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Abstract. In this paper, the scattering theory for the coupled Klein-Gordon-

Schrödinger equation with the Yukawa type interaction in two space dimensions is

studied. The scattering problem for this equation belongs to the borderline between

the short range case and the long range one. The existence of the wave operators

to this equation for small scattered states is proved without any restrictions on the

support of the Fourier transform of them.
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1. Introduction

We study the scattering theory for the coupled Klein-Gordon-Schrödinger

equation with the Yukawa type interaction in two space dimensions:

iqtuþ
1

2
Du ¼ uv;

q2t v� Dvþ v ¼ �juj2:

8><
>:ðKGSÞ

Here u and v are complex and real valued unknown functions of ðt; xÞ A R� R2,

respectively. In the present paper, we prove the existence of wave operators

to the equation (KGS) for small scattered states without any restrictions on the

support of the Fourier transform of them.

The equation (KGS) describes a classical model of the Yukawa interaction

of complex nucleon field with neutral real meson field. Here u is a complex

scalar nucleon field and v is a real scalar meson field.

First we recall some results of the scattering theory for the (decoupled)

nonlinear Schrödinger equation

iqtuþ
1

2
Du ¼ jujp�1

u;ðNLSÞ

ðt; xÞ A R� Rn, and the (decoupled) nonlinear Klein-Gordon equation



q2t v� Dvþ v ¼ �jvjp�1
v;ðNLKGÞ

ðt; xÞ A R� Rn. There are amount of papers concerning the asymptotic behav-

ior of solutions for the nonlinear Schrödinger equation (see [3, 6, 9, 10, 11, 12,

14, 17, 18, 22, 24, 25, 26, 27, 35, 36, 37, 38, 39, 40, 41]), and for the nonlinear

Klein-Gordon equation (see [4, 5, 13, 20, 19, 21, 23, 24, 28, 30, 34, 35, 36, 37]).

We consider the existence of wave operators WG. For the equation (NLS), the

wave operator Wþ is defined as follows. Let S be L2 or a dense subset of it.

Let f A S, and let

u0ðt; xÞ1 ðUðtÞfÞðxÞ;

where

UðtÞ1 eðit=2ÞD:

Note that u0 is a solution to the Cauchy problems of the free Schrödinger

equation

iqtuþ
1

2
Du ¼ 0;

uð0; xÞ ¼ fðxÞ:

8<
:

If there exists a unique global solution u of the equation (NLS) such that

kuðtÞ � u0ðtÞkL2 ! 0;

as t ! þy, then a mapping

Wþ : f 7! uð0Þ

is well-defined on S. We call the mapping Wþ a wave operator. f is called

a scattered state or a scattered data. In the same way as above, we define the

wave operator W� for the case of t ! �y. We put

v0ðt; xÞ1 ððcos otÞc0ÞðxÞ þ ððo�1 sin otÞc1ÞðxÞ;

where

o1 ð1� DÞ1=2:

The function v0 is a unique solution of the free Klein-Gordon equation

q2t v� Dvþ v ¼ 0;

vð0; xÞ ¼ c0ðxÞ; qtvð0; xÞ ¼ c1ðxÞ:

�

For the equation (NLKG) and the coupled equation (KGS), we can define the

wave operators WG in the same way.
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It is known that when p > 1þ 2=n and 1a na 3, there exist wave

operators for the equations (NLS) and (NLKG), and that when 1a pa

1þ 2=n, we cannot define wave operators of the equations (NLS) and

(NLKG) for any nontrivial scattered states in all space dimensions (see, e.g.,

[3, 10, 13, 18, 37, 38, 39, 40]). Namely, quadratic nonlinearity is the critical

power in two space dimensions. Intuitive mean of these facts is as follows.

Recalling the well-known time decay estimates ku0ðtÞkL2ðR nÞ; kv0ðtÞkL2ðR nÞ ¼
Oð1Þ, and ku0ðtÞkLyðR nÞ; kv0ðtÞkLyðR nÞ ¼ Oðt�n=2Þ, we see that k ju0ðtÞjpkL2ðR nÞ;

k jv0ðtÞjpkL2ðR nÞ ¼Oðt�nð p�1Þ=2Þ. Roughly speaking, according the linear scat-

tering theory (the Cook-Kuroda method), wave operators exist if and only if

k ju0ðtÞjpkL2ðR nÞ and k jv0ðtÞjpkL2ðRnÞ are integrable with respect to t at infinity,

that is, p > 1þ 2=n. In the case of p ¼ 1þ 2=n and 1a na 3, modified wave

operators of the equation (NLS) were constructed for small scattered states (see

Ozawa [26] for n ¼ 1, and Ginibre and Ozawa [9] for n ¼ 2 or 3).

