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Abstract. In this paper, the scattering theory for the coupled Klein-Gordon-
Schrodinger equation with the Yukawa type interaction in two space dimensions is
studied. The scattering problem for this equation belongs to the borderline between
the short range case and the long range one. The existence of the wave operators
to this equation for small scattered states is proved without any restrictions on the
support of the Fourier transform of them.
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1. Introduction

We study the scattering theory for the coupled Klein-Gordon-Schrédinger
equation with the Yukawa type interaction in two space dimensions:

1
i0u+=Au = uv,
(KGS) )

v —Av+ o= —|ul?.

Here u and v are complex and real valued unknown functions of (7, x) € R x R?,
respectively. In the present paper, we prove the existence of wave operators
to the equation (KGS) for small scattered states without any restrictions on the
support of the Fourier transform of them.

The equation (KGS) describes a classical model of the Yukawa interaction
of complex nucleon field with neutral real meson field. Here u is a complex
scalar nucleon field and v is a real scalar meson field.

First we recall some results of the scattering theory for the (decoupled)
nonlinear Schrédinger equation

1
(NLS) i0u + zAu = |u)” ",

(t,x) e R x R", and the (decoupled) nonlinear Klein-Gordon equation
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(NLKG) v —Av+v=—p" o,

(t,x) € R x R". There are amount of papers concerning the asymptotic behav-
ior of solutions for the nonlinear Schrédinger equation (see [3, 6, 9, 10, 11, 12,
14, 17, 18, 22, 24, 25, 26, 27, 35, 36, 37, 38, 39, 40, 41]), and for the nonlinear
Klein-Gordon equation (see [4, 5, 13, 20, 19, 21, 23, 24, 28, 30, 34, 35, 36, 37)).
We consider the existence of wave operators Wy. For the equation (NLS), the
wave operator W, is defined as follows. Let X be L? or a dense subset of it.
Let ¢ €2 and let

where
U(1r) = /24,
Note that u( is a solution to the Cauchy problems of the free Schrodinger
equation
) 1
i0u + EAu =0,
u(0,x) = ¢(x).
If there exists a unique global solution u of the equation (NLS) such that
[Ju(2) —uo(1)[| > — O,
as t — +oo, then a mapping
W. : ¢ — u(0)

is well-defined on X. We call the mapping W, a wave operator. ¢ is called
a scattered state or a scattered data. In the same way as above, we define the
wave operator W_ for the case of t — —o0. We put

vo(t,x) = ((cos @1)iy)(x) + (" sin wr)yy)(x),
where
w=1-0"
The function vy is a unique solution of the free Klein-Gordon equation
{6121;—1104—1):0,
v(0,x) = (%), aw(0,x) = ¥ (x).

For the equation (NLKG) and the coupled equation (KGS), we can define the
wave operators W, in the same way.
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It is known that when p>1+2/n and 1 <n <3, there exist wave

operators for the equations (NLS) and (NLKG), and that when 1< p <
1+2/n, we cannot define wave operators of the equations (NLS) and
(NLKG) for any nontrivial scattered states in all space dimensions (see, e.g.,
[3, 10, 13, 18, 37, 38, 39, 40]). Namely, quadratic nonlinearity is the critical
power in two space dimensions. Intuitive mean of these facts is as follows.
Recalling the well-known time decay estimates [|uo(?)|z2(gms [[00(0)]l12(gn) =
0(1), and uo(t)] 1 gy [00(Dll oy = O2), we see that | ug(D)]” | 2 e):
[ oo (D)[” || L2(gmy = O(r™"P=1/2). Roughly speaking, according the linear scat-
tering theory (the Cook-Kuroda method), wave operators exist if and only if
| lo()[” | 2 (g and | [oo(£)]” |l 2(gr) are integrable with respect to ¢ at infinity,
thatis, p > 1+ 2/n. In the case of p=1+2/n and 1 <n < 3, modified wave
operators of the equation (NLS) were constructed for small scattered states (see
Ozawa [26] for n =1, and Ginibre and Ozawa [9] for n =2 or 3).
Recently, for the nonlinear Schrédinger equations with the nonlinearity u?
2 in two space dimensions, Moriyama, Tonegawa and Tsutsumi [22] have
proved the existence of the wave operators for small data. The main part of
their proof is as follows. Using the oscillation of the asymptotic form for u(z)
and 52, they could construct suitable approximate functions (asymptotic pro-
files) such that (id, + (1/2)4)us — u3 [resp. (id, + (1/2)A)ur — ug?] decays faster
than u3 [resp. 2] as t — oo.

