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The Landau-Lifshitz Flow of Maps into the Lobachevsky Plane
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Abstract. The global existence of weak and strong solutions to the Cauchy problem
for the Landau-Lifshitz flow of maps on the one-dimensional torus into the Loba-
chevsky plane is proved by the method of higher order parabolic regularization and
energy esimates.
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I. Introduction

It is well known that the classical SU(2)/U(1) Heisenberg ferromagnet
model in the continuum limit is described by the O(3) isotropic Landau-Lifshitz
equation and is gauge equivalent to the attractive nonlinear Schrédinger equa-
tion (see [5]). It was shown in [9] that a classical version of the Heisenberg
spin model on the noncompact SU(1,1)/U(1) manifold is gauge-equivalent to
the repulsive nonlinear Schrodinger equation. The corresponding O(2,1) iso-
tropic Landau-Lifshitz equation has been presented in [4]. All those equations
are completely integrable and can be solved by the inverse spectral-transform
method.

As to the initial or initial-boundary valur problem for the compact Landau-
Lifshitz equations with or without damping has been investigated by many
authors ([1], [2], [3], [7], [10], [14]). In this paper we consider the initial value
problem for the noncompact Landau-Lifshitz equation on the one-dimensional
torus T'.

The one-dimensional noncompact Heisenberg model is described by the
isotropic Landau-Lifshitz equation

1
(1) S :Z[S’S’w]

(2) g ( us —uy + iuy

uy + iup —u3

)esu(l, 1)
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and
(3) det S = —1, S?=1

In order to write down the corresponding O(2,1) isotropic Landau-Lifshitz
equation in an explicit form, we prepare the following:
Let R**! be the 3-dimensional Minkowski space endowed with the metric

10 0
g=(gyH=10 1 0
00 —1

The upper Lovachevsky plane $ < R*™!' is defined by

(4) 9 = {u= (u,un,u3) : [n|* + [ua]* — |us3)* = —1,u3 > 0}.
The pseudo cross product x and the pseudo scalar product [-,-] in R*™! are
given by
(5) a X b= (a2b3 — agbz, a3b1 — Cl1[33, —(albz — azbl)).
and
3

(6) [a,b] = gjaib; = arby + azby — asbs,

j=1

respectively. Then, (1) can be rewritten as
(7) W, = u X Uy,

where u takes values in § (see [4]). We call (7) the O(2,1) isotropic Landau-
Lifshitz equation, or equivalently say, the Landau-Lifshitz flow of maps into the
Lobachevsky plane.

Motivated by the Gilbert damping term in the compact Landau-Lfshitz
equation, we extend (7) to the following from:

(8) u, = —Au X (U X Uyy) + g X Uy

where A >0 is a damping parameter and p € R (see [8]).
Our aim of this paper is to establish the global existence of weak or strong
solutions to the Cauchy problem for (8) in T' x [0, 00) with initial data

9) u(x,0) = up(x), xeT!
For a solution u = (u',u?,u*) of (8)—(9) let us introduce the pseudo energy
density e(u) by

e(u) = [u,,u,] = |7/‘IX|2 + |u2x|2 - |“3x|2~
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If u is sufficiently smooth, we have the energy identity

t

Jrl e(u(x, 1))dx + JVJ

J [u X Uyy, u X Uy (x, s)dxds = J e(uo(x))dx.
oJr!

TI

At first glance the integrands e(u) and [u X uyy, u X uy,] in the energy identity are
not positive definite and cannot be handled well at all. Under the constraint
uc $ we, however, see that they are nonnegative. Indeed, the direct computa-
tion yields

1
e(u) = |u1x|2 + |sz|2 - WWWM + uzuzx|2
u3

1 2 2 2
= W(‘ulx| + Juax|” + |upury — uruny|”) = 0
u3
since |us|? = |u1]|* + [uz|* + 1. As to the nonnegativity of the other quantity, it
will be shown in the next section. Making use of the energy identity in an
essential manner, we have

Theorem 1. Let . >0 and ue R. For every ug € H'(T') such that uy(x) €
9 (xe T, there exists a global weak solution u of (8)—(9), satisfying for any

T>0
(10) u(x, 1) € 9, (x,) e T' x (0, 0),
(11) ue L*([0,T], H'(T"))nC([0,T], L*(T")),

(12 [ (u(T).p(T)> = <ul0).g(0))ex

T
- JO JTI (<u’ (ﬂ[> - }”<u X (ll X ux)x» §0> + ,u<ll X Uy, (p\>)dxdt

for all pe C*(T' x[0,T],R®) and
(13) J 1 e(u(x, 1))dx < J 1 e(up(x))dx Viel[0,T].
T T

