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Abstract. In this paper we examine a scalar equation driven by the p-Laplacian and
having periodic boundary conditions and a nonsmooth potential j(z,x). We assume
that asymptotically at 4oo, the quantity pj(z,x)/|x|’ lies between the first two
eigenvalues 19 =0 and ;, with possible interaction (resonance) with 1o =0. We
show that the equation has a solution. The method of proof uses the nonsmooth
Critical Point Theory and in particular a recently established version of the Linking
Theorem.
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1. Introduction

The purpose of this paper is to prove an existence theorem for a non-
linear differential equation driven by the one dimensional p-Laplacian, with
nonsmooth potential and periodic boundary conditions.

Recently there has been an increasing interest for differential equations
involving the one dimensional p-Laplacian. We mention the works of Dang-
Oppenheimer [4], Del Pino-Manasevich-Murua [5], Fabry-Fayyad [6], Guo [7]
and the references therein. In all the aforementioned works the method of
proof is based on degree theory and the right hand side nonlinearity is con-
tinuous (i.e. the corresponding potential function is C!). We should men-
tion that in Dang-Oppenheimer [4] and Guo [7] the nonlinearity depends also
on x’ and consequently the hypotheses are stronger. In contrast here the
nonlinear potential j(¢,x) is measurable in the time variable € T and in the
space variable x € R it is not C', but only locally Lipschitz. Our approach
is variational and it is based on the nonsmooth Critical Point Theory as
this was formulated originally by Chang [2] and generalized recently by
Kourogenis-Papageorgiou [10]. For the convenience of the reader, in the next
section we recall the basic aspects of this theory that we shall need in what
follows.
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2. Preliminaries

Let X be a Banach space and X* its topological dual. In what follows
by {-,-> we denote the duality brackets for the pair (X,X*). A function
@ : X — R is said to be locally Lipschitz, if for every z € X, there is U 3z and
ky >0 such that |p(x) — ()| < kyllx — y|| for all x,ye U. From Convex
Analysis we know that a convex function i : X — R = RU{+c0} which is
proper (i.e. dom y = {x e X : Y(x) < 400} # &) and lower semicontinuous (i.e.
Y € Iy(X), see Hu-Papageorgiou [8], p. 341), then ¥, 4om 4 is locally Lipschitz.
If X is finite dimensional, a convex R-valued function is locally Lipschitz.

Given a locally Lipschitz function ¢ : X — R for every x,h e X we define

o°(x: ) = lim sup p(y + 2h) — 9(y)

y—Xx }v
210

the so called generalized directional derivative of ¢ at x in the direction of 4.
It is easy to verify that 7 — ¢°(x;h) is sublinear, continuous. Therefore by
the Hahn-Banach Theorem, ¢°(x;-) is the support function of a nonempty, w*-
compact and convex set given by

dp(x) = {x* e X" : {x* 1) < 9 (x;h), for all he X}.

The multifunction dp : X — 2X"\{F} is called the (generalized or Clarke)
subdifferential of ¢. It has a graph Grdp = {(x,x*) e X x X* : x* € dp(x)}
which is sequentially closed in X x X\, where by Xi. we denote the Banach

space X * furnished with the w*-topology. If ¢, : X — R are locally Lipschitz
functions, then

S+ ¥)(x) S dp(x) +op(x)  and (i) (x) = Adp(x)

for all xe X and all e R. If pe C}(X), then dp(x) = {¢'(x)}.

In analogy with the smooth case, we say that x € X is a critical point of ¢,
if 0€dp(x). As it is also true in the smooth case, to develop a critical point
theory, we need a compactness-type condition on ¢. We employ the weak form
of this condition, which is the nonsmooth counterpart of the Cerami condition
(or C-condition for short, see Struwe [15], p. 70). In the present nonsmooth
setting this condition takes the following form:

“A locally Lipschitz function ¢: X — R satisfies the nonsmooth C-
condition, if any sequence {x,},.; S X such that {¢(x,)},., is bounded and
(1 + [|xp])m(x,) = (1 + ||x||) inf{||x*|| : x* € dp(x,,)} — 0, has a strongly con-
vergent subsequence.”

