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1. Introduction

In this paper we study quadratic optimal control problems for the control
systems described by the nonlinear damped second order evolution equations of
the form

d*y dy : :
(1.1) T T+ )y =f(t,y)+Bv in (0,T),

where A(f), A>(f) are time varying operators on appropriate Hilbert spaces
embedded in a pivot Hilbert space H, B is a controller, v is a control and f(¢, y)
is a nonlinear forcing function. This type of equations covers various damped
hyperbolic distributed parameter control systems. The initial condition attached
to (1.1) is given by

(1.2 O =n o=y

For the system (1.1), (1.2) we introduce another Hilbert space V> corre-
sponding to the damping term A,(¢)dy/dt beside the Hilbert space V to A,(¢)y,
and we present the basic results on existence, uniqueness and regularity of solu-
tions in the setting of a Gelfand fivefold V — V, — H — V, — V. The in-
troduction of this 7, admits us to choose an appropriate space of differential
operators according to the types of damping effects, so that our treatment pro-
vides a convenient and unified way of obtaining the solutions to the nonlinear
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control system (1.1), (1.2). The basic results for the free system with Bv =0,
vo€V, y1 € H are established in Ha and Nakagiri [9] due to the variational
formulation of Dautray-Lions [8].

Our aim of this paper is to study the optimal control problems as studied in
Lions [10] and Ahmed and Teo [3] for the nonlinear system (1.1), (1.2) based on
the results of [9]. The related optimal control and parameter estimation prob-
lems for linear systems, i.e., f(¢,y) = f(¢), are studied extensively by Ahmed [I,
2], Banks et al. [5, 6] and Omatsu and Seinfeld [13] in the framework of Gelfand
triple or fivefold. We also intend to extend some of their results to our non-
linear system.

We shall explain the main feature of this paper. Let # be a Hilbert space
of control variables and %,; — % be an admissible set. We study the optimal
control problem:

(1.3) Minimize J(v) over %uq
with the quadratic cost function
(1.4) J(0) = [ Co(0) = zally + (Ro.v),,  ve,

where y = y(v) is the solution of (1.1), (1.2). Here in (1.4), M is an observa-
tion space, z; is a desired element in M and C is an observer, and R is a
regulator on %. The first part of (1.3) is the existence of the optimal control
u such that inf,cq, J(v) = J(u). In general, the existence problem of optimal
controls for nonlinear systems is difficult to solve. In proving the existence, it is
often required to show the strong convergence of y(v) in v with respect to the
weak topology of . In almost all cases (cf. [7]) this convergence is verified
provided that underlying spaces have the structure of compact embeddings.
Noting this, we give an existence result of optimal controls by assuming that
V < ¥V, is compact.

Our main concern as the second part of (1.3) is to characterize the nec-
essary optimality conditions for nonlinear system (1.1) on the optimal control
u, according to specific types of observations C in time and space. For the
purpose we have to show the weak Gateaux differentiability of the nonlinear
map v — y(v), which is used to define the associate adjoint system. The dif-
ferentiability is proved by assuming the Fréchet differentiability of f(¢, y) in y.
Using the system and adjoint system equations, the necessary optimality condi-
tions are completely characterized. These conditions extend the former results
in [10, 2, 3, 13] to two directions, one is nonlinear equations and the other is
damped equations.

This paper is composed of four sections. In Section 2, after giving the
assumptions on operators A;(¢), i = 1,2, and nonlinear Lipschitz continuous
term f(¢,y), we state the existence, uniqueness and regularity results to the
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solutions of the system (1.1), (1.2). Based on the results of Section 2 we study
in detail the optimal control problems for the nonlinear system (1.1), (1.2) with
the quadratic cost (1.3) to be minimized on any admissible set %,, in Sections 3
and 4. That is, in the first part of Section 3 we give an existence theorem of
optimal controls, and in the rest part of Section 3 the necessary conditions of
optimality are established according to two types of observations under some
additional assumptions on operators and observations. In Section 4 the similar
necessary conditions are established without additional assumptions by using the
method of transposition (cf. [10], [12]).

2. Existence, uniqueness and energy inequality

Let H be a real pivot Hilbert space, and the inner product and the norm is
denoted by (-,-), and |- |, respectively. For i=1,2, let V; be a real sep-
arable Hilbert space with the norm || - ||;;. Assume that each pair (V;, H) is a
Gelfand triple space and that 7 is continuously embedded in V, (for details see
Ha and Nakagiri [9]). We are given a family of symmmetric bilinear forms on
Vix Vi ai(t;9,9), t€[0,T], i =1,2. We assume that there exists a ¢;; > 0 such
that

21)  at;d.0)l < calldlyllell,,  for all g,y eV and 1€[0,T];
and there exist o; > 0 and A; € R such that
(2.2)  ai(t;9,4) + Ailgly = wllgll;,  for all pe V; and r€ (0, 7).

Further, a,(t; ¢, ¢), t € [0, T] is assumed to satisfy that the function 1 — a;(t; ¢, )
is continuously differentiable in [0,7] and there exists a ¢;» > 0 such that

(2.3) laj (t; ¢, 9)| < callglly, lolly, for all ¢,y € V and t€[0,T].

