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1. Introduction

In this paper we study quadratic optimal control problems for the control

systems described by the nonlinear damped second order evolution equations of

the form

d 2y

dt2
þ A2ðtÞ

dy

dt
þ A1ðtÞy ¼ f ðt; yÞ þ Bv in ð0;TÞ;ð1:1Þ

where A1ðtÞ;A2ðtÞ are time varying operators on appropriate Hilbert spaces

embedded in a pivot Hilbert space H;B is a controller, v is a control and f ðt; yÞ
is a nonlinear forcing function. This type of equations covers various damped

hyperbolic distributed parameter control systems. The initial condition attached

to (1.1) is given by

yð0Þ ¼ y0;
dy

dt
ð0Þ ¼ y1:ð1:2Þ

For the system (1.1), (1.2) we introduce another Hilbert space V2 corre-

sponding to the damping term A2ðtÞdy=dt beside the Hilbert space V to A1ðtÞy,
and we present the basic results on existence, uniqueness and regularity of solu-

tions in the setting of a Gelfand fivefold V ,! V2 ,! H ,! V 0
2 ,! V . The in-

troduction of this V2 admits us to choose an appropriate space of di¤erential

operators according to the types of damping e¤ects, so that our treatment pro-

vides a convenient and unified way of obtaining the solutions to the nonlinear



control system (1.1), (1.2). The basic results for the free system with Bv ¼ 0,

y0 A V , y1 A H are established in Ha and Nakagiri [9] due to the variational

formulation of Dautray-Lions [8].

Our aim of this paper is to study the optimal control problems as studied in

Lions [10] and Ahmed and Teo [3] for the nonlinear system (1.1), (1.2) based on

the results of [9]. The related optimal control and parameter estimation prob-

lems for linear systems, i.e., f ðt; yÞ ¼ f ðtÞ, are studied extensively by Ahmed [1,

2], Banks et al. [5, 6] and Omatsu and Seinfeld [13] in the framework of Gelfand

triple or fivefold. We also intend to extend some of their results to our non-

linear system.

We shall explain the main feature of this paper. Let U be a Hilbert space

of control variables and Uad HU be an admissible set. We study the optimal

control problem:

Minimize JðvÞ over Uadð1:3Þ

with the quadratic cost function

JðvÞ ¼ kCyðvÞ � zdk2M þ ðRv; vÞU; v A U;ð1:4Þ

where y ¼ yðvÞ is the solution of (1.1), (1.2). Here in (1.4), M is an observa-

tion space, zd is a desired element in M and C is an observer, and R is a

regulator on U. The first part of (1.3) is the existence of the optimal control

u such that inf v AUad
JðvÞ ¼ JðuÞ. In general, the existence problem of optimal

controls for nonlinear systems is di‰cult to solve. In proving the existence, it is

often required to show the strong convergence of yðvÞ in v with respect to the

weak topology of U. In almost all cases (cf. [7]) this convergence is verified

provided that underlying spaces have the structure of compact embeddings.

Noting this, we give an existence result of optimal controls by assuming that

V ,! V2 is compact.

Our main concern as the second part of (1.3) is to characterize the nec-

essary optimality conditions for nonlinear system (1.1) on the optimal control

u, according to specific types of observations C in time and space. For the

purpose we have to show the weak Gâteaux di¤erentiability of the nonlinear

map v ! yðvÞ, which is used to define the associate adjoint system. The dif-

ferentiability is proved by assuming the Fréchet di¤erentiability of f ðt; yÞ in y.

Using the system and adjoint system equations, the necessary optimality condi-

tions are completely characterized. These conditions extend the former results

in [10, 2, 3, 13] to two directions, one is nonlinear equations and the other is

damped equations.

This paper is composed of four sections. In Section 2, after giving the

assumptions on operators AiðtÞ, i ¼ 1; 2, and nonlinear Lipschitz continuous

term f ðt; yÞ, we state the existence, uniqueness and regularity results to the
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solutions of the system (1.1), (1.2). Based on the results of Section 2 we study

in detail the optimal control problems for the nonlinear system (1.1), (1.2) with

the quadratic cost (1.3) to be minimized on any admissible set Uad in Sections 3

and 4. That is, in the first part of Section 3 we give an existence theorem of

optimal controls, and in the rest part of Section 3 the necessary conditions of

optimality are established according to two types of observations under some

additional assumptions on operators and observations. In Section 4 the similar

necessary conditions are established without additional assumptions by using the

method of transposition (cf. [10], [12]).

2. Existence, uniqueness and energy inequality

Let H be a real pivot Hilbert space, and the inner product and the norm is

denoted by ð� ; �ÞH and j � jH , respectively. For i ¼ 1; 2, let Vi be a real sep-

arable Hilbert space with the norm k � kVi
. Assume that each pair ðVi;HÞ is a

Gelfand triple space and that V1 is continuously embedded in V2 (for details see

Ha and Nakagiri [9]). We are given a family of symmmetric bilinear forms on

Vi � Vi aiðt; f; jÞ, t A ½0;T �, i ¼ 1; 2. We assume that there exists a ci1 > 0 such

that

jaiðt; f; jÞja ci1kfkVi
kjkVi

for all f;c A Vi and t A ½0;T �;ð2:1Þ

and there exist ai > 0 and li A R such that

aiðt; f; fÞ þ lijfj2H b aikfk2Vi
for all f A Vi and t A ½0;T �:ð2:2Þ

Further, a1ðt; f; jÞ, t A ½0;T � is assumed to satisfy that the function t ! a1ðt; f; jÞ
is continuously di¤erentiable in ½0;T � and there exists a c12 > 0 such that

ja 0
1ðt; f; jÞja c12kfkV1

kjkV1
for all f;c A V and t A ½0;T �:ð2:3Þ

Then we can define the operator AiðtÞ A LðVi;V
0
i Þ defined by the relation

aiðt; f; jÞ ¼ hAiðtÞf; jiV 0
i
;Vi
.

