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Abstract. The paper provides some theorems on complete instability of zero solution
relative to a set for nonautonomous nonlinear equations with delay. The right-hand
side of the equation is assumed to satisfy conditions, which provide standard existence-
uniqueness-continuous dependence-continuation theory for the equation, as well as
precompactness of the collection of translations in time of the right-hand side in a
functional space with a metrizable compact open topology. These assumptions allow
constructing limiting equations. Using conceptions of Lyapunov-Razumikhin func-
tions and limiting equations, new instability results are obtained, which are applicable,
in particular, to autonomous and periodic delayed differential equations and generalize
some known results.
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1. Introduction

Stability of solutions of delayed differential equations has been investi-
gated in the last few decades by numerous authors. For nonlinear equations
the main tool is Lyapunov’s direct method, which for functional differential
equations divides into two lines: the first one employs functionals, the second
one uses Lyapunov-Razumikhin functions. Razumikhin-type conditions permit
the use of simple functions and allow us to circumvent the puzzle of devising a
functional and computing its derivative. The idea of exploiting functions rather
than functionals was found to be quite fruitful, and developed in different direc-
tions, in particular, for equations with infinite delay and Volterra equations
(see, for instance, [4, 6, 8, 17, 19, 21] and the references therein). Moreover,
Razumikhin-type conditions for the derivative are also employed to functionals
(for instance, [15, 22]).

Since constructing a suitable function with the prescribed properties in
applications may be quite difficult, efforts are repeatedly made to weak the
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requirements imposed on Lyapunov functions. Analogs of the classic theorems
are being extended in different directions. It’s possible to obtain one of such
extension with invariance principle for autonomous equations [7]. And for
nonautonomous equations we have the method of so-called limiting equations
and quasi-invariance principle [1]. The limiting equations in themselves provide
much information on asymptotic behavior of the original equation’s solutions
[1, 5, 11, 14, 16]. But when coupled with Lyapunov’s direct method, an
examination of limiting equations’ properties gives a better outcome. The
results of this kind for equations with delay can be found in [2, 3, 12].

There are not so many results in the literature regarding instability. It has
been argued on occasion that instability theorems are not so useful in appli-
cations. In fact, a solution, which is unstable relative to arbitrary perturba-
tions, may be found to be stable relative to real those. Instability theorem can
assure existence in any small neighbourhood of the solution in question at least
one initial point, which makes the solution leave the given neighbourhood. But
we can’t say what point it is and whether it is in the set of admissible pertur-
bations. From this viewpoint, theorems ensuring complete instability or though
instability relative to a set are more applicable. Actually, if for a particular
equation we proved complete instability of zero solution relative to a set .S, and
intersection of a set of admissible initial points with the set S is nonempty, then
we can assert instability of zero solution relative to admissible perturbations.

The purpose of this paper is to provide such theorems for nonautono-
mous equations with delay while using ideas from [9] and results of [3]. The
right-hand side of the equation is assumed to satisfy conditions, which provide
standard existence-uniqueness-continuous dependence-continuation theory for
the equation, as well as precompactness of the collection of translations in time
of the right-hand side in some functional space with a metrizable compact open
topology. These assumptions allow constructing limiting equations. Using
conceptions of limiting functions and limiting equations, new instability results
are obtained, which are applicable, in particular, to autonomous and periodic
delayed differential equations and generalize results of [9] for such equations.

The contents of this paper are as follows. Section 2 contains basic nota-
tions and assumptions about our equation, which are employed throughout. In
Sections 3 and 4 we study the complete instability of the zero solution of the
equation relative to sets of two types. Some examples are used to illustrate the
main results.

2. Preliminaries

First of all, we use the following standard notations.
Let C(X, Y) be the space of continuous mappings X — Y, R" be the real
n-vector space with a norm |- |, R™ = [0,+0o0), r > 0 be a real number. We’ll
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denote by C the (Banach) space C([—r,0],R") of functions ¢ with the norm
lloll = max{|p(s)|: —r <s<0}. If x:[u—r,a+p)—R" (xeR",>0) is a
continuous function and ¢ € [, « + f), then x, € C denotes the segment of x at ¢
defined by the equality x,(s) = x(z+s) for —r <5< 0. If xe C([o —r, ), R"),
then the positive orbit of x;, in C is the set y*(x,) = {x;: 7> a}. Next, we
define the positive limit set of x;, denoted by @' (x,), to be the set of all yy € C
for which there exists a sequence #; — +oo with x, — ¢ in C.

Now consider the functional differential equation with delay of the form

(2.1) x(1) = X(¢t,x,),

where X : R" x Cy — R" with Cy={peC:|p|<H}, 0<H<+o0, is a
continuous functional. Assume that |X(z,¢)| <m for (1,¢) e R" x C,, where
0<g<H, C,={peC:|¢p|<q}, m=m(q) is a constant. Then for any
initial condition («,¢) € R* x Cy there exists a noncontinuable solution x(z; o, ¢)
of (2.1) defined on [a—r,f), > o, such that x,(o,¢) = ¢, and if |x(5;0,¢)| <
g < H for all t€[ox—r,f) then f =+o0 [10]. Suppose that X(7,0) = 0 so that
equation (2.1) admits the zero solution.