We turn to the coupled Klein-Gordon-Schrédinger equation. The time
global well-posedness for the equation (KGS) is well-known (see [1, 2, 7, 15]).
Fukuda and M. Tsutsumi [8] and Strauss [36] studied the asymptotic behavior
of the solutions to the coupled Klein-Gordon-Schrédinger equations with inter-
actions higher than the quadratic order. Their results are similar to those of
the decoupled nonlinear Schrédinger and Klein-Gordon equations.

According to the results of the scattering theory for the decoupled non-
linear Schrodinger and Klein-Gordon equations mentioned above, the coupled
equation (KGS), which has a quadratic interaction, in two space dimensions
has a critical interaction. Thus it is expected that the scattering problem for
the equation (KGS) in two space dimensions is more difficult than that of the
coupled Klein-Gordon-Schrédinger equations with interactions higher than the
quadratic order. This problem was firstly studied by Ozawa and Y. Tsutsumi
[29]. They proved the existence of the wave operators for the equation (KGS)
in two space dimensions not only under the smallness conditions on scattered
states (¢, ¥y, ;) but also under the restriction on support of the Fourier
transform of the Schrodinger scattered state ¢. Their proof is based on the
special property of the Yukawa interaction and on the improved decay esti-
mates of the interaction term which take account of the difference between the
propagation property of the Schréodinger wave and the Klein-Gordon wave.

or u
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Roughly speaking, the reason why they assumed the condition on the sup-
port of the Fourier transform of ¢ is as follows. The time decay estimates
o)l 22y 100(D)ll 2g2) = O(1) and [fuo ()l - (g2 [0 (D) - (2) = O(t™) imply
a decay estimate of the interaction term ||uo(¢)vo ()| ;2(g2) = O(t™!), which is not
integrable at infinity. Thus the existence of wave operators cannot be proved
from this estimate directly. To overcome this difficulty, we note that the pro-
perty of finite propagation speed for the Klein-Gordon equation implies a time
decay estimate [|vo(1)]| 7« (> (150 = O, n(t™), for any &, N >0. If supp ¢ c
{EeR*:|¢|=1+¢} for some &> 0, then an improved time decay estimate
of the L% -norm of the interaction term uov, follows from the estimate above:
o200 (0) | gy~ = 18/ )00 () 2 gty = 1B/ D00 215 (1) = O ()
as t — oo for any N > 0.

In this paper, we prove the existence of wave operators of the equation
(KGS) under the certain smallness conditions on the scattered states. We do
not assume any restrictions on the support of the Fourier transform of the scat-
tered states, which are assumed in [29]. The proof is mainly based on the con-
struction of suitable second approximations (u,,v;) of the solution to the equa-
tion (KGS) such that (id, + (1/2)4)uy — ugvy and (8% — A4+ 1)vy + |up|* decay
faster than wuovy and |uo|2 as t — oo, respectively, and that the Cook-Kuroda
method is applicable (Section 3). This method is also used in [31, 32, 33].

Before stating our main result, we introduce some notations and functions.

Notations. We use the following symbols:

0 0
0=~ 0j=-—  for j=1,2
t 6t7 ] ax] or ] [t
0" =07 =0{"0y>  for a multi-index o= (a1,0),

V = (01,0), A=01+03,

for e R and x = (x1,x;) € R*.

Let L9=LYRY) ={y: Y|l = (Jo2 W (x)|%dx)"1 < o0} for 1<gq< oo,
and let L® = L%(R?) = { : ||{/|| . = ess.sup, g2 |h(x)| < o0}

For we L'(R"), w denotes the Fourier transform of w:

M@:@WMJWMEMW.

R"

For w e %', we denote the Fourier transform of w by w, wherer ¥’ be the set of
tempered distributions on R>.

For s,m € R, we introduce the weighted Sobolev spaces H*" corresponding
to the Lebesgue space L2 as follows:
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H" =y e Wl = (1461 "2(1 = 4)| 2 < o0}

We also denote H*? by H*. For 1 < p< oo and a positive integer k, we
define the Sobolev space Wp" corresponding to the Lebesgue space L? by

%" =<¢yel?: ||1P||%k = Z 10%Wll, < o0

o <k

Note that for a positive integer k, H* = WX and the norms || - ||« and || - ||W/<
are equivalent.