From now on, we shall write V1 ¼ V for notational simplicity. We con-

sider the following nonlinear damped second order evolution equation

d 2y

dt2
þ A2ðtÞ

dy

dt
þ A1ðtÞy ¼ f ðt; yÞ in ð0;TÞ;

yð0Þ ¼ y0 A V ;
dy

dt
ð0Þ ¼ y1 A H;

8>>><
>>>:

ð2:4Þ

where f : ½0;T � � V2 ! V 0
2. The solution Hilbert space Wð0;TÞ of (2.4) is

defined by

Wð0;TÞ ¼ fg j g A L2ð0;T ;VÞ; g 0 A L2ð0;T ;V2Þ; g 00 A L2ð0;T ;V 0Þg;
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endowed with the norm

kgkW ð0;TÞ ¼ ðkgk2L2ð0;T ;VÞ þ kg 0k2L2ð0;T ;V2Þ þ kg 00k2L2ð0;T ;V 0ÞÞ
1=2:

We denote by D 0ð0;TÞ the space of distributions on ð0;TÞ. A function

y ¼ yð�Þ is said to be a weak solution of (2.4) if y A Wð0;TÞ and y satisfies

d 2y

dt2
ð�Þ; f

� �
V 0;V

þ a2ð� ; y 0ð�Þ; fÞ þ a1ð� ; yð�Þ; fÞ ¼ h f ð� ; yð�ÞÞ; fiV 0
2
;V2

for all f A V in the sense of D 0ð0;TÞ

yð0Þ ¼ y0 A V ;
dy

dt
ð0Þ ¼ y1 A H:

As in [9] we impose the following assumptions on the nonlinear term f : ½0;T � �
V2 ! V 0

2 in (2.4):

(A1) t ! f ðt; yÞ is strongly measurable in V 0
2 for all y A V2,

(A2) there exists a b A L2ð0;T ;RþÞ such that

k f ðt; yÞ � f ðt; zÞkV 0
2
a bðtÞky� zkV2

a:e: t for y; z A V2;

(A3) there exists a g A L2ð0;T ;RþÞ such that k f ðt; 0ÞkV 0
2
a gðtÞ a.e. t.

The following theorem on existence, uniqueness, regularity and energy

inequality of solutions to (2.4) holds (see [9]).

Theorem 2.1. Assume that both ai, i ¼ 1; 2 satisfy (2.1)–(2.3) and f ðt; yÞ
satisfy (A1)–(A3). Then there exists a unique weak solution y A Wð0;TÞV
Cð½0;T �;VÞVC1ð½0;T �;HÞ of (2.4). Moreover, for each t A ½0;T �, y satisfies the

energy inequality

kyðtÞk2V þ jy 0ðtÞj2H þ
ð t

0

ky 0ðsÞk2V2
dsa cðky0k2V þ jy1j2H þ kgk2L2ð0;T ;RþÞÞ;ð2:5Þ

where c is a proper constant depending only on b in (A.2).

The energy inequality (2.5) follows from the assumptions (A.1)–(A.3) and

the following energy equality in [9, Theorem 4.1]:

a1ðt; yðtÞ; yðtÞÞ þ jy 0ðtÞj2H þ 2

ð t

0

a2ðs; y 0ðsÞ; y 0ðsÞÞdsð2:6Þ

¼ a1ð0; y0; y0Þ þ jy1j2H þ
ð t

0

a 0
1ðs; yðsÞ; yðsÞÞds

þ 2

ð t

0

h f ðs; yðsÞÞ; y 0ðsÞiV 0
2
;V2

ds:
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After this section we assume that (2.1)–(2.3) and (A1)–(A3) hold without

any indication.

3. Quadratic optimal control problems

Let U be a Hilbert space of control variables, and let B be an operator,

B A LðU;L2ð0;T ;V 0
2ÞÞ;ð3:1Þ

called a controller and v A U be a control. We consider the following con-

trolled nonlinear damped second order system:

d 2yðvÞ
dt2

þ A2ðtÞ
dyðvÞ
dt

þ A1ðtÞyðvÞ ¼ f ðt; yðvÞÞ þ Bv in ð0;TÞ;

yðv; 0Þ ¼ y0 A V ;
dyðv; 0Þ

dt
¼ y1 A H;

8>>><
>>>:

ð3:2Þ

Here in (3.2), A1ðtÞ;A2ðtÞ and f ðt; yÞ are di¤erential operators and the nonlinear

function satisfying the assumptions given in Section 2. By virtue of Theorem

2.1 and (3.1), we can define uniquely the solution map v ! yðvÞ of U into

Wð0;TÞ, because f ðt; xÞ1 f ðt; xÞ þ BvðtÞ satisfies the assumptions (A1)–(A3).