Let the following assumption hold:

Assumption 2.1. The functional X (¢, ¢) satisfies Lipschitz condition; that is
for every compact K = Cy there is / = /(K) > 0 such that for all ¢;,¢, € K and
teR"

(2.2) (X (7,02) = X (1, 00)| < llo2 = 01];

the functional X (7, ¢) is uniformly continuous with respect to (¢,¢) € R* x K for
every compact K = Cy, that is for every ¢ > 0 there exists § = (¢, K) such that
for (11,9,),(t2,0,) € RT x K the inequalities |5, — 11| <3, |lp, — o] <J imply
X (12,02) = X (11, 1)| <e.

Now assume that a sequence {g,} is such that 0 < ¢ < 2 < --- < g, = H
as n — o0. We define for every ¢; the set K; = C of all functions ¢ € C, such
that for s,s1,5, € [—r, 0]

P <qi,  lo(s2) — o(si)| < m(gi)ls2 = 5.

Evidently, K; is a compact. We set I’ = UZ1 K;. Note, that if x(f;0,¢) is
a solution of (2.1) defined on [x—r,f), f>a+r, then x/(o,¢)el for
telo+rp). If pel then x,(o,¢) el for te[xn,f). So, if we study insta-
bility, it’s no difference, whether X (¢, ¢) is defined on Rt x Cy or on R x I.

Let Zy be the space of continuous functionals mapping R™ x I' into
R". By X, we mean a translation of a functional X defined by the equality
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X:(t,9) = X(t+ 7,p). Obviously, for X € Fx the collection of translations
{X;:1eR"} = Zy.

We define a convergence on %y as the uniform one on every compact
K' < R" x I'. Namely, a sequence {X "} c J’X converges to X € Fy if for
every K’ « R" x I' and any ¢ > 0 one has |[X")(t,¢) — X(t,9)| <&, if n > N =
N(e,K') and (t,9p) e K'.

Notice, that according to the construction of the domain I" this conver-
gence is metrizable, see for example [1].

Under Assumption 2.1 the collection of translations {X;(¢,¢) = X (¢ + 7, ¢) :
e R"} is precompact in the space Zy and we can define a limiting equation
for (2.1):

(2.3) x(t) = X*(¢t, x,),

where a functional X*: Rt x I' - R" is a hmltmg one to X. What thls means
is there exists a sequence #, — oo such that X" (1,¢) = X (¢t + ,,,9) - X xe (1,0).
Assumption 2.1 also provides the uniqueness of solution of (2.1) for an
initial condition (x,¢) € RT x Cy and the uniqueness of solution of (2.3) for
an initial condition (x,¢) e R* x I'. Also, if x(#;a,¢) is a solution of (2.1)
defined and bounded on [x — r,+0) (i.e., [x(t;0,¢)| < ¢ < H), then o™ (x,(o, p))
is nonempty, connected, compact in C and contained in I', and y*(x,(a,¢)) is
connected, and its closure in C is compact (for a proof, see, for example, [1]).
The following lemma relates solutions of (2.1) to those of (2.3):

Lemma 2.1 ([1]). Let X*(t,p) be a limiting functional to X(t,¢) with
respect to a sequence t, — +oo and sequences {u,} = R", {p,} =T be such
that o, — o, ¢, — ¢ as n — o. Let x(t;t, + a,,,) be the solutions of (2.1),
x*(t;a,0) be the solution of (2.3) defined on [o—r,f). Then the sequence
{x(£) = x(t+ ty; ty + o, 0,)} converges to x*(t;o, ) uniformly in t € [a—r,y]
for any y < p.

Proof. Let X" (t,0) = X (¢t + t,,9). Then x") (1) = x(t + ty; ty + on, ) is
the solution of the equation x(z) = X")(z,x,). Taking into account the prop-
erties of the functional X(z,¢) and the definition of the limiting functional
X*(t,¢), it is easy to verify that the conditions of the continuous-dependence
theorem [10] hold for the sequences {X)(z,¢)} and {x"(r)}. ]

A function V e CY(R" x Gy, R), Gy = {xe R" : |x| < H}, with V(,0) =0
is said to be a Lyapunov function. Its derivative with respect to (2.1) is a
functional ¥V’ : R x Cy — R, defined by

V(s g = 2L000) | §~VCO) e, )
i=1 !
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We also assume that for V" and its partial derivatives properties below hold:

Assumption 2.2. The function V(z,x) is bounded and uniformly con-
tinuous on sets of the form R* x G,, G, = {xe R": |x| < ¢}, that is for any
q, 0 <g< H, there exists m=m(q, V) such that |V(t,x)|<m for (t,x)e
R" x G,, and for every &¢>0 there is d=04(e,q,V) >0 such that for
(t1,x1), (f2,x2) € RY x G, the inequalities |t» — 1] <d, |x2— x| <J imply
|V([2,X2) — V(l],X1)| < &.