We denote various constants by C and so forth. They may differ from line
to line, when it does not cause any confusion.

For |x| < 1, we introduce the following function:

(1.1) o0 = S |23/2 e

The function g appears in construction of the second approximation u, (Sec-
tion 3).
For the scattered states (¢,,;), we define

(1.2) & = |19l + 19’ ll 2y + Wl s + ol

+ Wil g + 119 s

<l

)

where D = {x e R?: |x| < 1}. Hereafter we assume that J is sufficiently small.
Our main result is as follows.

Theorem. Assume that ¢ € H>* and that g>w*$ € L*(D). Let € H'27N
W and y, e HYT O WP, Assume that § > 0 is sufficiently small.  Then there
exists a unique solution (u,v) of the equation (KGS) such that

ue C([0, w); H?),
ve C([0,00); H*) N CY([0, 0); HY),
%) 1/4
sup |1+ ) ) = w0+ (| 160) = ool ) | <
supl(1 + )(Je(1) = (1) + 1000) = (o)) < .

A similar result holds for negative time.
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Let 7" be the set of all functions (¢,,;) such that ¢ € H>*, gw*de
L*(D), Yoe H2TNWE, e HYTN WP and that 6 >0 defined in (1.2) is
sufficiently small as in Theorem. Namely 7" is the set of all scattered states
(¢, Yy, ) satisfying all the assumptions of Theorem.

The following corollary is an immediate consequence of our theorem.

Corollary. For the equation (KGS), the wave operator W : (¢, Yy, ¥;) —
(u(0),v(0), 0,v(0)) is well-defined on ", where (u,v) is the solution to the equation
(KGS) obtained in Theorem. Similarly the wave operator W_ for negative time
is also well-defined on 1".

Remark 1.1. We note that the function g has singularities on the circle
C;={xeD:|x| =1} for some / < 1. The assumption g °w*¢$ e L*(D) in Theo-
rem implies that the function w*¢ is almost vanished on the circle C;.

We explain our idea of the proof of Theorem. Let (#,7) be an asym-
ptotic profile generated by the scattered state (¢,y, ;) satisfying #(¢) — uo(z),
#(t) —vo(f) — 0 in H?, as t — oo, and let F =u—u, G=v—10. We note that
solving the equation (KGS) with u(t) — #(t), v(¢) — 5(f) — 0 in H?, and 0,0(¢) —
0,6(f) — 0 in H' as t— oo is equivalent to solving the following coupled
integral equation

F(r) = lr Ult — $)[(F(s) + (s)) (G(s) + 8(s)) — Lii(s)]ds,

G(t) = Jm (™" sin ot — ))[|F(s) + @(r)|> + A 5(s))ds,

with F(1),G(f) — 0 in H? and 6,G({) —0 in H' as t— co. Here &£ =
i, + (1/2)4, & = 3> — A+ 1. Roughly speaking, if ||.Zi(t) — a(t)5(¢)|| - and
|.A°5(t) + |a(£))?|| - are integrable r — oo, there exists wave operator W, (the
Cook-Kuroda method). It is natural to choose # =uy, 0 =wvy. But in this
case, || Za(t) — (e)i(0)l 2 = luo(Oro(0)l 2 = O), [ A5(0) + (D)2 =
|| [uo(2)|?]| ;> = O(t™"), hence they are not integrable r — co. To overcome this
difficulty, we use an asymptotic form (u;,v1) of (ug,vy), construct a second ap-
proximation (uz,v,) of the solution to the equation (KGS) satisfying |[u2(7)|| 42,
lva(?)|| 72 = O(r™1), and put @ = ug + up, o = vo + v so that

[ Zu(t) = a()o(0)|| g2 < | Lua(t) = i (o1 (D)l g2 + [Janr ()01 (2) = w0 (2)vo ()] 2
+ lluo(1)v2(2) + ua(1)vo (1) + ua ()2 (D) 2

= o),
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l75(0) + 1@ PNl 2 < 17 02(0) + lear ()2 + e (D17 = Jato(6)]* 1
+ 112 Re(ug (D)ua (1)) + [u2(1) || 2
=0(?),

and hence that they are integrable at infinity. For choices of the functions u;
and v, see Section 3.