Theorem 2. Let . >0 and ue R. Given initial function ug e H*(T') with
u(x) e (xe T, there exists a global strong solution w of (8)—(9), such that
any T >0

(14) ue L*([0,T), HX(T")),
(15) w, e L7([0, T], H*(T"))

and satisfies the energy inequality (13).
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The proofs of Theorems 1 and 2 are based on the method of higher order
parabolic regularization, which was shown to be useful for solving a class of
nonlinear partial differential equations (see [12], [13]). The reason why we
employ the higher order parabolic regularization is as follows: Firstly, under
the condition ue $, (8) is formally equivalent to

u; = ;L(uxx + [um ux]“) + 4l X Uxx

(see below in the next section). It is a fully nonlinear parabolic equation if
u # 0. Secondly, noncompactness of the constraint ue $ gives difficulties to
obtain higher order energy estimates. Besides without the constraint you
cannot obtain energy estimates and it is very difficult to construct approximate
smooth solutions which have the constraint.

II. Preliminaries

As to the properties of the pseudo cross product x, we have

Lemma 1. The product “x” and [-,-| on § satisfy the following identities
(16) axb=-bxa,
(17) ax (bxc) =[a,b]c— [a,c]b,
(18) [a,bx ¢] = [b,cxa] =]c,axb].

From (16)-(18) we get
(19) [a,a>'<b]:0,
(20) [axb,exd] =[a,bx (cxd)] =a,d]b,c]— [a,c][b,d],

In order to obtain appropriate a priori estimates of solutions, we prepare
the following.

Lemma 2. For a smooth map w= (uj,uy,u3): T' — § it holds that

(21) [ll,llx] = Oa

(22) [, ug] = —[ug,u,] = —e(u)

(23) U, U] = —=3ug, 0] = _%e(u)w

(24) [ll, uxxxx} = _4[uX7 uxxx] - 3[“»”7 ux-"] = _Ze(u)xx + [uxx’uXX}

5 5

(25) [ll, uxxxxx] = _lo[uxm uxxx] - 5[“)57 uxxxx] = - Ee(u)xxx - E [uxX7 uxx]x~
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Proof. Since [u,u] = —1, we have (21). Differentiating the both sides of
(21) in x, we get
(26) [w,uyy] + [uy,u] =0

from which (22) follows. Differentiation of (26) gives

[ua uxxx] = 73[“.\’7 uxx] =3 [uxa ux]x

2
which implies (23). In the same manner we obtain (24) and (25). [ |
Proposition 1. For any u= (uj,up,u3) €9 and v = (vy,05,v3) € R, the
quantity [uxv,uxv] (jeN) is nonnegative. Moreover, for any o >0
v | a jol + nf
s> o sl

(27) [ux v, uxv] + afu,v]* > o

Proof. By definition we have

_upvy + a0y — [u,v]

(28) 2] "

[uxv,uxv]=[v,v]+ [uv]?

since ue . Hence,

[uxv,uxv]+ afu,v)’

B |u101 + urvy — [H,V]|2

= 0] + |v2]? + (1 +o)[u,v]?

Jus|?

_ W%P { (ﬁvl + VT T o [u,v]>2 + (ﬁ vy + VT T oz, v])2

o
1+«

T ofuv? 1 <|v1|2+|vz|2>+|uzv1—u1v2|2}

from which (27) follows. n

Corollary 1. For a smooth map w = (uy,uz,u3) : T' — §, the functions x —
[ux DJu,ux DJul(x) are nonnegative for any je N. In particular, [uy, ]+
e(u)” is nomnegative. Moreover, for any o« >0

)

(29) e(u) > t funl” o+ oo
I |u3|2
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(30) [ux D/u,ux D/u] + ofu, Diu}z = [DJu, DJu] + (1 + o)|u, D/{u]2
[w, D> o |Dim|’+|Diuyf’
|us|? I 4o |us|*

Proof. Take v= DJu in Proposition 1 to obtain (30). From (22) we have
[0 X U, X U] = U U] + [0, 00]7 = (U, ue] + e(w)® > 0. u

The norm in a normed space X will be denoted by ||-||y. The inner
product in L*(T"') will be denoted by (-,-).
Finally we shall use the following well known results.