Assumption 2.3. The partial derivatives

oV ov ov
2.4 — ey
(2:4) ot "ox;” T 0x,
are all bounded and uniformly continuous on sets of the form R™ x G,,
0<g<H.

Under Assumptions 2.1-2.3 the functional U(z,¢) = V'(¢,¢) is uniformly
continuous and bounded on a set RT x K for every compact K <= Cy.
Hence the collections of translations {V,(¢,x) = V(t+1,x):te RT} and
{U.(t,p) = U(t +1,p) : Te R"} are precompact in corresponding spaces Fp =
C(R* x R",R) and Fy = C(R" x I',R) with metrizable compact open top-
ologies [20], [1]. So we can define a family of limiting functions to ¥/, any one
of which we’ll denote by V* and a family of limiting functionals U*.

3. Complete instability of the zero solution

In this section we introduce the concept of complete instability relative to a
set for the zero solution of equation (2.1) with the assumptions given in the
previous section. We provide several instability theorems, which are more
universal, than the results of [3], [9]. We’ll use the following definition for
short:

Definition 3.1. Functionals X* € #y, V* e ¥y, U* € Fy form a limiting
complex if they are limiting those to X € 7y, V € #y, U € Fy, respectively, for
the same sequence f, — +0c0.

Note, that for a sequence f; — +oco, which defines a limiting complex
(X*,V*,U*) and the limit point = limj_, x, of the solution x(#;a,¢), and
for the solution x*(z;0,y) of the equation X(¢) = X*(¢,x;) we have x(0,y) e I
for all >0 and
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U (t,x,(0,))

= lim U(r+ tk?'xf"rlk(tk?xlk (2,0))) = lim Vl(t + Uy Xev gy (o, 9))

k—oo k— o0

0
== V(t+ tie, x(t + tx; 0, 0))

= lim 3

k—oo

n a
+ ;6_36, V(t+ tie, x(t+ ti; 00, 0)) - Xi(t + by Xepq, (21, (p))]

= lim
k— o0

0
& V(t+ tre, x(t + ti; 5, X, (2, 9)))

n

0
+ ;5 VAt + tic, X(1 + 1 1, X4, (2, 9))) - Xit + ey X (81 2, (2, w)))]

(by Lemma 2.1) = % V*(t,x*(£;0,4)) + i% V8, x*(8,0,0)) - X5 (2, x7 (0, %))
i=1 "7

0
= SV (s50,)

(here V =V (y,xi,...,x,)). That is,
(3.1) U (1,37 (0,0)) = 2 V* (5,3 (5:0, )

0

53

s=t

Let

Py(V) = {(t, 9) €R" X Cy: 0 < V(1,9(0)) = max V(t+s,(ﬂ(S))}
(if V(t,x)=V(x) then we use the set Py (V)={pe Cy:0< V(p(0)) =
max_,<s<o V(p(s))} [9]). The set P, (V)N[R" x Cs] will always assumed to
be nonempty for any J € (0, H).

Now we define the set

NU*) ={(t,p) e R" x " : U*(t,9) = 0}.

We say that the set M < RT x Cy does not contain solutions of an
equation if for every solution x(¢; o, ) of this equation there exists t* > o such
that (¢*,x,- (o, 0)) ¢ M.

Then, under the assumptions and the definitions given we can state our first
result (its proof arises from the proof of Theorem 3.2 below, and therefore is
omitted):
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Theorem 3.1. Suppose there exists a Lyapunov function V(t,x) satisfying
the following conditions:
1. V'(t,9) >0 for all (t,9)e Pl (V);
2. there exists a sequence t;, — +o0 such that for the corresponding limiting
complex (X*,V*,U*) the set P, (V*)NN(U*) does not contain solu-
tions of the equation x(t) = X*(t,x,).
Then the zero solution of (2.1) is unstable.

In studies of instability for autonomous and periodic equations through the
use of time-independent Lyapunov functions the authors of [9] took the fol-
lowing definition:

Definition 3.2. Let D be a subset of Cy with 0 € D. The zero solution of
(2.1) is said to be completely unstable relative to D if there exists ¢ > 0, such
that for all 0 € (0,¢) and each ¢ € C5N D, there exists a oy > 0 such that for the
solution x(z;09,9) of (2.1) and some t* > o the inequality |x(¢*;00,0)| = ¢
holds.

When it is considered that the right-hand side of the equation being studied
depends on ¢, we change the definition in this fashion:

Definition 3.3. Let D, be a subset of R" x Cy, R" x {0} = D,,. The
zero solution of (2.1) is said to be completely unstable relative to Dy, if there
exists ¢ >0, such that for all de (0,¢) and each ¢ e Cs, a9 >0 such that
(20, ¢) € Dy, the solution x(¢; 00, ¢) of (2.1) satisfies the inequality |x(z*; 0, ¢)| =
¢ for some 1* > aq (if the right-hand side X (¢, ¢) is periodic in 7 or independent
on ¢, then D,, = R" x D with D from the previous definition, but then o in
Definition 3.2 may be an arbitrary).