Then we can define the operator A;(r) € #(V;, V/) defined by the relation
ai([; ¢7 (p) = <Al([)¢7 (p>V”,V,

From now on, we shall write '} = V' for notational simplicity. We con-
sider the following nonlinear damped second order evolution equation

d? d .
SE AT+ A0y = [(t.y) in (0.7),
(2.4) ! !
d
y(0)=xeV, %(0) =y eH,

where f:[0,7]x V> — V5. The solution Hilbert space W(0,7) of (2.4) is
defined by

W(0,T)={g|lge L*0,T;V),g' € L*(0,T; V>),g" € L*(0, T; V'")},
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endowed with the norm

)1/2

2 2 2
l9llw 0,7y = Ugllz2(0, 7,0y + lg'| 220,77 T ||g”||L2(O,T;V’)

We denote by 2'(0,T) the space of distributions on (0,7). A function
y=y(-) is said to be a weak solution of (2.4) if ye W(0,T) and y satisfies

d’y : -
<W()7¢> +a2(7y()7¢)+a1(ay()7¢):<f(7y())a¢>V2’V2
Vv

for all ¢ €V in the sense of 2'(0,T)

d
y(0)=weV, %(0) =y1€eH.

As in [9] we impose the following assumptions on the nonlinear term f : [0, T'] x
Vy— ¥V, in (2.4):

(Al) t— f(t,y) is strongly measurable in V; for all ye V>,

(A2) there exists a fe L*>(0,T;R") such that

1/ y) =S @)y, <pOlly —zlly,  ae ¢ for yzels,

(A3) there exists a ye L*(0,T;R") such that | f(z, O)||V2/ < (1) ae. t
The following theorem on existence, uniqueness, regularity and energy
inequality of solutions to (2.4) holds (see [9]).

Theorem 2.1. Assume that both a;, i = 1,2 satisfy (2.1)—(2.3) and f(t,y)
satisfy (A1)—(A3). Then there exists a unique weak solution ye W(0,T)N
C([0,T]; V)N CY([0, T); H) of (2.4). Moreover, for each t € [0, T], y satisfies the
energy inequality

t
2 2 2 2 2 2
2.5) IOl + ' Ol + L 1" (@)l7,de < c(llyolly + Il + 121720, 7.2))>

where ¢ is a proper constant depending only on f in (A.2).

The energy inequality (2.5) follows from the assumptions (A.1)—(A.3) and
the following energy equality in [9, Theorem 4.1]:

(2.6) a6 90, 3(0) + YO, +2 | ax(er (@), (@)
— 105 you 30) + |11 + L ! (03 y(0), y(0))do

+zj0 (0, 9(0), ¥ (@)1 o
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After this section we assume that (2.1)—(2.3) and (A1)-(A3) hold without
any indication.

3. Quadratic optimal control problems
Let % be a Hilbert space of control variables, and let B be an operator,
(3.1) Be 2(U,L*(0,T; V),

called a controller and ve % be a control. We consider the following con-
trolled nonlinear damped second order system:

diiytgu) + Aa(1) dyT(lv) + A1) y(v) = f(t, y(v)) + Bv in (0,7),
(3.2)
y(©;0) = yoeV, dy(;t’o) =)y €H,

Here in (3.2), A,(¢), A2(¢) and f(¢, y) are differential operators and the nonlinear
function satisfying the assumptions given in Section 2. By virtue of Theorem
2.1 and (3.1), we can define uniquely the solution map v — y(v) of % into
W(0,T), because f(t,&) = f(¢,€) + Bu(t) satisfies the assumptions (Al)—(A3).
We shall call the weak solution y(v) of (3.2) the state of the control system
(3.2). The observation of the state is assumed to be given by

(3.3) z(v) = Cy(v), Cex(W(,T),M),

where C is an operator called the observer, and M is a Hilbert space of
observation variables. The quadratic cost function associated with the control
system (3.2) is given by

(3.4) J(v) = ||Cy(v) — z4|l3; + (Rv,v),,  for ve,

where z; € M is a desired value of z(v) and Re L(%,%) is symmetric and
positive, i.e.,

(3.5) (Rv,v),, = (v, Rv), = d][o]},
for some d > 0. Let %,; be a closed convex subset of %, which is called the
admissible set. The quadratic cost optimal control problem is usually derived

into two problems:
i) Find an element u € %,; such that

(3.6) inf J(v) = J(u).

VE Upq

ii) Give a characterization of such a u.
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We shall call such the u the optimal control for the cost problem (3.6) with (3.4)
subject to (3.2). Since the control system (3.2) includes a nonlinear term, it is
not easy task to solve the problem i), the existence of optimal control u for (3.6)
with (3.4), and also the problem ii), the necessary condition for optimal control
u. For the problem i) we have no general answer under any natural condition.
In solving ii) it is necessary to write down formally the optimality condition

(3.7) DJ(u)(v—u) =0 for all ve U

and to analyze this in view of the proper adjoint state system, where DJ(u)
denotes the Gateaux derivative of J(v) at v =u.

For i) as mentioned in Introduction we require giving additional conditions
on the underlying spaces or the admissible sets. Here we propose two sufficient
cases which affirm the existence of optimal controls as follows:

(B1) %,y is compact in %.

(B2) The embedding V — V5, is compact.

The case (B1) is intended for the finite dimensional control space %,,. For the
case (B2), we utilize the Aubin-Lions-Temam’s compact imbedding theorem (cf.
Temam [15; p. 274)).

Proposition 3.1. Let Xy, X and X, be Banach spaces such that the
embedings Xy — X — X\ are continuous and dense. Assume that Xy and X are
reflexive spaces and that oy, > 1. Let W**(0,T) be the space defined by

Wweon(0,T)={y|ye L™0,T;Xy),y € L"(0,T; X1)}.

