFkL2

T
L2
x
Þð4:10Þ

aCT 1=2kDs
xqxGFkLq

xL
2
T
þ CTkGFk

Ly
T
H

s; 0
x
;

where 1=q A ða� 1=2; 1=2Þ. Applying Lemma 3.1 to the first term and Lemma

3.2 to the second, we have

kg2kLr
T
L

p
x
aCT 1=2ðkDsþ1=q

x FkL1
xL

2
T
þ kFkL2

T
H

s; a
x
Þ:

Hence, we obtain (4.2). The estimate (4.3) follows by using

kDs
xqxGFkLq

xL
2
T
a

ðT
0

kDs
xqxUðtÞUð�t 0ÞF ðt 0ÞkLq

xL
2
T
dt 0

aCTkFk
Ly
T
H

sþ1=qþ1=2; 0
x

in (4.10). r

Proof of Lemma 4.2. This is almost similar to the proof of Lemma 4.1

except for using the following estimates in (4.9) and (4.10):
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k f2kLr
T
L

p
x
aCT 1=2ðkDs

xqxUðtÞfkLy
x L2

T
þ kfk

H s; 0
x
Þ

aCT 1=2kfkH sþ1=2; 0 ;

and

kg2kLr
T
L

p
x
aCT 1=2ðkDs

xqxGFkLy
x L2

T
þ kGFk

Ly
T
H

s; 0
x
Þ

aCT 1=2ðkDs
xFkL1

xL
2
T
þ kFkL2

T
H

s; a
x
Þ:

Hence, we obtain Lemma 4.2. r

We next prove the estimates of maximal function in the weighted norm

space. These estimates give the regularity constraint on the initial data.

Lemma 4.3. Let s A ½0; 1Þ, a A ½1=2; 1Þ, s 0 > sþ a and s 00 > sþ 1=2.

Then, we have

kDs
xhxi

aUðtÞfkL2
xL

y
T
aCðkfk

H
s 0þ1=2; 0
x

þ kfk
H

s 00 ; a
x

Þ;ð4:11Þ

kDs
xhxi

aGFkL2
xL

y
T
aCT 1=2ðkDs 0

x FkL1
xL

2
T
þ kFk

L2
T
H s 00 ; a

x
Þ;ð4:12Þ

kDs
xhxi

aGFkL2
xL

y
T
aCT 1=2ðkFk

Ly
T
H

s 0þ1=2; 0
x

þ kFk
Ly
T
H

s 00 ; a
x

Þ:ð4:13Þ

Proof of Lemma 4.3. We only prove the estimate (4.11) since the other

estimates in Lemma 4.3 follows similarly to the proof of Lemma 4.1. Ac-

cording to the derivation of (4.8), we see that

kDs
xhxi

aUðtÞfkL2
xL

y
T
a kUðtÞDs

xhxi
afkL2

xL
y
T
þ 2kGDs

x ðqxhxiaÞqxUðt 0ÞfkL2
xL

y
T

þ kGDs
x ðq2xhxiaÞUðt 0ÞfkL2

xL
y
T

1 I1 þ I2 þ I3:

By Lemma 3.4, it follows that

I1 aCkfk
H

s 00 ; a
x

;

I3 aCkðq2xhxiaÞUðtÞfkLy
T
H s 00

x ;0

aCkfk
H s 00 ; a

x
:

On the other hand, applying Lemma 3.1, 3.4 and the fact that ½hDxi
s 00
; qxhxi

a�
is the s 00 � 1th order pseudo-di¤erential operator, we see that
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I2 aCkhDxi
sþ1=2þeðqxhxiaÞqxUðtÞfkL2

T
L2
x

aCðkðqxhxiaÞDsþ1=2þe
x qxUðtÞfkL2

xL
2
T
þ kfk

H
s 0 ; 0
x

Þ

aCðkDsþ3=2þe
x UðtÞfkLq

xL
2
T
þ kfk

H
s 0 ; 0
x

Þ

aCkfk
H

sþ1þeþ1=q; 0
x

;

where 1=q > a� 1=2. Hence, we obtain (4.11). r

5. Estimates of nonlinearity

When we show the contraction mapping principle, we will require the

estimates of kGAðu� jÞqx~uuð2ÞkLy
T
ðH s; 0

x VH
s1 ; a1
x Þ and kG~ff ð2Þk

Ly
T
ðH s; 0

x VH
s1 ; a1
x Þ. In this

section, we derive these nonlinear estimates. Since so many kinds of norms

appear in our argument, we first define new notations for the simple description.