Using the coined definition, we can obtain the following result:

Theorem 3.2. Let D — Cy be a positively invariant set with respect to (2.1),
0e D. Suppose there exists a Lyapunov function V(t,x) satisfying the following
conditions:

1. the set PL(V)N[R" x (DN GCy)] is nonempty for any small J,

2. V'(t,9) >0 for all (1,9)e P,(V)N[R" x DJ;

3. there exists a sequence t, — +oo such that for the corresponding limiting

complex (X*,V*,U*) the set P, (V*)N[R" x DINN(U*) does not
contain solutions of the equation x(t) = X*(t,x,).
Then the zero solution of (2.1) is completely umstable relative to Pl (V)N
[R* x D).

Proof. Let ¢ >0 be given, 0 € (0,¢). Let’s choose ¢y, 00 = 0:  ||gy]| <9,
(a0, 90) € Pi(V)N[RT x D). Suppose x(t) = x(z; 00, ¢y) is the solution of (2.1)
and its norm in R" is bounded by ¢ for all z > 9. Condition 2 of the theorem
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implies the function v(¢) = V (¢, x(#;00,¢)) is nondecreasing. To prove this
fact, notice that (ag, ) € Pi,(V)N[R™ x D] implies V' (xg,¢) > 0, or 9(eg) > 0.
Therefore, v(f) > v(ag) for all 7€ [ug,00+¢], ¢>0. What this means is
(000 + & Xuyte(ct0, 99)) € PL, (V) and hence V'(ao+ & xy+e(%0, %)) > 0. Repli-
cates of similar reasoning shows that v(z;) > v(#;) for all #, >t > o and
(¢, x/(20,9)) € Py (V)N[R' x D] for all > ay. The solution in question being
bounded, there is a limit

(©) Tim V(1 x(t 70, 00)) = o > (o0, 0(0)) > 0

and x;(og,py) € I" for all t>a9+r. Let fp — +o0 be the sequence from
condition 3 of the theorem, for which X (7 + #,¢) gt X*(t, ), V(t+ t,x) z
V(t,x), Ut+ tr,p) Ly *(t,p). The precompactness of the positive orbit
7 (x:(c0,99)) in C ensures that for a subsequence k; — co we have X, (000, 0) —
Y el. So by Lemma 2.1 the sequence {x;(t) = x(tx, + t;00,90)} = {x(t, + ;
tk; Xi (%0, 9))} tends to the solution x*(¢) = x*(#0,y) of x(¢) = X*(¢,x;) (uni-
fdrmlgz in te[0,7] for all T>0), and x; e I" for all +>0. Since the func-
tion V(¢,x(¢)) is nondecreasing, the relation (c) yields V*(¢,x*(#0,¢)) = co
and (¢,x7) e Pi,(V*) for all r. Therefore by (3.1) (t,x7) e Pl (V)NN(U").
Furthermore, because D is positively invariant, x; € D for all 7. There arises a
contradiction (see condition 3 of the theorem), so the proof is finished. [

Remark 3.1. A Lyapunov function in all instability theorems presented
in this paper needs not be positive definite, it is suffice that P} (V)N
[RT x (DN Cs)] be nonempty for any small 6 > 0.

Remark 3.2. The proof of Theorem 3.2 implies that ¢ in Definition 3.3
may be an arbitrary (less than H for H < +o0).

The last result has a wider range of applications than Theorem 3.1, which
is a corollary of Theorem 3.2 with D = Cy. Moreover, for the autonomous
and periodic in ¢ equations we obtain the corollaries from the last theorem:

Theorem 3.3. Let in (2.1) X(t,9) = X (¢), D = Cy be a positively invariant
set with respect to (2.1), 0 e D. Suppose there exists a Lyapunov function V(x)
satisfying the following conditions:

1. the set DN Py (V)N Cs is nonempty for any small 6 > 0;

2. V'(p) >0 for all pe DN Py(V);

3. the set {pe D:V'(p) =0} does not contain solutions of the equation

(2.1) except the zero solution.

Then the zero solution of (2.1) is completely unstable relative to DN Py (V) (in
terms of Definition 3.2) or completely unstable relative to R™ x [DN Py (V)] (in
terms of Definition 3.3).
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This result is immediately evident from Theorem 3.2. It’s the extension of
the first statement of Theorem 3.2 [9] to the case, when a Lyapunov function
can be not positive definite (and coincides with the statement of the theorem in
question if V(x) >0 for x #0). Also notice, that assertion about complete
instability in terms of Definition 3.3 is more general that in terms of Definition
3.2, since it ensures that a solution beginning in any point of the set and at any
point in time will leave any preassigned neighbourhood of zero contained in Cp
(see Definition 3.3 and Remark 3.2).

Theorem 3.4. Let in (2.1) the functional X (t,¢) be T-periodic in t, D < Cy
be a positively invariant set with respect to (2.1), 0 e D.

Suppose there exists a T-periodic in t Lyapunov function V(t,x) satisfying
the following conditions:

1. the set Pl (V)N[R" x (DN Cy)] is nonempty for any small 6,

2. V'(t,p) >0 for all (t,9) € P (V)N[R" x DJ;

3. the set {(t,p)e R x D:V'(t,p) =0} does not contain solutions of

equation (2.1) except the zero solution.