If the embeding Xy — X is compact, then any bounded set of W*>*(0,T) is pre-
compact in L*(0,T;X).

By applying Proposition 3.1 in the special case where Xy =V, X = X| =
Vo, ap = o =2, we can obtain the following Corollary.

Corollary 3.1. Assume that the embeding V — V, is compact. If a se-
quence {y,} is bounded in W*2(0,T), then there is a subsequence {y, } < {yn}
and a ze L*(0,T;V>) such that y,, converges to z strongly in L*(0,T; V3).

Theorem 3.1. Assume that either (Bl) or (B2) is satisfied. Then there
exists at least one optimal control u for the cost (3.4) subject to the system (3.2).

Proof. For the case (Bl) this theorem is readily shown if we refer the
proof of this theorem and the fact that the map y(v): % — L*(0,T;V) is
strongly continuous which follows from the proof of Lemma 3.1 given below.
Hence we prove this theorem for the case (B2).

Let inf,eq, J(v) =J. Then we can extract a sequence {v,} < U sat-
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isfying J(v,) — J. Hence {J(v,)} is a bounded sequence in R*. It follows
from (3.4) and (3.5) that

(3.8) Ko = J(v,) = (Rog,vs),, = d|val,

where Ky is an upper bound of {J(v,)}. These inequalities means that {v,}
remains in a bounded sequence in %. Since % is a Hilbert space, there are u
and a subsequence, again denoted by {v,}, such that v, — u € % weakly. And
u € U, on account of %,; being convex and closed. Each state y, = y(v,) €
W(0,T) corresponding to v, is the weak solution of

{y;’+Az(z)y{,+A1(l)yn = f(t; ) + Bo, in (0,7),

(39) yu(0) = yo, ¥5(0) = y1.

By (3.8) the term Bu, is estimated as

(3.10) HBUn||L2<o, ) = ”BHJ’(W/,L?(O,T;VZ’))”U" w

<|Blyw, 20wy VEKeid =K, n=12,....

Now if we take f(¢, y,) = f(t, yn) + (Bv,)(¢) in (2.4), then the function y in (A3)
is replaced by y(¢) + |[Bvs()||; and the function f in (A2) is not changed. By
(3.10) (1) + 1Bva(0)lly; is estimated as

T
|, 00+ 1Bon(O e < 2l 1)+ 260

Hence it follows from (2.5) that
2 2 ! 2
a0+ 1550 + | 13l do

< c(llyolly + 11z + 21071720, 7,%) + 2K0).
This inequality means that
{yn} is bounded in L*(0,T;V) and
{y/} is bounded in L*(0,T;V2)NL*(0,T; H).

Also the boundedness of {y”} = L*(0,T;V’) follows from the above bound-
ednesses, (3.10) and the equality y; = —A,(t)y, — A1(t)yn + f (2, yu) + Bo,.
Therefore, by the extraction theorem of Rellich, we can find a subsequence,
say {y,}, of {y,} and find ze L*(0,T;V) < L*(0,T;V), z' € L*(0,T; V>)N
L*(0,T;H), z" € L>(0,T; V') such that

(3.11) y, — z weakly star in L*(0,T; V) and weakly in L*(0,T; V),
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(3.12) y! — 2/ weakly in L*(0,T;V5) and
(3.13) y! — 2" weakly in L*(0,T; V).

It is verified by the standard manupulation as in Dautray and Lions [8] that the
limit z satisfies the initial conditions z(0) = yy and z’(0) = y.

Now we use the condition (B2). By Corollary 3.1, there is a subsequence
{¥n.} of {yu} such that

Vn — z strongly in L*(0, T; V3).

Then we can choose a subsequence of {y, }, we denote again by {y,, }, such
that

(3.14) Y (£) — z(¢) strongly in V; for ae. t€[0,7].

So that by the assumption on (A2), we have by (3.14) and the Lebesgue
dominated convergence theorem that

T T
1) | 1) = 02 < | B0 = 20t =0,

Here we note that the integrands in (3.15) are bounded by a L'-integrable
function by B e L*(0,T;R") and the boundedness of {y,,z} in L*(0,T; V).

Hence replacing y, with y, and taking k — oo in (3.9) by using (3.11),
(3.12), (3.13), (3.15) and continuity of A;(7), B, the limit z satisfies

{z” + A>(0)z' + A1 ()z = f(t,z) + Bu in (0, T),
2(0) = yo, ='(0) =y,

in the weak sense. Also since the equation (3.16) has a unique weak solution
ze W(0,T) by Theorem 2.1, we conclude that z= y(u) in W(0,T) by the
uniqueness of solutions, which implies y(v,) — y(u) weakly in W(0,T). Since
C is continuous on W(0,T) and || -||,, is continuous, it follows that

(3.16)

1Co() = zallyy < Timinf [[Cy (o) — zallor

It is also clear from liminfy .., ||R"?v,|, = ||R'?v|, that

lilgn inf (Rvy, v,), = (Ru,u),,.

Hence
J =liminf J(v,) = J(u).

n— o0

But since J(u) > J by definition, we conclude that J(u) = inf,cq,, J(v). This
proves Theorem 3.1.
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For the problem ii) we need to solve the question that under what con-
ditions on f(z, y) is the map v — y(v) of % into W (0, T) Gateaux differentiable
at u. In order to give an answer to the question, we need the following lemma.