Definition 5.1. Let jjjgjjjYT
¼ jjjgjjjinitial þ jjjgjjjsmooth þ jjjgjjjlower þ jjjgjjjmaxim,

where

jjjgjjjinitial 1 kgk
Ly
T
H s; 0

x
þ kgkLy

T
H

s1 ; a1
x

;

jjjgjjjsmooth 1 kDs�1=2
x qxgkLy

x L2
T

þ sup
s0asa1

kDs�1=2�s
x qxgkL6=s

x L
6=ð3�2sÞ
T

with s0 > 0 small;

jjjgjjjlower 1 kDs�1=2
x hxi1=2�ngkL4

T
Ly
x
þ kDs1

x hxi
a1gkL4

T
Ly
x

with n ¼ s� s1 � a1

2ðs� s1Þ
;

jjjgjjjmaxim 1 sup
0asas0

kDs
xhxi

a1gkL2
xL

y
T
:

The su‰x of jjj � jjjinitial suggests that this norm is for the functions whose target

space coincides with that of the initial data. The norm jjj � jjjsmooth causes the

smoothing e¤ects as in Lemma 3.1 and 3.3. jjj � jjjlower is used for the lower

order derivatives and jjj � jjjmaxim is for the maximal functions. For the nonlinear

estimates, it su‰ces to see the following lemma.

Lemma 5.2. There exists some b > 0 such that

kDs�1=2
x ð f qxgÞkL1

xL
2
T
aCkhxia1 f kL2

xL
y
T
kDs�1=2

x qxgkLy
x L2

T
ð5:1Þ

þ CT bjjj f jjjYT
jjjgjjjYT

;

kDs�1=2
x ðhxi1=2�nf qxgÞkL2

xL
2
T
aCT bjjj f jjjYT

jjjgjjjYT
;ð5:2Þ

kDs1
x ðhxia1 f qxgÞkL2

xL
2
T
aCT bjjj f jjjYT

jjjgjjjYT
:ð5:3Þ
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When we apply the third inequalities in Lemmas 4.1–4.3 to

G~ff ð2Þðj;~uuð2Þ; vðlÞÞ, the estimate of jjj~ff ð2Þðj;~uuð2Þ; vðlÞÞjjjinitial will appear. This

quantity is estimated as follows.

Lemma 5.3. We have

jjj~ff ð2Þðj;~uuð2Þ; vðlÞÞjjjinitialð5:4Þ

aCjð1þ jjj~uuð2Þjjjinitial þ jjjvðlÞjjjinitialÞðjjj~uuð2Þjjjinitial þ jjjhDxiv
ðlÞjjjinitialÞ;

jjj~ff ð2Þðj;~uuð2Þ1 ; v
ðlÞ
1 Þ � ~ff ð2Þðj;~uuð2Þ2 ; v

ðlÞ
2 Þjjjinitialð5:5Þ

aCj 1þmax
j¼1;2

ðjjj~uuð2Þj jjjinitial þ jjjvl; j jjjinitialÞ
� �

� ðjjj~uuð2Þ1 �~uu
ð2Þ
2 jjjinitial þ jjjhDxiðvðlÞ1 � v

ðlÞ
2 ÞjjjinitialÞ;

where Cj > 0 is a constant which possibly diverges as j ! u0 in H s;0
x VHs1;a1

x .

Proof of Lemma 5.2. We only prove (5.2) since the other inequalities

likewise follow. Applying Leibniz’s rule (Lemma 3.7), we see that

kDs�1=2
x ð f qxgÞkL1

xL
2
T
a k fDs�1=2

x qxgkL1
xL

2
T
þ kðDs�1=2

x f ÞqxgkL1
xL

2
T

ð5:6Þ

þ CkDs
x f kL6=ð6�sÞ

x L
3=s
T

kDs�1=2�s
x qxgkL6=s

x L
6=ð3�2sÞ
T

:

Note that the smoothing estimates (Lemma 3.3) is applicable to the last norm

on the right hand side of (5.6). By the simple application of Hölder’s in-

equality, the first term on the right hand side of (5.6) is estimated as

k fDs�1=2
x qxgkL1

xL
2
T
a k f kL1

xL
y
T
kDs�1=2

x qxgkLy
x L2

T
ð5:7Þ

aCkhxia1 f kL2
xL

y
T
kDs�1=2

x qxgkLy
x L2

T
:

We next estimate the second term of (5.6). Hölder’s inequality and D
s�1=2
x �

~DDs�1=2
x A BðLp

xL
r
TÞ yield

kðDs�1=2
x f ÞqxgkL1

xL
2
T

ð5:8Þ

a kð ~DDs�1=2
x f ÞqxgkL1

xL
2
T
þ kððDs�1=2

x � ~DDs�1=2
x Þ f ÞqxgkL1

xL
2
T

aCkðhxi1=2�n ~DDs�1=2
x f Þðhxin 0qxgÞkL2

xL
2
T
þ CT 1=2k f kL2

xL
y
T
kqxgkLy

T
L2
x

aCT 1=4khxi1=2�n ~DDs�1=2
x f kL4

T
Ly
x
kgk

Ly
T
H

1; n 0
x

þ CT 1=2jjj f jjjmaximjjjgjjjinitial

1CT 1=4I1 � I2 þ CT 1=2jjj f jjjmaximjjjgjjjinitial;
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where 0 < n < n 0. By Lemma 3.5, we have