Then the zero solution of (2.1) is completely umstable relative to Pl,(V)N
[R* x DJ.

This assertion is evident from Theorem 3.2, when it is considered, that the
right-hand side and a solution of a limiting equation, as well as functions,
limiting to V' and U, can result from the corresponding original functions
through a translation in time by the same value 7 € [0, T); in particular, #, = Tk
yields X*(¢,0) = X(1,9), V*(t,x) = V(t,x), U*(t,p0) = V'(¢, ).

Just as Theorem 3.3 generalizes Theorem 3.2 [9], Theorem 3.4 generalizes
Theorem 4.2 [9] for the periodic equation.

Also, Theorem 3.2 yields a corollary for almost periodic in ¢ equations,
according to the following definition [13]:

Definition 3.4. A functional X (¢,¢) € C(R" x Cy, R") is called uniformly
almost periodic in ¢ if for any ¢ > 0 and ¢ € (0, H) there exists / =I(g,¢q) >0
such that any segment [a,a + /], @€ R", contains at least one number 7 such
that |X (¢ +17,9) — X(1,9)] <e for all (1,¢p) e R" x C,.

For a functional X(z,¢), which is uniformly almost periodic in ¢z, the
collection of translations {X;(¢,¢) = X(t+7,¢):7€ R} is precompact in the
space Zx, and all the limiting to X functionals are uniformly almost periodic in
t [20].

Moreover, the following lemma holds:

Lemma 3.1. If X(t,¢) is uniformly almost periodic in t, then there exists a
limiting functional X*(t,¢9) = X(t,9).
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Proof. Let g — 0 and a, — +o0 be arbitrary sequences. By Defini-
tion 3.4, for every n there exist /, = l,(¢y, K,) and 7, € [ay,a, + [,] such that
| X (tn +1,0) — X(1,0)| <&, for all (1,p) e R" x K,. The last inequality implies
that X (z, +1,¢) — X(t,¢) uniformly in every compact K = R™ x I'. O

Now from Lemma 3.1 and Theorem 3.2 we obtain immediately the fol-
lowing statement:

Theorem 3.5. Let in (2.1) the functional X (t,¢) be uniformly almost pe-
riodic in t, D = Cy be a positively invariant set with respect to (2.1), 0 € D.

Suppose there exists a Lyapunov function V(x) satisfying the following
conditions:

1. the set DN Py (V)N Cs is nonempty for any small o,

2. V'(t,p) >0 for all (t,9p) e RT x [DNPy(V)];

3. the set {(t,p) e R" x D:V'(t,p) =0} does not contain solutions of

equation (2.1) except the zero solution.

Then the zero solution of (2.1) is completely unstable relative to R™ x
DN Py (V)]

Remark 3.3. In the paper [18] an instability theorem was proven utilizing
a Lyapunov function with the positive definite on P}, (V") derivative. Besides,
instability was defined in [18] as the reverse of uniform stability. Theorems
3.1-3.5 assure that even though ¥ can be only positive on P}, (V), we are able
to obtain a more general statement.

Remark 3.4. Evidently, in all results above it suffices to require, that all
the properties of a function V(z,x) hold only in some neighbourhood of the
equilibrium of equation (2.1), i.e.:

+ the set P}, (V) can be replaced with P, (V,B) = {(t,9): |¢| < B,0<

V(t,0(0)) = max_,<5<0 V(t+s,9(s))} for Be (0,H);
- the set D can be replaced with DB = {p e D : ||p|| < B} (see Theorem 3.3
[9] for an autonomous equation).
The proof differs from the above one in that only we can choose any ¢ € (0, B).

Example 3.1. Let’s consider the scalar equation
(3.2) x(1) = x(6) + x(t — r1(2)) — x(0)x(t — r2(2)) G(1, xy),

with 0 < ri(f) <r, G(t,9) : R* x Cy — R are uniformly continuous functions,
go < G(t,9) < Gy. The set D={p:p(s)>0,se[—r,0]} is positively invari-
ant relative to equation (3.2). In fact, if x(-) is a solution with x(¢z) =0,
x(t+s) >0 for se[—r,0), then the equation yields x(¢) > 0 which is a con-
tradiction. So, for ¢ > 0 the solution x(f;0,¢) >0 for all 1> o —r.
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Let 7(x) = x, then

V'(t,0) = 9(0) + o(=r1(2)) — p(0)p(—r2(1))G(t, 9)
= 0(0) + o(=r1(1)) — p(0)p(—r2(1)) G+ (1, 9) — p(0)p(—12(1)) G- (1, 9),

where

0 Gl >0, _ '
G_(t,9) = {G(t, ), Gltp) <0; G (t,p) = {0, G(t,9) <O0.

Now, for all pe DNPy (V) ={p:0<p(s) <¢p0)}

V'(t,0) = 9(0) — 9*(0)G(t,0) = p(0)(1 — p(0)G(1,9)).