We shall call the weak solution yðvÞ of (3.2) the state of the control system

(3.2). The observation of the state is assumed to be given by

zðvÞ ¼ CyðvÞ; C A LðWð0;TÞ;MÞ;ð3:3Þ

where C is an operator called the observer, and M is a Hilbert space of

observation variables. The quadratic cost function associated with the control

system (3.2) is given by

JðvÞ ¼ kCyðvÞ � zdk2M þ ðRv; vÞU for v A U;ð3:4Þ

where zd A M is a desired value of zðvÞ and R A LðU;UÞ is symmetric and

positive, i.e.,

ðRv; vÞU ¼ ðv;RvÞU b dkvk2Uð3:5Þ

for some d > 0. Let Uad be a closed convex subset of U, which is called the

admissible set. The quadratic cost optimal control problem is usually derived

into two problems:

i) Find an element u A Uad such that

inf
v AUad

JðvÞ ¼ JðuÞ:ð3:6Þ

ii) Give a characterization of such a u.
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We shall call such the u the optimal control for the cost problem (3.6) with (3.4)

subject to (3.2). Since the control system (3.2) includes a nonlinear term, it is

not easy task to solve the problem i), the existence of optimal control u for (3.6)

with (3.4), and also the problem ii), the necessary condition for optimal control

u. For the problem i) we have no general answer under any natural condition.

In solving ii) it is necessary to write down formally the optimality condition

DJðuÞðv� uÞb 0 for all v A Uadð3:7Þ

and to analyze this in view of the proper adjoint state system, where DJðuÞ
denotes the Gâteaux derivative of JðvÞ at v ¼ u.

For i) as mentioned in Introduction we require giving additional conditions

on the underlying spaces or the admissible sets. Here we propose two su‰cient

cases which a‰rm the existence of optimal controls as follows:

(B1) Uad is compact in U.

(B2) The embedding V ,! V2 is compact.

The case (B1) is intended for the finite dimensional control space Uad . For the

case (B2), we utilize the Aubin-Lions-Temam’s compact imbedding theorem (cf.

Temam [15; p. 274]).

Proposition 3.1. Let X0;X and X1 be Banach spaces such that the

embedings X0 ,! X ,! X1 are continuous and dense. Assume that X0 and X1 are

reflexive spaces and that a0; a1 > 1. Let W a0;a1ð0;TÞ be the space defined by

W a0;a1ð0;TÞ ¼ fy j y A La0ð0;T ;X0Þ; y 0 A La1ð0;T ;X1Þg:

If the embeding X0 ,! X is compact, then any bounded set of W a0;a1ð0;TÞ is pre-
compact in La0ð0;T ;XÞ.

By applying Proposition 3.1 in the special case where X0 ¼ V , X ¼ X1 ¼
V2, a0 ¼ a1 ¼ 2, we can obtain the following Corollary.

Corollary 3.1. Assume that the embeding V ,! V2 is compact. If a se-

quence fyng is bounded in W 2;2ð0;TÞ, then there is a subsequence fynkgH fyng
and a z A L2ð0;T ;V2Þ such that ynk converges to z strongly in L2ð0;T ;V2Þ.

Theorem 3.1. Assume that either (B1) or (B2) is satisfied. Then there

exists at least one optimal control u for the cost (3.4) subject to the system (3.2).

Proof. For the case (B1) this theorem is readily shown if we refer the

proof of this theorem and the fact that the map yðvÞ : U ! L2ð0;T ;VÞ is

strongly continuous which follows from the proof of Lemma 3.1 given below.

Hence we prove this theorem for the case (B2).

Let inf v AUad
JðvÞ ¼ J. Then we can extract a sequence fvngHUad sat-
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isfying JðvnÞ ! J. Hence fJðvnÞg is a bounded sequence in Rþ. It follows

from (3.4) and (3.5) that

K0 b JðvnÞb ðRvn; vnÞU b dkvnk2U;ð3:8Þ

where K0 is an upper bound of fJðvnÞg. These inequalities means that fvng
remains in a bounded sequence in U. Since U is a Hilbert space, there are u

and a subsequence, again denoted by fvng, such that vn ! u A U weakly. And

u A Uad on account of Uad being convex and closed. Each state yn ¼ yðvnÞ A
Wð0;TÞ corresponding to vn is the weak solution of

y 00
n þ A2ðtÞy 0

n þ A1ðtÞyn ¼ f ðt; ynÞ þ Bvn in ð0;TÞ;
ynð0Þ ¼ y0; y 0

nð0Þ ¼ y1:

�
ð3:9Þ

By (3.8) the term Bvn is estimated as

kBvnkL2ð0;T ;V 0
2
Þ a kBkLðU;L2ð0;T ;V 0

2
ÞÞkvnkUð3:10Þ

a kBkLðU;L2ð0;T ;V 0
2
ÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
K0d�1

p
1K1; n ¼ 1; 2; . . . :

Now if we take f ðt; ynÞ1 f ðt; ynÞ þ ðBvnÞðtÞ in (2.4), then the function g in (A3)

is replaced by gðtÞ þ kBvnðtÞkV 0
2
and the function b in (A2) is not changed. By