I1 a k ~DDs�1=2
x hxi1=2�n f kL4

T
Ly
x
þ k½hxi1=2�n; ~DDs�1=2

x � f kL4
T
Ly
x

ð5:9Þ

a jjj f jjjlower þ CT 1=4jjj f jjjinitial:

Also, by applying the interpolation Hs;0
x VHs1;a1

x HH 1; n 0 with 1 ¼ ysþ ð1� yÞs1
and n 0 ¼ ð1� yÞa1 for some y A ½0; 1�, we see that

I2 aCðkgk
Ly
T
H

s; 0
x

þ kgkLy
T
H

s1 ; a1
x

Þð5:10Þ

aCjjjgjjjinitial:

Applying Lemma 3.5 to the third norm of (5.6), we have

kDs
x f kL6=ð6�sÞ

x L
3=s
T

aT s=3ðk ~DDs
x f kL6=ð6�sÞ

x Ly
T

þ k f k
L

6=ð6�sÞ
x Ly

T

Þð5:11Þ

aCT s=3ðkhxia1 ~DDs
x f kL2

xL
y
T
þ jjj f jjjmaximÞ

aCT s=3jjj f jjjmaxim:

Hence, by (5.6)–(5.11), we obtain Lemma 5.2. r

Proof of Lemma 5.3. The proof easily follows from the definition of
~ff ð2Þðj;~uuð2Þ; vðlÞÞ (see section 2) and Lemma 3.6. r

6. Contraction mapping principle (proof of Theorem 1.1—existence)

We consider the integral equations:

~uuð2Þ ¼ Fð~uuð2Þ; vðlÞÞ
1UðtÞ~uuð2Þ0 � GfAðu� jÞqx~uuð2Þ � i~ff ð2Þðj;~uuð2ÞÞg;

vðlÞ ¼ Cð~uuð2Þ; vðlÞÞ
1 v0;l þ

Ð t
0 qxF

�1hFðq2xu� u� uðqxwþ vðlÞÞÞ;

8>>><
>>>:

ð6:1Þ

where the initial data is given by ~uu
ð2Þ
0 ¼ KðjÞQRðu0; q�1

x F�1ð1� hÞFv0Þ t,
v0;l ¼ F�1hFv0 and ðu;wÞ ¼ R�1Q�1KðjÞ�1~uuð2Þ. We show that the map

ðF;CÞ is a contraction on Su0; v0;r defined by

Su0; v0;r ¼ ð~uuð2Þ; vðlÞÞ;
jjj~uuð2ÞjjjYT

þ jjjhDxiv
ðlÞjjjinitial a 2Cðu0; v0Þ;

khxia1ðu� jÞkL2
xL

y
T
a r and kDs�1=2

x qx~uu
ð2ÞkLy

x L2
T
a r

( )
;

with the metric jjjð~uuð2Þ; vðlÞÞjjjY 0
T
1 jjj~uuð2ÞjjjYT

þ jjjhDxivðlÞjjjinitial where Cðu0; v0Þ > 0

is a constant depending on the size of initial data. We note that Su0; v0;r 0 f, if
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j is su‰ciently close to u0 in Hs;0
x VHs1;a1

x and r > 0 is small enough. The

existence of the solution to (1.1) is the direct consequence of the proposition

given below.

Proposition 6.1. Let jðxÞ A Cy
0 ðRÞ su‰ciently close to u0 in H s;0

x VHs1;a1
x

and r;T > 0 su‰ciently small. Then, ðF;CÞ is a contraction map on Su0; v0;r.

To prove Proposition 6.1, we require several lemmas.

Lemma 6.2. There exist positive constants Cðu0; v0Þ;C;Cj and b such that

jjjðFð~uuð2Þ; vðlÞÞ;Cð~uuð2Þ; vðlÞÞÞjjjY 0
T

ð6:2Þ

aCðu0; v0Þ þ Ckhxia1ðu� jÞkL2
xL

y
T
jjjð~uuð2Þ; vðlÞÞjjjY 0

T

þ CjT
bð1þ jjjð~uuð2Þ; vðlÞÞjjjY 0

T
Þjjjð~uuð2Þ; vðlÞÞjjjY 0

T
;