Therefore, V'(¢,¢) > 0 for ¢ : 0 < ¢(0) < 1/Gy, if Gy > 0, and for all ¢ : ¢(0) >
0, if Gy <0O.
A limiting equation to (3.2) has the form

3(1) = x(1) 4 x(t = r{ (1)) = x()x(t — 13 (1)) G" (1, ),

with r/(¢) = limy_o, ri(tx + 1) (i=1,2), G*(t,9) = limy_o G(tx + t,¢) for some
sequence #; — +00.
Making an estimate of the functional

U™ (t,0) = 0(0) + o(=r{ (1)) = 9(0)p(=r3(2)) G" (1, )

by analogy with the Lyapunov function derivative, we can obtain that on the
set R x [DN Py (V)N Cyyg,] it is positive, so for any limiting equation the
corresponding set [RT x {Py(V,1/|Gy|)ND}NN(U*) does not contain its
solutions. Hence it follows by Theorem 3.2 that the zero solution of (3.2) is
completely unstable relative to R* x [DN Py (V)] (see Remark 3.4).

4. Another set in complete instability results

Let’s now consider the second statement of Theorem 3.2 [9]. It implies
that in Theorem 3.3 the set Py (V) can be replaced with P, (V)= {pe Cy:
V(p(0)) =min_,<;<0 V(p(s)) > 0}. However the similar statement for the
periodic equation is not proven and proposed by the authors as an open
problem. We will establish the validity of this statement for equation (2.1)
with precompact right-hand side (this case covers periodic X(¢,¢)).

With this aim in mind we introduce notations:
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PL(V)= {(l, ) e RT x Cy : V(t,9(0)) = min V(¢ +s,0(s) > 0},

—r<s<0

n(t,co, V") = {gﬂ €Cy: min V*(t+s,0(s) = co},

—r<s<0
m(t,co, V') ={pen(t,co, V") : V*(t,0(0)) = co}.
Lemma 4.1. If for a function V(t,x)
V'(t,p) 20  for all (t,9) € PL(V)
then for every (o,¢p) € Pl (V) the following estimation holds:

o(t) = V(t,x(;2,9)) = min _V(x+s,0(s)),

—r<s<0
where x(t;a,¢) is a solution of (2.1) defined on [0 —r,f), t € [o,f).

Proof. Suppose that the conclusion of the lemma is not true, i.e., there
exists #p € («,f) such that v(fp) < min_,<s<o v(o+ ). Without loss of gener-
ality we can believe that 0 < v(#y) < v(¢) for t€ [0 —r,t)). Then there exists
fe(a,tp] such that o(7) = V'(f,x;(0,)) <0 and 0 < v(7) <v(¢) for all re
[« —r, 7). This contradiction proves the lemma. O

Now under Assumptions 2.1-2.3 we can prove the next lemma (compare
with Theorem 2 [3]):

Lemma 4.2. Assume that a solution x(t;a,¢) of (2.1) is defined and bounded
Jor all t=zo—r, |x(t;a,p)|<q<H, and for a function V(t,x) we have
V'(t,p) =0 for all (t,9)€ PL(V).

Then there exists ¢y = const such that for every point \ from the positive
limit set " (x;(o, 0)) there is a limiting complex (X*,V*,U*) such the solu-
tion x*(t;0,%) of the limiting equation X(t) = X*(t,x,) has properties x} €
o (x(0,9)) =T and x; en(t,co,V*) for all te R". Furthermore, if x!e
m(t,co, V*) then U*(t,x)) =0, that is (¢t,x}) e N(U*).

Proof. Let x(t;o,¢0) be a bounded solution of equation (2.1) with
(o,0) € PI(V). Then by Lemma 4.1 min_,<,<o V(¢ +s,x(¢+ s;2,¢)) is non-
decreasing and because of the boundedness of V' along the solution there is a
limit
(v1) Jim - min V(2 s, x(1 4 550,0)) = co-

Let a point € o™ (x;(x,¢)) be defined by a sequence 1, — 400, x =
x,(2,¢0) = as n— oo (notice that {x"} cT). The precompactness of
the collections of translations {X.(¢,p):te R}, {Vi(t,x): 1€ R}, {U.(t,9) :
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te R} implies that one can extract a subsequence n; — oo such that
X, O x, Vi, Ly, U, 24 U*. Then by Lemma 2.1 the sequence {xm)(£)} =
{x(t, + t; 15, X"} = {x(t,, +t;2,0)} tends to the solution x*(¢;0,v) of x(f) =
X*(t,x,) uniformly in ¢ on interval [0, 7] for each T > 0.

This implies that every point x;(0,¢), te R", is a limiting one for the
sequence {x,, (%, ¢)}, k — oo, and x;(0,¥) € w" (x/(2,9)) = I for all re R™.
By (v1),

(v2) lim min V(t+s,x(t+ 550, 0))

t—+0 —r<s<0

= lim min V(t, +1+sx"(t+5)

k—+40w —r<s<0

_ ; * * _
= min_ V*(t+ s, x*(t+5)) = co.
Thus x; e n(t,co, V*) for every ¢ > 0.
Let x; belong to m(z,cp, V*) for some 7€ R, that is

Vit (0) = Jim V(o 41, x™) (1)) = ¢o.

