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Abstract. The purpose of this paper is to give a sufficient condition for convergence
of a multisummable power series. Previously, similar results had been obtained for
formal solutions of ordinary differential equations and also of a completely integrable
Pfaffian system. In those cases, proof was based heavily on the form of equations.
But, in relatively recent developement, it was shown that formal solutions of ordinary
differential equations at an irregular singular point are generally multisummable. In
this paper, proof of convergence is totally independent of any equations and based
only on multisummability of power series.
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§1. Main theorem

Let p=>"% x"d,(€) be a formal power series in a complex variable x
whose coefficients &,,(¢) are C"-valued functions of some other complex param-
eters €€ C*, where n and u are positive integers.

We assume that

(1) there exists a positive number r such that the o,(€) are holomorphic in
the domain %(r) = {& €| < r}, where |§| = max;_,|e;| for ¢ = (ei,...,
&g,) e C*,

(2) the power sereis p is of the Gevrey order 1/k uniformly with repect
to € in 2(r), ie.

(1.1) |8, ()| < Ko(m!)'*By  (m=0,1,...)

in the domain Z(r) for some positive numbers Ky and By, where k is a
positive integer.

A power series § = "% x™d, () of the Gevrey order 1/k uniformly with
respect to €€ 2(r) is said to be k-summable in the direction ¢ uniformly
with respect to €€ 2(r;) if there exists a C"-valued function 7#,(x,&) such
that
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(3) #4(x,€) is holomorphic in a domain:

(1.2) |argx—d|<ﬂ+5d, 0 < |x|] < ryq, ge 9(n),
where J4,74, and r| are some positive numbers,
(4) there exist positive numbers K; and B; such that

M—1
(13) [y, 8) = > x"d(@)| < Ky (M) BY x| (M =0,1,..)
m=0

in domain (1.2).

The function #,(x,€) is called the k-sum of the power series p in the
direction d uniformly with repect to €€ 2(r;). Note that the direction d is
independent of & in Z(r;). The k-sum of p in the direction d is uniquely
determined.

Let k = (ki,ka, ... k), where k; (j=1,2,...,v) are positive integers such
that

(1.4) O<ki<hk<---<k,.

—

A formal power series 7 =% x™d, () is said to be k-multisummable in a
direction d uniformly with respect to e 9(r), if, for each j=1,2,...,v, there
exists a power series p; = > " X"d; »(§) such that
(5) piis a k,-summable in the direction d uniformly with respect to
g€ 9(r),
and
(6) we have

vV
(L.5) F=Y P
=1

Let 7j; 4(x,€) be the k;-sum of the power series p; in the direction d uniformly
with respect to €€ Z(r). Then

(1.6) g (€)= > 1f;.a(x,8)
j=1

is called the k-multisum of the power series p in the direction d uniformly
with respect to €€ Z(r). The decomposition (1.5) of p is not unique, but the
k-multisum 7,(x,&) of p is unique. (For Gevrey series, summable series, and
multisummable series, see [Bal].)
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Now, let us consider a formal power series

- M=o =
(17) q = E X 8pam,goa
m+|p|>1

where © = (p1,p2,...,pu) and the p, are nonnegative integers, |p|= pi+

- D - .
prt+pu, 8 =el'ed? .. ey, and the @, , are in C". Set, for each fixed

nonnegative integer m,

(1.8) an(E) = > &,
m+|p|>1

and set, for each p,

(1.9) bo(x)= Y X"y
m+|p|>1
Then,
(1.10) G=>_ x"an(€) =Y Eb,(x).
m>0 lp| >0

The main result of this paper is the following theorem in the statement of
which we use the notaions given above concerning the formal power series g (see
(1.7), (1.8), (1.9), and (1.10)).

