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Abstract. The global existence of weak and strong solutions to the Cauchy problem

for the Landau-Lifshitz flow of maps on the one-dimensional torus into the Loba-

chevsky plane is proved by the method of higher order parabolic regularization and

energy esimates.

Key Words and Phrases. Noncomact Landau-Lifshitz flow, Cauchy problem,

Global existence results.

2000 Mathematics Subject Classification Numbers. Primary 35Q55; Secondary

53C44.

I. Introduction

It is well known that the classical SUð2Þ=Uð1Þ Heisenberg ferromagnet

model in the continuum limit is described by the Oð3Þ isotropic Landau-Lifshitz

equation and is gauge equivalent to the attractive nonlinear Schrödinger equa-

tion (see [5]). It was shown in [9] that a classical version of the Heisenberg

spin model on the noncompact SUð1; 1Þ=Uð1Þ manifold is gauge-equivalent to

the repulsive nonlinear Schrödinger equation. The corresponding Oð2; 1Þ iso-

tropic Landau-Lifshitz equation has been presented in [4]. All those equations

are completely integrable and can be solved by the inverse spectral-transform

method.

As to the initial or initial-boundary valur problem for the compact Landau-

Lifshitz equations with or without damping has been investigated by many

authors ([1], [2], [3], [7], [10], [14]). In this paper we consider the initial value

problem for the noncompact Landau-Lifshitz equation on the one-dimensional

torus T 1.

The one-dimensional noncompact Heisenberg model is described by the

isotropic Landau-Lifshitz equation

St ¼
1

2i
½S;Sxx�ð1Þ

where

S ¼ u3 �u1 þ iu2

u1 þ iu2 �u3

� �
A suð1; 1Þð2Þ



and

det S ¼ �1; S2 ¼ I :ð3Þ

In order to write down the corresponding Oð2; 1Þ isotropic Landau-Lifshitz

equation in an explicit form, we prepare the following:

Let R2þ1 be the 3-dimensional Minkowski space endowed with the metric

g ¼ ðgijÞ ¼

0
B@ 1 0 0

0 1 0

0 0 �1

1
CA:

The upper Lovachevsky plane HHR2þ1 is defined by

H ¼ fu ¼ ðu1; u2; u3Þ : ju1j2 þ ju2j2 � ju3j2 ¼ �1; u3 > 0g:ð4Þ

The pseudo cross product _�� and the pseudo scalar product ½� ; �� in R2þ1 are

given by

a _�� b ¼ ða2b3 � a3b2; a3b1 � a1b3;�ða1b2 � a2b1ÞÞ:ð5Þ

and

½a; b� ¼
X3
j¼1

gjjajbj ¼ a1b1 þ a2b2 � a3b3;ð6Þ

respectively. Then, (1) can be rewritten as

ut ¼ u _�� uxxð7Þ

where u takes values in H (see [4]). We call (7) the Oð2; 1Þ isotropic Landau-

Lifshitz equation, or equivalently say, the Landau-Lifshitz flow of maps into the

Lobachevsky plane.

Motivated by the Gilbert damping term in the compact Landau-Lfshitz

equation, we extend (7) to the following from:

ut ¼ �lu _��ðu _�� uxxÞ þ mu _�� uxxð8Þ

where lb 0 is a damping parameter and m A R (see [8]).

Our aim of this paper is to establish the global existence of weak or strong

solutions to the Cauchy problem for (8) in T 1 � ½0;yÞ with initial data

uðx; 0Þ ¼ u0ðxÞ; x A T 1:ð9Þ

For a solution u ¼ ðu1; u2; u3Þ of (8)–(9) let us introduce the pseudo energy

density eðuÞ by

eðuÞ ¼ ½ux; ux� ¼ ju1xj2 þ ju2xj2 � ju3xj2:
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If u is su‰ciently smooth, we have the energy identityð
T 1

eðuðx; tÞÞdxþ l

ð t
0

ð
T 1
½u _�� uxx; u _�� uxx�ðx; sÞdxds ¼

ð
T 1

eðu0ðxÞÞdx:

At first glance the integrands eðuÞ and ½u _�� uxx; u _�� uxx� in the energy identity are

not positive definite and cannot be handled well at all. Under the constraint

u A H we, however, see that they are nonnegative. Indeed, the direct computa-

tion yields

eðuÞ ¼ ju1xj2 þ ju2xj2 �
1

ju3j2
ju1u1x þ u2u2xj2

¼ 1

ju3j2
ðju1xj2 þ ju2xj2 þ ju2u1x � u1u2xj2Þb 0

since ju3j2 ¼ ju1j2 þ ju2j2 þ 1. As to the nonnegativity of the other quantity, it

will be shown in the next section. Making use of the energy identity in an

essential manner, we have

Theorem 1. Let lb 0 and m A R. For every u0 A H 1ðT 1Þ such that u0ðxÞ A
H ðx A T 1Þ, there exists a global weak solution u of (8)–(9), satisfying for any

T > 0

uðx; tÞ A H; ðx; tÞ A T 1 � ð0;yÞ;ð10Þ

u A Lyð½0;T �;H 1ðT 1ÞÞVCð½0;T �;L2ðT 1ÞÞ;ð11Þ ð
T 1
ðhuðTÞ; jðTÞi� huð0Þ; jð0ÞiÞdxð12Þ

¼
ðT
0

ð
T 1
ðhu; jti� lhu _��ðu _�� uxÞx; jiþ mhu _�� ux; jxiÞdxdt

for all j A CyðT 1 � ½0;T �;R3Þ andð
T 1

eðuðx; tÞÞdxa
ð
T 1

eðu0ðxÞÞdx Et A ½0;T �:ð13Þ

Theorem 2. Let lb 0 and m A R. Given initial function u0 A H 2ðT 1Þ with

u0ðxÞ A H ðx A T 1Þ, there exists a global strong solution u of (8)–(9), such that

any T > 0

u A Lyð½0;T �;H 2ðT 1ÞÞ;ð14Þ

ut A Lyð½0;T �;H 2ðT 1ÞÞð15Þ

and satisfies the energy inequality (13).
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The proofs of Theorems 1 and 2 are based on the method of higher order

parabolic regularization, which was shown to be useful for solving a class of

nonlinear partial di¤erential equations (see [12], [13]). The reason why we

employ the higher order parabolic regularization is as follows: Firstly, under

the condition u A H, (8) is formally equivalent to

ut ¼ lðuxx þ ½ux; ux�uÞ þ mu _�� uxx

(see below in the next section). It is a fully nonlinear parabolic equation if

m0 0. Secondly, noncompactness of the constraint u A H gives di‰culties to

obtain higher order energy estimates. Besides without the constraint you

cannot obtain energy estimates and it is very di‰cult to construct approximate

smooth solutions which have the constraint.