We recall the following geometric notion, which plays a central role in
Critical Point Theory (smooth and nonsmooth).
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Definition 1. Suppose that X is a topological space and E; and D are
subsets of X. We say that E; and D link (homotopically) in X, if
() EyND = and
(b) there exists a set E = X such that E; < E and for any continuous function
n:E— X such that 5|, =id, we have n(E)ND # .

Kourogenis-Papageorgiou [10] used this notion to prove the following non-
smooth minimax characterization of critical points (nonsmooth Linking The-
orem).

Theorem 1. If X is a reflexive Banach space, ¢ : X — R is locally Lipschitz,
satisfies the nonsmooth C-condition, E\ < E and D are nonempty, closed subsets
of X such that (i) E\ and D link in X, (i) infp ¢ > supg ¢ and co =
inf,ersup,cp o(y(x)) with I'={ye C(E,X) :y|g, =id}, then co is a critical
value of ¢ and cy > infp ¢.

Recall that 1€ R is an eigenvalue of minus the scalar p-Laplacian with
periodic boundary conditions if the problem

(1) —(IX"(O)P 2 (1)) = Ax(0)[P*x(r) ae. on T,

x(0) = x(b), x'(0) = x"(b)
has a nontrivial solution x, known as the eigenfunction corresponding to A.
We know that the eigenvalues of minus the scalar p-Laplacian with peri-

odic boundary conditions, are 4, = (2nm,/b)”, n >0, where 7, =2(p — 1.
(n/p)/sin(n/p) (see Mawhin [14]).

3. Existence theorem

The problem under consideration is the following
) —(Ix"()]"2x' (1)) € 9j(t, x(1)) ae. on T,
x(0) = x(b), x'(0) = x'(b), 1 < p < 0.

Here j(¢,-) is a nonsmooth, locally Lipschitz potential function and dj(z, x) is
the subdifferential of j(z,-) (see section 2). The precise hypotheses on j(¢, x)
are the following:

H(j): j:T x R— R is a function such that j(-,0) e L'(T) and
(i) for every xe R, t — j(t,x) is measurable;
(i) for almost all e T, x — j(¢,x) is locally Lipschitz;
(i) for almost all te T, all xe R and all u € Jj(¢,x) we have
Jul < a(0) + e(0)|x""

with ae LY(T),, 1/q+1/p=1 and ce L*(T);



110 Nikolaos S. PAPAGEORGIOU and Nikolaos YANNAKAKIS

(iv) limyy_o (xu — pj(t,x)) = —co uniformly for almost all 7€ 7" and all
u e dj(t, x);

(v) 0 <liminf)y_. pj(z,x)/|x|” <limsup_ ., pi(t,x)/|x|” <0< uni-
formly for almost all e T.

Remark 1. Hypothesis H(j) implies that asymptotically the nonsmooth
potential lies between the first two eigenvalues 1o = 0 and 4, = (27,/b)”. Also
it allows interaction (resonance) with 19 = 0.

Let WLr(T)={xe W'P(T): x(0) =x(b)} (since Wh'»(T)— C(T), the

per
pointwise evaluations at 1 =0 and ¢ = b make sense) and let

9: WLe(T) - R

per

be the functional defined by

b
p(x) = % XI5 — L (2, x(1))dt.

We know that ¢ is locally Lipschitz (see Hu-Papageorgiou [9], p. 313).

Proposition 1. If hypotheses H(j) hold, then ¢ satisfies the nonsmooth C-
condition.

Proof. Let {x,},., = WLI(T) be a sequence such that

per

(3) o(x,) — ¢o and (L + [|xn|)m(x,) — 0 as n— oo.