Lemma 3 (The Gagliardo-Nirenberg inequality cf. [6]). Let 1 < p<g¢g<
o0, r=1and 0<j<s. Forall ue H*»(T"YNL'(T"), we have

(31) 1Du|

1—

L4(T") < CHU||aHv.p<T1)Hu”L,.(“Tl)

with a constant C > 0, independent of u, and a given by
1 1 1
32 ci=al=—s)+(1—a)-.
(32) o (p ) (-

provided that s — j — 1/p is not a nonnegative integer. If s— j—1/p is a non-
negative integer, then (31) holds for a = j/s.

Lemma 4 (cf. [11]). For any u,ve H**(T') (se N), we have

(33) el < Ul o loll ey + Nl oz loll oy

III. Higher order parabolic regularization

For any ¢ > 0 we consider the Cauchy problem of the higher order par-
abolic regularization of (8):

(34) w—eux (WX Uy), . = —AuX (UX Uyy) + 20 X Uyy, (x,1) e T' x [0, 0),
with
(35) u(x,0) =up(x) € 9, xeT!

Lemma 5. wu is a regular solution of (34)—(35) if and only if u is a regular
solution of the equation

(36) U+ e(Urre + 2[00 Juy + [0, 0y Ju)
= —u X (U X Uyy) + HU X Uyy, (x,t) e T' x [0, 0)

with initial condition (35).
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Proof. Let u be a regular solution of (34)—(35). By virtue of (19) we have

10

Ea[u,u} = [u,u] =0
from which we obtain [u(x,?),u(x,7)] = —1, that is, u(x,7) e 9, (x,1)e T'x
(0, 00).

Then, making use of (17) and (21)-(24), we have

(37)  ux (WX Uy, = 20X (Uy X Upyy) + U X (WX Uyyyy)
= 2w, uyfuyee — 2w, uerJuy + U, ufug — (U, ugJu

= —Uypry — 20, Uy Uy — [0, Upyyy]u

Hence, u satisifes (36). Conversely, suppose that u is the solution of (36) with
(35). Setting

U(x,t) = % [u(x, ?),u(x, )] + 1,

we have

(38) U, + eUypyx = =280, Uy Uy — &[0, Uy ] U
with

(39) U(x,00=0, xeT

Then, integrating by parts and making use of Lemma 2, we see that

Ld

2 2 2
EdtLl 0| dx—&—eJTl UnPdx < CJTI U2dx

where C is a positive constant depending on ||u| ¢ 7, 371y for any T > 0.
Hence, we have

J U, 1)|*dx < eCfJ U, 0)|%dx = 0,
T T

which implies that U(x,7) =0, (x,7) e T' x (0,00). This and the continuity of
u yield that u(x,7) € § Y(x,7) e T' x (0, ) since ug € $. Then, in view of (37)
we conclude that u solves (34). [ |

We now establish the local existence and uniqueness of smooth solutions of
the Cauchy problem (34)—(35).
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Theorem 3. Let ¢ > 0 be arbitrary.  For every initial conditon uy e H*(T")
(s >2), there exists a time T* > 0 depending only on the size of |uol| g1, and
there exists a unique u such that u(x,t) € 9 Y(x,t) e T' x (0,0), ue C([O T
H(TY) ﬂLZ([O TJ; ‘*2(T1)) for all T €10, T*), u satisifies (34)—(35). Ifuy e
H*(T")’ = (),on H'( (T")?, thenu, e C*(T" x [0,T*))*.  Moreover, the following
alternative holds

(1) T*=+oo0,

(2) limsup,_ 7.

ul[ ;1 (T

Proof. Defining
(40) Pyg=3" gme™,
[n|<N

we consider the truncated equation

(41) utN +6{ll?;xx + Py(2u®, u®. }uiv + [, u  Ju™)}

? XXX 7 TXXXX

= APy x (uV xul)) + uPy (" xul), (x,0) e T' x [0, 0)

(42) u(x,0) = Pyug(x), xeT'

Thanks to the Cauchy-Lipschitz theorem, there exists a unique solution of
(41)—(42) defined on [0, Ty) for some Ty > 0.
Taking the inner product in L2(T')* of (41) with D¥u® (r > 0), we obtain

%di”D’“NHzmrlf el DN [y = 1] 415
with
[ = =2 ul Jul + ¥ ul Ju), DY) s
and
I = —" x (uV X uy ) D*u ) (1) + pu(u? % “)/c\,]r7D2r“N)L2(Tl)3'

We first estimate each term when » = 0,1. By virtue of Lemma 2, integrating
by parts, we have