Recently, for the nonlinear Schrödinger equations with the nonlinearity u2

or u2 in two space dimensions, Moriyama, Tonegawa and Tsutsumi [22] have

proved the existence of the wave operators for small data. The main part of

their proof is as follows. Using the oscillation of the asymptotic form for u20
and u0

2, they could construct suitable approximate functions (asymptotic pro-

files) such that ðiqt þ ð1=2ÞDÞu2 � u20 [resp. ðiqt þ ð1=2ÞDÞu2 � u0
2] decays faster

than u20 [resp. u0
2] as t ! y.

We turn to the coupled Klein-Gordon-Schrödinger equation. The time

global well-posedness for the equation (KGS) is well-known (see [1, 2, 7, 15]).

Fukuda and M. Tsutsumi [8] and Strauss [36] studied the asymptotic behavior

of the solutions to the coupled Klein-Gordon-Schrödinger equations with inter-

actions higher than the quadratic order. Their results are similar to those of

the decoupled nonlinear Schrödinger and Klein-Gordon equations.

According to the results of the scattering theory for the decoupled non-

linear Schrödinger and Klein-Gordon equations mentioned above, the coupled

equation (KGS), which has a quadratic interaction, in two space dimensions

has a critical interaction. Thus it is expected that the scattering problem for

the equation (KGS) in two space dimensions is more di‰cult than that of the

coupled Klein-Gordon-Schrödinger equations with interactions higher than the

quadratic order. This problem was firstly studied by Ozawa and Y. Tsutsumi

[29]. They proved the existence of the wave operators for the equation (KGS)

in two space dimensions not only under the smallness conditions on scattered

states ðf;c0;c1Þ but also under the restriction on support of the Fourier

transform of the Schrödinger scattered state f. Their proof is based on the

special property of the Yukawa interaction and on the improved decay esti-

mates of the interaction term which take account of the di¤erence between the

propagation property of the Schrödinger wave and the Klein-Gordon wave.
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Roughly speaking, the reason why they assumed the condition on the sup-

port of the Fourier transform of f is as follows. The time decay estimates

ku0ðtÞkL2ðR2Þ; kv0ðtÞkL2ðR2Þ ¼ Oð1Þ and ku0ðtÞkLyðR2Þ; kv0ðtÞkLyðR2Þ ¼ Oðt�1Þ imply

a decay estimate of the interaction term ku0ðtÞv0ðtÞkL2ðR2Þ ¼ Oðt�1Þ, which is not

integrable at infinity. Thus the existence of wave operators cannot be proved

from this estimate directly. To overcome this di‰culty, we note that the pro-

perty of finite propagation speed for the Klein-Gordon equation implies a time

decay estimate kv0ðtÞkLyðjxjbð1þeÞtÞ ¼ Oe;Nðt�NÞ, for any e;N > 0. If supp f̂fH
fx A R2 : jxjb 1þ eg for some e > 0, then an improved time decay estimate

of the L2-norm of the interaction term u0v0 follows from the estimate above:

ku0ðtÞv0ðtÞkL2ðR2Þ@t�1kf̂fð�=tÞv0ðtÞkL2ðR2Þ ¼ t�1kf̂fð�=tÞv0ðtÞkL2ðjxjbð1þeÞtÞ ¼Oe;Nðt�NÞ
as t ! y for any N > 0.

In this paper, we prove the existence of wave operators of the equation

(KGS) under the certain smallness conditions on the scattered states. We do

not assume any restrictions on the support of the Fourier transform of the scat-

tered states, which are assumed in [29]. The proof is mainly based on the con-

struction of suitable second approximations ðu2; v2Þ of the solution to the equa-

tion (KGS) such that ðiqt þ ð1=2ÞDÞu2 � u0v0 and ðq2t � Dþ 1Þv2 þ ju0j2 decay

faster than u0v0 and ju0j2 as t ! y, respectively, and that the Cook-Kuroda

method is applicable (Section 3). This method is also used in [31, 32, 33].

Before stating our main result, we introduce some notations and functions.

Notations. We use the following symbols:

qt ¼
q

qt
; qj ¼

q

qxj
for j ¼ 1; 2;

qa ¼ qa
x ¼ qa1

1 qa2
2 for a multi-index a ¼ ða1; a2Þ;

‘ ¼ ðq1; q2Þ; D ¼ q21 þ q22 ;

for t A R and x ¼ ðx1; x2Þ A R2.

Let Lq 1LqðR2Þ ¼ fc : kckLq ¼ ð
Ð
R2 jcðxÞjqdxÞ1=q < yg for 1a q < y,

and let Ly 1LyðR2Þ ¼ fc : kckLy ¼ ess: supx AR2 jcðxÞj < yg.
For w A L1ðRnÞ, ŵw denotes the Fourier transform of w:

ŵwðxÞ ¼ ð2pÞ�n=2

ð
Rn

wðxÞe�ix�x dx:

For w A S 0, we denote the Fourier transform of w by ŵw, wherer S 0 be the set of

tempered distributions on R2.