We can find x;; € dp(x,) such that m(x,) = ||x;;||, » > 1. The existence of such
elements follows from the weak compactness of dg¢(x,) and the weak lower
semicontinuity of the norm. Let A : Wy/(T) — Wy!(T)" be the nonlinear
operator defined by

b
A), > = j W2 (1) (0di for all x, y e WAH(T).

It is easy to check that 4 is monotone, demicontinuous, hence A is maxi-
mal monotone (see Hu- Papageorgiou [8] p. 309) Consider the integral func-
tional J: L?(T) — R defined by J fo ))dt. We know that J is
locally Lipschitz (see Hu- Papageorglou [9] p. 313) hence J=1J |W1 " is locally
Lipschitz too. Then from Clarke [3], p. 47, we know that

oJ(x) = LY(T) Gﬂ% = 1)

and moreover, if u € dJ(x), then u(f) € j(t,x(¢)), a.e. on T. For all n > 1 we
have
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X, = A(xy) — ty, u, € 6j(x,1).

From (3) we have

<X s Xy — po(xn) + peol < [|x, || 1x%all + |pp(xn) — peol
< (14 [|xa|)m(x0) + |pp(xn) — pco| — 0

as n — oo. We have

b
Gt xnd = CAGEn) — s 53 = X[ — j (1), (1)t

and as n — o

b

@) = pplo) — X = jo (n(D)5(0) — i (1,30 (1))t — peo.

We claim that {x, < WLr(T) is bounded. Suppose that the claim
n>1 per

is not true. By passing to a subsequence if necessary, we may assume that
[xall = c0.  Set y, = xu/||xull, n=1. We may assume that y, — y in ngf(T)

and y, — y in C(T) (recall that Wplevr”(T) is embedded compactly in C(T)).
From Lebourg’s Mean Value Theorem (see Lebourg [12] or Clarke [3], p.
41), we have |j(x,1) — j(x,0)| = |vx| with v e Jj(¢,nx) where n € (0,1) and so
lj(x, )] < ai(t) + c1(¢)|x]” a.e. on T with a; € LY(T), ¢; € L*(T) (see hypothesis
H(/)(iii)). Then we have

. IOl 2 @0 e ac. on 7

Thus by the Dunford-Pettis Theorem and by passing to a subsequence
if necessary, we may say that j(-,x,(-))/||x.]|” = & in L'(T). Given ¢e
(0,41 — 0) (see hypothesis H(j)(v)), let

J(tx(1) 1 }
E.,=<teT:x,(t) #0,—e < ——2 < —O+e¢yp,
' { g (0"~ p

n>1. Because of hypothesis H(;)(v), we have that y; () — 1a.e on {y # 0}.
So

() ()
T L

= el Sm,n(f)W < ( ;e+e>|ynm|ﬁ.

Passing to the weak limit in L'({y # 0}) as n — oo and using Proposition
7.3.9, p. 694, of Hu-Papageorgiou [8], we obtain
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—ay(OF <h(0) < (30+6) 0P ae on {y £ 0k

=0<h(r) < %0|y(t)|" a.e. on {y # 0}.

On the other hand it is clear from (5) that /i(f)=0 a.e on {y=0}.

1
Therefore finally we can say that 0 < A(7) < —0]y(¢)|” a.e on T. From (3) we
have that for all » > 1 we have P

o(x,) < M, with M >0

" M
ol 27 < 1
[l | [l |
1 bj(l7xn([)) Ml
éﬂmwfj di <
’ 0 ||xn||p ||xn||p

Lo Jb b1
=—pr< hldtSJ—Hytpdt.
pll I; 0() OPI()\

If =0, then ||yzll, — 0, hence y, — 0 in Wple*rl’ (T), a contradiction since
lyul =1 for all n>1. So if To={y#0}={reT:y(t)#0}, then T; is
open and we have just seen that |Ty| > 0 (here by |-| we denote the Lebesgue
measure on R). Moreover, note that for all e Ty we have |x,(7)] — oo as
n— . We have

b
|| Gnto)20) = i@ = | (uat15,(0) = pite. (o))

0 Ty
+ J ,(u”(t)xn(z) - pj(l7 xn(t)))dl
Ty

By virtue of hypothesis H(j)(iv), we can find M, > 0 such that for almost all
teT, all |x| > M, and all v e gj(t,x), we have
vx — pj(t,x) < —1.