:78{( [ ’ xxv]uiv’uN)LZ(Tlﬂ+4(€(UN)xuN N)LZ(T)

o ([llN N]uN N

oxs Uxx u )LZ(T1)3}



The Landau-Lifshitz Flow of Maps 91

Using the well-known Gagliardo-Nirenberg inequality, we have

2 2 2
Cg(H“NHLm(Tlf”u;[(v”LZ(Tlﬁ”ug(x”LZ(Tlf + ||UN\|L3<,(T1)3||U>]XC||L2(T1)3)

1 2 6
Sl s+ COM™ G

17|

IA

IA

where and in the sequel of this section C(¢) denotes various positive constants
depending on &. Analogously,

1 2 4 6
9] < gellul 2 oyt + CEY [ o + 10 15 )

In much the same manner, when r =1, we have

I

IA

C“"(H“N”Loc(Tl)3 ”u,iv”U(Tlf ”ui*vx”U(T‘f ”uxA,]vx”LZ(T')-‘

+ [lul

3
Lo(Th? H“)]cvx||L3(Tl)3)

IA

1 5 6
§6||u?ix||L2(T1)3 + C(‘Q)HUNHHI(T')3
and

) 2 2 2
L < 0™y Ty =+ Ll 0™ ey 0 2 s

1 2 4 6
< el 2 oy + CEOU oy + 1 15 o)

Therefore, we obtain

| &

1 6
10 3 e+ 0 s s < CEUN 1 + 01 102)

N —
QU

t

from which we conclude that there exists a time 7* > 0, depending only on the
size of [wol|fi(71), such that for any T e (0,7)

T
2 2 .
(43) supTHuNHHl(Tl)s +6L ||u(t)N||H3(T1)3dt < C(||uo|\H1<T1)3, T ¢)

0<t<

where C(||luo|[;1(71), T7,€) is a positive constant depending on the indicated
variables, but not on M.

We next bound the terms when 2 <r <s. By virtue of Lemma 3 and
Lemma 4 we have
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] < el D2 2™ ui Dul + o ul Ju™) s IDE 2™ s
< Ce{lllu ud Il e oy 0™ L gyrea gy + N0 0 oy ™l g

+ ||[“,ivx7“x/\,/r]||Lf<(T')3||uNHHr—2(T1)3

e widll sy 0™ e e HID 20| oo

< Ce{lluy | o 0l l e oy 10 g2y
+ (e oy el 2y + 0 2 el e ) N0V e )
0l ey O e oy 10 1 2
el ey Il ez oy Y 1 e s HIDE 20V o g3

1 ; 2 6
< 2 eIDT N L gy + C@ NN I

In the same manner we get
P T AT N4 N6
L] < Z£||DX w7y + CEOUT gy + 0 G ry2)-

Hence we obtain

1d

4 6
3 DL B s 3l DE N s < CEUY o+ 10 5

from which we conclude that for any 7 e (0,7*)

T e)

T
(@) sup DL g+ | IDE 00 e <

0<t<T

where C([[uol| 71y, T*) is a positive constant depending on the indicated vari-
ables, but not on N. In view of (41) we have

(45) well 20, 7221y < CUI0l o1y, T ):

From (43)—(45) we conclude that there exists a subsequence {u™*} and a func-
tion u such that
uV —u in L*(0,T; H*(T")?) weakly star,

Ni

uV  —u in L*(0,T; H***(T")?) weakly,

M —u,in L}0, T; L3(T")*) weakly.
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Moreover, by well-known Aubin’s compactness theorem we can assume that

Ne

uV —u in L0, T; H**Y(T")?) strongly.

Therefore we can take the limit in (41) and we see that u satisfies
U, + &(Uyer + 2[W, Uy Uy + [0, Urri]u)
= —Au X (U X Uyy) + {u X Uy, (x,0) e T' x [0, T)

and the initial condition (35).
Uniqueness assertion is etablishted by the standard argument. This com-
pletes the proof.

IV. Proof of Theorem 1

For any 0 < & < ¢ let u§ be such that uSeHOC‘(Tl)3, ui(x)e9, (xeTh
and

(46) uj — up in H'(T")* strongly.
Let u® be the solution of (34) with initial condition
(47) u?(x,0) = uf(x), xeT!

Theorem 3 yields that u®e C*(T' x [0,7%))° and [u®(x,1),u’(x,1)] = —1,
V(x,7) € T' x (0,0). Therefore, we may use freely Lemma 2 and Corollary 1
to obtain higher order energy estimates.