(3.10) gðtÞ þ kBvnðtÞkV 0
2
is estimated as

ðT

0

fgðtÞ þ kBvnðtÞkV 0
2
g2dta 2kgk2L2ð0;T ;RþÞ þ 2K1:

Hence it follows from (2.5) that

kynðtÞk2V þ jy 0
nðtÞj

2
H þ

ð t

0

ky 0
nðsÞk

2
V2
ds

a cðky0k2V þ jy1j2H þ 2kgk2L2ð0;T ;RþÞ þ 2K1Þ:

This inequality means that

fyng is bounded in Lyð0;T ;VÞ and

fy 0
ng is bounded in L2ð0;T ;V2ÞVLyð0;T ;HÞ:

Also the boundedness of fy 00
n gHL2ð0;T ;V 0Þ follows from the above bound-

ednesses, (3.10) and the equality y 00
n ¼ �A2ðtÞy 0

n � A1ðtÞyn þ f ðt; ynÞ þ Bvn.

Therefore, by the extraction theorem of Rellich, we can find a subsequence,

say fyng, of fyng and find z A Lyð0;T ;VÞHL2ð0;T ;VÞ, z 0 A L2ð0;T ;V2ÞV
Lyð0;T ;HÞ, z 00 A L2ð0;T ;V 0Þ such that

yn ! z weakly star in Lyð0;T ;VÞ and weakly in L2ð0;T ;VÞ;ð3:11Þ
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y 0
n ! z 0 weakly in L2ð0;T ;V2Þ andð3:12Þ

y 00
n ! z 00 weakly in L2ð0;T ;V 0Þ:ð3:13Þ

It is verified by the standard manupulation as in Dautray and Lions [8] that the

limit z satisfies the initial conditions zð0Þ ¼ y0 and z 0ð0Þ ¼ y1.

Now we use the condition (B2). By Corollary 3.1, there is a subsequence

fynkg of fyng such that

ynk ! z strongly in L2ð0;T ;V2Þ:

Then we can choose a subsequence of fynkg, we denote again by fynkg, such
that

ynk ðtÞ ! zðtÞ strongly in V2 for a:e: t A ½0;T �:ð3:14Þ

So that by the assumption on (A2), we have by (3.14) and the Lebesgue

dominated convergence theorem that

ðT

0

k f ðt; ynk Þ � f ðt; zÞk2V 0
2
dta

ðT

0

b2ðtÞkynk ðtÞ � zðtÞk2V2
dt ! 0:ð3:15Þ

Here we note that the integrands in (3.15) are bounded by a L1-integrable

function by b A L2ð0;T ;RþÞ and the boundedness of fynk ; zg in Lyð0;T ;VÞ.
Hence replacing yn with ynk and taking k ! y in (3.9) by using (3.11),

(3.12), (3.13), (3.15) and continuity of AiðtÞ;B, the limit z satisfies

z 00 þ A2ðtÞz 0 þ A1ðtÞz ¼ f ðt; zÞ þ Bu in ð0;TÞ;
zð0Þ ¼ y0; z 0ð0Þ ¼ y1

�
ð3:16Þ

in the weak sense. Also since the equation (3.16) has a unique weak solution

z A Wð0;TÞ by Theorem 2.1, we conclude that z ¼ yðuÞ in Wð0;TÞ by the

uniqueness of solutions, which implies yðvnÞ ! yðuÞ weakly in Wð0;TÞ. Since

C is continuous on Wð0;TÞ and k � kM is continuous, it follows that

kCyðuÞ � zdkM a lim inf
n!y

kCyðvnÞ � zdkM :

It is also clear from lim infk!ykR1=2vnkU b kR1=2vkU that

lim inf
k!y

ðRvn; vnÞU b ðRu; uÞU:

Hence

J ¼ lim inf
n!y

JðvnÞb JðuÞ:

But since JðuÞb J by definition, we conclude that JðuÞ ¼ inf v AUad
JðvÞ. This

proves Theorem 3.1.
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For the problem ii) we need to solve the question that under what con-

ditions on f ðt; yÞ is the map v ! yðvÞ of U into Wð0;TÞ Gâteaux di¤erentiable

at u. In order to give an answer to the question, we need the following lemma.

Lemma 3.1. Let w A U be arbitrarily fixed. Then

lim
l!0

yðuþ lwÞ ¼ yðuÞ in Cð½0;T �;VÞ:

In particular, liml!0 yðuþ lwÞ ¼ yðuÞ in L2ð0;T ;VÞ.

Proof. Let l A ð0; 1Þ and let yðuþ lwÞ and yðuÞ be the weak solutions of

(3.2) corresponding to uþ lw and u, respectively. If we set yl ¼ yðuþ lwÞ�
yðuÞ for each l, then it satisfies

y 00
l þ A2ðtÞy 0

l þ A1ðtÞyl
¼ f ðt; yðuþ lwÞÞ � f ðt; yðuÞÞ þ lBw in ð0;TÞ;

ylð0Þ ¼ 0 A V ; y 0
lð0Þ ¼ 0 A H:

8><
>:ð3:17Þ

The equation (3.17) admits a unique weak solution, because f ðt; xÞ1
f ðt; xþ yðu; tÞÞ � f ðt; yðu; tÞÞ þ lðBwÞðtÞ satisfies (A1)–(A3) with same b and

gðtÞ ¼ klðBwÞðtÞkV 0
2
. Hence, applying the energy inequality (2.5) to (3.17) we

have

kylðtÞk2V þ jy 0
lðtÞj

2
H þ

ð t

0

ky 0
lðsÞk

2
V2
dsa cl2kBwk2L2ð0;T ;V 0

2
Þ:ð3:18Þ

Therefore yl ! 0 in Cð½0;T �;VÞ as l ! 0. In particular, yl ! 0 in

L2ð0;T ;VÞ. This completes the proof.