II. Preliminaries

As to the properties of the pseudo cross product _��, we have

Lemma 1. The product ‘‘ _��’’ and ½� ; �� on H satisfy the following identities

a _�� b ¼ �b _�� a;ð16Þ

a _��ðb _�� cÞ ¼ ½a; b�c� ½a; c�b;ð17Þ

½a; b _�� c� ¼ ½b; c _�� a� ¼ ½c; a _�� b�:ð18Þ

From (16)–(18) we get

½a; a _�� b� ¼ 0;ð19Þ

½a _�� b; c _�� d� ¼ ½a; b _��ðc _�� dÞ� ¼ ½a; d�½b; c� � ½a; c�½b; d�;ð20Þ

In order to obtain appropriate a priori estimates of solutions, we prepare

the following.

Lemma 2. For a smooth map u ¼ ðu1; u2; u3Þ : T 1 ! H it holds that

½u; ux� ¼ 0;ð21Þ

½u; uxx� ¼ �½ux; ux� ¼ �eðuÞð22Þ

½u; uxxx� ¼ �3½ux; uxx� ¼ � 3

2
eðuÞx;ð23Þ

½u; uxxxx� ¼ �4½ux; uxxx� � 3½uxx; uxx� ¼ �2eðuÞxx þ ½uxx; uxx�ð24Þ

½u; uxxxxx� ¼ �10½uxx; uxxx� � 5½ux; uxxxx� ¼ � 5

2
eðuÞxxx �

5

2
½uxx; uxx�x:ð25Þ
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Proof. Since ½u; u� ¼ �1, we have (21). Di¤erentiating the both sides of

(21) in x, we get

½u; uxx� þ ½ux; ux� ¼ 0ð26Þ

from which (22) follows. Di¤erentiation of (26) gives

½u; uxxx� ¼ �3½ux; uxx� ¼ � 3

2
½ux; ux�x

which implies (23). In the same manner we obtain (24) and (25). 9

Proposition 1. For any u ¼ ðu1; u2; u3Þ A H and v ¼ ðv1; v2; v3Þ A R3, the

quantity ½u _�� v; u _�� v� ð j A NÞ is nonnegative. Moreover, for any ab 0

½u _�� v; u _�� v� þ a½u; v�2 b a
½u; v�2

ju3j2
þ a

1þ a

jv1j2 þ jv2j2

ju3j2
:ð27Þ

Proof. By definition we have

v3 ¼
u1v1 þ u2v2 � ½u; v�

u3
ð28Þ

and

½u _�� v; u _�� v� ¼ ½v; v� þ ½u; v�2

since u A H. Hence,

½u _�� v; u _�� v� þ a½u; v�2

¼ jv1j2 þ jv2j2 �
ju1v1 þ u2v2 � ½u; v�j2

ju3j2
þ ð1þ aÞ½u; v�2

¼ 1

ju3j2

�
1ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p v1 þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p
u1½u; v�

� �2
þ 1ffiffiffiffiffiffiffiffiffiffiffi

1þ a
p v2 þ

ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p
u2½u; v�

� �2

þ a½u; v�2 þ a

1þ a
ðjv1j2 þ jv2j2Þ þ ju2v1 � u1v2j2

�

from which (27) follows. 9

Corollary 1. For a smooth map u ¼ ðu1; u2; u3Þ : T 1 ! H, the functions x !
½u _��D j

xu; u _��D j
xu�ðxÞ are nonnegative for any j A N . In particular, ½uxx; uxx� þ

eðuÞ2 is nonnegative. Moreover, for any ab 0

eðuÞb a

1þ a

ju1xj2 þ ju2xj2

ju3j2
;ð29Þ
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½u _��D j
xu; u _��D j

xu� þ a½u;D j
xu�

2 ¼ ½D j
xu;D

j
xu� þ ð1þ aÞ½u;D j

xu�
2ð30Þ

b a
½u;D j

xu�
2

ju3j2
þ a

1þ a

jD j
xu1j

2 þ jD j
xu2j

2

ju3j2
:

Proof. Take v ¼ D j
xu in Proposition 1 to obtain (30). From (22) we have

½u _�� uxx; u _�� uxx� ¼ ½uxx; uxx� þ ½u; uxx�2 ¼ ½uxx; uxx� þ eðuÞ2 b 0: 9

The norm in a normed space X will be denoted by k � kX . The inner

product in L2ðT 1Þ will be denoted by ð� ; �Þ.
Finally we shall use the following well known results.

Lemma 3 (The Gagliardo-Nirenberg inequality cf. [6]). Let 1a pa qa

þy, rb 1 and 0a j < s. For all u A Hs;pðT 1ÞVLrðT 1Þ, we have

kD jukLqðT 1Þ aCkukaH s; pðT 1Þkuk
1�a
LrðT 1Þð31Þ

with a constant C > 0, independent of u, and a given by

1

q
� j ¼ a

1

p
� s

� �
þ ð1� aÞ 1

r
:ð32Þ

provided that s� j � 1=p is not a nonnegative integer. If s� j � 1=p is a non-

negative integer, then (31) holds for a ¼ j=s.

Lemma 4 (cf. [11]). For any u; v A Hs;2ðT 1Þ ðs A NÞ, we have

kuvkH s; 2ðT 1Þ aCðkukLyðT 1ÞkvkH s; 2ðT 1Þ þ kukH s; 2ðT 1ÞkvkLyðT 1Þð33Þ

III. Higher order parabolic regularization

For any e > 0 we consider the Cauchy problem of the higher order par-

abolic regularization of (8):

ut � eu _��ðu _�� uxxÞxx ¼ �lu _��ðu _�� uxxÞ þ mu _�� uxx; ðx; tÞ A T 1 � ½0;yÞ;ð34Þ

with

uðx; 0Þ ¼ u0ðxÞ A H; x A T 1:ð35Þ

Lemma 5. u is a regular solution of (34)–(35) if and only if u is a regular

solution of the equation

ut þ eðuxxxx þ 2½u; uxxx�ux þ ½u; uxxxx�uÞð36Þ

¼ �lu _��ðu _�� uxxÞ þ mu _�� uxx; ðx; tÞ A T 1 � ½0;yÞ

with initial condition (35).
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Proof. Let u be a regular solution of (34)–(35). By virtue of (19) we have

1

2

q

qt
½u; u� ¼ ½u; ut� ¼ 0

from which we obtain ½uðx; tÞ; uðx; tÞ� ¼ �1, that is, uðx; tÞ A H, ðx; tÞ A T 1 �
ð0;yÞ.