For s;m A R, we introduce the weighted Sobolev spaces Hs;m corresponding

to the Lebesgue space L2 as follows:
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Hs;m 1 fc A S 0 : kckH s;m 1 kð1þ jxj2Þm=2ð1� DÞs=2ckL2 < yg:

We also denote Hs;0 by Hs. For 1a pay and a positive integer k, we

define the Sobolev space Wk
p corresponding to the Lebesgue space Lp by

Wk
p 1 c A Lp : kckW k

p
1

X
jajak

kqackL p < y

8<
:

9=
;:

Note that for a positive integer k, Hk ¼ Wk
2 and the norms k � kHk and k � kW k

2

are equivalent.

We denote various constants by C and so forth. They may di¤er from line

to line, when it does not cause any confusion.

For jxj < 1, we introduce the following function:

gðxÞ1 2

2ð1� jxj2Þ3=2 � jxj2
:ð1:1Þ

The function g appears in construction of the second approximation u2 (Sec-

tion 3).

For the scattered states ðf;c0;c1Þ, we define

d1 kfkH 2; 4 þ kg5o4f̂fkL2ðDÞ þ kc0kH 12; 7 þ kc0kW 4
1

ð1:2Þ

þ kc1kH 11; 7 þ kc1kW 3
1

a 1;

where D1 fx A R2 : jxj < 1g. Hereafter we assume that d is su‰ciently small.

Our main result is as follows.

Theorem. Assume that f A H 2;4 and that g5o4f̂f A L2ðDÞ. Let c0 A H 12;7 V
W 4

1 and c1 A H 11;7 VW 3
1 . Assume that d > 0 is su‰ciently small. Then there

exists a unique solution ðu; vÞ of the equation (KGS) such that

u A Cð½0;yÞ;H 2Þ;

v A Cð½0;yÞ;H 2ÞVC1ð½0;yÞ;H 1Þ;

sup
tb0

�
ð1þ tÞ

�
kuðtÞ � u0ðtÞkH 2 þ

ðy
t

kuðsÞ � u0ðsÞk4W 2
4
ds

� �1=4��
< y;

sup
tb0

½ð1þ tÞðkvðtÞ � v0ðtÞkH 2 þ kqtvðtÞ � qtv0ðtÞkH 1Þ� < y:

A similar result holds for negative time.
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Let V be the set of all functions ðf;c0;c1Þ such that f A H 2;4, g5o4f̂f A
L2ðDÞ, c0 A H 12;7 VW 4

1 , c1 A H 11;7 VW 3
1 and that d > 0 defined in (1.2) is

su‰ciently small as in Theorem. Namely V is the set of all scattered states

ðf;c0;c1Þ satisfying all the assumptions of Theorem.

The following corollary is an immediate consequence of our theorem.

Corollary. For the equation (KGS), the wave operator Wþ : ðf;c0;c1Þ 7!
ðuð0Þ; vð0Þ; qtvð0ÞÞ is well-defined on V, where ðu; vÞ is the solution to the equation

(KGS) obtained in Theorem. Similarly the wave operator W� for negative time

is also well-defined on V.

Remark 1.1. We note that the function g has singularities on the circle

Cl ¼ fx A D : jxj ¼ lg for some l < 1. The assumption g5o4f̂f A L2ðDÞ in Theo-

rem implies that the function o4f̂f is almost vanished on the circle Cl .

We explain our idea of the proof of Theorem. Let ð~uu; ~vvÞ be an asym-

ptotic profile generated by the scattered state ðf;c0;c1Þ satisfying ~uuðtÞ � u0ðtÞ;
~vvðtÞ � v0ðtÞ ! 0 in H 2, as t ! y, and let F ¼ u� ~uu, G ¼ v� ~vv. We note that

solving the equation (KGS) with uðtÞ � ~uuðtÞ; vðtÞ � ~vvðtÞ ! 0 in H 2, and qtvðtÞ�
qt~vvðtÞ ! 0 in H 1 as t ! y is equivalent to solving the following coupled

integral equation

FðtÞ ¼ i

ðy
t

Uðt� sÞ½ðF ðsÞ þ ~uuðsÞÞðGðsÞ þ ~vvðsÞÞ �L~uuðsÞ�ds;

GðtÞ ¼
ðy
t

ðo�1 sin oðt� sÞÞ½jF ðsÞ þ ~uuðtÞj2 þN~vvðsÞ�ds;

8>>><
>>>:

with FðtÞ;GðtÞ ! 0 in H 2, and qtGðtÞ ! 0 in H 1 as t ! y. Here L ¼
iqt þ ð1=2ÞD, N ¼ q2t � Dþ 1. Roughly speaking, if kL~uuðtÞ � ~uuðtÞ~vvðtÞkH 2 and

kN~vvðtÞ þ j~uuðtÞj2kH 2 are integrable t ! y, there exists wave operator Wþ (the