Theorem 1.1. A formal power series g given by (1.7) is convergent in (x,€)
if the following three conditions are satisfied:
(@) there exists a positive number ry such that all formal series d,,(g) given
by (1.8) are convergent for || < ry,
(b) there exists a positive number p, such that all formal series l;(,(x) given
by (1.9) are convergent for |x| < p,,
() we denote by 0,,(€) the sum of an(€) for each m; then, there exists
k= (k1,ka, ... k) and directions {d\,d>,...,d;} such that
(C-l) 0<k1<k2<"-<kv, ’
(c2) {xeC:0<|x[<p}=J_{xeC:0<]|x|<ppylargx—di| <
7/(2k,) + 6;}, where the 5; are some positive numbers,
(c-3) the formal power series p =3 " X", (&) is K-multisummable
in the direction d; uniformly with respect to € € 9(ry) for each i.
Remark 1.2. (i) In each of §2 and §3 we will present an application of
Theorem 1.1. The application in §2 is for a system of ordinary dif-
ferential equations. The application in §3 is for an overdetermined
system of partial differential equations. Both of them concern con-
vergence of formal solutions at irregular singularity.

ii) The power series g(x,e) = > -  m!(ex)” does not satisfy condition
m=0
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(c-3), although it satisfies conditions (a) and (b) of Theorem 1.1.
Note that ¢(x,¢) is not convergent.
(iii) A proof of Theorem 1.1 will be given in §4.

§2. Application I

For j=1,2,...,v, let u; be in C", where the n; are positive integers. Set
n=n;+n+---+mn, Consider a system of differential equations

(2.1)

di; o, . . e Al .
X = B )+ Ajtly + Y By, Bl + Gy, 18),  (J=1,2,...,),
h=1
where
(i) = (hh,th,...,u,) € C" and the k; are positive integers such that
0<ki<ky<---<k,
ii) for each j, F; is a C'"-valued function of (x,¥),
J
i) for each j, A; is an n; x n; matrix with C entries,
J j X 1
(iv) for each (j,h), Bj, is an n; x n, matrix whose entries are C-valued
functions of (x,¥),
(v) for each j, G; is a C"-valued function of (x,u,¢).

In the statement of the following Theorem 2.1, we assume that there exist
positive numbers p,,ro, and vy such that

(a’) the function F; are holomorphic for |x| < py, |€| < ro, and F;(0, 0) =0,

(b’) the determinants det 4; are not equal to zero,

(¢) the entries of the matrices Bj; ) are holomorphic for |x| < p,, |€] < ro,
and Bj_,h(O,(#)) =0,

(d") the functions C_ij are holomorphic for |x| < p,, €] < ro, |d| < vy, and
Gj(x, 6,?:) =0 and aéj/ﬁﬁ(xﬁj) = O, where, for each j, 66]-/6@' is
the Jacobian matrix of éj with respect to .

Also, we use the notations given by (1.8) and (1.9) for a formal power
series (1.7).

Theorem 2.1. Under assumptions (a’), (b’), (c"), and (d’), a formal solution
il = q(x,¢) given by (1.7) of system (2.1) is convergent in (x,€) if all of the power
series b, are convergent for |x| < ri, where r\ is a positive number.

Sketch of Proof of Theorem 2.1. We check three conditions (a), (b), and
(c) of Theorem 1.1. In Theorem 2.1, condition (b) is assumed. Condition (a)
can be checked algebraically in a straight forward manner. To verify (c), first
we apply the method of [Bra] to derive multisummability of the power series
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with respect x in the sense of J. Ecalle. Then, by using [Bal; §10.4, pp 164—
166] we derive the multisummability in the sense of §1 of our paper. Note
that in [Bal] coefficients of power series are in a Banach algebra. On the other
hand, even though coefficients of power series are in C’ in [Bra], the method
of Braaksma can be applied to cases where those coefficients are in a Banach
algebra. Thus we achieve multisummability of the formal solution in x uni-
formly with respect to &.