Then, making use of (17) and (21)–(24), we have

u _��ðu _�� uxxÞxx ¼ 2u _��ðux _�� uxxxÞ þ u _��ðu _�� uxxxxÞð37Þ

¼ 2½u; ux�uxxx � 2½u; uxxx�ux þ ½u; u�uxxxx � ½u; uxxxx�u

¼ �uxxxx � 2½u; uxxx�ux � ½u; uxxxx�u

Hence, u satisifes (36). Conversely, suppose that u is the solution of (36) with

(35). Setting

Uðx; tÞ ¼ 1

2
½uðx; tÞ; uðx; tÞ� þ 1;

we have

Ut þ eUxxxx ¼ �2e½u; uxxx�Ux � e½u; uxxxx�Uð38Þ

with

Uðx; 0Þ ¼ 0; x A T 1:ð39Þ

Then, integrating by parts and making use of Lemma 2, we see that

1

2

d

dt

ð
T 1

jU j2dxþ e

ð
T 1

jUxxj2dxaC

ð
T 1

jU j2dx

where C is a positive constant depending on kukCð½0;T �;C 3ðT 1ÞÞ for any T > 0.

Hence, we have ð
T 1

jUðx; tÞj2dxa eCt
ð
T 1

jUðx; 0Þj2dx ¼ 0;

which implies that Uðx; tÞ1 0, ðx; tÞ A T 1 � ð0;yÞ. This and the continuity of

u yield that uðx; tÞ A H Eðx; tÞ A T 1 � ð0;yÞ since u0 A H. Then, in view of (37)

we conclude that u solves (34). 9

We now establish the local existence and uniqueness of smooth solutions of

the Cauchy problem (34)–(35).
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Theorem 3. Let e > 0 be arbitrary. For every initial conditon u0 A HsðT 1Þ
ðsb 2Þ, there exists a time T � > 0 depending only on the size of ku0kH 1ðT 1Þ and

there exists a unique u such that uðx; tÞ A H Eðx; tÞ A T 1 � ð0;yÞ, u A Cð½0;T �;
HsðT 1ÞÞVL2ð½0;T �;Hsþ2ðT 1ÞÞ for all T A ½0;T �Þ, u satisifies (34)–(35). If u0 A
HyðT 1Þ3 17

s AN HsðT 1Þ3, then ue A CyðT 1 � ½0;T�ÞÞ3. Moreover, the following

alternative holds

(1) T � ¼ þy,

(2) lim supt!T �kukH 1ðT 1Þ.

Proof. Defining

PNg ¼
X
jnjaN

ĝgðnÞeinx;ð40Þ

we consider the truncated equation

uN
t þ efuN

xxxx þ PNð2½uN ; uN
xxx�uN

x þ ½uN ; uN
xxxx�uNÞgð41Þ

¼ �lPNðuN _��ðuN _�� uN
xxÞÞ þ mPNðuN _�� uN

xxÞ; ðx; tÞ A T 1 � ½0;yÞ

with

uðx; 0Þ ¼ PNu0ðxÞ; x A T 1:ð42Þ

Thanks to the Cauchy-Lipschitz theorem, there exists a unique solution of

(41)–(42) defined on ½0;TNÞ for some TN > 0.

Taking the inner product in L2ðT 1Þ3 of (41) with D2ruN ðrb 0Þ, we obtain

1

2

d

dt
kDruNk2

L2ðT 1Þ3 þ ekDrþ2uNk2
L2ðT 1Þ3 ¼ I r1 þ Ir2

with

Ir1 ¼ �eðð2½uN ; uN
xxx�uN

x þ ½uN ; uN
xxxx�uNÞ;D2ruNÞ

L2ðT 1Þ3

and

I r2 ¼ �lðuN _��ðuN _�� uN
xxÞ;D2ruNÞ

L2ðT 1Þ3 þ mðuN _�� uN
xx;D

2ruNÞ
L2ðT 1Þ3 :

We first estimate each term when r ¼ 0; 1. By virtue of Lemma 2, integrating

by parts, we have

I01 ¼ �efð2½uN ; uN
xxx�uN

x ; uNÞ
L2ðT 1Þ3 þ 4ðeðuNÞxuN ; uN

x Þ
L2ðT 1Þ3

� ð½uN
xx; u

N
xx�uN ; uNÞ

L2ðT 1Þ3g
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Using the well-known Gagliardo-Nirenberg inequality, we have

jI01 jaCeðkuNk2
LyðT 1Þ3ku

N
x k

L2ðT 1Þ3ku
N
xxxkL2ðT 1Þ3 þ kuNk2

LyðT 1Þ3ku
N
xxk

2
L2ðT 1Þ3Þ

a
1

8
ekuN

xxxk
2
L2ðT 1Þ3 þ CðeÞkuNk6

H 1ðT 1Þ3 :

where and in the sequel of this section CðeÞ denotes various positive constants

depending on e. Analogously,

jI02 ja
1

8
ekuN

xxxk
2
L2ðT 1Þ3 þ CðeÞðkuNk4

H 1ðT 1Þ3 þ kuNk6
H 1ðT 1Þ3Þ:

In much the same manner, when r ¼ 1, we have

jI11 jaCeðkuNk
LyðT 1Þ3ku

N
x kL4ðT 1Þ3ku

N
xxkL4ðT 1Þ3ku

N
xxxkL2ðT 1Þ3

þ kuk
LyðT 1Þ3ku

N
xxk

3
L3ðT 1Þ3Þ

a
1

8
ekuN

xxxk
2
L2ðT 1Þ3 þ CðeÞkuNk6

H 1ðT 1Þ3

and

jI12 ja lkuNk2
LyðT 1Þ3ku

N
xxk

2
L2ðT 1Þ3 þ jmj kuNk

LyðT 1Þ3ku
N
xxk

2
L2ðT 1Þ3

a
1

8
ekuN

xxxk
2
L2ðT 1Þ3 þ CðeÞðkuNk4

H 1ðT 1Þ3 þ kuNk6
H 1ðT 1Þ3Þ:

Therefore, we obtain

1

2

d

dt
kuNk2

H 1ðT 1Þ3 þ
1

2
ekuNk2

H 3ðT 1Þ3 aCðeÞðkuNk4
H 1ðT 1Þ3 þ kuNk6

H 1ðT 1Þ3Þ

from which we conclude that there exists a time T � > 0, depending only on the

size of ku0kH 1ðT 1Þ, such that for any T A ð0;T �Þ

sup
0ataT

kuNk2
H 1ðT 1Þ3 þ e

ðT
0

kuðtÞNk2
H 3ðT 1Þ3dtaCðku0kH 1ðT 1Þ3 ;T

�; eÞð43Þ

where Cðku0kH 1ðT 1Þ;T
�; eÞ is a positive constant depending on the indicated

variables, but not on N.

We next bound the terms when 2a ra s. By virtue of Lemma 3 and

Lemma 4 we have
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jI r1ja ekDr�2
x ð2½uN ; uN

xxx�ÞuN
x þ ½uN ; uN

xxxx�uNÞk
L2ðT 1Þ3kD

rþ2
x uNk

L2ðT 1Þ3

aCefk½uN
x ; uN

xxx�kLyðT 1Þ3ku
Nk

H r�2ðT 1Þ3 þ k½uN
x ; uN

xxx�kH r�2ðT 1Þ3ku
Nk

LyðT 1Þ3

þ k½uN
xx; u

N
xx�kLyðT 1Þ3ku

Nk
H r�2ðT 1Þ3

þ k½uN
xx; u

N
xx�kH r�2ðT 1Þ3ku

Nk
LyðT 1Þ3gkD

rþ2uNk
L2ðT 1Þ3

aCefkuN
x kLyðT 1Þ3ku

N
xxxkLyðT 1Þ3ku

Nk
H r�2ðT 1Þ3

þ ðkuN
x k

LyðT 1Þ3ku
N
xxxkH r�2ðT 1Þ3 þ kuN

x k
H r�2ðT 1Þ3ku

N
xxxkLyðT 1Þ3Þku

Nk
LyðT 1Þ3

þ kuN
xxkLyðT 1Þ3ku

N
xxkLyðT 1Þ3ku

Nk
H r�2ðT 1Þ3

þ kuN
xxkLyðT 1Þ3ku

N
xxkH r�2ðT 1Þ3ku

Nk
LyðT 1Þ3gkD

rþ2
x uNk

L2ðT 1Þ3

a
1

4
ekDrþ2

x uNk2
L2ðT 1Þ3 þ CðeÞkuNk6

H 1ðT 1Þ3 :

In the same manner we get

jI r2 ja
1

4
ekDrþ2

x uNk2
L2ðT 1Þ3 þ CðeÞðkuNk4

H 1ðT 1Þ3 þ kuNk6
H 1ðT 1Þ3Þ:

Hence we obtain

1

2

d

dt
kDr

xu
Nk2

L2ðT 1Þ3 þ
1

2
ekDrþ2

x uNk2
L2ðT 1Þ3 aCðeÞðkuNk4

H 1ðT 1Þ3 þ kuNk6
H 1ðT 1Þ3Þ:

from which we conclude that for any T A ð0;T �Þ

sup
0ataT

kDr
xu

Nk2
L2ðT 1Þ3 þ

ðT
0

kDrþ2
x uðtÞNk2

L2ðT 1Þ3dtaCðku0kH rðT 1Þ;T
�; eÞð44Þ

where Cðku0kH rðT 1Þ;T
�Þ is a positive constant depending on the indicated vari-

ables, but not on N. In view of (41) we have

kutkL2ð0;T ;L2ðT 1Þ3Þ aCðku0kH rðT 1Þ;T
�; eÞ:ð45Þ

From (43)–(45) we conclude that there exists a subsequence fuNkg and a func-

tion u such that

uNk ! u in Lyð0;T ;HsðT 1Þ3Þ weakly star;

uNk ! u in L2ð0;T ;Hsþ2ðT 1Þ3Þ weakly;

uNk
t ! ut in L2ð0;T ;L2ðT 1Þ3Þ weakly:
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Moreover, by well-known Aubin’s compactness theorem we can assume that

uNk ! u in L2ð0;T ;Hsþ1ðT 1Þ3Þ strongly:

Therefore we can take the limit in (41) and we see that u satisfies

ut þ eðuxxxx þ 2½u; uxxx�ux þ ½u; uxxxx�uÞ

¼ �lu _��ðu _�� uxxÞ þ mu _�� uxx; ðx; tÞ A T 1 � ½0;T �Þ

and the initial condition (35).

Uniqueness assertion is etablishted by the standard argument. This com-

pletes the proof.

IV. Proof of Theorem 1

For any 0 < ea e0 let ue
0 be such that u e

0 A HyðT 1Þ3, ue
0ðxÞ A H, ðx A T 1Þ

and

ue
0 ! u0 in H 1ðT 1Þ3 strongly:ð46Þ

Let ue be the solution of (34) with initial condition

ueðx; 0Þ ¼ ue
0ðxÞ; x A T 1:ð47Þ

Theorem 3 yields that u e A CyðT 1 � ½0;T �ÞÞ3 and ½ueðx; tÞ; ueðx; tÞ� ¼ �1,

Eðx; tÞ A T 1 � ð0;yÞ. Therefore, we may use freely Lemma 2 and Corollary 1

to obtain higher order energy estimates.