jjjðFð~uuð2Þ1 ; v
ðlÞ
1 Þ;Cð~uuð2Þ1 ; v

ðlÞ
1 ÞÞ � ðFð~uuð2Þ2 ; v

ðlÞ
2 Þ;Cð~uuð2Þ2 ; v

ðlÞ
2 ÞÞjjjY 0

T
ð6:3Þ

aCðkhxia1ðu1 � jÞkL2
xL

y
T

þ kDs�1=2
x qx~uu

ð2Þ
2 kLy

x L2
T
Þjjjð~uuð2Þ1 ; v

ðlÞ
1 Þ � ð~uuð2Þ2 ; v

ðlÞ
2 ÞjjjY 0

T

þ CjT
b 1þmax

j¼1;2
jjjð~uuð2Þj ; v

ðlÞ
j ÞjjjY 0

T

� �
jjjð~uuð2Þ1 ; v

ðlÞ
1 Þ � ð~uuð2Þ2 ; v

ðlÞ
2 ÞjjjY 0

T
;

where Cj may diverge as j ! u0 in H s;0
x VHs1;a1

x .

Lemma 6.3. Let ð~uuð2Þ; vðlÞÞ A Su0; v0;r with r > 0 su‰ciently small. Then,

there exist j A Cy
0 ðRÞ and T > 0 such that

khxia1ðP1R
�1Q�1KðjÞ�1Fð~uuð2Þ; vðlÞÞ � jÞkL2

xL
y
T
a r;ð6:4Þ

kDs�1=2
x qxFð~uuð2Þ; vðlÞÞkLy

x L2
T
a r:ð6:5Þ

Proof of Lemma 6.2. We only prove (6.2) since (6.3) likewise follows. By

Lemma 3.1 and 4.1, we see that

jjjFð~uuð2Þ; vðlÞÞjjjinitial aCðk~uuð2Þ0 k
H

s; 0
x VH

s1 ; a1
x

þ kDs�1=2
x Aðu� jÞqx~uuð2ÞkL1

xL
2
T

ð6:6Þ

þ kAðu� jÞqx~uuð2ÞkL2
T
H

s1 ; a1
x

þ T jjj~ff ð2Þðj;~uuð2Þ; vðlÞÞjjjinitialÞ:

Note that Lemma 5.2 yields
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kDs�1=2
x Aðu� jÞqx~uuð2ÞkL1

xL
2
T

ð6:7Þ

aCkhxia1ðu� jÞkL2
xL

y
T
jjj~uuð2ÞjjjYT

þ CjT
bð1þ jjj~uuð2ÞjjjYT

Þjjj~uuð2ÞjjjYT

and

kAðu� jÞqx~uuð2ÞkL2
T
H

s1 ; a1
x

aCjT
bð1þ jjj~uuð2ÞjjjYT

Þjjj~uuð2ÞjjjYT
:ð6:8Þ

Combining (6.6)–(6.8) and Lemma 5.2, we have

jjjFð~uuð2Þ; vðlÞÞjjjinitial aCjjjðu0; v0ÞjjjX s þ Ckhxia1ðu� jÞkL2
x
jjj~uuð2ÞjjjYT

ð6:9Þ

þ CjT
bð1þ jjjð~uuð2Þ; vðlÞÞjjjY 0

T
Þjjjð~uuð2Þ; vðlÞÞjjjY 0

T
:

It is easy to see that

jjjhDxiCð~uuð2Þ; vðlÞÞjjjinitialð6:10Þ

aCjjjðu0; v0ÞjjjX s þ CTð1þ jjj~uuð2ÞjjjYT
þ jjjvðlÞjjjinitialÞjjj~uuð2ÞjjjYT

:

We next estimate jjjFð~uuð2Þ; vðlÞÞjjjsmooth. Note that, by Lemma 3.1(3.1) and

3.3(3.8),

jjjG~ff ð2Þðj;~uuð2Þ; vðlÞÞjjjsmooth a

ðT
0

jjjUð�ÞUð�t 0Þ~ff ð2Þðj;~uuð2Þ; vðlÞÞjjjsmoothdt
0

aC

ðT
0

k~ff ð2Þðj;~uuð2Þ; vðlÞÞk
H

s; 0
x
dt 0

aCTk~ff ð2Þðj;~uuð2Þ; vðlÞÞk
Ly
T
H

s; 0
x
:

Then, Lemma 3.1, 3.3, 5.3 and (6.7) give

jjjFð~uuð2Þ; vðlÞÞjjjsmooth aCðk~u0u0ð2ÞkH s; 0
x

þ kDs�1=2
x Aðu� jÞqx~uuð2ÞkL1

xL
2
T

ð6:11Þ

þ Tk~ff ð2Þðj;~uuð2Þ; vðlÞÞk
Ly
T
H

s; 0
x
Þ

aCkðu0; v0ÞkX s þ Ckhxia1ðu� jÞkL2
xL

y
T
jjj~uuð2ÞjjjYT

þ CjT
bð1þ jjjð~uuð2Þ; vðlÞÞjjjY 0

T
Þjjjð~uuð2Þ; vðlÞÞjjjY 0

T
:

Finally, by the simple application of Lemma 4.1–4.2 to jjjFð~uuð2Þ; vðlÞÞjjjlower and

Lemma 4.3 to jjjFð~uuð2Þ; vðlÞÞjjjmaxim, we have

jjjFð~uuð2Þ; vðlÞÞjjjlower þ jjjFð~uuð2Þ; vðlÞÞjjjmaximð6:12Þ

aCkðu0; v0ÞkX s þ CjT
bð1þ jjjð~uuð2Þ; vðlÞÞjjjY 0

T
Þjjjð~uuð2Þ; vðlÞÞjjjY 0

T
:

Hence, by combining (6.9)–(6.12), we obtain Lemma 6.2. r
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Proof of Lemma 6.3. Let LðjÞ ¼ P1R
�1Q�1KðjÞ�1. Lemma 4.3 and 5.2

yield

khxia1ðLðjÞFð~uuð2Þ; vðlÞÞ � jÞkL2
xL

y
T

ð6:13Þ

a khxia1ðLðjÞUðtÞ~uuð2Þ0 � jÞkL2
xL

y
T

þ CjT
bð1þ jjjð~uuð2Þ; vðlÞÞjjjY 0

T
Þjjjð~uuð2Þ; vðlÞÞjjjY 0

T
:

The first term on the right hand side of (6.13) is estimated as

khxia1ðLðjÞUðtÞ~uuð2Þ0 � jÞkL2
xL

y
T
a khxia1LðjÞUðtÞð~uuð2Þ0 �~jjð2ÞÞkL2

xL
y
T

þ khxia1LðjÞðUðtÞ � IÞ~jjð2ÞkL2
xL

y
T

1 I1 þ I2;

where ~jjð2Þ ¼ KðjÞQRðj; q�1
x F�1ð1� hÞFcÞ t with c A Cy

0 ðRÞ su‰ciently close

to v0 in Hs�1;0
x VHs1�1;a1

x . Since Lemma 4.3 gives

I1 aCk~uuð2Þ0 �~jjð2Þk
H

s; 0
x VH

s1 ; a1
x

;

we can take ðj;cÞ A Cy
0 � Cy

0 close to ðu0; v0Þ so that I1 < r=3. Let us fix

ðj;cÞ hereafter. For the estimate of I2, we observe that

I2 aCkð1þ x2ÞðUðtÞ � IÞ~jjð2ÞkLy
T
Ly
x

aCT bk~jjð2ÞkH s; a
x

with s > 0 and a > 0 so large. Thus, for small T > 0, it is possible to see that

I2 < r=3. Plugging these inequalities into (6.13) and taking T > 0 further small,

we have

khxia1ðLðjÞFð~uuð2Þ; vðlÞÞ � jÞkL2
xL

y
T
a 2r=3þ Cjð1þ Cðu0; v0ÞÞCðu0; v0ÞT b

a r:

Hence, we obtain (6.4).

We next prove (6.5). By Lemma 3.1, 5.2 and 5.3, we see that

kDs�1=2
x qxFð~uuð2Þ; vðlÞÞkLy

x L2
T
a kDs�1=2

x qxUðtÞ~uuð2Þ0 kLy
x L2

T
ð6:14Þ

þ Ckhxia1ðu� jÞkL2
xL

y
T
kDs�1=2

x qx~uu
ð2ÞkLy

x L2
T

þ CjT
bð1þ jjjð~uuð2Þ; vðlÞÞjjjY 0

T
Þjjjð~uuð2Þ; vðlÞÞjjjY 0

T
:
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We note that kDs�1=2
x qxUðtÞ~uuð2Þ0 kLy

x L2
T
< r=3 for small T > 0. Indeed, by

Lemma 3.1,

kDs�1=2
x qxUðtÞ~uuð2Þ0 kLy

x L2
T

a kDs�1=2
x qxUðtÞð~uuð2Þ0 �~jjð2ÞÞkLy

x L2
T
þ kDs�1=2

x qxUðtÞ~jjð2ÞkLy
x L2

T

aCk~uuð2Þ0 �~jjð2Þk
H

s; 0
x

þ CT 1=2k~jjð2Þk
H

3; 0
x

a r=3:

Hence, (6.14) implies that

kDs�1=2
x qxFð~uuð2Þ; vðlÞÞkLy

x L2
T
a r=3þ Cr2 þ Cjð1þ Cðu0; v0ÞÞCðu0; v0ÞT b

a r: r

Proof of Proposition 6.1. Let ~uuð2Þ A Su0; v0;r. Then, by using Lemma 6.2

and taking j su‰ciently close to u0 and r;T > 0 su‰ciently small, we see that

jjjðFð~uuð2Þ; vðlÞÞ;Cð~uuð2Þ; vðlÞÞÞjjjY 0
T

aCðu0; v0Þ þ CrCðu0; v0Þ þ CjT
bð1þ Cðu0; v0ÞÞCðu0; v0Þ

a 2Cðu0; v0Þ;

jjjðFð~uuð2Þ1 ; v
ðlÞ
1 Þ;Cð~uuð2Þ1 ; v

ðlÞ
1 ÞÞ � ðFð~uuð2Þ2 ; v

ðlÞ
2 Þ;Cð~uuð2Þ2 ; v

ðlÞ
2 ÞÞjjjY 0

T

a ðCrþ CjT
bð1þ Cðu0; v0ÞÞÞjjjð~uuð2Þ1 ; v

ðlÞ
1 Þ � ð~uuð2Þ2 ; v

ðlÞ
2 ÞjjjY 0

T

a
1

2
jjjð~uuð2Þ1 ; v

ðlÞ
1 Þ � ð~uuð2Þ2 ; v

ðlÞ
2 ÞjjjY 0

T
:

Hence, ðF;CÞ is a contraction map on Su0; v0;r. r

7. Remark on uniqueness

Of course, the uniqueness result in Y 0
T easily follows. This function space

is, however, so strict and complicated that we want to relax it for the simple

statement of Theorem 1.1. Let ðuj; vjÞ ð j ¼ 1; 2Þ be the solutions to (1.1) in

Cð½0;T �;X sÞ with hxia1uj A L2
xL

y
T . According to the transformation as in sec-

tion 2, the uniqueness problem of (1.1) is reduced into that of the integral

equations (6.1). We remark that j A Cy
0 ðRÞ is not always close to u0 but it

is taken as an approximation of uðT �Þ for some T � A ½0;T �. Therefore, we

replace j by ~jj at the present argument. Let T � ¼ supfT 0; ð~uuð2Þ1 ðtÞ; vðlÞ1 ðtÞÞ ¼
ð~uuð2Þ2 ðtÞ; vðlÞ2 ðtÞÞ for 0a taT 0g, where ð~uuð2Þj ; v

ðlÞ
j Þ ð j ¼ 1; 2Þ are the solutions to
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(6.1). Note that ð~uuð2Þj ; v
ðlÞ
j Þ belongs to Z 0

T defined by

Z 0
T ¼ fð~uuð2Þ; vðlÞÞ; jjjð~uuð2Þ; vðlÞÞjjjZ 0

T
< yg;

where

jjjð~uuð2Þ; vðlÞÞjjjZ 0
T
¼jjj~uuð2Þjjjinitial þjjjhDxivðlÞjjjinitial þkhxia1P1R

�1Q�1Kð~jjÞ�1~uuð2ÞkL2
xL

y
T
.

It is easy to see that Y 0
T HZ 0

T .

Our main concern in this section is to show that T � ¼ T by saying con-

tradiction. For this purpose, we first assume that T � < T . Then there exists

some t > 0 such that I ¼ ½T �;T � þ t�H ½0;T �. We try to measure ~uu
ð2Þ
1 �~uu

ð2Þ
2

and v
ðlÞ
1 � v

ðlÞ
2 with the metric of Z 00

I defined by

Z 00
I ¼ fð~uuð2Þ; vðlÞÞ; jjjð~uuð2Þ; vðlÞÞjjjZ 00

I
< yg;

where

jjjð~uuð2Þ; vðlÞÞjjjZ 00
I
¼ k~uuð2Þk

Ly
I
ðH 1=2; 0

x VH 0; 1=2�n
x ÞþkvðlÞk

Ly
I
ðH 3=2; 0

x VH 1; 1=2�n
x Þþkqx~uuð2ÞkLy

x L2
I

þ khxi1=2�n~uuð2ÞkL4
I
Ly
x

with n > 0

defined in Definition 5.1. For the brief notation, we often write LrðI ;X Þ
(resp. Lp

xðR;LrðIÞÞ) as Lr
IX (resp. Lp

xL
r
I ). The readers can check ~uu

ð2Þ
j A

Ly
I ðH 1=2;0

x VH
0;1=2�n
x Þ, hxi1=2�n~uu

ð2Þ
j A L4

I L
y
x and, in particular, qx~uu

ð2Þ
j A Ly

x L2
I .