Then from (v2) we have V*(¢,x*(z)) = min_,<sco V*(t+5,x*(t+5s)), so
equality (3.1) implies U*(¢,x;) =0. This completes the proof of the lemma.
(]

In the next theorem we say that a set M < RT x Cy does not contain
solutions of an equation if for every solution x(#;a,¢) of this equation there
exists 1* > o such that (7,x,(ot,)) ¢ M for all re[t* ¢* +7].

This change of the traditional definition (see page 5) is concerned with the
fact that the minimum value of the function V' on every interval with length 7,
not the function V itself, is asymptotically constant along a solution. So for
any bounded solution x*(z) of a limiting equation the relation (z,x;) € N(U*)
holds necessary only at some moment ¢ on every interval with length r, but not
for all z. However, in many examples this change is insignificant.

Theorem 4.1. Let D be a positively invariant set with respect to (2.1),
0e D. Suppose there exists a Lyapunov function V(t,x) satisfying the following
conditions:

1. the set P.L.(V)N[R" x (DN GCy)] is nonempty for any small J;

2. V'(t,p) =0 for all (t,9) € PL(V)N[R" x DJ;

3. there exists a limiting complex (X*,V*,U*) such that the set P.(V*)N

[R* x DINN(U*) does not contain solutions of the equation x(t) =
X*(t,x;).
Then the zero solution of (2.1) is completely unmstable relative to P! (V)N
[R" x DI.
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Proof. Let ¢ >0 be given, o € (0,¢). We take any ¢y, 00 = 0:  ||gy]| <9,
(a0, 99) € PL(V)N[RT x D]. By way of contradiction, suppose that the con-
clusion of the theorem is false. Then if x(¢) = x(¢ 00,¢,) is the solution
of (2.1), that (for an appropriate J) its norm in R" must be bounded
by ¢ for all ¢t > ap. Thus under the assumptions placed on the Lyapunov
function, v(f) = V(t,x(t;00,¢,)) is bounded for all f, and by Lemma 4.1
min_,<s<o V(t+s,x(¢ + 5;%0,9,)) is a nondecreasing functional, so there is a
limit
(c) lim min V(¢ +s,x(t+ s500,90)) = co = V(ao, ¢(0)) > 0.

=400 —r<s<0

Let # — +o0 be the sequence frorn condition 3 of the theorem for
which X, (z, ga) Zxe (t,0), Vi, (t,x)" es (t,x), U, (¢, (p) X (t,9). The solu-
tion x(z;00,¢,) is defined for all 7> ap —r and bounded, so there are e I
and a subsequence kj — oo such that X, (o0, 99) — . Then by Lemma 2.1
the sequence {x")(¢) = X(t; + 00, 09) = {x(t, + 4 lk,,xzk/)} tends (uniformly
in [0,7] for any 7 > 0) to the solution x*(¢) = x*(#;0,y) of x(¢) = X*(¢,x,),
and by Lemma 4.2 x; e n(t,¢o, V*) for any e R". Moreover, on every in-
terval with length r there exists a #; with x; e m(t1,¢co, V*), and, by virtue of
(c), co > 0. Hence (11,x;) € P, (V*), and by Lemma 4.2 (t;,x;) e N(U"). In
addition, x; € D for all #. This contradicts condition 3 of the theorem, so the
proof is finished. O]

In particular, Theorem 4.1 is valid for autonomous, periodic and almost
periodic in ¢ equations. It implies respectively the second assertion of [9,
Theorem 3.2], and the statements of Theorems 3.4, 3.5, with P}, (V') being
replaced with P! (V) and V'(¢,¢) > 0 being replaced with V'(¢,¢) = 0.

m

Example 4.1. Now consider the equation

(4.1) x(1) = a(t)h(x(1)) + JO ‘p(t, $)h(x(t + 5))ds,

where the functions «(#) and p(¢,s) are uniformly continuous in ¢ and bounded
for all te R and se[-r,0], p(z,s) >0, h(x) is nondecreasing, h(0) =0,
h(x) #0 for x # 0.

We examine instability of the zero solution of this equation. Choose
V(x) = x as a Lyapunov function. Its derivative is

0
V(1 9) = a(t)h(p(0)) + Jy p(t,5)h(g(s))ds

and on the set P, (V) admits the estimation:
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0

Viitg) > (a(r) [ s s>ds)h<¢<0>>.

J—r
The equation limiting to (4.1) has a similar form:

0
x(1) = a”(Oh(x(1)) + | p*(t,9)h(x(t + 5))ds,

J—r

with a*(f) = limy_o a(t + t), p*(¢,s) =limy_, p(t+ t,s) for some sequence
t, — +00.
The corresponding functional is

0
U™(t,0) = a*()h(p(0)) + J;P*(fv s)h(p(s))ds

0
> (a*(t) + J,.p*(t’ s)ds)h((p(O)) when g e P, (V") = P, (V)

So under the conditions

0
(%) a(t) + J;p(t, s)ds > 0

0
(1) lim <a(t) +J p(t, s)ds) #0
t—+o0 sy
the set [R* x P,,(V*)]NN(U*) does not contain solutions of the corresponding
limiting equation. Thus, Theorem 4.1 yields complete instability of the zero
solution of (4.1) relative to R" x P,(V) = R" X P,(x).