Put

E0 ¼
ð
T 1

eðu0Þdx:

Lemma 6. There exists positive constants T̂T ¼ T̂TðE0Þ and C ¼ CðE0; T̂TÞ,
independent of e such that

0a

ð
T 1

eðueðx; tÞÞdxdtaCðE0Þ; Et A ½0; T̂T �;ð48Þ

e

ð T̂T
0

ð
T 1

jeðueðx; tÞÞxj
2
dxdtaCðE0Þ;ð49Þ

e

ð T̂T
0

ð
T 1

jue
1xxxj

2 þ jue
2xxxj

2

ju e
3j

2
dxdtaCðE0Þ:ð50Þ

Proof. For simplicity we abbreviate the subscript e o¤ and on. Using

(34) (or equivalently, of (36)) we have

The Landau-Lifshitz Flow of Maps 93



1

2

d

dt

ð
T 1

eðu eÞdx ¼
ð
T 1
½ux; uxt�dx ¼ �

ð
T 1
½ut; uxx�dx

¼ e

ð
T 1
½uxxxx; uxx�dxþ 2e

ð
T 1
½u; uxxx�½uxx; ux�dx

þ e

ð
T 1
½u; uxxxx�½u; uxx�dx� l

ð
T 1
½u _�� uxx; u _�� uxx�dx

¼ �e

ð
T 1
½uxxx; uxxx�dx� 2

3
e

ð
T 1
½u; uxxx�2dx

þ e

ð
T 1
ð2eðuÞxxeðuÞ � eðuÞ½uxx; uxx�Þdx� l

ð
T 1
½u _�� uxx; u _�� uxx�dx

¼ �e

ð
T 1
½uxxx; uxxx�dx� 7

2
e

ð
T 1
ðeðuÞxÞ

2
dx� e

ð
T 1

eðuÞ½uxx; uxx�dx

� l

ð
T 1
½u _�� uxx; u _�� uxx�dx:

Here we have used (21)–(24). Noting ½uxxx; uxxx� ¼ ½u _�� uxxx; u _�� uxxx� �
½u; uxxx�2 and applying (30) with a ¼ 1=3, we have

1

2

d

dt

ð
T 1

eðuÞdxþ 1

2
e

ð
T 1
ðeðuÞxÞ

2
dxþ 3

4
e

ð
T 1

ðeðuÞxÞ
2

u23
dxð51Þ

þ 1

4
e

ð
T 1

ju1xxxj2 þ ju2xxxj2

ju3j2
dx

þ e

ð
T 1
ð½uxx; uxx� þ eðuÞ2ÞeðuÞdxþ l

ð
T 1
½u _�� uxx; u _�� uxx�dx

a e

ð
T 1

eðuÞ3dx:

By Lemma 3 we get

ð
T 1

eðuÞ3dxaCkeðuÞxk
2=3
2 keðuÞk5=31 a

1

4

ð
T 1
ðeðuÞxÞ

2
dxþ C

ð
T 1

eðuÞdx
� �5

:

Hence, from (51) we deduce that

d

dt

ð
T 1

eðuÞdxaC

ð
T 1

eðuÞdx
� �5

from which it follows that
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ð
T 1

eðuÞdxa 1

ðð
Ð
T 1 eðu0ÞdxÞ�4 � 4CtÞ1=4

:

Put T̂T ¼ ð
Ð
T 1 eðu0ÞdxÞ�4=8C. Then,

ð
T 1

eðuðx; tÞÞdxa 21=4
ð
T 1

eðu0Þdx; 0a ta T̂T :ð52Þ

From (51) and (52) we obtain (49) and (50). 9

Lemma 7. For any 0a ea e0

ku ek
LyðT 1�½0; T̂T �Þ3 aCðku03kLyðT 1Þ;E0; e0; T̂TÞð53Þ

kuek
Lyð0; T̂T ;H 1ðT 1Þ3Þ aCðku03kLyðT 1Þ;E0; e0; T̂TÞð54Þ

where Cð� ; � ; �Þ is a positive constant depending on the indicated variables, but, not

depending on e.

Proof. Estimate (48) and (29) yield

sup
0ataT̂T

ð
T 1

ju1xj2 þ ju2xj2

ju3j2
dxaCðE0Þ:ð55Þ

Then, we get

sup
0ataT̂T

ð
T 1

ju3xj2

ju3j2
dxa sup

0ataT̂T

ð
T 1

1

u23

u1u1x þ u2u2x

u3

� �2
dxð56Þ

a 2 sup
0ataT̂T

ð
T 1

ðu21 þ u22Þju1xj
2 þ ju2xj2

ju3j4
dx

a 4 sup
0ataT̂T

ð
T 1

ju1xj2 þ ju2xj2

ju3j2
dxaCðE0Þ:

since u3 b 1. Analogously, from (49) and (49) we have

e sup
0ataT̂T

ð
T 1

ju3xxxj2

ju3j2
dxa e sup

0ataT̂T

ð
T 1

1

ju3j2
ju1u1xxx þ u2u2xxx þ 3

2 eðuÞxj
2

ju3j2
dxð57Þ

aCe sup
0ataT̂T

ð
T 1

ju1xxxj2 þ ju2xxxj2

ju3j2
þ jðeðuÞxj

2

ju3j4

 !
dx

aCðE0Þ:

From (34) or (36) we see that
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u3t ¼ �eðu3xxxx þ 2½u; uxxx�u3x þ ½u; uxxxx�u3Þ

þ lðu3xx � eðuÞu3Þ þ mðu2u1xx � u1u2xxÞ:

Hence,

1

2

d

dt

ð
T 1

logðju3j2Þdx ¼
ð
T 1

u3t

u3
dx

¼ �e

ð
T 1

u3xu3xxx

u23
dxþ 3e

ð
T 1

u3xeðuÞx
u3

dx

� e

ð
T 1
½uxx; uxx�dxþ l

ð
T 1

ju3xj2

ju3j2
dx� l

ð
T 1

eðuÞdx

� m

ð
T 1

u2u3xu1x

ju3j2
þ u1u2xu3x

ju3j2

 !
dx

¼
X6
k¼1

Ik:

We estimate

I1 ¼ �e

ð
T 1

u3xu3xxx

ju3j2
dxa 2e

ð
T 1

ju3xj2

ju3j2
dxþ 2e

ð
T 1

ju3xxxj2

ju3j2
dx

aCðE0Þ þ 2e

ð
T 1

ju3xxxj2

ju3j2
dx;

I2 ¼ 3e

ð
T 1

u3xeðuÞx
ju3j

dxa 6e

ð
T 1

ju3xj2

ju3j2
dxþ 6e

ð
T 1

jeðuÞxj
2
dx

aCðE0Þ þ 6e

ð
T 1

jeðuÞxj
2
dx;

I3 ¼ �e

ð
T 1
ð½uxx; uxx� þ eðuÞ2Þdxþ e

ð
T 1

eðuÞ2dx

a eC

ð
T 1

jeðuÞxj
2
dxþ e0CðE0Þ;

I4 ¼ l

ð
T 1

ju3xj2

ju3j2
dxaCðE0Þ;