Lemma 3.1. Let we U be arbitrarily fixed. Then

lzi—{% y(u+iw) = y(u) in C([0,T); V).

In particular, lim;_q y(u+ iw) = y(u) in L*(0,T; V).

Proof. Let 2€(0,1) and let y(u+ Aw) and y(u) be the weak solutions of
(3.2) corresponding to u + Aw and u, respectively. If we set y, = y(u+ Aw) —
y(u) for each A, then it satisfies

yi + () y; + A (0) y;
(3.17) = f(t, y(u+ Aw)) — f(t, y(u)) + ABw in (0,T),
:(0)=0eV, »)(0)=0eH.

The equation (3.17) admits a unique weak solution, because f(,&) =
f(t, ¢+ y(u; 1) — f(2, y(u; 1)) + A(Bw)(2) satisfies (Al)—(A3) with same f and
(1) = |A(Bw)(?)|ly;. Hence, applying the energy inequality (2.5) to (3.17) we
have i

t
(3.18) 1O + V50l + JO 15013, do < c2(|BwZa0 7.1

Therefore y; — 0 in C([0,T];V) as A— 0. In particular, y, -0 in
L*(0,T; V). This completes the proof.

Let us denote by C!(V3,V;) the set of continuously Fréchet differentiable
functions. Let 7€[0,7] and assume f(t,y) e C'(Va, V,) for ae. t. For the
fixed ¢+ we denote by f,(¢,&) the Fréchet derivative of f(z, y) with respect to y
at & If f(t,y) e CY(Va, V3) for fixed ¢, then we have the useful equality

1

(3.19) ft,y)— f(t,z) = L Lt 0y + (1 —0)2)do(y — z).

The solution map v — y(v) of % into W(0,T) is said to be Gateaux dif-
ferentiable at v = u if for any w € % there exists a Dy(u) € L (%, W (0,T)) such
that

<1<y<u+zw> ) - Dy<u>w,¢> 0 as a0
A w(,T), w(0,T)

for each ¢ € W(0,T)". The operator Dy(u) is called the Gateaux derivative of
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y(u) at v =wu and the function Dy(u)w e W(0,T) is called the Gateaux deriva-
tive in the direction w e %.
Now, in order to obtain the Gateaux differentiability of the solution map
v — y(v), we impose a further assumption to the nonlinear term f(z, y).
f(t,y)eC'(V2,V3) ae. te[0,T]
(A4) and there is 8, € L>(0, T; R") such that
5@ M ey < BNy, +1) ae. 1[0, T].

Theorem 3.2. Assume that (A4) holds. Then the map v — y(v) of U into
W(0,T) is weakly Gdteaux differentiable at v = u and such the Gdteaux deriva-
tive of y(v) at v =u in the direction v—ue€ U, say z = Dy(u)(v — u), is a unique
weak solution satisfying the following equation

2"+ A ()2 + A (0)z = f(t, y(u; 1))z + B(v —u) in (0,T),
(3.20) { z(0) =z'(0) = 0.

Proof. Let Ae(0,1), and let y(u+ A(v —u)) and y(u) be the weak solu-
tions of (3.2) corresponding to u + A(v —u) and u, respectively. We set z; =
27N (y(u+ A —v)) — y(u)). Then z; is a unique weak solution of

z) + Ax(t)z, + A1 (1)z

(3.21) = %{f(f, y(u+ A —u)) = f(t, y(u))} + Blv —u) in (0,7),
2,(0) =0, z;(0)=0.

Let w=v—u. By the energy equality (2.6), z, satisfies

(3.22)  ai(t;2;(1), z:(2)) + |24(0) 3, + 2 Jo ar(a;z5(0),z5(0))da

— | (012100, 20 da + 2| (o). o)
0 0

2| Gyt 2o = i) = (o )] 0D o
Note that the last term of (3.22) can be estimated as
623 ] G A= i) - S0 50z o) e

1 t t
< 7|, @Iz do 2 1215, do

¢Jo

for any ¢ > 0. Then, by taking ¢ > 0 sufficiently small, as well as in the proof
of Theorem 2.1 in [9], we can verify that (3.22), (3.23) imply
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2 2 2 ! 2
(3.24) Ilz2(Olly < 221y + 1230 + L I1z(a)ly,do

t
2 2 2
<K Joﬁ(a) Iz2(a)llvdo + KIIBWl 20, 7.0
for some K > 0. Hence by applying Gronwall’s inequality to (3.24), we have

(3.25) ||Zi(f)||%/ =< K||BW||22(0, T,v)) eXP(KHﬁ“iz(o, T;R*))-

It follows from substituting (3.25) into (3.24) that
t
(3.26) Izl + 125 (0l + L Iz} (@)}, do

2 2 2
< K[1+K||Bll1200,7.r+) €XPUIBll 2200, 7. R+ )11 BWI[ 120, Tiv)):

It is easily verified that the above inequality yields the boundedness of {z/} in
L*(0,T; V). Therefore there exists a ze W (0, T) and a sequence {4} < (0,1)
tending to 0 such that

— z weakly in L*(0,T;V) as k — oo,

— z weakly star in L*(0,T;V) as k — oo,

(3.27) zj — 2/ weakly in L*(0,T;V3) as k — o,

z/ — z" weakly in L?(0,T; V") as k — oo,

z(0) =0, z'(0)=0.