Cook-Kuroda method). It is natural to choose ~uu ¼ u0, ~vv ¼ v0. But in this

case, kL~uuðtÞ � ~uuðtÞ~vvðtÞkH 2 ¼ ku0ðtÞv0ðtÞkH 2 ¼ Oðt�1Þ, kN~vvðtÞ þ j~uuðtÞj2kH 2 ¼
k ju0ðtÞj2kH 2 ¼ Oðt�1Þ, hence they are not integrable t ! y. To overcome this

di‰culty, we use an asymptotic form ðu1; v1Þ of ðu0; v0Þ, construct a second ap-

proximation ðu2; v2Þ of the solution to the equation (KGS) satisfying ku2ðtÞkH 2 ;

kv2ðtÞkH 2 ¼ Oðt�1Þ, and put ~uu ¼ u0 þ u2, ~vv ¼ v0 þ v2 so that

kL~uuðtÞ � ~uuðtÞ~vvðtÞkH 2 a kLu2ðtÞ � u1ðtÞv1ðtÞkH 2 þ ku1ðtÞv1ðtÞ � u0ðtÞv0ðtÞkH 2

þ ku0ðtÞv2ðtÞ þ u2ðtÞv0ðtÞ þ u2ðtÞv2ðtÞkH 2

¼ Oðt�2Þ;
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kN~vvðtÞ þ j~uuðtÞj2kH 2 a kNv2ðtÞ þ ju1ðtÞj2kH 2 þ kju1ðtÞj2 � ju0ðtÞj2kH 2

þ k2 Reðu0ðtÞu2ðtÞÞ þ ju2ðtÞj2kH 2

¼ Oðt�2Þ;

and hence that they are integrable at infinity. For choices of the functions u2
and v2, see Section 3.

Outline of this paper is as follows. We prove the statement for positive

time in Theorem. The statement for negative time is proved in the same

way. In Section 2, we study time decay estimates of the solutions for the free

Schrödinger and Klein-Gordon equations and their asymptotic forms. In Sec-

tion 3, we construct a second approximation ðu2; v2Þ of the solution to the

equation (KGS) mentioned above. In Section 4, we prove Theorem by using

the Cook-Kuroda method.

2. The first approximation

In this section, we study time decay estimates of the solutions for the free

Schrödinger and Klein-Gordon equations and their asymptotic forms.

The time decay estimates of the free solutions u0 and v0 are well-known

(see, e.g., Section 1 in Strauss [37] or Section 2 in Ozawa and Tsutsumi [29]):

Lemma 2.1. There exists a constant C > 0 such that for tb 1,

ku0ðtÞkH 2 ¼ kfkH 2 a d;

ku0ðtÞkW 2
y
aCkfkW 2

1
t�1

aCdt�1;

kv0ðtÞkW 2
y
aCðkc0kW 4

1
þ kc1kW 3

1
Þt�1

aCdt�1;

where d > 0 is defined in (1.2).

Instead of the free solution u0 of the Schrödinger equation, we also con-

sider the following asymptotic form of u0:

u1ðt; xÞ1 ðUðtÞe�ðij�j2=2tÞfÞðxÞ

¼ ðitÞ�1
eijxj

2=2tf̂f
x

t

� �
:

The following lemma is well-known (see, e.g., Lemmas 1, 2 and their proof

in Moriyama, Tonegawa and Tsutsumi [22]):

Lemma 2.2. There exists a constant C > 0 such that for tb 1,

ku0ðtÞ � u1ðtÞkH 2 aCkfkH 2; 2 t
�1

aCdt�1;
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ku1ðtÞkH 2 aCðkfkH 2 þ kfkH 0; 2ÞaCd;

ku1ðtÞkW 2
y
aCt�1

X
jajþjbja2

kxbqaf̂fkLy

aCkfkH 2; 4 t
�1

aCdt�1;

where d > 0 is defined in (1.2).

Similarly, instead of the free solution v0 of the Klein-Gordon equation, we

introduce the asymptotic form of v0:

v1ðt; xÞ1

� 1

it

t2

t2 � jxj2
ĉcþ � xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � jxj2
q

0
B@

1
CAei

ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p

þ 1

it

t2

t2 � jxj2
ĉc�

xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � jxj2

q
0
B@

1
CAe�i

ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
; if jxj < t;

0; if jxjb t;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

where

cG1
1

2
ðc0 Ho�1c1Þ:

The following lemma is also well-known (see, e.g., Section 7.2 in

Hörmander [16]).

Lemma 2.3. There exists a constant C > 0 such that for tb 1,

kv0ðtÞ � v1ðtÞkW 2
y
aC

X
jaja5

ðkð1þ jxj2Þ2qaĉcþkLy þ kð1þ jxj2Þ2qaĉc�kLyÞt�2

aCðkc0kH 4; 7 þ kc1kH 3; 7Þt�2

aCdt�2;

where d > 0 is defined in (1.2).

3. The second approximation

In this section, we construct a suitable second approximation ðu2; v2Þ of the

solution to the equation (KGS) so that the asymptotic profile ðu0 þ u2; v0 þ v2Þ
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tends to solutions of the equation (KGS) faster than the free solution ðu0; v0Þ as

t ! y.