Let us denote by C1ðV2;V
0
2Þ the set of continuously Fréchet di¤erentiable

functions. Let t A ½0;T � and assume f ðt; yÞ A C1ðV2;V
0
2Þ for a.e. t. For the

fixed t we denote by fyðt; xÞ the Fréchet derivative of f ðt; yÞ with respect to y

at x. If f ðt; yÞ A C1ðV2;V
0
2Þ for fixed t, then we have the useful equality

f ðt; yÞ � f ðt; zÞ ¼
ð1

0

fyðt; yyþ ð1� yÞzÞdyðy� zÞ:ð3:19Þ

The solution map v ! yðvÞ of U into Wð0;TÞ is said to be Gâteaux dif-

ferentiable at v ¼ u if for any w A U there exists a DyðuÞ A LðU;Wð0;TÞÞ such

that

1

l
ðyðuþ lwÞ � yðuÞÞ �DyðuÞw; f

� �
W ð0;TÞ;Wð0;TÞ 0

! 0 as l ! 0

for each f A Wð0;TÞ0. The operator DyðuÞ is called the Gâteaux derivative of
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yðuÞ at v ¼ u and the function DyðuÞw A Wð0;TÞ is called the Gâteaux deriva-

tive in the direction w A U.

Now, in order to obtain the Gâteaux di¤erentiability of the solution map

v ! yðvÞ, we impose a further assumption to the nonlinear term f ðt; yÞ.

f ðt; yÞ A C1ðV2;V
0
2Þ a:e: t A ½0;T �

and there is b1 A L2ð0;T ;RþÞ such that

k fyðt; yÞkLðV2;V
0
2
Þ a b1ðtÞðkykV2

þ 1Þ a:e: t A ½0;T �:

8><
>:ðA4Þ

Theorem 3.2. Assume that (A4) holds. Then the map v ! yðvÞ of U into

Wð0;TÞ is weakly Gâteaux di¤erentiable at v ¼ u and such the Gâteaux deriva-

tive of yðvÞ at v ¼ u in the direction v� u A U, say z ¼ DyðuÞðv� uÞ, is a unique

weak solution satisfying the following equation

z 00 þ A2ðtÞz 0 þ A1ðtÞz ¼ fyðt; yðu; tÞÞzþ Bðv� uÞ in ð0;TÞ;
zð0Þ ¼ z 0ð0Þ ¼ 0:

�
ð3:20Þ

Proof. Let l A ð0; 1Þ, and let yðuþ lðv� uÞÞ and yðuÞ be the weak solu-

tions of (3.2) corresponding to uþ lðv� uÞ and u, respectively. We set zl ¼
l�1ðyðuþ lðu� vÞÞ � yðuÞÞ. Then zl is a unique weak solution of

z 00l þ A2ðtÞz 0l þ A1ðtÞzl

¼ 1

l
f f ðt; yðuþ lðv� uÞÞÞ � f ðt; yðuÞÞg þ Bðv� uÞ in ð0;TÞ;

zlð0Þ ¼ 0; z 0lð0Þ ¼ 0:

8>>>><
>>>>:

ð3:21Þ

Let w ¼ v� u. By the energy equality (2.6), zl satisfies

a1ðt; zlðtÞ; zlðtÞÞ þ jz 0lðtÞj
2
H þ 2

ð t

0

a2ðs; z 0lðsÞ; z 0lðsÞÞdsð3:22Þ

¼
ð t

0

a 0
1ðs; zlðsÞ; zlðsÞÞdsþ 2

ð t

0

hBwðsÞ; z 0lðsÞiV 0
2
;V2

ds

þ 2

ð t

0

hl�1½ f ðs; yðuþ lðv� uÞ; sÞÞ � f ðs; yðu; sÞÞ�; z 0lðsÞiV 0
2
;V2

ds:

Note that the last term of (3.22) can be estimated as

2

ð t

0

hl�1½ f ðs; yðuþ lðv� uÞ; sÞÞ � f ðs; yðu; sÞÞ�; z 0lðsÞiV 0
2
;V2

ds

����
����ð3:23Þ

a
1

e

ð t

0

b2ðsÞkzlðsÞk2V2
dsþ e

ð t

0

kz 0lk
2
V2
ds

for any e > 0. Then, by taking e > 0 su‰ciently small, as well as in the proof

of Theorem 2.1 in [9], we can verify that (3.22), (3.23) imply
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kzlðtÞk2V a kzlðtÞk2V þ jz 0lðtÞj
2
H þ