Let us prove that
(3.28) %{f(ty Y(u+ (v —u) = f(t, y)} — f(, y(u))z

weakly in L*(0,T; V,) as k — oo. It follows from f(z,y) € C'(V3, V;) for a.e.
te0,T] that

%k{f(t’ y(u + /Ik(v — M))) _f(l>y(u))}

= Jl So(t,0p(u+ A(v—u)) + (1 — 0)y(u))d0z;, a.e. tel0,T].
0

Since f,(t,y) is continuous on y in Z(V>,Vy) and y(u+ A(v—u)) — y(u)
strongly in C(0,7;V) as k — oo by Lemma 3.1, we have

(3.29)
Lt 0p(u+ (v —u))+ (1 —=0)y(u) — £, y(u)) ae. tin LV, V3)
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uniformly in €€ [0,1]. Again by Lemma 3.1, there is a k( independent of ¢
such that

(330) Iyt Alo—updlly, < (@ dlly, +1), Yk > ko,

It is verified by using (A4) and (3.30) that
(.31 @ Op(u+ Ax(v —w); 1) + (1 = 0) y (s )l 4 v )

<Py )lly, +2)
< B @U@l =0, 7.0y +2) < +00, VO € [0,1], Vk = k.
Since f, € L*(0, T; R") = L'(0, T; R™), by the Lebesgue dominated convergence
theorem, we have from (3.29) the strong convergence in £ (7>, V;), ie.,
1

(3.32) L St 0p(u+ A(v—u)) + (1 = 0)y(u))d0 — f,(t, y(u)) ae. te[0,T].

For simplicity of calculations we set

1
Fot) = L (1, 09(u -+ 3a (0 — ) + (1 = 0) y(u))do.

Then for each ¢ € L?*(0,T;V>), we have

T
j ) = (e 3(0))) 2, (0, 6(0) by e

0

(3.33)

T
< L 1E (1) = £5(&, Y@ v, v 1226 (D), 19D 7, 1

T
< ||Zﬂk||L“(0, T:V5) Jo |1 F () — fo(2, J’(”))||3(V2,V2’)H¢(t)||Vzdl-

Here we note that the integrand in the last term of (3.33) is bounded by an L!-
integrable function due to (3.31). By using the Lebesgue dominated conver-
gence theorem thanks to (3.32) once again, we see that the last term of (3.33)
converges to 0. On the other hand, by (3.27) and (A4) it is evident that

T
(3.34) j CFolts ) (1) = 230 (), 6(0) >y e — O,

Hence we deduce from (3.33) and (3.34) the desired convergence (3.28).
Now let us take kK — oo in (3.21) with 2 = A4 by using (3.27) and (3.28).
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Then the element z € W(0, T') satisfies the equation (3.20) in the weak sense. If
we take f(1,&) = f,(t, y(u; 1))E + B(v — u)(t) € L*(0, T; V3) in Theorem 2.1, then
this equation has a unique weak solution ze W(0,7). In fact, by (A4) the
term f,(z, y(u; 1)) satisfies

1£5Cts (s )Ny < N8 3 0) o v Ell v,
< B @U@ = 0,7, + DIy,

so that (A2) is satisfied. This means that z is a weak solution of (3.20). Hence
by (3.27), (3.27) and (3.20) we see that z; — z = Dy(u)(v — u) weakly in W (0, T)
as 4 — 0. This completes the proof.

Theorem 3.2 means that the cost J(v) is Gateaux differentiable at u in the
direction v — u and the optimality condition (3.4) is rewritten by

(3.35) (Cy(u) = za, C(Dy(u)(v — u))) p + (Ru,v —u),
= {C* Ap(Cy(u) — za), Dy(u) (v — u) w0, 1y w0, 1)
+ (Ru,v—u), >0, Yo € Uy,

where A, is the canonical isomorphism M onto M’.
For each 7 € [0, T, let us define the adjoint operator f,(z, y)" of f,(z, ) as
follows:

(3.36) (e, y)¢a€”>V2',V2 = {4, .fj/*(t7 y)¢>V2,V2’

for all ¢,pe Vo. Then we have f,(t,y(u;1))" € L*(0,T; #(V2, V;)) provided
that (A4) hold.

In order to avoid the complexity of setting up observation spaces, we con-
sider the following two usual types of distributive and terminal value obser-
vations (see other types of observations see Lions [4]). That is, the following
two cases:

1. We take Cy e Z(L*(0,T;V), M) and observe z(v) = Cyy(v).
2. We take C; € #(V,M) and observe z(v) = C,y(T;v).

Since y e W(0,T)NC([0,T]; V) by Theorem 2.1, the above observations are
meaningful.

Now we assume that (A4) holds in each subsections. Further we suppose
the following differentiability of a,(#; ¢, ¢) in Subsections 3.1 and 3.2:

The function ¢ — a,(t; ¢, p) is continuously differentiable in [0, 7] and there
exists ¢y > 0 such that
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(3:37) lay(t:4,0)l < el lolly,  for all ¢,y € V3 and 1€[0,T).

By the above assumption we can define the operator Aj}(¢) for ¢ € [0, T] which
belongs to L*(0,T; L (Va, V3)).

3.1. Case of Cy e Z(L*(0,T;V), M)

In this case the cost functional (3.4) is expressed by
(3.38) J(v) = ||C1y(v) — zd|[3; + (Rv,0),,,  Yve.