First we construct a second approximation u2 of the Schrödinger part u.

By the definitions of u1 and v1, we see

u1ðt; xÞv1ðt; xÞð3:1Þ

¼

1

t2
1

1� ðjxj=tÞ2
f̂f

x

t

� �
ĉcþ � x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðjxj=tÞ2
q

0
B@

1
CAeiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

� 1

t2
1

1� ðjxj=tÞ2
f̂f

x

t

� �
ĉc�

x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðjxj=tÞ2

q
0
B@

1
CAeiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ;

if jxj < t;

0; if jxjb t:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

This implies the time decay estimate ku1ðtÞv1ðtÞkH 2 ¼ Oðt�1Þ, which is not

integrable at infinity. Therefore we cannot prove Theorem directly by using

this estimate. To overcome this di‰culty, we find a second approximation of

the form

u2ðt; xÞ ¼
t�aP

x

t

� �
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ þ t�aQ

x

t

� �
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ;

if jxj < t;

0; if jxjb t;

8>>><
>>>:

such that kLu2ðtÞ � u1ðtÞv1ðtÞkH 2 is integrable at infinity. We determine a

constant a > 0 and functions P and Q on D. Let

L1 iqt þ
1

2
D:

By a direct calculation, we see that if jxj < t,

Lu2ðt; xÞ ¼ �t�aP
x

t

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

t2

s
þ 1

2

ðjxj=tÞ2

1� ðjxj=tÞ2

0
@

1
Aeiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ t�aQ
x

t

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

t2

s
� 1

2

ðjxj=tÞ2

1� ðjxj=tÞ2

0
@

1
Aeiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ
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� it�a�1‘P
x

t

� �
� x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðjxj=tÞ2
q eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ it�a�1‘Q
x

t

� �
� x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðjxj=tÞ2
q eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

� iða� 1Þt�a�1P
x

t

� �
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

� iða� 1Þt�a�1Q
x

t

� �
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

� it�a�1P
x

t

� �
1� jxj2=2t2

ð1� ðjxj=tÞ2Þ3=2
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ it�a�1Q
x

t

� �
1� jxj2=2t2

ð1� ðjxj=tÞ2Þ3=2
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ 1

2
t�a�2DP

x

t

� �
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ 1

2
t�a�2DQ

x

t

� �
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ:

We note that the first and second terms decay most slowly of all terms in the

right hand side of the equality above. If we choose a;P and Q such that

�t�aP
x

t

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

t2

s
þ 1

2

ðjxj=tÞ2

1� ðjxj=tÞ2

0
@

1
Aeiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þð3:2Þ

¼ 1

t2
1

1� ðjxj=tÞ2
f̂f

x

t

� �
ĉcþ � x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðjxj=tÞ2
q

0
B@

1
CAeiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ;

t�aQ
x

t

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

t2

s
� 1

2

ðjxj=tÞ2

1� ðjxj=tÞ2

0
@

1
Aeiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þð3:3Þ

¼ � 1

t2
1

1� ðjxj=tÞ2
f̂f

x

t

� �
ĉc�

x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðjxj=tÞ2

q
0
B@

1
CAeiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

holds, then Lu2 � u1v1 decays faster than u1v1 (recall the equality (3.1)).

Actually, if we set
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a ¼ 2;ð3:4Þ

PðxÞ1�f ðxÞf̂fðxÞĉcþ � xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
0
B@

1
CA;ð3:5Þ

QðxÞ1�gðxÞf̂fðxÞĉc�
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� jxj2
q

0
B@

1
CA;ð3:6Þ

for jxj < 1, where

f ðxÞ1 2

2ð1� jxj2Þ3=2 þ jxj2
;

and g is defined in (1.1), then the equalities (3.2) and (3.3) are satisfied.

Therefore, as a second approximation for u, we choose the following function,

u2ðt; xÞ1
t�2P

x

t

� �
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ þ t�2Q

x

t

� �
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ;

if jxj < t;

0; if jxjb t;

8>>>><
>>>>:

where P and Q are defined in (3.5) and (3.6), respectively. Then we see that if

jxj < t,

Lu2ðt; xÞ � u1ðt; xÞv1ðt; xÞð3:7Þ

¼ �it�3‘P
x

t

� �
� x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðjxj=tÞ2
q eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ it�3‘Q
x

t

� �
� x=tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðjxj=tÞ2
q eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

� it�3P
x

t

� �
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ � it�3Q

x

t

� �
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

� it�3P
x

t

� �
1� jxj2=2t2

ð1� ðjxj=tÞ2Þ3=2
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ it�3Q
x

t

� �
1� jxj2=2t2

ð1� ðjxj=tÞ2Þ3=2
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ

þ 1

2
t�4DP

x

t

� �
eiðjxj

2=2tþ
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ þ 1

2
t�4DQ

x

t

� �
eiðjxj

2=2t�
ffiffiffiffiffiffiffiffiffiffiffi
t2�jxj2

p
Þ:
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The following lemma is time decay estimates for Lu2 � u1v1 and u2.