Outline of this paper is as follows. We prove the statement for positive
time in Theorem. The statement for negative time is proved in the same
way. In Section 2, we study time decay estimates of the solutions for the free
Schrédinger and Klein-Gordon equations and their asymptotic forms. In Sec-
tion 3, we construct a second approximation (u,v;) of the solution to the
equation (KGS) mentioned above. In Section 4, we prove Theorem by using
the Cook-Kuroda method.

2. The first approximation

In this section, we study time decay estimates of the solutions for the free
Schrédinger and Klein-Gordon equations and their asymptotic forms.

The time decay estimates of the free solutions uy and vy are well-known
(see, e.g., Section 1 in Strauss [37] or Section 2 in Ozawa and Tsutsumi [29]):

Lemma 2.1. There exists a constant C >0 such that for t > 1,
[uo(D)l 2 = Il
o)z < Cllgll 1" < Cort,
loo()llwz < CllWollws + IWnlly)e " < Cor
where 0 > 0 is defined in (1.2).

HZ Sé,

Instead of the free solution u( of the Schrodinger equation, we also con-
sider the following asymptotic form of u:

wi(t,x) = (U(1)e W20 4) (x)

_rin=lixP2e i (X
= (it .
(e g ()
The following lemma is well-known (see, e.g., Lemmas 1, 2 and their proof
in Moriyama, Tonegawa and Tsutsumi [22]):
Lemma 2.2. There exists a constant C >0 such that for t > 1,

l[uo (1) — w1 (1)]

g = C||¢||H2.zfl < C&lil7
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(Dl 2 < CUISl > + 18]l o) < €9,

(Dl < €t Y7 P0G,

|48 <2
< Cligll st
< Cor !,
where 0 > 0 is defined in (1.2).

Similarly, instead of the free solution vy of the Klein-Gordon equation, we
introduce the asymptotic form of wy:

RN S I, S VAR
it 2 —|x|? 2 — |x|?
Ul(tv X) = 1 l2
A X . 2 .

e eV (x| <o,
it 2 _ ‘x| t2 _ |X|2

0, if |x| =1

where

b= 500 F 0 ).

The following lemma is also well-known (see, e.g., Section 7.2 in
Ho6rmander [16]).

Lemma 2.3. There exists a constant C >0 such that for t > 1,

loo(t) = o1 (D)l < € D (L + 1x?) 2%l + 11+ [x%) 20| )

o[ <5

< CWoll s + Il e

< Cor?,

where 0 > 0 is defined in (1.2).

3. The second approximation

In this section, we construct a suitable second approximation (uy,v;) of the
solution to the equation (KGS) so that the asymptotic profile (ug + ua, vy + v2)
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tends to solutions of the equation (KGS) faster than the free solution (ug,v9) as
t— 0.

First we construct a second approximation u, of the Schrodinger part u.
By the definitions of u; and v;, we see

(3.1) wui(t,x)v1(t,x)

11 @(E) N L /2042
CH= DTN = (g
=q 1 U e\ ) e/
12 14 t)" " ¢ ’
1= (|xl/1) 1— (x|/0)?
if |x| <t
0, if |x|>1

This implies the time decay estimate [uj(t)vi(?)| 2 = O(r~'), which is not
integrable at infinity. Therefore we cannot prove Theorem directly by using
this estimate. To overcome this difficulty, we find a second approximation of
the form

ap <E) QK2 20/E) | pmag) (’ﬁ) Qi 2/,
t t

a1, %) = it |x| <1,
0, if |x]>1,

such that || Lux(t) —ui(¢)vi(f)||,- is integrable at infinity. We determine a
constant ¢ > 0 and functions P and Q on D. Let

o 1
g = 10y +§A

By a direct calculation, we see that if |x| <z,

2 2
Pus(t,x) = —1 P (f> = @ L1 M’)z oi/266/Px)
! 21— (|xl/0)

2 2
+ t—aQ(f) 1 _@ 1 (x[/o) . A 21=/P=|x]?)
21— (x/1)
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_ya-lyp <x> 7L S (- ARV
t
NTE
N ,-t—a—va<E) X e
t
NE

—i(a— —a— lP( ) i(|x]2/204+/ 12— M)

(Cl*l alQ()zv/Zr IZH

it“’“P(f 1—|x*/2 pillxl2/200/ATP)
) (1= (Ixl/0%)