Put

Ey) = J e(ug)dx.
Tl

Lemma 6. There exists positive constants T = T(Ey) and C = C(Ey, T),
independent of ¢ such that

(48) 0£J e(u®(x,t))dxdt < C(Ey), vie0, T,
TI
7
(49) gJ J le(u? (x, 1)), |2dxdr < C(Eo),
o Jr!
T e (2 PV
(50) eJ J oo ¥ [eed” o < (i),
o Jr jus]

Proof. For simplicity we abbreviate the subscript ¢ off and on. Using
(34) (or equivalently, of (36)) we have
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vd[
5 EJT] e(ll )dx = JTI [uxyuxr]dx = — JTI [u,,uxx]dx

= SJ [uxx‘cxy ux\]dx + ZEJ [ll, uxxx] [ux,w ux]dx
Tl

+8J o, W] [0, Uy JdX — AJ 1[u X Uy, U X Uyy]dx
T T

2
SJ Uy, Wy |dx — EJ [u, ] dx
T 3

+ SJ — e(u)[uyy, uyy])dx — /lJ. [u X Wy, 0 X Uy ]dx
T! T!

{,‘J [Uyy, Uy dX — 78J (e(u)x)zdx - £J e(u) [uyy, uyy]dx
T 2 T T
— AJ [u X Uyy, U X Uy ]dx.

T]

Here we have used (21)—(24). Noting [Uyyy,Uyyy] = [U X Uy, U X Upyy] —
[u,uxxx]2 and applying (30) with « = 1/3, we have

(ew))”

u3

(51) %%Jrl e(u)dx—&—%sj (e(u)x)2a’x—i—%eJT1

T]

dx

1 J |u1xxx|2 + |u2xxx|2
+ & 5
4 I |us|

+ EJ ([uxy, wyx] + e(u)z)e(u)dx + /IJ [u X Uyy, 0 X Uy ]dx
T]

Tl
S&‘J e(u)’dx.
T]
By Lemma 3 we get
1 5
[, etwrax < Cletw [ el < 4| (etw2ax ¢ | etwar).
Hence, from (51) we deduce that

%Ll e(u)dx < C<JT1 e(u)abc)5

from which it follows that
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1
([ e(uo)dx) ™ —4ce)'/*

Put T = ([, e(uo)dx) */8C. Then,

JT' e(u)dx <

(52) J e(u(x, 1))dx < 21/4J e(u)dx, 0<t<T
T! T!
From (51) and (52) we obtain (49) and (50). |
Lemma 7. For any 0 <& < e
(53) ||“8||Lm(rlx[o, ) = C(||”03||Lw(11)»E0a80» T)
(54) 191 e 0, 111 7y < Cllu03ll (15 Eo, 20, T)
where C(-,-,-) is a positive constant depending on the indicated variables, but, not
depending on e.
Proof. Estimate (48) and (29) yield
2 2
(55) sup J basl el 4 oy,
0<t<TJT |u3

Then, we get

2 2

. 1 . .
(56) sup J —|u3h|2 dx < sup J _2<7u1uu+u2uh> dx
0<i<7 1" |u3] 0<i<TIT' U3 us
2 2 2 2
< 2 sup J (ul + Z42)|1’{1X‘|‘ + |u2X| dx
0<t<TJT! |us ]
2 2
<4 sup J M dx < C(Ey).
0<t<TJT! |u3

since u3 > 1. Analogously, from (49) and (49) we have

2
(57) & sup J ‘u3xxx|2 dx <& sup J ! |u1u1xxx+u2“2xxx+%e(“)x| dx
0<i<TJT' |“3|2 0<t<TJT! |u3\2 |u3|2
2 2 2
< Ce sup J |21 x| +2|uzxxx| +|(e(u):| .
0<i<TJIT' |us ] |13
< C(Ey).

From (34) or (36) we see that
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Uz = 73(u3xxxx + 2[“7 uxxx]u.’)x + [ll, uxxxx]“S)
+ Auznx — e()us) + p(uathy e — Urtiayy).

Hence,

l1d PN )
E EJTI log(|u3\ )dx = J dx

T! U3

- U3xU3xxx dx + 3¢ u3xe(u)x dx
T! “3 T! us

J ux‘(auxvdx“‘lJ\ |u3h| dx —)J €(ll)dx
T! |u3| T!

J UpU3 U x Mlulem d
3 X
\us | |us |

6
:Z[k

k=1
We estimate
U3xU3xxx | | |u3ﬂ‘\"2
Ilz—gJ 5 deZeJ dx + 2¢ J —5—dx
T |us ' Jus|? T |us|
2
< C(E())—erJ |u3xxx2| dx;
T! |u3|
[2:38J usve(u )xd < 6¢ J | 3“' dx +68J \e(u)x|2dx
o |usl T |us)? T!