Lemma 3.1. There exists a constant C > 0 such that for tb 1,

kLu2ðtÞ � u1ðtÞv1ðtÞkH 2

aCkg5o4f̂fkL2ðDÞðkc0kH 12; 6 þ kc1kH 11; 6Þt�2

aCd2t�2;

ku2ðtÞkH 2 aCkg3o2f̂fkL2ðDÞðkc0kH 6; 4 þ kc1kH 5; 4Þt�1

aCd2t�1;

ku2ðtÞkW 2
4
aCkg4o3f̂fkL2ðDÞðkc0kH 6; 4 þ kc1kH 5; 4Þt�3=2

aCd2t�3=2;

where d > 0 is defined in (1.2).

Proof. By a direct calculation, we see that there exists a constant C > 0

such that for jxj < 1, X
jaja1

jqaf ðxÞjaC;

X
jaj¼k

jqaf ðxÞjaCð1� jxj2Þ�ðk�3=2Þ; k ¼ 2; 3; 4;

X
jaj¼1

jqagðxÞjaCgðxÞ2;

X
jaj¼k

jqagðxÞjaCð1� jxj2Þ�ðk�3=2ÞjgðxÞjkþ1; k ¼ 2; 3; 4;

X
jaj¼k

jqa
xe

itðjxj2=2G
ffiffiffiffiffiffiffiffiffiffi
1�jxj2

p
ÞjaCtkð1� jxj2Þ�ðk�1=2Þ; k ¼ 1; 2:

We note that for jxj < 1,

ð1� jxj2Þ�k=2
ĉcþð�x=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
Þ ¼ ð1þ jyj2Þk=2ĉcþðyÞ;

ð1� jxj2Þ�k=2ĉc�ðx=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
Þ ¼ ð1þ jzj2Þk=2ĉc�ðzÞ;

where y ¼ �x=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
and z ¼ x=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
. Therefore it follows from the

equality (3.7), the definition of u2, the Leibniz formula, Hölder’s inequality, and

estimates above that
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kLu2ðtÞ � u1ðtÞv1ðtÞkH 2

aCkg2of̂fkL2ðDÞ
X
jaja1

ðkð1þ jxj2Þ7=2qaĉcþkLy þ kð1þ jxj2Þ7=2qaĉc�kLyÞt�2

þ Ckg5o4f̂fkL2ðDÞ
X
jaja4

ðkð1þ jxj2Þ6qaĉcþkLy þ kð1þ jxj2Þ6qaĉc�kLyÞt�3;

ku2ðtÞkH 2 aCkg3o2f̂fkL2ðDÞ

�
X
jaja2

ðkð1þ jxj2Þ3qaĉcþkLy þ kð1þ jxj2Þ3qaĉc�kLyÞt�1;

ku2ðtÞkW 2
4
aCkg3o2f̂fkL4ðDÞ

�
X
jaja2

ðkð1þ jxj2Þ3qaĉcþkLy þ kð1þ jxj2Þ3qaĉc�kLyÞt�3=2:

These estimates imply this lemma. r

We next construct a second approximation v2 for the Kein-Gordon part v.

Let

N1 q2t � Dþ 1:

We consider the following inhomogeneous equation:

Nw ¼ h;ð3:8Þ

where h is a given function of ðt; xÞ A R� R2.

In the exactly same way as Lemma 2.4 in Ozawa and Tsutsumi [29], we

obtain the following lemma.

Lemma 3.2. Assume that h A C1ð½1;yÞ;H 1Þ and

sup
tb1

ftkhðtÞkL2 þ t2ðkqthðtÞkL2 þ k‘hðtÞkL2 þ kqt‘hðtÞkL2ÞgaA:

Then there exists a solution w A Cð½1;yÞ;H 2ÞVC1ð½1;yÞ;H 1Þ of the equation

(3.8) such that

sup
tb1

ftðkwðtÞkH 2 þ kqtwðtÞkH 1ÞgaCA;

for some C > 0 independent of A.

Using the Sobolev embedding theorem, we see that h ¼ �ju1j2 satisfies the

assumptions of Lemma 3.2 with

A ¼ Ckfk2H 2; 2 aCd;

Wave Operators for the Coupled Klein-Gordon-Schrödinger Equations 75



by a straightforward calculation. By Lemma 3.2, there exists a function v2 A
Cð½1;yÞ;H 2ÞVC1ð½1;yÞ;H 1Þ satisfying

Nv2 ¼ �ju1j2;ð3:9Þ

sup
tb1

ftðkv2ðtÞkH 2 þ kqtv2ðtÞkH 1ÞgaCkfk2H 2; 2 aCd:ð3:10Þ

We choose this solution v2 as a second approximation for v.

4. Proof of Theorem

In this section, we prove Theorem for positive time. The statement for

negative time in Theorem is proved in the same way. The proof is based on

the Cook-Kuroda method. Throughout this section, we always assume that the

assumptions of Theorem are satisfied.