Remark 4.1. For an equation (4.1), in which a(f) =a, p(t,s) = p(s) (or
they are periodic in #), in [9] the following sufficient conditions of complete
instability relative to Py (x?) was obtained:

0
(x%) a— J_ |p(s)|ds >0

(p(s) needs not be nonnegative function). In addition, the following suffi-
cient conditions of complete instability relative to the positively invariant set
DN Py (x?) with D= {p:¢(s) =0,se[-r,0]} was presented in the form

0
(% % %) a+ J, p—(s)ds > 0.

Clearly for p(s) >0 relationship (x) follows from (x*) or (**=%), but not
conversely.
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Remark 4.2. Let V(x)= x> Then the derivative of V' with respect

to (4.1) is V'(t,0) = a(0)h(p(0))p(0) + p(0) [°, p(t,s)h(p(s))ds, and V(1) <

)+ [°1p(t,5)\ds)p(0)h((0)) ~for soePM<V>. It a(t)+ [, [p(t,s)lds <0,

then the zero solution of (4.1) is stable (asymptotically stable if inequality is

strong and (x1) holds, see, for instance, [3]). Therefore if p(z,s) >0 and

inequality (%1) is valid, then condition (x) is necessary and sufficient for com-
plete instability of the zero solution of (4.1) relative to R x P, (x).

Example 4.2. Consider the zero solution of

0
4.2 x(1) = —a(t)x(t) + J_ p(t,s)x(t + s)ds,

where: the functions () = 0 and p(¢,s) = 0 are uniformly continuous in ¢ and
bounded for all e R" and s e [-r,0];

0
(4.3) J p(t,s)ds>=>e>0  for all te RT;

the function A(z J"O 7)dt is uniformly continuous and lim,. ., A(f) = 4.

Consider the function V(t,x) =e4x. The derivative of this function with
respect to (4.2) equals

v (1.0) = 0 (a0)0(0) + (~atoyp(0) + JO ren)

—r

0
=40 J .p(t, $)p(s)ds.

On the set P!(V) the inequality e4(gp(s) > e”Wp(0) >0 holds for all
e [-r,0], and since A(¢) is nondecreasing, ¢(s) = =4+ (0) = p(0) > 0.
Hence, V'(1,9) = e4"p(0) j?rp t,s)ds on the set P/ (V), and by virtue of
conditions (4.3) V'(t,p) > 0 for (¢,p) € PL(V).

A limiting equation to (4.2) has the form

0
(1) = J_‘ 2 (,)x(t + $)ds,

with p*(t,s) = limy_, p(t+ t,s) for some sequence #; — +o0.

The derivative of the Lyapunov function has the corresponding limiting
functional U*(¢,¢) = e/ f?r p*(t,5)p(s)ds, which under conditions (4.3) is evi-
dently positive on PJ,(¥*). So Theorem 4.1 implies that conditions (4.3) yield
the complete instability of the zero solution of (4.2) relative to P.(V) (compare
with the instability conditions in Example 4.1).
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Example 4.3. Consider the system of two equations

by [0 a(t)(x1 (1) = 33(0) + 110, (v1), (x2) 13 (1)
2(0) = al)) (o (D%a(0) + 33(0) = £t (0),, (v2) ) ()0,

where 0 < ap < a(t) < a; is uniformly continuous function, f(z,¢,,p,) meets
Assumption 2.1. We take V(x)= (x?+x3)/2 as a Lyapunov function. Its
derivative with respect to (4.4) equals

V'(t,9) = a(t)(p1(0) - 93(0))

and it is semidefinite. Limiting systems have the following form:

s) {0 Z e - as0) G0, ()00
% (t) = a* (1) (x1(0)x2 (1) + x3 (1)) — £7(2, (x1),, (x2),)x1(2)x2(2),

where a*(¢) =limy 0 a(t + 1), f*(t,01,0,) =lim, 1o f(¢+ th,01,0,). The
set N(U*) is equal to {(z,9): ¢,;(0) = ¢3(0)}. Substituting x3(7) for xi(7) in
the system (4.5) one obtains X,(f) = —x(#)x;(f). On the other hand, X%(z) =
2x3(1)%2(f). Thus x;(f) =0. Assume that there exists 7€ R such that
2a*(t) — f*(t,0;,9,) #0 with ¢,(s) = ¢* and ¢,(s) = c for any ce R. Then
for xi(f) = x3(¢) from the first equation of (4.5) one has x3(7) =0 = x(7).
Now we can see that Theorem 4.1 is applicable in this case. Moreover, by
investigating the proof of the theorem carefully, we find that for system (4.5) the
set DN Py (V) actually can be replaced with C\{0}. Therefore the zero solu-
tion of (4.4) is completely unstable.
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