IA

C(Ey) + 66J 1 le(u) | dx;
T

L= —gJTI([uxx,uxx] + e(u)?)dx + gj e(u)dx

Tl

IA

eCJ le(u) |*dx + & C(Eo);
Tl

2
. ,IJ ‘””'2 dx < C(Ey);
T |us

Is = —/IJ e(u)dx < 0;
Tl
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I — Upl3xUyx U U U3 dy — UpUyx — Ullpx | (ULl + Udlldy
6= MU ' 2 ) X=HU . 2
T |us] |13 T |us] us

I [Tk |y | une|* + |ua2] |
(] (el | RN
2 T! |1/l3| T! |u3|

|ulx|2 + |142x|2
2

< C(Ey) + CJ dx < C(Ey).

" us
Hence,

T 2
J log(|us|* (x, 7))dx < J log([uos | (x))dx + CeJ J M dxdt
T! T! 0 Jr!

|us]

T
—I—CsJ J le(u), | dxdt + C(Ey)T.
0o Jr!

Putting w(x, 1) = log(|us|*(x, 7)), we have

(58) HWC”L"(O,T;L'(Tl)) = C(||u03||L“(T1)7E07 T)
Since
[ meopan= | 22 < o),
' |us]
we have

Iwill Lo 0, 7 22(r1y) < C(Eo)-
By the Gagliardo-Nirenberg inequality, we get
P 2 3 el 3
¥y < CIEI R 91
from which it follows that

(59) Hu§||L°“(T1><[O,T]) = C(||u03||L%(T1)7E07 T)-

97

Jas

Hence, we have (53). Combining estimates (48), (55), (56) and (59), we obtain

Hu ”Lv 0, 7; H\(TH?) < C(‘|HO3HL°' ) E(),T 80)

Lemma 8. For 0 < ¢ < ¢, there exists a positive constant C, independent of

e, such that
(60) 1/2
(61) &'/ [uf

||uxxx||L2 0, fALz(Tl)A?) < C,

A Jull 2o 7 pr ey < €
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and
(62) 1/2”[ ’ ivc),x} IHL’(O T LI(T1 < C
(63) 07l 20, 7 1171 y) = C-

Proof. From (50), (54) and (56) we obtain (60). Then,

(64) 31/2||“wi||L2 0.7 H-1(T!)) = C.

We also have

(65) 1/2||[ ugJudll. 200, 7;L1(T")?)

< C£1/2He(u£)x||L2(01 71211 ||u8||L7»(01T;H](T1)3)

<C
and

(66) 1/2H[ ’ iwx] S”LZOTL‘(TI))

1/2 3
< Ce' [Juell 2 2(0, T L2( ')3)||”;HL1(o,T;yl(T‘P)

<C.
Noting L'(T') « H-'(T") and applying all the estimates obtained above to
(36), we get (63). |

We now take the limit as & goes to zero. From (54) and (63) we see
that {u?} is bounded in L*(0,T; H'(T')’) and {u?} is bounded in L2(0,T;
H-Y(T")?). Hence, up to subsequences, we deduce that

(67) u’ —u in L*(0,T; H'(T")?) weakly star
and
(68) w—u in L0, T; HY(T")?) weakly.

Moreover, from (60)—(62), we see that

(69) ew’ —0 in L*(0,T; HN(T")?),
(70) gt ul Jut — 0 in L2(0,T;LY(T")?),
and

(71) guful Jut —0 in L0, T;LY(T")?).

7 TXXXX
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Since the embedding from H'(T') into L?(T') is compact for any p > 1, by
Aubin’s compactness theorem we can assume that

(72) w®—u  in L'(0,T;L"(T")

3) strongly and a.e. in T' x [0, 7]

where 1 < p,r < co. Hence, for any ¢ L2(0,T; H'(T")?) we have

(73)

T
J J uf xul, pydxdt
0 Jr!

i
[

J uf xul, o >dxdt — fJ
T]

j C(uf 5 u)., pdxdr
T]

T
J du X uy, @, >dxdt.
0 Jr!

When 4 > 0, from (51) we infer that {u® x u‘_} is bounded in L2(0, T; L*(T")?).

Hence, we can assume that
(74) wxul, — (uxuy),
from which we conclude that

(75) wxutxul —ux(uxuy),

in L*(0,T;L*(T")*) weakly

in L'(0,T; LY (T")?) weakly.

Hence, considering (67)—(75), we can pass to the limit in each terms of the
equation (34) to find that u satisfies (12) with 7= 7. Thus we have the local
existence of weak solutions to the problem (8)—(9).