I5 ¼ �l

ð
T 1

eðuÞdxa 0;
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I6 ¼ m

ð
T 1

u2u3xu1x

ju3j2
� u1u2xu3x

ju3j2

 !
dx ¼ m

ð
T 1

u2u1x � u1u2x

ju3j2

 !
u1u1x þ u2u2x

u3

� �
dx

a
m

2

ð
T 1

ju2u1x � u1u2xj2

ju3j2
dxþ 2

ð
T 1

ju1j2ju1xj2 þ ju2j2ju2xj2

ju3j4
dx

 ! 

aCðE0Þ þ C

ð
T 1

ju1xj2 þ ju2xj2

ju3j2
dxaCðE0Þ:

Hence,

ð
T 1

logðju3j2ðx; tÞÞdxa
ð
T 1

logðju03j2ðxÞÞdxþ Ce

ð T̂T
0

ð
T 1

ju3xxxj2

ju3j2
dxdt

þ Ce

ð T̂T
0

ð
T 1

jeðuÞxj
2
dxdtþ CðE0ÞT̂T :

Putting w eðx; tÞ ¼ logðju3j2ðx; tÞÞ, we have

kw ekLyð0;T ;L1ðT 1ÞÞ aCðku03kLyðT 1Þ;E0; T̂TÞ:ð58Þ

Since ð
T 1

jwe
xðx; tÞj

2
dx ¼

ð
T 1

ju3xj2

ju3j2
dxaCðE0Þ;

we have

kw e
xkLyð0; T̂T ;L2ðT 1ÞÞ aCðE0Þ:

By the Gagliardo-Nirenberg inequality, we get

kw ekLyðT 1Þ aCkw e
xk

2=3

L2ðT 1Þkw
ek1=3

L1ðT 1Þ3

from which it follows that

ku e
3kLyðT 1�½0; T̂T �Þ aCðku03kLyðT 1Þ;E0; T̂TÞ:ð59Þ

Hence, we have (53). Combining estimates (48), (55), (56) and (59), we obtain

kuek
Lyð0; T̂T ;H 1ðT 1Þ3Þ aCðku03kLyðT 1Þ3 ;E0; T̂T ; e0Þ: 9

Lemma 8. For 0a ea e0, there exists a positive constant C, independent of

e, such that

e1=2kue
xxxkL2ð0; T̂T ;L2ðT 1Þ3Þ aC;ð60Þ

e1=2k½ue; ue
xxx�ue

xkL2ð0; T̂T ;L1ðT 1Þ3Þ aCð61Þ

The Landau-Lifshitz Flow of Maps 97



and

e1=2k½ue; ue
xxxx�uek

L2ð0; T̂T ;L1ðT 1Þ3Þ aC;ð62Þ

kue
t kL2ð0; T̂T ;H�1ðT 1Þ3Þ aC:ð63Þ

Proof. From (50), (54) and (56) we obtain (60). Then,

e1=2kue
xxxxkL2ð0; T̂T ;H�1ðT 1Þ3Þ aC:ð64Þ

We also have

e1=2k½ue; ue
xxx�ue

xkL2ð0; T̂T ;L1ðT 1Þ3Þð65Þ

aCe1=2keðueÞxkL2ð0; T̂T ;L2ðT 1Þ3Þku
ek

Lyð0; T̂T ;H 1ðT 1Þ3Þ

aC

and

e1=2k½ue; ue
xxxx�uek

L2ð0; T̂T ;L1ðT 1Þ3Þð66Þ

aCe1=2kue
xxxkL2ð0; T̂T ;L2ðT 1Þ3Þku

e
xkLyð0; T̂T ;H 1ðT 1Þ3Þ

aC:

Noting L1ðT 1ÞHH�1ðT 1Þ and applying all the estimates obtained above to

(36), we get (63). 9

We now take the limit as e goes to zero. From (54) and (63) we see

that fueg is bounded in Lyð0; T̂T ;H 1ðT 1Þ3Þ and fue
t g is bounded in L2ð0; T̂T ;

H�1ðT 1Þ3Þ. Hence, up to subsequences, we deduce that

ue ! u in Lyð0; T̂T ;H 1ðT 1Þ3Þ weakly starð67Þ

and

u e
t ! u in L2ð0; T̂T ;H�1ðT 1Þ3Þ weakly:ð68Þ

Moreover, from (60)–(62), we see that

eue
xxxx ! 0 in L2ð0; T̂T ;H�1ðT 1Þ3Þ;ð69Þ

e½ue; ue
xxx�ue

x ! 0 in L2ð0; T̂T ;L1ðT 1Þ3Þ;ð70Þ

and

e½u e; ue
xxxx�ue ! 0 in L2ð0; T̂T ;L1ðT 1Þ3Þ:ð71Þ
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Since the embedding from H 1ðT 1Þ into LpðT 1Þ is compact for any pb 1, by

Aubin’s compactness theorem we can assume that

ue ! u in Lrð0; T̂T ;LpðT 1Þ3Þ strongly and a:e: in T 1 � ½0; T̂T �ð72Þ

where 1 < p; r < y. Hence, for any j A L2ð0; T̂T ;H 1ðT 1Þ3Þ we have

ðT̂T
0

ð
T 1

hue _�� ue
xx; jidxdtð73Þ

¼
ðT̂T
0

ð
T 1

hðue _�� ue
xÞx; jidxdt

¼ �
ðT̂T
0

ð
T 1

hue _�� ue
x; jxidxdt ! �

ðT̂T
0

ð
T 1

hu _�� ux; jxidxdt:

When l > 0, from (51) we infer that fue _�� ue
xxg is bounded in L2ð0; T̂T ;L2ðT 1Þ3Þ.

Hence, we can assume that

ue _�� ue
xx ! ðu _�� uxÞx in L2ð0; T̂T ;L2ðT 1Þ3Þ weaklyð74Þ

from which we conclude that

ue _�� ue _�� ue
xx ! u _��ðu _�� uxÞx in L1ð0; T̂T ;L1ðT 1Þ3Þ weakly:ð75Þ

Hence, considering (67)–(75), we can pass to the limit in each terms of the

equation (34) to find that u satisfies (12) with T ¼ T̂T . Thus we have the local

existence of weak solutions to the problem (8)–(9).