) (/)
a1 o XY L= /28 e AT
o Q(t> 1= (/D)

i % a2 4p G) X220/ 2|

+; —a— ZAQ( > i1 /20— 2= 1x1%)

We note that the first and second terms decay most slowly of all terms in the
right hand side of the equality above. If we choose a, P and Q such that

—a X |X‘2 1 (|x|/l) i()x]? 24/ 22— |x|?
(32) -t P(7> <\/1—7+§1_(|x|/l)) 204/ 2= |xP)

l%ﬁ(i)l/; S VLS (XA D

1= (xl/0’ N

—a X ‘X|2 1 (|X|/I) i(|x)? /2t=+/ 12 —|x|?
(3.3) t Q(;)( l_t_2_51(|x/t)>e 1*/2t=+/ 2= |x])

:_l;(,;(f),p X /A
1= (/o) V1= (/o)

holds, then Zu; —ujv; decays faster than wjv; (recall the equality (3.1)).
Actually, if we set
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(3.4) a=2,
(35) mwzﬁuw»%«—lxlz,
(3.6) 0(x) = —g(x)P() _T%TE’

for |x| < 1, where

T e P+

and g is defined in (1.1), then the equalities (3.2) and (3.3) are satisfied.
Therefore, as a second approximation for u, we choose the following function,

tZP(');)ei(|x2/2t+\/tzx +t2Q< ) i(]x]? /2t7\/t27|x\2),

t,x) = .
ua(t, %) if |x] <1,
0, if |x|>1,

where P and Q are defined in (3.5) and (3.6), respectively. Then we see that if
X[ <,

(3.7)  Lup(t,x) —ui(t,x)v1(t,x)

)

3\7Q( > pillx2/2-/A )
t
1—( |x|/l)

e ()

oM /2014/ 2= x]?)

(X220 12— |32 ) _ it 3Q< ) i(|x]2/2t=+/ 2= |x])

) — | /21 X220/ 2= |xP?)

3 x
P _
(t 1— (Ix|/0)*)*?
-0 X |x\ /2f 312 /20=1/22=|x?)
£) (1= (/0D

—t_4AP<E> i(|x|? /2644/ = |x]%) 4= _4AQ( ) i(|x|2/2’—m).
t
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The following lemma is time decay estimates for Pu; —ujv; and u,.
Lemma 3.1. There exists a constant C > 0 such that for t > 1,
[Lur(t) = wr ()1 (1) 2
< Cllg** dll 2oy (ol 1z + Y1 | grna)t

< CO°r?,

[uz()l 2 < Cllg> @Bl 2y W0l ros + Il )t
< Co*r !,

[ua(D)]l 2 < Cllg* @ Bl 20y ol ot + Iyl s, )2
< CO* 132,

where 0 > 0 is defined in (1.2).

Proof. By a direct calculation, we see that there exists a constant C > 0
such that for |x| < I,

> el < C,

lo| <1

Zla“f < C(l—[x) " 3P k=234,

> 10%g(x)| < Cg(x)*,

Jo|=1

Yo 1% < C(1 = 379, k=2,3,4,

|ol=k

Y joze T REVISD < (1 — )T k=12,

)
|ee| =k

We note that for |x| <1,
(1= Il ™ 20 (—x/\ 1= 131%) = (L4 7)) (),
(1= %) (/1= 3%) = (L4 12720 (2),

where y = —x/4/1 —|x|* and z = x/4/1 — |x|*. Therefore it follows from the
equality (3.7), the definition of u,, the Leibniz formula, Hoélder’s inequality, and
estimates above that
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[Lur(t) = wr (o1 (1) | 2

< Cllgodll 2py S (A + X720 ] e+ 11+ X720 ],

o] <1

+ Clg** bl 2y D I+ 3 0% [l + 1L+ ) 0| ),

lo| <4
[w2(D)l 2 < Cllg* @l 12y

< D (I )20 | o+ 11+ [x1%) 0"l )e
|

ul<2
lux(D)llywz < Cllg* 0Bl s

ST 1620+ 1+ ) 0|2
|

o) <2
These estimates imply this lemma. O

We next construct a second approximation v, for the Kein-Gordon part v.
Let

N =07 —A+1.
We consider the following inhomogeneous equation:
(3.8) N'w = h,

where / is a given function of (7, x) € R x R%
In the exactly same way as Lemma 2.4 in Ozawa and Tsutsumi [29], we
obtain the following lemma.