ð t

0

kz 0lðsÞk
2
V2
dsð3:24Þ

aK

ð t

0

bðsÞ2kzlðsÞk2Vdsþ KkBwk2L2ð0;T ;V 0
2
Þ;

for some K > 0. Hence by applying Gronwall’s inequality to (3.24), we have

kzlðtÞk2V aKkBwk2L2ð0;T ;V 0
2
Þ expðKkbk2L2ð0;T ;RþÞÞ:ð3:25Þ

It follows from substituting (3.25) into (3.24) that

kzlðtÞk2V þ jz 0lðtÞj
2
H þ

ð t

0

kz 0lðsÞk
2
V2
dsð3:26Þ

aK ½1þ Kkbk2L2ð0;T ;RþÞ expðkbk
2
L2ð0;T ;RþÞÞ�kBwk

2
L2ð0;T ;V 0

2
Þ:

It is easily verified that the above inequality yields the boundedness of fz 00l g in

L2ð0;T ;V 0Þ. Therefore there exists a z A Wð0;TÞ and a sequence flkgH ð0; 1Þ
tending to 0 such that

zlk ! z weakly in L2ð0;T ;VÞ as k ! y;

zlk ! z weakly star in Lyð0;T ;VÞ as k ! y;

z 0lk ! z 0 weakly in L2ð0;T ;V2Þ as k ! y;

z 00lk ! z 00 weakly in L2ð0;T ;V 0Þ as k ! y;

zð0Þ ¼ 0; z 0ð0Þ ¼ 0:

8>>>>><
>>>>>:

ð3:27Þ

Let us prove that

1

lk
f f ðt; yðuþ lkðv� uÞÞÞ � f ðt; yðuÞÞg ! fyðt; yðuÞÞzð3:28Þ

weakly in L2ð0;T ;V 0
2Þ as k ! y. It follows from f ðt; yÞ A C1ðV2;V

0
2Þ for a.e.

t A ½0;T � that

1

lk
f f ðt; yðuþ lkðv� uÞÞÞ � f ðt; yðuÞÞg

¼
ð1

0

fyðt; yyðuþ lkðv� uÞÞ þ ð1� yÞyðuÞÞdyzlk a:e: t A ½0;T �:

Since fyðt; yÞ is continuous on y in LðV2;V
0
2Þ and yðuþ lkðv� uÞÞ ! yðuÞ

strongly in Cð0;T ;VÞ as k ! y by Lemma 3.1, we have

ð3:29Þ
fyðt; yyðuþ lkðv� uÞÞ þ ð1� yÞyðuÞÞ ! fyðt; yðuÞÞ a:e: t in LðV2;V

0
2Þ
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uniformly in y A ½0; 1�. Again by Lemma 3.1, there is a k0 independent of t

such that

kyðuþ lkðv� uÞ; tÞkV2
a ðkyðu; tÞkV2

þ 1Þ; Ekb k0:ð3:30Þ

It is verified by using (A4) and (3.30) that

k fyðt; yyðuþ lkðv� uÞ; tÞ þ ð1� yÞyðu; tÞÞkLðV2;V
0
2
Þð3:31Þ

a b1ðtÞðkyðu; tÞkV2
þ 2Þ

a b1ðtÞðkyðuÞkLyð0;T ;V2Þ þ 2Þ < þy; Ey A ½0; 1�; Ekb k0:

Since b1 A L2ð0;T ;RþÞHL1ð0;T ;RþÞ, by the Lebesgue dominated convergence

theorem, we have from (3.29) the strong convergence in LðV2;V
0
2Þ, i.e.,

ð1

0

fyðt; yyðuþ lkðv� uÞÞ þ ð1� yÞyðuÞÞdy ! fyðt; yðuÞÞ a:e: t A ½0;T �:ð3:32Þ

For simplicity of calculations we set

FkðtÞ ¼
ð1

0

fyðt; yyðuþ lkðv� uÞÞ þ ð1� yÞyðuÞÞdy:

Then for each f A L2ð0;T ;V2Þ, we have

ðT

0

hðFkðtÞ � fyðt; yðuÞÞÞzlk ðtÞ; fðtÞiV 0
2
;V2

dt

����
����ð3:33Þ

a

ðT

0

kFkðtÞ � fyðt; yðuÞÞkLðV2;V
0
2
Þkzlk ðtÞkV2

kfðtÞkV2
dt

a kzlkkLyð0;T ;V2Þ

ðT

0

kFkðtÞ � fyðt; yðuÞÞkLðV2;V
0
2
ÞkfðtÞkV2

dt:

Here we note that the integrand in the last term of (3.33) is bounded by an L1-

integrable function due to (3.31). By using the Lebesgue dominated conver-

gence theorem thanks to (3.32) once again, we see that the last term of (3.33)

converges to 0. On the other hand, by (3.27) and (A4) it is evident that

ðT

0

h fyðt; yðuÞÞðzðtÞ � zlk ðtÞÞ; fðtÞiV 0
2
;V2

dt ! 0:ð3:34Þ

Hence we deduce from (3.33) and (3.34) the desired convergence (3.28).