Indeed, by applying Lemma 3.1 to the integral equation (6.1), we see that

kqx~uuð2Þj kLy
x L2

I
a kqx~uuð2Þj kLy

x L2
T

ð7:1Þ

aCk~uuð2Þ0; jkH 1=2; 0
x

þ CkAðuj � ~jjÞqx~uuð2Þj kL1
xL

2
T

þ CTk~ff ð2Þð~jj;~uuð2Þj ; v
ðlÞ
j Þk

Ly
T
H

1=2; 0
x

:

Since

kAðuj � ~jjÞqx~uuð2Þj kL1
xL

2
T
aT 1=2kðuj � ~jjÞkLy

T
H

s1 ; a1
x

k~uuð2Þj k
Ly
T
H

s; 0
x

< y

and

k~ff ð2Þð~jj;~uuð2Þj ; v
ðlÞ
j Þk

Ly
T
H

1=2; 0
x

aC~jjð1þ jjjð~uuð2Þj ; v
ðlÞ
j ÞjjjZ 0

T
Þjjjð~uuð2Þj ; v

ðlÞ
j ÞjjjZ 0

T
< y;

it follows from (7.1) that kqx~uuð2Þj kLy
x L2

I
< y. Now we are ready to prove the

uniqueness result in Theorem 1.1.

Proof of Theorem 1.1 (Uniqueness). Note that ~uu
ð2Þ
d ¼~uu

ð2Þ
1 �~uu

ð2Þ
2 and v

ðlÞ
d ¼

v
ðlÞ
1 � v

ðlÞ
2 satisfy

~uu
ð2Þ
d ¼ �

ð t
T �

Uðt� t 0Þ½Aðu1 � ~jjÞqx~uuð2Þd þ Aðu1 � u2Þqx~uuð2Þ2

� ið~ff ð2Þð~jj;~uuð2Þ1 ; v
ðlÞ
1 Þ � ~ff ð2Þð~jj;~uuð2Þ2 ; v

ðlÞ
2 ÞÞ�dt 0:
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Then, by Lemma 3.1, we have

kD1=2
x ~uu

ð2Þ
d kLy

I
L2
x
þ kqx~uuð2Þd kLy

x L2
I

ð7:2Þ

aCkAðu1 � ~jjÞqx~uuð2Þd kL1
xL

2
I
þ CkAðu1 � u2Þqx~uuð2Þ2 kL1

xL
2
I

þ Ctk~ff ð2Þð~jj;~uuð2Þ1 ; v
ðlÞ
1 Þ � ~ff ð2Þð~jj;~uuð2Þ2 ; v

ðlÞ
2 Þk

Ly
I
H

1=2; 0
x

1 I1 þ I2 þ I3:

Hölder’s inequality and the interpolation (H s0;l0
x VH s1;l1 HH s;l

x with s ¼
ys1 þ ð1� yÞs0, l ¼ yl1 þ ð1� yÞl0 for y A ½0; 1�) yield

I1 aCkhxia1ðu1 � ~jjÞkL2
xL

y
I
kqx~uuð2Þd kLy

x L2
I
;

I2 aCt1=4khxi1=2�n~uu
ð2Þ
d kL4

I
Ly
x
khxin 0qx~uu

ð2Þ
2 kLy

I
L2
x

aCt1=4khxi1=2�n~uu
ð2Þ
d kL4

I
Ly
x
jjj~uuð2Þ2 jjjZ 0

T
ðwith n < n 0Þ:

By using the representation like u1qxw1 � u2qxw2 ¼ ðu1 � u2Þqxw1 þ
qxðu2ðw1 � w2ÞÞ � ðqxu2Þðw1 � w2Þ, we see that

I3 aC~jj 1þmax
j¼1;2

jjjð~uuð2Þj ; v
ðlÞ
j ÞjjjZ 0

T

� �
ðk~uuð2Þd k

Ly
I
H

1=2; 0
x

þ kvðlÞd k
Ly
I
H

3=2; 0
x

Þ:

Plugging the estimates of I1; I2 and I3 into (7.2), we have

kD1=2
x ~uu

ð2Þ
d kLy

I
L2
x
þ kqx~uuð2Þd kLy

x L2
I

ð7:3Þ

aCkhxia1ðu1 � ~jjÞkL2
xL

y
I
jjjð~uuð2Þd ; v

ðlÞ
d ÞjjjZ 00

I

þ C~jjt
b 1þmax

j¼1;2
jjjð~uuð2Þj ; v

ðlÞ
j ÞjjjZ 0

T

� �
jjjð~uuð2Þd ; v

ðlÞ
d ÞjjjZ 00

I
:

On the other hand, by Lemma 4.2, we observe that

khxi1=2�n~uu
ð2Þ
d kLy

I
L2
xVL

4
I
Ly
x
aC~jjt

b 1þmax
j¼1;2

jjjð~uuð2Þj ; v
ðlÞ
j ÞjjjZ 0

T

� �
jjjð~uuð2Þd ; v

ðlÞ
d ÞjjjZ 00

I
:ð7:4Þ

From (7.3) and (7.4), it follows that

jjjð~uuð2Þd ; v
ðlÞ
d ÞjjjZ 00

I
aCkhxia1ðu1 � ~jjÞkL2

xL
y
I
jjjð~uuð2Þd ; v

ðlÞ
d ÞjjjZ 00

I
ð7:5Þ

þ C~jjt
b 1þmax

j¼1;2
jjjð~uuð2Þj ; v

ðlÞ
j ÞjjjZ 0

T

� �
jjjð~uuð2Þd ; v

ðlÞ
d ÞjjjZ 00

I
:

We take ~jj A Cy
0 ðRÞ close to u1ðT �Þ in Hs;0

x VHs1;a1
x so that

Ckhxia1ðu1 � ~jjÞkL2
xL

y
I
< 1=4 for small t > 0. Then, by fixing ~jj and letting t

further small in (7.5), we see that jjjð~uuð2Þd ; v
ðlÞ
d ÞjjjZ 00

I
a ð1=2Þjjjð~uuð2Þd ; v

ðlÞ
d ÞjjjZ 00

I
and,
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hence, ð~uuð2Þ1 ðtÞ; vðlÞ1 ðtÞÞ ¼ ð~uuð2Þ2 ðtÞ; vðlÞ2 ðtÞÞ for t A ½T �;T � þ t�. This contradicts to

the definition of T �. r

8. Lipschitz’ continuity of data-solution map

Let ðu 0
0; v

0
0Þ A X s be the initial data of Boussinesq system with ðu 0

0; v
0
0Þ A

Bdðu0; v0Þ1 fðu 0
0; v

0
0Þ; jjjðu 0

0; v
0
0Þ � ðu0; v0ÞjjjX s < dg. Then, the existence of the

time local solution to this system follows from the same argument as in section

6. We denote this solution by ðu 0ðtÞ; v 0ðtÞÞ for t A ½0;T 0�. We transform ðu 0; v 0Þ
as in section 2, i.e.,

~uu 0ð2Þ ¼ KðjÞQRðu 0; q�1
x F�1ð1� hÞFv 0Þ and v 0ðlÞ ¼ F�1hFv 0:

Note that, in this transformation, j A Cy
0 ðRÞ is not an approximation of u 0

0 but

is close to u0 in Hs;0
x VHs1;a1

x . Then, ~uu 0ð2Þ satisfies the integral equation:

~uu 0ð2Þ ¼ UðtÞ~uu 0ð2Þ
0 � GfAðu 0 � jÞqx~uu 0ð2Þ � i~ff ð2Þðj;~uu 0ð2Þ; v 0ðlÞÞg;

where ~uu
0ð2Þ
0 ðxÞ ¼~uu 0ð2Þð0; xÞ. Taking the subtraction with the integral equation

of ~uuð2Þ, we see that ~uu
ð2Þ
d 1~uu 0ð2Þ �~uuð2Þ satisfy

~uu
ð2Þ
d ¼ UðtÞð~uu 0ð2Þ

0 �~uu
ð2Þ
0 Þ � GfAðu� jÞqx~uuð2Þd þ Aðu 0 � uÞqx~uu 0ð2Þgð8:1Þ

þ iGf~ff ð2Þðj;~uu 0ð2Þ; v 0ðlÞÞ � ~ff ð2Þðj;~uuð2Þ; vðlÞÞg:

Let us prove the stability of the solution in Theorem 1.1.

Proof of Theorem 1.1 (Continuous dependence on the initial data). Ap-

plying Lemmas 3.1, 4.1–4.3 to the first term on the right hand side of (8.1) and

employing the nonlinear estimate similar to Lemma 6.2, we observe

jjjð~uuð2Þd ; v
ðlÞ
d ÞjjjY 0

T 0
aCjjjðu 0

0 � u0; v
0
0 � v0ÞjjjX s

þ Cðkhxia1ðu� jÞkL2
xL

y
T 0
þ kqx~uu 0ð2ÞkLy

x L2
T 0
Þjjjð~uuð2Þd ; v

ðlÞ
d ÞjjjY 0

T 0

þ CjT
0bð1þ jjjð~uu 0ð2Þ; v 0ðlÞÞjjjY 0

T 0

þ jjjð~uuð2Þ; vðlÞÞjjjY 0
T 0
Þjjjð~uuð2Þd ; v

ðlÞ
d ÞjjjY 0

T 0
;

where v
ðlÞ
d ¼ v 0ðlÞ � vðlÞ. Since, by the proof of Lemma 6.3, there exists T 0 > 0

such that Ckqx~uu 0ð2ÞkLy
x L2

T 0
< 1=6 for ðu 0

0; v
0
0Þ A Bdðu0; v0Þ if d > 0 is su‰ciently

small, we have

jjjð~uuð2Þd ; v
ðlÞ
d ÞjjjY 0

T 0
aCjjjðu 0

0 � u0; v
0
0 � v0ÞjjjX s þ

1

2
jjjð~uuð2Þd ; v

ðlÞ
d ÞjjjY 0

T 0
:

This implies the stability of the solution. r
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