Lemma 3.2. Assume that he C'([1,00); H') and
sup{#llA(0)ll. + (00| 2 + VRO 2 + [10VA(1)]|2)} < A.
Then there exists a solution we C([1,0); H*)NC([1,00); H') of the equation

(3.8) such that

fgl?{f(llw(f)llm + 10w (@) 1)} < CA,

for some C >0 independent of A.

Using the Sobolev embedding theorem, we see that h = —|u;|* satisfies the
assumptions of Lemma 3.2 with

A = C||g]l322 < 5,
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by a straightforward calculation. By Lemma 3.2, there exists a function v, €
C([1,0); H*)NCY([1,00); H') satisfying

(3.9) N vy = —[uy|?,
(3.10) fgl?{f(llvz(f)HHz +0w2(0)ll 1)} < Cllpl7p2 < Co.

We choose this solution v; as a second approximation for v.

4. Proof of Theorem

In this section, we prove Theorem for positive time. The statement for
negative time in Theorem is proved in the same way. The proof is based on
the Cook-Kuroda method. Throughout this section, we always assume that the
assumptions of Theorem are satisfied.

We recall the Strichartz estimates for the free Schrodinger evolution group.
We define the following linear operator:

Sw(t) = J£ U(t— s)w(s)ds.

t

The following lemma is proved by, e.g., Ginibre and Velo [11] or Yajima [42].

Lemma 4.1. Let (q,r) satisfy 1/2—1/q=1/r and 2<q < oo. Then S
is a bounded operator from L'((Ty, 0); L*(R?)) into L'((T,, 0); LY(R?)) with
norm uniformly bounded with respect to Ty. Furthermore, if we L'((Ty, 0);
L%*(R?)), then Swe C([Ty, 0); L>(R%)).

For T>1 and R >0, we introduce the following function spaces:
Xr ={(F.G) e C([T, 0); H?) ® [C([T, 20); H*) N C([T, 0); H')] :
I(F, G)lly, <},
Br(R) ={(F,G) e X7 : |(F,G)|ly, <R},

where

z{|F<r>||Hz (] ||F(r>||4wdr)l/4

FNGDON gz +116: GO H :

I(F, G)llx, = sup
t>T

We note that X7 is a Banach space, and that By(R) is a complete metric space
in the Xp-norm.
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We consider the following system:

1
4.1 iﬁ,FJrEAF:(F+uo+u2)(G+Uo+vz)—$u2,

’G—AG+ G = —|F + ug + ua|* — Ny

Remark 4.1. We note that if we put F =u —ug—up and G = v — vy — v,
then the system (KGS) is equivalent to the system (4.1).

We define the nonlinear operator K as follows:
K(F7 G) = (Kl(Fv G)vKZ(Fv G)),

where
o0

K\(F,G)(t) = iJ Ut — 5)[(F(s) + uo(s) + ua(s))

t

X (G(s) + vo(s) + va(s)) — Lua(s)]ds,

K (F,G)(1) = —J% o (sin(t — 8)@)[=|F(s) + uo(s) + ua(s)|* — N vy (s)]ds.

t

Noting the definition of v,, we have
o0

Ky (F,G)(1) = iJ U(t = $)[F(s)G(s) + F(s)(vo(s) + va(s))

+ (uo(s) + u2(s)) G(s) + q(s)]ds,

K (F,G)(t) = J o' (sin(r — s)@)[|F(s)|* + 2 Re(F(s)(uo(s) + uz(s))) + r(s)]ds,

t
where
q = uz(vo + v2) + uov2 + (uo — ur)vo + ur (vo — v1) — (Luz — uyvy),
r =2 Re(ugiiz) + |uo|* — 1] + |ua]*.

Remark 4.2.  We note that it follows from the Sobolev embedding theorem
that

wiwall g2 < Cllwil[ 2 [l g2,

[wiwal| g2 < Cllwill 2 [[w2ll 2
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Lemma 4.2. There exists a constant C > 0 such that for t > 1,
lg(0)ll > < €72,
(1) 2 < €12,
where 0 > 0 is defined in (1.2).