Now let us take k ! y in (3.21) with l ¼ lk by using (3.27) and (3.28).
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Then the element z A Wð0;TÞ satisfies the equation (3.20) in the weak sense. If

we take f ðt; xÞ1 fyðt; yðu; tÞÞxþ Bðv� uÞðtÞ A L2ð0;T ;V 0
2Þ in Theorem 2.1, then

this equation has a unique weak solution z A Wð0;TÞ. In fact, by (A4) the

term fyðt; yðu; tÞÞx satisfies

k fyðt; yðu; tÞÞxkV 0
2
a k fyðt; yðu; tÞÞkLðV2;V

0
2
ÞkxkV2

a b1ðtÞðkyðuÞkLyð0;T ;V2Þ þ 1ÞkxkV2
;

so that (A2) is satisfied. This means that z is a weak solution of (3.20). Hence

by (3.27), (3.27) and (3.20) we see that zl ! z ¼ DyðuÞðv� uÞ weakly in Wð0;TÞ
as l ! 0. This completes the proof.

Theorem 3.2 means that the cost JðvÞ is Gâteaux di¤erentiable at u in the

direction v� u and the optimality condition (3.4) is rewritten by

ðCyðuÞ � zd ;CðDyðuÞðv� uÞÞÞM þ ðRu; v� uÞUð3:35Þ

¼ hC �LMðCyðuÞ � zdÞ;DyðuÞðv� uÞiW ð0;TÞ 0;W ð0;TÞ

þ ðRu; v� uÞU b 0; Ev A Uad ;

where LM is the canonical isomorphism M onto M 0.

For each t A ½0;T �, let us define the adjoint operator fyðt; yÞ� of fyðt; yÞ as

follows:

h fyðt; yÞf; jiV 0
2
;V2

¼ hf; f �
y ðt; yÞjiV2;V

0
2

ð3:36Þ

for all f; j A V2. Then we have fyðt; yðu; tÞÞ� A L2ð0;T ;LðV2;V
0
2ÞÞ provided

that (A4) hold.

In order to avoid the complexity of setting up observation spaces, we con-

sider the following two usual types of distributive and terminal value obser-

vations (see other types of observations see Lions [4]). That is, the following

two cases:

1: We take C1 A LðL2ð0;T ;VÞ;MÞ and observe zðvÞ ¼ C1 yðvÞ:

2: We take C2 A LðV ;MÞ and observe zðvÞ ¼ C2 yðT ; vÞ:

Since y A Wð0;TÞVCð½0;T �;VÞ by Theorem 2.1, the above observations are

meaningful.

Now we assume that (A4) holds in each subsections. Further we suppose

the following di¤erentiability of a2ðt; f; jÞ in Subsections 3.1 and 3.2:

The function t ! a2ðt; f; jÞ is continuously di¤erentiable in ½0;T � and there

exists c22 > 0 such that
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ja 0
2ðt; f; jÞja c22kfkV2

kjkV2
for all f;c A V2 and t A ½0;T �:ð3:37Þ

By the above assumption we can define the operator A 0
2ðtÞ for t A ½0;T � which

belongs to Lyð0;T ;LðV2;V
0
2ÞÞ.

3.1. Case of C1 A LðL2ð0;T ;VÞ;MÞ

In this case the cost functional (3.4) is expressed by

JðvÞ ¼ kC1 yðvÞ � zdk2M þ ðRv; vÞU; Ev A U:ð3:38Þ

Let u be the optimal control subject to (3.2) and (3.38). Then the optimality

condition (3.35) is rewritten as

ðT

0

hC �
1LMðC1 yðuÞ � zdÞðtÞ; zðtÞiV 0;Vdtþ ðRu; v� uÞU b 0; Ev A Uad ;ð3:39Þ

where z is the weak solution of the equation (3.20). Let us introduce the

adjoint state pðuÞ defined by

p 00ðuÞ � A2ðtÞp 0ðuÞ þ ðA1ðtÞ � A 0
2ðtÞÞpðuÞ

¼ f �
y ðt; yðu; tÞÞpðuÞ þ C �

1LMðC1 yðuÞ � zdÞ in ð0;TÞ;
pðu;TÞ ¼ 0; p 0ðu;TÞ ¼ 0:

8><
>:ð3:40Þ

By the time reversion t ! T � t, it is verified by Theorem 2.1 via (A4) and

(3.37) that (3.40) permits a unique solution pðuÞ in Wð0;TÞ provided that

C �
1LMðC1 yðuÞ � zdÞ A L2ð0;T ;V 0

2Þ. In fact, let us take for x A V2

f ðt; xÞ ¼ �A 0
2ðtÞxþ f �

y ðt; yðu; tÞÞxþ C �LMðCyðuÞ � zdÞðtÞ:

Since supt A ½0;T �kA 0
2ðtÞkLðV2;V

0
2
Þ a c22 < y by (3.37) and

k fyð� ; yðu; �ÞÞ�kL2ð0;T ;LðV2;V
0
2
ÞÞ < y

by (A4), f ðt; xÞ satisfies the conditions (A1)–(A3). But, C �
1LMðC1 yðuÞ � zdÞ B

L2ð0;T ;V 0
2Þ in general, and we cannot apply Theorem 2.1 directly. This dif-

ficulty is overcome by the method of transpositions, which gives us a ‘weak’

solution to (3.40) under present conditions, in the next section. Thus in this

section we confine ourselves to the formal calculations of optimality conditions

and we will justify these under restricted conditions. In what follows ð� ; �Þ
denotes the appropriate inner products or duality pairings (which may have no

meanings). Now we proceed the formal calculations. Multiply both sides of

the equation in (3.40) by z and integrate them on ½0;T �. Then we have
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ðT