On the other hand from hypothesis H()(iii) and the growth condition on j
established earlier in the proof, we see that for almost all € T, all |x| < M, and
all v e dj(t,x), we have

vx — pj(t,x) < By(t)  for some B, >0, p,eL(T).

Therefore it follows that for almost all e 7, all xe R and all v e gj(t,x) we
have

(6) vx = pj(t, x) < B (1)
Using Fatou’s Lemma and hypothesis H(j)(iv), we obtain
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lim j (n()%a(1) — pi(t, % 1)))dt = — .

n— 0

Also from (6), we have that

|| 050y = pite oy < 1811

Therefore we deduce that

b

(7) lim J (un(1)x4(2) — pji(t,x,(2)))dt = —o0.
n—oo 0

Comparing (4) and (7), we reach a contradiction. This contradiction implies

that {x,},, S Wy/(T) is bounded. So we may assume that Xy = X in

WLP(T) and x, — x in C(T). From (3) we have

per

b
CA(xp), Xy — XY — L un (1) (xy — x)(1)dt < &, with ¢, | 0.

= lim sup<{4(x,), x, — x) < 0.

But 4 being maximal monotone, it is generalized pseudomonotone and so
CA(xn), Xny — CA(x), x) = ||, |, — [|x']|,-  Because x, S X' in L/(T) and
L?(T) is uniformly convex (hence it has the Kadec-Klee property), it follows

that x, — x in W?(T). Therefore ¢ satisfies the nonsmooth C-condition. []

The next two propositions aim at showing that our problem satisfies the
Linking Theorem geometry (see Theorem 1).

Proposition 2. If hypotheses H(j) hold, then ¢(¢) — —o0 as || — 400,
EeR.

Proof. From Clarke [3], p. 48, we know that for almost all e 7" and all
x>0 we have that x — j(z,x)/|x|” is locally Lipschitz and we have

a(J’(l, X)> _ X9t x) — plxl" (1, %)

JxI” x|

_ ‘x|p71 x&j(l, X) - pj(la X)
x|

o x@j(t, X) — pj(l7 X)
- |x|p+l :

By virtue of hypothesis H(j)(iv), we see that given f, >0 we can find
M3 > 0 such that for almost all 1€ 7, all x > M3 and all v € 0j(¢, x), we have
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vx — pj(t,x) < —f,

t,
:>w£—i+l for all we&(( ?)
|x]? |x|
For te T\N with |N| =0, the function x — j(,x)/|x|" is locally Lipschitz
n (Mj,4o0), thus by Rademacher’s Theorem it is differentiable at every x e
(M3, +00)\N;(¢) with |[N;(¢)]=0. We set

o, x) = 4L i x e (M, +00)\Ni (1),
| 0 if x e Ny(1).

We know (see Clarke [3], p. 63) that for all re T\N and all xe (Msj,
+0)\N1 (1), we have &(t,x) e d(j(t,x)/|x|") and so &(1,x) < —B,/|x|"™ =
d(B,/p|x|")/dx. We integrate this inequality on the interval [z, y] = (M3, +o0),
z <y and so we obtain

o e 2

= j(t,z) = % for all te T\N and all z e (M3, +0).
So if £eR, &> M3, we have

b
— | B
o(&) = jo.z(r,@dts ),

Because f, >0 was arbitrary, we conclude that ¢(¢) —» —o0 as & — +oo.
Similarly we show that ¢(¢) - —o0 as & — —c0. [

Let
D= {v e Wil(T) : Jj lo(6)|”20(¢)dt = o}.

Evidently this is a closed cone.