We recall the Strichartz estimates for the free Schrödinger evolution group.

We define the following linear operator:

SwðtÞ ¼
ðy
t

Uðt� sÞwðsÞds:

The following lemma is proved by, e.g., Ginibre and Velo [11] or Yajima [42].

Lemma 4.1. Let ðq; rÞ satisfy 1=2� 1=q ¼ 1=r and 2a q < y. Then S

is a bounded operator from L1ððT0;yÞ;L2ðR2ÞÞ into LrððT0;yÞ;LqðR2ÞÞ with

norm uniformly bounded with respect to T0. Furthermore, if w A L1ððT0;yÞ;
L2ðR2ÞÞ, then Sw A Cð½T0;yÞ;L2ðR2ÞÞ.

For T b 1 and Rb 0, we introduce the following function spaces:

XT 1 fðF ;GÞ A Cð½T ;yÞ;H 2Þl ½Cð½T ;yÞ;H 2ÞVC1ð½T ;yÞ;H 1Þ� :

kðF ;GÞkXT
< yg;

BT ðRÞ1 fðF ;GÞ A XT : kðF ;GÞkXT
aRg;

where

kðF ;GÞkXT
1 sup

tbT

"
t

(
kF ðtÞkH 2 þ

ðy
t

kFðtÞk4W 2
4
dt

� �1=4

þ kGðtÞkH 2 þ kqtGðtÞkH 1

)#
:

We note that XT is a Banach space, and that BT ðRÞ is a complete metric space

in the XT -norm.
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We consider the following system:

iqtF þ 1

2
DF ¼ ðF þ u0 þ u2ÞðG þ v0 þ v2Þ �Lu2;

q2t G � DG þ G ¼ �jF þ u0 þ u2j2 �Nv2:

8><
>:ð4:1Þ

Remark 4.1. We note that if we put F ¼ u� u0 � u2 and G ¼ v� v0 � v2,

then the system (KGS) is equivalent to the system (4.1).

We define the nonlinear operator K as follows:

KðF ;GÞ1 ðK1ðF ;GÞ;K2ðF ;GÞÞ;

where

K1ðF ;GÞðtÞ1 i

ðy
t

Uðt� sÞ½ðF ðsÞ þ u0ðsÞ þ u2ðsÞÞ

� ðGðsÞ þ v0ðsÞ þ v2ðsÞÞ �Lu2ðsÞ�ds;

K2ðF ;GÞðtÞ1�
ðy
t

o�1ðsinðt� sÞoÞ½�jF ðsÞ þ u0ðsÞ þ u2ðsÞj2 �Nv2ðsÞ�ds:

Noting the definition of v2, we have

K1ðF ;GÞðtÞ ¼ i

ðy
t

Uðt� sÞ½FðsÞGðsÞ þ F ðsÞðv0ðsÞ þ v2ðsÞÞ

þ ðu0ðsÞ þ u2ðsÞÞGðsÞ þ qðsÞ�ds;

K2ðF ;GÞðtÞ ¼
ðy
t

o�1ðsinðt� sÞoÞ½jFðsÞj2 þ 2 ReðF ðsÞðu0ðsÞ þ u2ðsÞÞÞ þ rðsÞ�ds;

where

q ¼ u2ðv0 þ v2Þ þ u0v2 þ ðu0 � u1Þv0 þ u1ðv0 � v1Þ � ðLu2 � u1v1Þ;

r ¼ 2 Reðu0u2Þ þ ju0j2 � ju1j2 þ ju2j2:

Remark 4.2. We note that it follows from the Sobolev embedding theorem

that

kw1w2kH 2 aCkw1kH 2kw2kH 2 ;

kw1w2kH 2 aCkw1kW 2
y
kw2kH 2 :
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Lemma 4.2. There exists a constant C > 0 such that for tb 1,

kqðtÞkH 2 aCd2t�2;

krðtÞkH 2 aCd2t�2;

where d > 0 is defined in (1.2).

Proof. By Lemmas 2.1, 2.2, 2.3, 3.1, the estimate (3.10) and Remark 4.2,

we have for tb 1,

kqðtÞkH 2 a ku2ðtÞkH 2ðkv0ðtÞkW 2
y
þ kv2ðtÞkH 2Þ

þ ku0ðtÞkW 2
y
kv2ðtÞkH 2 þ ku0ðtÞ � u1ðtÞkH 2kv0ðtÞkW 2

y

þ ku1ðtÞkH 2kv0ðtÞ � v1ðtÞkW 2
y
þ kLu2ðtÞ � u1ðtÞv1ðtÞkH 2

aCd2t�2;

and

krðtÞkH 2 a ku0ðsÞkW 2
y
ku2ðtÞkH 2 þ ðku0ðsÞkW 2

y
þ ku1ðsÞkW 2

y
Þ

� ku0ðsÞ � u1ðsÞkH 2 þ ku2ðtÞk2H 2

aCd2t�2: r

Proof of Theorem. To prove the existence argument, we show that if d > 0

is su‰ciently small, then K is a contraction mapping on B1ðRÞ for some R > 0.