Let u be the optimal control subject to (3.2) and (3.38). Then the optimality
condition (3.35) is rewritten as

T

(3.39) j (O A (Cryu) = 20)(0),2(0) >y pedt + (Ruyo =)y > 0, Vo€ g,

where z is the weak solution of the equation (3.20). Let us introduce the
adjoint state p(u) defined by

(3.40)

By the time reversion ¢t — T —¢, it is verified by Theorem 2.1 via (A4) and
(3.37) that (3.40) permits a unique solution p(u) in W(0,T) provided that
CiAp(Cry(u) —zq4) € L*(0,T; V3). 1In fact, let us take for &e Vs

J(.8) = =450+ 7 (1, y(u; 0))E + C* Ap (Cy(u) — za) ().

Since sup, . T]||A§(t)\|J;(V27V2,> < c» < oo by (3.37) and

£ (- p(us '))*HLz(O.T;Q’(Vz,VZ’)) <o

by (A4), f(¢,&) satisfies the conditions (Al)—(A3). But, C; Ay (Ciy(u) —zq4) ¢
L?*(0,T;V5) in general, and we cannot apply Theorem 2.1 directly. This dif-
ficulty is overcome by the method of transpositions, which gives us a ‘weak’
solution to (3.40) under present conditions, in the next section. Thus in this
section we confine ourselves to the formal calculations of optimality conditions
and we will justify these under restricted conditions. In what follows (-,-)
denotes the appropriate inner products or duality pairings (which may have no
meanings). Now we proceed the formal calculations. Multiply both sides of
the equation in (3.40) by z and integrate them on [0,7]. Then we have
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T T

(3.41) L (0" (u: 1), 2(1))dt — JO (A2(0)p' (s 1), (1))t + L (A (6ot 1), 2(0))dr
T T
- JO (A5 (0)plas; 1), (1))t — L (0, (s 1)) p(as 1), 2(1)

T
= [ €t autcit - 2w,y

= (Cry(u) = z4, C12) -

If we integrate the left hand side of (3.41) by parts by using the symmetricity
of A;(¢) and A,(¢) and the fact that p(u; T) = p'(u; T) = z(0) = z/(0) = 0, it is
calculated formally as

T T
(3.42) J (p(us ), 2" (1))t — j (p(u: ), Ax(1)=" (1)) de
T T
+ j (p(at ), A1 (1)=(1) )t — J (6, p(at; 0)) s ), =(0) e
0 0

- jT(pw; ), (57+ As(0) G+ A 0) = (5 (05 ) () )

0

- j (pus1), B(o — u)(1))d

0

=B p(u),v—uyy 4 = (AJ}IIB*p(u), v—U)y,.
Thus, by (3.41) and (3.42), the condition (3.39) is rewritten formally as
(3.43) (A,'B*p(u) + Ru,v —u),, >0, Vv € Uy

Here in (3.43) we do not know whether B* can apply to p(u), ie., p(u)e€
L?*(0,T;V3) or not. The above calculations suggest us that if

(3.44) Cre Z(L*0,T; V), M),

then by CjAy(Cy(u) —z4) € L*(0,T;V;), we can apply Theorem 2.1 and all
calculations above are meaningful for the unique weak solution p(u) of (3.40).
Hence we have the following theorem.

Theorem 3.3. Assume that (3.44) holds. The optimal control u is then
characterized by the following system of equations and inequality:

{ V"' (u) + A2(2) y'(u) + A1 (1) y(u) = f(t, y(u)) + Bu,
y(;0) =yoeV, y'(4;0)=y eH,
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p"(u) = Ax(0) p'(u) + (A1 (1) — A5(2)) p(u)

= fy(t, y())"p(u) + C; Am(Cry(u) — za),
pw;T) =0, p'(w;T) =0,
(A,' B*p(u) + Ru,v —u),, >0, Yo € Uya

with y(u), p(u) € W(0,T).

3.2. Case of Coe L(V, M)

If we take z(v) = C,y(T;v) as the terminal value observation, then the cost
function is expressed as

(3.45) J(v) = ||Cay(v; T) = z4|[3, + (Rv,0),,,  Yve.

In this occasion, the optimal control u subject to (3.2) and (3.45) is characterized
by

(3.46) (CyAu(Coy(u; T) = za), 2(T)pyry + (Ru,v —u)y 20, Vv € Uaa,

where z is the solution of (3.20). According to the optimality condition (3.46),
we introduce the adjoint system defined by

(3.47) {p”(u) — A2(0)p'(u) + (Ai (1) = Ay(0) p(u) — £ (1, y(u; 1)) p(u) = O,
p;T) =0, p'w;T) = CAu(Coy(w; T) = za)-

Since C;A(Coy(u; T) — z4) ¢ H by assumption, we cannot apply Theorem 2.1

to obtain existence and uniqueness of solutions for (3.47). Hence we further

assume
(3.48) Cye L(H,M),

so that C; Ay (Coy(u; T) —zq) € H. 1f we take f(1,8) = Ay (1) + £, (¢, y(u; 1)<,
then f(¢,&) satisfies the assumptions (Al)-(A3). Hence, the system (3.47) is
well-posed and permits a unique solution p(u) in W(0,T) if one consider the
change of time variables 1 — T —¢. This completes the following theorem.