We now discuss the continuation of solutions in the large.

(51) we have

Firstly, from

T
J e(u’(x,1))dx < e(ug(x))dx—I—ZSJJ e(u®)? (x, 1)dxdt
T! T! 0 Jr!
T
ey (1473 ev(5/3
< || e+ o] Nt 2 e
< e(uf(x))dx
Jr!

T
+ Ce!/3 (aj |le(u
0

letting 0(1) € C([0,T]), 6 > 0,

Hence,

2/3
. e\ns/3
)x|iZ(T1)3dl> ||€(ll )HL/I(O,T;L](T1>3)T

13

we have
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T T
limian J e(ua(x,t))de(t)dISJ J e(uo(x))dx0(1)dt.
=0 Jo Jr o Jr!
Note that
ut 2 Ut 2 wWeul — utult 2
e(u?) = M e e L N
uy Uy uz

Since {u¢ /ui} is bounded in L>(T' x [0, T]), up to the subsequeces, we deduce
that

u—'j‘ — in L}(T' x [0, T]) weakly.

Noting 1 <} < C, from (67) and (72) we may assume that

&
% — % in LY3(T" x [0, T]) weakly

Hence v = u;/u3. Analogously we have, up to the subsequeces,

uu_? — L;—z; in L(T' x [0, T]) weakly
and

usuf . — ufus UpUyy — ULUD, : 7
QUi — Uity x x in L>(T" x [0, T]) weakly.

uj us

Lower semicontinuity of the L?-norm for the weak topology yields that

JT JTI e(u(x, 1))dx6(t)dt

0

&—0 0 0

J 1 e(ug(x))dx0(t)dr.
T

Since [;1 e(u(x,1))dx e L*(0, T) and C([0,T]) is dense in L'(0,T), we have

(76) J e(u(x, 1))dx < J e(uo(x))dx Ve 0, 7]
T! T!

Let T* > 0 be the supremum of 7 such that on [0, 7] the Cauchy problem
(8)—(9) with (13) has a weak solution u mentioned in Theorem 1. Clearly
T*>T. Suppose that T* < +00. Let d be arbitrary small fixed number so
that 7/2 > 4.
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Let v§ be such that v{;eHOC‘(Tl)3, vi(x)e$ (xeT') and
vi —u(-, T" —9) in H'(T")? strongly.
Let v¢ be the solution of (34) with initial condition
vi(x,0) = v§(x), xeT!'
From (13) we may assume that
JTI e(vi(x))dx < JTI e(up(x))dx.

Then, the above mentioned argument on local existence showed that there exists
a subsequence of {v’} whose limit v is a weak solution to the problem (8)—(9)
with (13). The existence time of v is not less than 7" and independent of ¢.
Set

w(x, 1) = u(x, 1), for0<t<T" -9,
v, t=T*+06), for T*—d<t<T*—06+T

Then, u* is a weak solution of (8)—(9) with (13) on [0, T* — & 4 T, which con-
tradicts the definition of 7*. Hence T* = +o0. This completes the proof.
V. Proof of Theorem 2

As in Section 1, we construct the strong solution of (8)-(9) with (13) as
limits of the sequence {u®} satisfying

(77) w4 e(Uypry + 2[0, Uppy Uy + [0, Uy Ju) = —Au X (0 X Uyy) + g0 X Uyy,

(x,0) e T' x [0, T%)

(78) u?(x,0) = ui(x), xeT!

when ¢ tends to zero. Below, for simplicity we again abbreviate the subscript ¢
off and on.

Lemma 9.

5

(79) J [Uyry, Uy X Uyy]dx = —J e(u)[uy, u X uyyydx.
T! 2)p

Proof. Note that if [u,u] = —1, then
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Uy = —U X (ll X uxxx) - [ll, uxxx}u
Using this and integrating by parts, we obtain
J q [uXXX7 ux >.< uxx]dx
T

- _J ] [ll X (ll X uxxx) + [ll, uxxx}ua Uy X uxx]dx
T

= ,J ]([u, W [0 X Wy, W] — [0, uy][U X Wiy, Uy )dX
T

3

EJTl e(u) [u,uy X ug|dx

_|_

— éj g(u) [ux7 ux uxxx]dx.
2 T!