Proof. By Lemmas 2.1, 2.2, 2.3, 3.1, the estimate (3.10) and Remark 4.2,
we have for > 1,

gl < N2 (O] g2 (lvo (D2 + o2(D) 2)
+ o ()2 o2l 2 + [luo(2) = w1 (D) ] 2= oo () 2
+ s (Dl gz2llvo(?) — o1 (D2 + ([ Lua(t) — (D)o (D) 2
< %2,
and
1F Ol z> < Mo ()l N2 ()l 2 + CUleo ()12 + [ler ()] 2)
X [luo(s) = wr (s)l| g2 + 2 (6) 172
< C8’1 2. O

Proof of Theorem. To prove the existence argument, we show that if 6 > 0
is sufficiently small, then K is a contraction mapping on B;(R) for some R > 0.

Let (F,G) e B;(R). By Lemmas 2.1, 3.1, 4.2, the estimate (3.10) and
Remark 4.2, we have for ¢ > 1,

(4.2)  [IK(F, G) (D)l
< CJ; 17 (5)G(s) + F(s)(vo(s) + va(s))
+ (uo(s) + u2(5)) G(s) + 4(s)| 2 ls
< CJYOC[IIF(S)IIHzIIG(sHIHz FNEO g2 lvo ()12 + lo2(5)]172)
+ (luo()llwz + 2 )G 2 + g ()l 2]ds
< CJOO(R2s‘2 + ROs™2 + 075 %)ds

t

< C(R*+ R5+0%)r .



Wave Operators for the Coupled Klein-Gordon-Schrédinger Equations 79

Similarly, we see that for ¢ > 1,

(43) (] e G)(s)H%zds)]M

t

< Cr [ (s)G(s) + F(s)(vo(s) + va(s))

+ (uo(s) + ua(s))G(s) + q(8)|| 2ds
< C(R*+ RO +0%)r .

We note that the first inequality in (4.3) follows from Lemma 4.1.
By Lemmas 2.1, 3.1, 4.2 and Remark 4.2, we obtain for 7> 1,

(4.4)  |[K:(F, G) (D) 5

< cjfmF(s)n%ﬁ + (ol + 2l ) IFE g + 175) 1)l

IA

CJ (R*72 + RIs 2 +0%5%)ds

< C(R*+ RO +0%) .
Note that
%KZ(F, G) (1) =— w(cos(t — $)0)[|F(s)|* 4 2 Re(F(s) (uo(s) + ua(s))) + r(s)]ds.

t

Thus, in the same way as above, we see that

(4.5) \ 4 o (F.G)(1)

2 2\ —1
" < C(R®+ RO+ %) .

"
The estimates (4.2), (4.3), (4.4) and (4.5) imply
|K(F,G)|ly, < C(R*+ R6+6%).
Let (Fi, Gy),(F3, G2) € Bj(R). Similarly, we can show that
IK(F1,G1) = K(F2, G|y, < C(R+0)||(Fy, Gr) — (F2, Ga)lly, -

We assume that 6 > 0 is sufficiently small. Then there exists sufficiently
small Rs > 0 satisfying

C(R2 + Rs0 + %) < Ry,

C(Rs+6) <

NS
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Thus K is a contraction mapping on B;j(R;) and for some sufficiently small
Rs > 0. Therefore there exists a unique fixed point of K in Bj(Rs) for suf-
ficiently small Rs > 0. This means that there exists a solution (F,G) € X of
the integral equation

(F,G)=K(F,G),

and hence of the system (4.1). Here we set F=u—uy—u; and G=v—
vgp — vp. Recalling Lemma 3.1, the estimate (3.10) and Remark 4.1, we see
that there exists a solution (u,v) of the equation (KGS) such that (u— uo,
v—1) € Xj.

In the exactly same way as in Ozawa and Tsutsumi [29], if 6 >0 is
sufficiently small, we can prove the uniqueness of the solution (u,v) to the
equation (KGS) satistfying (v — ug,v — vg) € X, for sufficiently large 75 > 1.
Thus we obtain the unique existence of the solution (u,v) for the equation
(KGS) such that (u —ug,v—vg) € X7, for sufficiently large 75 > 1.

It is well-known that the equation (KGS) is globally well-posed in
C(R;H*) @ [C(R; H*)N C'(R; H")] (see, e.g., Baillon and Chadam [2], Fukuda
and Tsutsumi [7] and Hayashi and von Wahl [15]). This implies that the
unique local solution (u,v) on [Ty, c0), which is obtained above, can be ex-
tended to all times. Therefore the proof of Theorem is complete. O
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