Theorem 3.4. Assume that (3.48) holds. Then the optimal control u is char-
acterized by the following system of equations and inequality:

{ V") + A2(2) y'(u) + A1 (1) y(u) = Bu+ f(t, y(u)),
y(;0) =yoeV, y'(;0)=y eH,

{ p"(u) = Ay (1)p' () + (A1(2) — A3(0) p(u) — £ (2, y())"p(u) =0,
p;T) =0, p'u;T) = CGA(Cryw; T) = za),

(=43 B*p(u) + Ru,v — u),, >0, Yo € Uyq
with y(u), p(u) e W(0,T).
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Proof. Multiplying both sides of the equation in (3.47) by z and inte-
grating it on (0,7), we have

0

T T
349 | 0.z - [ (G w.z0)

T
+j A1) (a0, 2(1) e

T T
+ Jo (A (1) p(u; t)72,(t)>l/zzvzd[ + L {p(u; 8), A (0)z(1) Dy ydt

T
= | <ot A0 )0 s

0
= (' T),z(T))y

o T<p(u; ) (j—;+Az(l)%+A1(1) ) ECY R

0 20 %

T
- JO {pus 1), B(o —u)(1)yy, yydi + (p'(w; T), 2(T)) y = 0.

Here we have used integration by parts and the fact that {@,y>) ) =
¥y v, = () for ¢, in respective spaces. Since p'(u;T) = Cy Ay -
(Cyy(u; T) — z4), by (3.49) the optimal condition (3.46) can be written as

(3.50) (=43 B*p(u) + Ru,v — u),, > 0, Yo € Uyq.

This completes the theorem.

4. Transposition and necessary conditions

Throughout this section we assume (A4) holds. Let ge L*(0,T; V).
Then we have a unique weak solution ¥ € W(0,T) of the following equation

{ W'+ (W 4 A = fo(t, y(ws ) + g in (0,T),
¥(0) =0, y'(0)=0,

because f(#,&) = fi(t, y(u; 1)) + g(t) satisfies the assumptions (Al)-(A3) by
(Ad). Let us define the space

(4.1)
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X = {y |y satisfies (4.1) with ge L*(0,T;V3)}.

It is seen in Theorem 2.1 that X = W(0,T)N C([0,T]; V)N C'([0, T]; H). We

give a inner product (-,-)y on X by (Y,¥,)y = (glag2)L2(O,T;V2’)7 where /{1,
are the weak solutions of (4.1) for given g = g1,¢» € L*(0, T; V5), respectively.
We see easily that (X,(-,-)y) is a Hilbert space. And, we can see that the
map Y — " + A (W' + A1 () — f,(t, y(u; 1))y of X onto L2(0,T;V;) is an
isomorphism. Hence for each continuous linear functional L : X — R, there
exists uniquely a p = p; € L*>(0,T; V3) such that

T

(4.2) L (@), 9" (1) + A()' (1) + AL (P (1) — £, y(us )W () Dy, vyt
=L(y), YyeX.

For ge L'(0,T; V"), poe H and p; e V', let us define the functional L =
L(g, po, p1) by

T
(43) L) = j GO Dyt + (T vy — (ot (T))

0

Then this L is linear on X. Next we shall show the boundedness of L. It is
easily checked from the fact w e X = C([0, T]; V)N C'([0, T]; H) that

(4.4) (LW < (gl 1o, 7 + 2111y + |Polyr)

< (Wl cqo. 7y + WDy + W (T)]5)-

Since € X, by the definition of X there exists a g(i) € L*(0, T; V5) such that

(4.1) holds with g =g(y). If we take f(t,¥) = f,(t, y(u; 1))y + g(¥)(¢), then
by (A.4) this f satisfies (A.2) and (A.3) in which f(¢) and y(¢) are given by

B(1) = B () Iy @)l o 0, 70,y + 1) and p(2) = [lg(¥; 1)l ;, respectively. Hence by
the energy inequality in Theorem 2.1 we see that s satisfies

(4.5) W (O + 1" (1) 7 + L ' ()13t < e(lg(h) 220, 7277

where ¢ is a constant depending only on the above . Since y € C([0,T]; V)
and y/' € C([0,T]; H), we have from (4.5)

4.6) Wl cqo, i) + 1 Neqo, remy + 1V 2o, 7y < Killg@W) 20, 7o

where K; > 0 is some constant independent of . Consequently, it follows by
(4.4) and (4.6) that

LW < Kallg(W)ll 20, 7.y = K2ll¥llxs

which proves that L is a continuous linear functional on X, where K, is a
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positive constant depending on (g, po, p1). In particular, if py e V5, then we
can define another linear functional given by

(4.7) L) =j GO D pydt + prob(T) >y

0
+ <A2(T)P07¢(T)>V2/,Vz — (Po, ‘V(T))H'

It is easily verified by [<A2(T)po,¥(T)>v;p,| < caikl|polly, IW(T)], that the
linear functional defined by (4.7) is bounded on X, where k is a positive
constant such that |&[|,, <k|[&[|, for e V. We remark that L(y) + j07<h(z),
Y¥'(t)>v;1,dt is also a bounded linear functional on X for /e L0, T; V).

Theorem 4.1. For ge L'(0,T; V') and pye H, p; € V', there is a unique
solution p e L*(0,T; V) such that

T
jo " (1) + AW (1) + Ay (OW(E) — (8, vt )W) s, ol
(4.8) .
:L g(t), () Dy ydt + p1, W(T) Dy y — (Po,¥'(T))y, YpeX.
Proof. 1t is easily followed from applying L(y) given by (4.3) to the
variational equation (4.1).