Lemma 10.

s0) 4 G Ll e(u)dx + %JT e, uxx]dx)

17 11
-3¢ | (etu))efuyax - EJ (efw).) "
+ 28 JT‘ e(u)xx [UXX7 uxx]dx - SJ e(u)z[ux’w uxx]dx

Tl

2
—é& J e (ll) [uxxxa uxxx]dx —z¢€ J [uxxxx; uxxxx]dx
T! S5

-5 JTI [0, 0] Pdx — %A Ll (e(u),) dx — %A Ll [, U] dx

- %/1 JT' e(u) [Uyy, Uy ]dx — 4 JT] e(u)’dx.

Proof. Use Lemma 9. Simple but tedious calculation gives (80).

Put

6 2
(81) I=_¢ J e(u) [uxm uxx]dx —Z¢ J [uxxxxa uxxxx]dx
Sl xx S I

— %e JTI [u, Wyyry] 2dx.

Observing that
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1 1
e(u)xx [uXXv llxx] = (e(u)xx)2 + - [ux,‘ca uxx]z - [ll, uxxxx]za

4 4
we have
6
(82) I= (— — y)eJ e(u), [ue, ug]dx
5 T! :
2 1 2 1 2
+ VEJ (e(u)xx) U, U] — = U, ] ) dx
T! 4 4
2 2 ,
- 56 JTI [uxxxx7 uxxxx]dx - gs JTl [ua uxxxx] dx

< ((S-2)ner)e] (ewan s (COm+)e] lamualids

2 5
3 XXXX ) UXXXX 1 o y UXxxx
58J11<[u,, u }—&-( +8y>[uu })dx

where y and # are arbitrary positive constants. Since

1
U3xxy = ;3 (ululxx + Uplirxx + e(u)),

by virtue of Lemma 7 and the fact that u3; > 1, we have

(83) J [uxx,uxx]zdstJ (el + taa]* + [e012]* + el
T! T!

< ﬂJ ](‘ulxxxx|2 + |u2xxxx‘2)dx + C(,Lt, ||M()3||OO,E0, T7 30)
T

for any g > 0. In (82) we take y and # so as to (6/5 —y)p+7y=1/10. Then,
Lemma 3 and Lemma 8 give

1
(84) I< —sJ (e(w)..)dx + CISJ [y, U] *dx
10 Tl xx Tl

- C28J 1(|u1xxxx|2 + |u2xxxx|2)dx
T

1
< —aJ (e(u), ) dx — C38J (|t vne|” + |t2nne| ) + Cy
10 T! T!

where C; (i =1,2,3) denote positive constants independent of ¢. From (80)
and (84) it follows that
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d (1 2 1
it (2] ewras 5 o)

<o et Petuan—e | etw 2

Tl

- C33J 1(|7/l1x.>c,\'x‘2 + |u2xxxx|2)dx + Cyep — EJ . e(u)z([uxmuxx] + e(u)z)dx
T T

4 2
T 8JT1 e(u)*dx — £JT1 e(u) (W, Wyxy] + [0, Uypy] ) dx

+ %8 JT] (e(u),)*e(u)dx — EAJ (e(u),)*dx — %;1 JT] ([ux, U] + e(u)?)dx

i JTI e(u)de - %)L JTI e()([, ] + e(u)z)dx + /IJ e(u)3dx,

Tl

The Gagliardo-Nirenberg inequality yields that for p > 1

J efw)dx < Cllefu) |27 e(w) |2
T]

Noting that 2(p —1)/5 <2 for p < 6, we obtain

d (1 2 1
i (z J, e 5 “xx]dx>

1
<= o] (e e 5o | (e
_ C38J (treee]? + [tt20ens]?)ex + Cao — },J (e(u).)dx + Ci
T! T!
from which it follows that for 0 <t < T

1 ) 1
ZJTI e(u’(x, t>)2dx+§JT1[u (x,0),ui (x, 1)]|dx

—

1 X . .
< —J e(ug)zdx—l——J [0 06 Jex + CT < ||z 1y, T).
4 T! 5 T!

Hence, Lemma 3 gives

sup J e(u’(x, 1)*dx < C([[uoll 2713, T)
T

0<i<T

and
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sup ([[uf (- )l 2y + 115 Dl 2ry) < Clloll gz iy, T).

0<t<T

Using

_ Uilixx + Uiy + e(ll)
Usxx = )
us

we get

sup [ (- )2 (rrys < Cluoll gy, D).
0<t<T

Thus, we obtain

supA ”uiv( ’ Z)||L2(T')3 < C(||“0HH2(T1)37 T)
0<t<T

In view of Eq. (8), we have

sup [t (- )l 2 < Clllwoll ooy, T)

0<t<T

Taking the limit as & goes to zero, we can construct a strong solution locally.
Continuation of strong solutions in the large can be establised in the same way
as before. This completes the proof.
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