Remark 2.2. Previously (cf. [Sib 1] and [Sib 2]) the following result was
obtained: Let us consider a system of differential equations:

di 2, - a0 R =
(2.2) Xk = Xfo(x,€) + A(x, &) + z:zup o(x,8),
o=
where
(i) ueC",
(ii)  fo(x,€) and f,(x,&) are C"-valued functions and A(x,€) is an n x n
matrix,

(iii) the entries of f, f;, and A are holomorphic in a domain A(r) =
{(x,€); x| + €] <}, .

(iv) the power series ., f,(x,€) is uniformly convergent on each
compact subset of the domain |x|+ |&| <r, |i| < p.

If the following conditions are satisfied:

) k is a positive integer,

@ fi0.0)=0,

(3) the matrix A4(0,0) is invertible,

then (2.2) has a unique formal solution:

o o o m=p=
(2.3) i=4q(x,8) = E X"ECn, o,
m+lp|>1,m>0,]p|>0

where the coefficients ¢, are in C”. Furthermore, if all poser series
S *, xMé,, , are convergent in x, then g is a convergent power series in (x, ).

Theorem 2.1 is a generalization of this result. The proof of Theorem 2.1
which was mentioned above is similar to the proof in [Sib 2]. The proof in [Sib
1] does not use any asymptotic method. Such a proof of Theorem 2.1 would
be also possible.

§3. Application II

For j=1,2,...,v, let ii; be in C", where the n; are positive integers. Set
n=n +n+--+n,. Also, fori=1,2,... 4 let §; be in C™, where the m;
are positive integers such that n =m; +my +---+m,. Let P(x,y) be an n x n
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matrix whose entries are C-valued function of two variables (x, y) € C* such
that ¥ = P(x, y)d, where # = (i,4,...,4,) € C" and ¥ = (¢,0,...,0,) € C".

Consider a system of partial differential equations

—

0l o L < I .
x4k 6_x/ = Fj(x,y) + Ajii; + ;Bj,h(% )iy + G(x, y, i),
i=1,2,...,v),
(3.1) (J )
6*,- =
y5 Fi(x, y>+Av,+ZB,h X, V)i + Gi(x, 1,10,
h=
(i: 1727' ’ﬂ)?
where

(i) the k; and ¢ are positive integers such that 0 <k <ky <--- <k,
and 0 < /] </ <--- <4, .

(ii) for each j, 1_7; is a C"-valued function of (x, y), and, for each i, F; is
a C™-valued function of (x, y),

(iii) for each j, 4; is an n; x n; matrix with C entries, and for each i, 4;
is an m; x m; matrix with C entries,

(iv) for each (j,h), By is an n; X nj matrix whose entries are C-valued
functions of (x,y), and, for each (i,k), B;;, is an m; x m; matrix
whose entries are C-valued functions of (x, y), -

(v) for each j, éj is a C"-valued function of (x, y,#), and, for each i, G
is a C™-valued function of (x, y,u).

In the statement of the following Theorem 3.1, we assume that there exist
positive numbers py,ro, and vy such that

(I) the function F} and F; are holomorphic for |x| < py, |y| < ro, and
F,(0,0) =0 and £(0,0) =0,

(I1) the determinants det 4; and det 4; are not equal to zero,

(IIT) the entries of the matrices B; ;, and B; ;, are holomorphic for |x| < py,
|y| <ro, and B,h(O 0) =0 and B, ,(0,0) = O,

(IV) the functions G and G; are holomorphic for |x| < Po; |yl <ro,
|#] < vy, and G(x y,O) =0 and Gj(x,y,0) =0, and 6G '/ 0u(x, y, 0)
= 0 and 0G;/dii(x, y,0) = O,

(V) the entries of the matrix P(x,y) are holomorphic for |x| < p,
|y] < ro, and det P(0,0) is not equal to zero.

Theorem 3.1. Under assumptions (1), (II), (II1), (IV), and (V), if a formal

power series
+ o0

(3.2) i=q(x,y) = Z xPyie, ¢, CrgeC”
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is a formal solution of system (3.1), then the series § is convergent in (x,y).