Corollary 4.1. For ge L'(0,T; V') and poe Vi, p1 € V', there is a unique
solution p e L*(0,T; V) such that

T
JO 0" () + Ao ()" (1) + A (O (1) — S8, p(us ) () Dy,
(4.9) J

T
g, () >y ydt + prp(T) >y

0
+ {A42(T) po, lﬁ(T»Vz’,Vz — (po, ¥ (1)) y

for any e X.

Proof. By applying L(y) given by (4.7) to the variational equation (4.1),
we have this corollary.

Remark 4.1. By formal calculations, the weak solution p(u) of (4.8) is
verified to satisfy formally

{ p"(u) — A () p'(u) + [A1 (1) — A5(1) — £ (6, y(u; 1)) p(u) = g in (0, T),
p(T) = po, p'(T)=A2(T)po+ p1,

and the weak solution p(u) of (4.9) satisfies formally
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{P"(U) — () p'(u) + [Ai (1) — Ay (1) = £ (&, y(w;1))]p(w) = ¢ in (0, T),
p(T)=po, p'(T)=p1.
We have two kinds of extended adjoint systems (4.8) and (4.9). In fact, the

adjoint systems (4.8) in Theorem 4.1 extend those given in Section 3 for the
both cases of C; and C,.

4.1. Application to the case of C,;

We assume that Cje Z(L*(0,T;V);M). We can now formulate the
adjoint system to describe the optimality condition by applying Theorem 4.1.
Since CyAy(Ciy(u) —z4) € L*(0,T; V') = LY(0,T; V'), there exists a p(u)e
L*(0,T; V,) satisfying

T
J {pus )" (1) + Ax ()" (1) + Ay (D% (1) = f(t, Y)Y (), et

0

T
- L (CE At (Coy(u) = za) (1), (D) e,

Yy such that

U (O + AW — (e, (s D) e LX0, T V3),
() =0, ¥'(0)=0.

The Gateaux derivative = z = Dy(u)(v — u) satisfies

(4.10)

d? d 2 /
<dtz+ Ao(1) -+ A1) = (1, (0 t)))lﬂ = B(v—u) e L7(0, T; V)

and (0) =y'(0) =0. Therefore, if we take =z = Dy(u)(v—u) in (4.10),
then we have
(Cry(u) — 24, Ci2)

T
=, CCrAm(Cry(u) = 2a)(1),2(1)yy pdt

[

T 2
(ol (G4 420 G+ 410 = £ 3000 )20}

0 Vo,V

T

= 0 <p(u7 l)vB(U_u)(t)>V2’,V2dl: (A,jllB*p(u),v—u)%.

Therefore we conclude that the optimality condition (3.39) is equivalent to
(A, B*p(u) + Ru,v —u),, > 0, Yo € Uyq.

Hence, we show the following theorem.
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Theorem 4.2. The optimal control u for (3.38) is characterized by the
following system of equations and inequality:

{ Y'(u) + Ax(2) y'(u) + A1 (1) y(u) = Bu+ f(t, y(u)) in (0,T),
yu;0) =yoeV, y(4:0)=y eH,

T
J Cplus ), " (1) + A2 (' (1) + A ()Y () = £ (8, @) (0) Dy, vydt

0
= (Cry(u) = za, C1ih)
Yy such that
W+ A (W + AL — £, y(w)y e L2(0,T; V3),
¥(0) =0, y'(0)=0,
(A3'B*p(u) + Ru,vo —u),, =0, Vv e U

4.2. Application to the case of C;

Let Coe L(V,M). Then C;Ay(Coy(u; T)—z4) € V'. Now we can apply
Theorem 4.1 to formulate the adjoint system in order to obtain the optimality
condition (3.46). We define p(u) as a unique solution in L?(0,T;V,) of the
adjoint system

T

L Cplas 1" (1) + An(OW' (1) + A (D0 (0) = f3(t, $(s OW(D) 1, o
= G Au(Coy(u; T) = z4) Y(T) >y y

Vi such that

W' () + A (0% — £, y(us ) € L2(0, T 73),

Y(0) =0, ¥/(0)=0.

We can take =z = Dy(u)(v — u) in (4.11) as the same reason as for the case
C;. Hence by direct calculations we have

(4.11)

—(Cy(u; T) — za, Coz(T))

= —CAM(Coy' (;T) = 24),2(T) Dy yr

= [ (pten. (G5 4200 0 £t )at0)

0 V2, v}

T
_ JO (s 0), Bo = )(0)yy pdt = (43 B p(u), v — u),.
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Thus we conclude that the optimality condition (3.46) is equivalent to
(—A5'B*p(u) + Ru,v —u),, >0, Yo € Uyq.
Therefore, we have proved the following theorem.

Theorem 4.3. The optimal control u for (3.45) is characterized by the
following system of equations and inequality:

{ Y'(u) + Ax(2) y'(u) + A1 (1) y(u) = Bu+ f(t, y(u)) in (0,T),
yu;0) =yoeV, y'(4:0)=y eH,

T
|| <o)+ 000+ A OO ~ L1 70,

0
=—(Cyu;T) —z4, CY(T))
Y such that
V' A (O + ALY — f(2, y(u)) e L2(0, T; V3),
¥(0) =0, ¥'(0)=0,
(—A,'B*p(u) + Ru,v —u),, >0, VU € Upg.

Finally we note that there are many applications of our results to the
optimal control problem involving various types of nonlinear partial differential
equations having damping terms, for example, the damped sine-Gordon equa-
tions and the structural damped Euler-Bernoulli beam equations among others.
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