Let ðF ;GÞ A B1ðRÞ. By Lemmas 2.1, 3.1, 4.2, the estimate (3.10) and

Remark 4.2, we have for tb 1,

kK1ðF ;GÞðtÞkH 2ð4:2Þ

aC

ðy
t

kF ðsÞGðsÞ þ FðsÞðv0ðsÞ þ v2ðsÞÞ

þ ðu0ðsÞ þ u2ðsÞÞGðsÞ þ qðsÞkH 2ds

aC

ðy
t

½kFðsÞkH 2kGðsÞkH 2 þ kF ðsÞkH 2ðkv0ðsÞkW 2
y
þ kv2ðsÞkH 2Þ

þ ðku0ðsÞkW 2
y
þ ku2ðsÞkH 2ÞkGðsÞkH 2 þ kqðsÞkH 2 �ds

aC

ðy
t

ðR2s�2 þ Rds�2 þ d2s�2Þds

aCðR2 þ Rdþ d2Þt�1:
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Similarly, we see that for tb 1,ðy
t

kK1ðF ;GÞðsÞk4W 2
4
ds

� �1=4
ð4:3Þ

aC

ðy
t

kF ðsÞGðsÞ þ FðsÞðv0ðsÞ þ v2ðsÞÞ

þ ðu0ðsÞ þ u2ðsÞÞGðsÞ þ qðsÞkH 2ds

aCðR2 þ Rdþ d2Þt�1:

We note that the first inequality in (4.3) follows from Lemma 4.1.

By Lemmas 2.1, 3.1, 4.2 and Remark 4.2, we obtain for tb 1,

kK2ðF ;GÞðtÞkH 2ð4:4Þ

aC

ðy
t

½kFðsÞk2H 2 þ ðku0ðsÞkW 1
y
þ ku2ðsÞkH 1ÞkF ðsÞkH 2 þ krðsÞkH 1 �ds

aC

ðy
t

ðR2s�2 þ Rds�2 þ d2s�2Þds

aCðR2 þ Rdþ d2Þt�1:

Note that

d

dt
K2ðF ;GÞðtÞ ¼ �

ðy
t

ðcosðt� sÞoÞ½jF ðsÞj2 þ 2 ReðFðsÞðu0ðsÞ þ u2ðsÞÞÞ þ rðsÞ�ds:

Thus, in the same way as above, we see that

d

dt
K2ðF ;GÞðtÞ

����
����
H 1

aCðR2 þ Rdþ d2Þt�1:ð4:5Þ

The estimates (4.2), (4.3), (4.4) and (4.5) imply

kKðF ;GÞkX1
aCðR2 þ Rdþ d2Þ:

Let ðF1;G1Þ; ðF2;G2Þ A B1ðRÞ. Similarly, we can show that

kKðF1;G1Þ � KðF2;G2ÞkX1
aCðRþ dÞkðF1;G1Þ � ðF2;G2ÞkX1

:

We assume that d > 0 is su‰ciently small. Then there exists su‰ciently

small Rd > 0 satisfying

CðR2
d þ Rddþ d2ÞaRd;

CðRd þ dÞa 1

2
:
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Thus K is a contraction mapping on B1ðRdÞ and for some su‰ciently small

Rd > 0. Therefore there exists a unique fixed point of K in B1ðRdÞ for suf-

ficiently small Rd > 0. This means that there exists a solution ðF ;GÞ A X1 of

the integral equation

ðF ;GÞ ¼ KðF ;GÞ;

and hence of the system (4.1). Here we set F ¼ u� u0 � u2 and G ¼ v�
v0 � v2. Recalling Lemma 3.1, the estimate (3.10) and Remark 4.1, we see

that there exists a solution ðu; vÞ of the equation (KGS) such that ðu� u0;

v� v0Þ A X1.

In the exactly same way as in Ozawa and Tsutsumi [29], if d > 0 is

su‰ciently small, we can prove the uniqueness of the solution ðu; vÞ to the

equation (KGS) satisfying ðu� u0; v� v0Þ A XTd
for su‰ciently large Td b 1.

Thus we obtain the unique existence of the solution ðu; vÞ for the equation

(KGS) such that ðu� u0; v� v0Þ A XTd
for su‰ciently large Td b 1.

It is well-known that the equation (KGS) is globally well-posed in

CðR;H 2Þl ½CðR;H 2ÞVC1ðR;H 1Þ� (see, e.g., Baillon and Chadam [2], Fukuda

and Tsutsumi [7] and Hayashi and von Wahl [15]). This implies that the

unique local solution ðu; vÞ on ½Td;yÞ, which is obtained above, can be ex-

tended to all times. Therefore the proof of Theorem is complete. r
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