Sketch of Proof of Theorem 3.1. Let us set

+0o0
(3.3) by(x) =) x"é,  (q=0,1,...).
p=0

Then, convergence of all of I;q can be proved by using the system:

dv; = - £ o 2 -
(34) yH—/I d_y = F}'(X, y) +Aivi + ZBi,h(xa y)Uh + Gi(x7 2 u)a
h=1
(l = 1727 M ’ﬂ)
Hence applying Theorem 2.1 to the system:
di;, = 2 ~
k; ~ ~ -
(35) )CljL J d—x] = E}‘(x, y) + Ajuj + hz:; Bj,h(xa y)uh + Gj(xa Y, u)a
(] = 1727 7v)7

we can finish proof of Theorem 3.1.

Remark 3.2. Previously (cf. [Ger-Sib], [Sib 1], [Sib 2], [Sib 3], and [Sib 4])
the following result was obtained:
Let us consider a Pfaffian system:

—

= folx,») + A(x, )i Zﬁfxy

(3.6) .
1 04 _

"o = go(x, y) + B(x, y)i

\\/M

where

(i) ueC",

(i) fo(x, y),f;(x7 ¥),go(x,y), and g,(x,y) are C"-valued functions,
A(x,y) and B(x,y) are n X n matrix,

(iii) the entries of f(;, fgﬁgo,g@,A, and B are holomorphic in a domain
A(r) = {(x, ) |x[+ |yl <1},

(iv) the power series >, .,4"f,(x,y) and 3 ,#"gy(x,y) are uni-
formly convergent on each compact subset of the domain |x| + |y| <
r, |d] < p.

If the following conditions are satisfied:

(1) k and h are positive integers,

2) f(;((), 0) :6 and §o(0,0) = 6:
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(3) the matrices A(0,0) and B(0,0) are invertible,
(4) Pfaffian system (3.6) is completely integrable,
then (3.5) has a unique formal solution:

m. /=

(3.7) i=g) = S ¥,
m+/>1,m=0,/>0

where the coefficients é,, , are in C”. Furthermore, formal solution (3.7) is a
convergent power series in (x, y).

Theorem 3.1 is a generalization of this result. In Theorem 3.1 we assume
existence of a formal solution (3.2), instead of assuming complete integrability
f (3.1).

§4. Proof of main theorem

We shall use the definitions and notations of §1. Let 7, (x,€) be the k-
multisum of the power series p(x,€) of (c-3) of Theorem 1.1 in the direction d;
uniformly with respect to &€ 2(rg). Set

v
(4.1) g (. 8) = D7 4,(x,F)
j=1

where 7j; ;(x,€) is the kj-sum of a k;-summable power series in the direction d;
uniformly with respect to €€ Z(ryp). We shall look into the Stokes phenomena
of {ﬁdlaﬁa’za s 7ﬁd/}'

Let us expand the functions 7, (x,€) and the functions #; ,(x,€) in powers
of g i.e.

and@

lp| =0

20
”]d X, 8 E e ’7}(1 g)

lp| >0

(4.2)

—

These functions are holomorphic in (x,&) in the respective domains:

n
larg x — di| < E—f—&;, 0 < |x] < py, || < ro,
and
largx —di| < — 4+,  0<|x| <py, |8 <ro.
2kj

Furthermore,
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y
o (X) = D 74,0 (%)-
=

Therefore, each function 7, (x) is the k-multisum of a k-multisummable power
series in the direction d; respectively. On the other hand, note that the asym-
ptotic expansion of 7, ,(x) as x — 0 is the formal power series Z;'p(x) respec-
tively. Since Ep(x) is convergent for |x| < p,, the uniqueness of the k-multisum
implies that 7, (x) is equal to the sum of the convegent power series Z;’p(x).
Hence, the set {7, ,%y,,...,%, } defines a single-valued and holomorphic func-
tion in (x,&) for |x| <p, and |§| <rp. This porves the convergence of the
formal power series ¢(x,€). [
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