Proposition 3. If hypotheses H(j) hold, then ¢(v) — +o0 as ||v|| — oo with
veD.
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Proof. By virtue of hypothesis H(j)(v), given ¢ € (0,4; — #), we can find
My > 0 such that for almost all £e T and all |x| > My, we have

1
jt,x) < ;(04— e)|x|?.

Also from the growth condition for j(z,-) that we obtained in the proof of
Proposition 1 via Lebourg’s Mean Value Theorem, for almost all e 7' and all
|x| < M4, we have

lj(t,x)] < k(t)  with ke L'(T),.

Therefore for almost all te T and all x € R, we have

J(t,x) < —(0+¢)|x|” + k(1).

SR

If ve D, we have

o(0) = % o'l Lbj(z, (1))

1 0 e
> — o[} =~ lvlly *;Ilvlll’f —ps  for some f; > 0.

From Mawhin [14] we know that Zi[v[|; < |[o'[|} for all ve D. Therefore
we have

1 0+¢
>—(1- N2 — B,.
o= 1 (1= iz - p,

From the choice of ¢ >0, we have that (0 +¢)/4; < 1. Since on D we
have ]jv]|7 < ||[v"]|7 (see Mawhin [14]), from the last inequality it follows that
9|, is coercive, as claimed by the proposition. [

Using the auxiliary results established in Propositions 1, 2 and 3, we can
have the following existence theorem for problem (2).

Theorem 2. If hypotheses H(j) hold, then problem (2) has a solution
xe CY(T).

Proof. Because of Propositions 2 and 3, we can find {eR, £>0
such that ¢(+¢&) <infp . Let E=[-¢ & ={xe WL(T): -¢<x(t) <¢

per
for all teT} and E; ={-¢,&}. Evidently EyND = . Moreover, if 6¢€
C(E, Wple'rp(T)) and 0(+&) = +¢&, then an easy application of the Intermediate
Value Theorem, implies that 6(E)ND # . Therefore E; and D link in

Wple'frp(T) (see Section 2). Because of this fact and of Proposition 1, we can



116 Nikolaos S. PAPAGEORGIOU and Nikolaos YANNAKAKIS

apply Theorem 1 (the nonsmooth Linking Theorem) and obtain x € Wp%rf’ (T)
such that 0 € dp(x). We have

(8) A(x) =u with ue LYT), u(t)edj(t,x(t)) ae. on T.

We know that (|x'|”2x') e W14(T) = WOI"’(T)* (see Adams [1], p. 50). So
for all # e C;°(0,b) we have
b

(X2 7 = AW = J u(Oy(0)dr

Since C§°(0,5) is dense in Wol’p (T) (the predual of W~14(T)), it follows that
9) —(IX" ()P 2" (1)) = u(1) a.e. on T, x(0) = x(b).
Therefore |x'(-)[” *x'(-) e Wh4(T). For every ye Wl (T), from (8) and
Green’s identity we have

b

(), yy = j u(0)y(1)dr

0

b
=¥/ ()77 () y(B) = ¥ (0)1"7x"(0) »(0) - JO (I (01"72x (1)) v (1)

b
= J u(t) y(t)de

0
=x'(0))2x(0)y(0) = X' ()" (b)y(b)  (see (9)).

Since y e WL2(T) was arbitrary we can take y e WL?(T) < C(T) such that

per per

y(0) = y(b) =1. So
¥(0)[772x(0) = |x'(b)|”*x'(b),
x'(0) = x'(b).

Finally since |z|”?z is a homeomorphism on R and |x'(:)|"*x'(:)e
Wh4(T) < C(T), we see that x' e C(T), hence xe C'(T). [

Remark 2. Tt will be very interesting to have a corresponding existence
result for systems. Our proof fails in the vectorial case. More precisely the
proof of Proposition 2 does not extend to systems. Periodic systems involving
p-Laplace like operators, were studied recently by Manasevich-Mawhin [13] and
Kyritsi-Matzakos-Papageorgiou [11].
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