We now discuss the continuation of solutions in the large. Firstly, from

(51) we have

ð
T 1

eðueðx; tÞÞdxa
ð
T 1

eðu e
0ðxÞÞdxþ 2e

ðT̂T
0

ð
T 1

eðueÞ3ðx; tÞdxdt

a

ð
T 1

eðu e
0ðxÞÞdxþ Ce

ðT̂T
0

keðueÞxk
4=3

L2ðT 1Þ3Þkeðu
eÞk5=3

L1ðT 1Þ3dt

a

ð
T 1

eðu e
0ðxÞÞdx

þ Ce1=3 e

ðT̂T
0

keðueÞxk
2
L2ðT 1Þ3dt

 !2=3
keðu eÞk5=3

Lyð0; T̂T ;L1ðT 1Þ3ÞT
1=3:

Hence, letting yðtÞ A Cð½0; T̂T �Þ, yb 0, we have
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lim inf
e!0

ð T̂T
0

ð
T 1

eðu eðx; tÞÞdxyðtÞdta
ð T̂T
0

ð
T 1

eðu0ðxÞÞdxyðtÞdt:

Note that

eðueÞ ¼ u e
1x

ue
3

����
����
2

þ ue
2x

ue
3

����
����
2

þ ue
2u

e
1x � ue

1u
e
2x

u e
3

����
����
2

:

Since fue
1x=u

e
3g is bounded in L2ðT 1 � ½0; T̂T �Þ, up to the subsequeces, we deduce

that

ue
1x

ue
3

! v in L2ðT 1 � ½0; T̂T �Þ weakly:

Noting 1a ue
3 aC, from (67) and (72) we may assume that

u e
1x

ue
3

! u1x

u3
in L4=3ðT 1 � ½0; T̂T �Þ weakly

Hence v ¼ u1x=u3. Analogously we have, up to the subsequeces,

ue
2x

u e
3

! u2x

u3
in L2ðT 1 � ½0; T̂T �Þ weakly

and

ue
2u

e
1x � ue

1u
e
2x

ue
3

! u2u1x � u1u2x

u3
in L2ðT 1 � ½0; T̂T �Þ weakly:

Lower semicontinuity of the L2-norm for the weak topology yields that

ð T̂T
0

ð
T 1

eðuðx; tÞÞdxyðtÞdt

a lim inf
e!0

ð T̂T
0

ð
T 1

eðueðx; tÞÞdxyðtÞdta
ð T̂T
0

ð
T 1

eðu0ðxÞÞdxyðtÞdt:

Since
Ð
T 1 eðuðx; tÞÞdx A Lyð0; T̂TÞ and Cð½0; T̂T �Þ is dense in L1ð0; T̂TÞ, we have

ð
T 1

eðuðx; tÞÞdxa
ð
T 1

eðu0ðxÞÞdx Et A ½0; T̂T �:ð76Þ

Let T � > 0 be the supremum of T such that on ½0;T � the Cauchy problem

(8)–(9) with (13) has a weak solution u mentioned in Theorem 1. Clearly

T � > T̂T . Suppose that T � < þy. Let d be arbitrary small fixed number so

that T̂T=2 > d.
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Let ve0 be such that ve0 A HyðT 1Þ3, ve0ðxÞ A H ðx A T 1Þ and

ve0 ! uð� ;T � � dÞ in H 1ðT 1Þ3 strongly:

Let ve be the solution of (34) with initial condition

v eðx; 0Þ ¼ ve0ðxÞ; x A T 1:

From (13) we may assume that

ð
T 1

eðve0ðxÞÞdxa
ð
T 1

eðu0ðxÞÞdx:

Then, the above mentioned argument on local existence showed that there exists

a subsequence of fveg whose limit v is a weak solution to the problem (8)–(9)

with (13). The existence time of v is not less than T̂T and independent of d.

Set

u�ðx; tÞ ¼ uðx; tÞ; for 0a taT � � d;

vðx; t� T � þ dÞ; for T � � da taT � � dþ T̂T

�

Then, u� is a weak solution of (8)–(9) with (13) on ½0;T � � dþ T̂T �, which con-

tradicts the definition of T �. Hence T � ¼ þy. This completes the proof.

V. Proof of Theorem 2

As in Section 1, we construct the strong solution of (8)–(9) with (13) as

limits of the sequence fu eg satisfying

ut þ eðuxxxx þ 2½u; uxxx�ux þ ½u; uxxx�uÞ ¼ �lu _��ðu _�� uxxÞ þ mu _�� uxx;ð77Þ

ðx; tÞ A T 1 � ½0;T �Þ

ueðx; 0Þ ¼ u e
0ðxÞ; x A T 1ð78Þ

when e tends to zero. Below, for simplicity we again abbreviate the subscript e

o¤ and on.

Lemma 9.

ð
T 1
½uxxx; ux _�� uxx�dx ¼ 5

2

ð
T 1

eðuÞ½ux; u _�� uxxx�dx:ð79Þ

Proof. Note that if ½u; u� ¼ �1, then
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uxxx ¼ �u _��ðu _�� uxxxÞ � ½u; uxxx�u:

Using this and integrating by parts, we obtainð
T 1
½uxxx; ux _�� uxx�dx

¼ �
ð
T 1
½u _��ðu _�� uxxxÞ þ ½u; uxxx�u; ux _�� uxx�dx

¼ �
ð
T 1
ð½u; uxx�½u _�� uxxx; ux� � ½u; ux�½u _�� uxxx; uxx�Þdx

þ 3

2

ð
T 1

eðuÞx½u; ux _�� uxx�dx

¼ 5

2

ð
T 1

eðuÞ½ux; u _�� uxxx�dx: 9

Lemma 10.

d

dt

1

4

ð
T 1

eðuÞ2dxþ 1

5

ð
T 1
½uxx; uxx�dx

� �
ð80Þ

¼ � 17

2
e

ð
T 1
ðeðuÞxÞ

2
eðuÞdx� 11

10
e

ð
T 1
ðeðuÞxxÞ

2
dx

þ 6

5
e

ð
T 1

eðuÞxx½uxx; uxx�dx� e

ð
T 1

eðuÞ2½uxx; uxx�dx

� e

ð
T 1

eðuÞ½uxxx; uxxx�dx� 2

5
e

ð
T 1
½uxxxx; uxxxx�dx

� 2

5
e

ð
T 1
½u; uxxxx�2dx� 13

10
l

ð
T 1
ðeðuÞxÞ

2
dx� 2

5
l

ð
T 1
½uxx; uxx�dx

� 7

5
l

ð
T 1

eðuÞ½uxx; uxx�dx� l

ð
T 1

eðuÞ3dx:

Proof. Use Lemma 9. Simple but tedious calculation gives (80). 9

Put

I ¼ 6

5
e

ð
T 1

eðuÞxx½uxx; uxx�dx� 2

5
e

ð
T 1
½uxxxx; uxxxx�dxð81Þ

� 2

5
e

ð
T 1
½u; uxxxx�2dx:

Observing that
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eðuÞxx½uxx; uxx� ¼ ðeðuÞxxÞ
2 þ 1

4
½uxx; uxx�2 �

1

4
½u; uxxxx�2;

we have

I ¼ 6

5
� g

� �
e

ð
T 1

eðuÞxx½uxx; uxx�dxð82Þ

þ ge

ð
T 1

ðeðuÞxxÞ
2 þ 1

4
½uxx; uxx�2 �

1

4
½u; uxxxx�2

� �
dx

� 2

5
e

ð
T 1
½uxxxx; uxxxx�dx� 2

5
e

ð
T 1
½u; uxxxx�2dx

a
6

5
� g

� �
hþ g

� �
e

ð
T 1
ðeðuÞxxÞ

2
dxþ Cðg; hÞ þ g

4

� �
e

ð
T 1
½uxx; uxx�2dx

� 2

5
e

ð
T 1

½uxxxx; uxxxx� þ 1þ 5

8
g

� �
½u; uxxxx�

� �
dx

where g and h are arbitrary positive constants. Since

u3xx ¼
1

u3
ðu1u1xx þ u2u2xx þ eðuÞÞ;

by virtue of Lemma 7 and the fact that u3 b 1, we haveð
T 1
½uxx; uxx�2dxaC

ð
T 1
ðju1xxj4 þ ju2xxj4 þ ju1xj4 þ ju2xj4Þdxð83Þ

a m

ð
T 1
ðju1xxxxj2 þ ju2xxxxj2Þdxþ Cðm; ku03ky;E0; T̂T ; e0Þ

for any mb 0. In (82) we take g and h so as to ð6=5� gÞhþ g ¼ 1=10. Then,

Lemma 3 and Lemma 8 give

I a
1

10
e

ð
T 1
ðeðuÞxxÞ

2
dxþ C1e

ð
T 1
½uxx; uxx�2dxð84Þ

� C2e

ð
T 1
ðju1xxxxj2 þ ju2xxxxj2Þdx

a
1

10
e

ð
T 1
ðeðuÞxxÞ

2
dx� C3e

ð
T 1
ðju1xxxxj2 þ ju2xxxxj2Þdxþ C4

where Ci ði ¼ 1; 2; 3Þ denote positive constants independent of e. From (80)

and (84) it follows that
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d

dt

1

4

ð
T 1

eðuÞ2dxþ 1

5

ð
T 1
½uxx; uxx�dx

� �

a� 17

2
e

ð
T 1
ðeðuÞxÞ

2
eðuÞdx� e

ð
T 1
ðeðuÞxxÞ

2
dx

� C3e

ð
T 1
ðju1xxxxj2 þ ju2xxxxj2Þdxþ C4e0 � e

ð
T 1

eðuÞ2ð½uxx; uxx� þ eðuÞ2Þdx

þ e

ð
T 1

eðuÞ4dx� e

ð
T 1

eðuÞð½uxxx; uxxx� þ ½u; uxxx�2Þdx

þ 9

4
e

ð
T 1
ðeðuÞxÞ

2
eðuÞdx� 13

10
l

ð
T 1
ðeðuÞxÞ

2
dx� 2

5
l

ð
T 1
ð½uxx; uxx� þ eðuÞ2Þdx

� 3

5
l

ð
T 1

eðuÞ2dx� 7

5
l

ð
T 1

eðuÞð½uxx; uxx� þ eðuÞ2Þdxþ l

ð
T 1

eðuÞ3dx:

The Gagliardo-Nirenberg inequality yields that for pb 1

ð
T 1

eðuÞpdxaCkeðuÞxxk
2ðp�1Þ=5
L2ðT 1Þ3 keðuÞkð3pþ2Þ=5

L1ðT 1Þ3 :

Noting that 2ðp� 1Þ=5 < 2 for p < 6, we obtain

d

dt

1

4

ð
T 1

eðuÞ2dxþ 1

5

ð
T 1
½uxx; uxx�dx

� �

a� 25

4
e

ð
T 1
ðeðuÞxÞ

2
eðuÞdx� 1

2
e

ð
T 1
ðeðuÞxxÞ

2
dx

� C3e

ð
T 1
ðju1xxxxj2 þ ju2xxxxj2Þdxþ Ce0 � l

ð
T 1
ðeðuÞxÞ

2
dxþ Cl

from which it follows that for 0a ta T̂T

1

4

ð
T 1

eðu eðx; tÞÞ2dxþ 1

5

ð
T 1
½u e

xxðx; tÞ; ue
xxðx; tÞ�dx

a
1

4

ð
T 1

eðu e
0Þ

2
dxþ 1

5

ð
T 1
½ue

0xx; u
e
0xx�dxþ CT̂T aCðku0kH 2ðT 1Þ3 ; T̂TÞ:

Hence, Lemma 3 gives

sup
0ataT̂T

ð
T 1

eðueðx; tÞÞ2dxaCðku0kH 2ðT 1Þ3 ; T̂TÞ

and
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sup
0ataT̂T

ðkue
1xxð� ; tÞkL2ðT 1Þ þ kue

2xxð� ; tÞkL2ðT 1ÞÞaCðku0kH 2ðT 1Þ3 ; T̂TÞ:

Using

u3xx ¼
u1u1xx þ u2u2xx þ eðuÞ

u3
;

we get

sup
0ataT̂T

kue
3xxð� ; tÞkL2ðT 1Þ3 aCðku0kH 2ðT 1Þ3 ; T̂TÞ:

Thus, we obtain

sup
0ataT̂T

kue
xxð� ; tÞkL2ðT 1Þ3 aCðku0kH 2ðT 1Þ3 ; T̂TÞ

In view of Eq. (8), we have

sup
0ataT̂T

kue
t ð� ; tÞkL2ðT 1Þ3 aCðku0kH 2ðT 1Þ3 ; T̂TÞ

Taking the limit as e goes to zero, we can construct a strong solution locally.

Continuation of strong solutions in the large can be establised in the same way

as before. This completes the proof.
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