0

ðp 00ðu; tÞ; zðtÞÞdt�
ðT

0

ðA2ðtÞp 0ðu; tÞ; zðtÞÞdtþ
ðT

0

ðA1ðtÞpðu; tÞ; zðtÞÞdtð3:41Þ

�
ðT

0

ðA 0
2ðtÞpðu; tÞ; zðtÞÞdt�

ðT

0

ð f �
y ðt; yðu; tÞÞpðu; tÞ; zðtÞÞdt

¼
ðT

0

ðC �
1LMðC1 yðuÞ � zdÞðtÞ; zðtÞÞdt

¼ ðC1 yðuÞ � zd ;C1zÞM :

If we integrate the left hand side of (3.41) by parts by using the symmetricity

of A1ðtÞ and A2ðtÞ and the fact that pðu;TÞ ¼ p 0ðu;TÞ ¼ zð0Þ ¼ z 0ð0Þ ¼ 0, it is

calculated formally as

ðT

0

ðpðu; tÞ; z 00ðtÞÞdt�
ðT

0

ðpðu; tÞ;A2ðtÞz 0ðtÞÞdtð3:42Þ

þ
ðT

0

ðpðu; tÞ;A1ðtÞzðtÞÞdt�
ðT

0

ð f �
y ðt; yðu; tÞÞpðu; tÞ; zðtÞÞdt

¼
ðT

0

pðu; tÞ; d 2

dt2
þ A2ðtÞ

d

dt
þ A1ðtÞ � fyðt; yðu; tÞÞ

� �
zðtÞ

� �
dt

¼
ðT

0

ðpðu; tÞ;Bðv� uÞðtÞÞdt

¼ hB�pðuÞ; v� uiU 0;U ¼ ðL�1
U B�pðuÞ; v� uÞU:

Thus, by (3.41) and (3.42), the condition (3.39) is rewritten formally as

ðL�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad :ð3:43Þ

Here in (3.43) we do not know whether B� can apply to pðuÞ, i.e., pðuÞ A
L2ð0;T ;V2Þ or not. The above calculations suggest us that if

C1 A LðL2ð0;T ;V2Þ;MÞ;ð3:44Þ

then by C �
1LMðCyðuÞ � zdÞ A L2ð0;T ;V 0

2Þ, we can apply Theorem 2.1 and all

calculations above are meaningful for the unique weak solution pðuÞ of (3.40).

Hence we have the following theorem.

Theorem 3.3. Assume that (3.44) holds. The optimal control u is then

characterized by the following system of equations and inequality:

y 00ðuÞ þ A2ðtÞy 0ðuÞ þ A1ðtÞyðuÞ ¼ f ðt; yðuÞÞ þ Bu;

yðu; 0Þ ¼ y0 A V ; y 0ðu; 0Þ ¼ y1 A H;

�
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p 00ðuÞ � A2ðtÞp 0ðuÞ þ ðA1ðtÞ � A 0
2ðtÞÞpðuÞ

¼ fyðt; yðuÞÞ�pðuÞ þ C �
1LMðC1 yðuÞ � zdÞ;

pðu;TÞ ¼ 0; p 0ðu;TÞ ¼ 0;

8><
>:
ðL�1

U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad

with yðuÞ; pðuÞ A Wð0;TÞ.

3.2. Case of C2 A LðV ;MÞ

If we take zðvÞ ¼ C2 yðT ; vÞ as the terminal value observation, then the cost

function is expressed as

JðvÞ ¼ kC2 yðv;TÞ � zdk2M þ ðRv; vÞU; Ev A U:ð3:45Þ

In this occasion, the optimal control u subject to (3.2) and (3.45) is characterized

by

hC �
2LMðC2 yðu;TÞ � zdÞ; zðTÞiV 0;V þ ðRu; v� uÞU b 0; Ev A Uad ;ð3:46Þ

where z is the solution of (3.20). According to the optimality condition (3.46),

we introduce the adjoint system defined by

p 00ðuÞ � A2ðtÞp 0ðuÞ þ ðA1ðtÞ � A 0
2ðtÞÞpðuÞ � f �

y ðt; yðu; tÞÞ pðuÞ ¼ 0;

pðu;TÞ ¼ 0; p 0ðu;TÞ ¼ C �
2LMðC2 yðu;TÞ � zdÞ:

�
ð3:47Þ

Since C �
2LðC2 yðu;TÞ � zdÞ B H by assumption, we cannot apply Theorem 2.1

to obtain existence and uniqueness of solutions for (3.47). Hence we further

assume

C2 A LðH;MÞ;ð3:48Þ

so that C �
2LMðC2 yðu;TÞ� zdÞ A H. If we take f ðt; xÞ ¼ A 0

2ðtÞxþ f �
y ðt; yðu; tÞÞx,

then f ðt; xÞ satisfies the assumptions (A1)–(A3). Hence, the system (3.47) is

well-posed and permits a unique solution pðuÞ in Wð0;TÞ if one consider the

change of time variables t ! T � t. This completes the following theorem.

Theorem 3.4. Assume that (3.48) holds. Then the optimal control u is char-

acterized by the following system of equations and inequality:

y 00ðuÞ þ A2ðtÞy 0ðuÞ þ A1ðtÞyðuÞ ¼ Buþ f ðt; yðuÞÞ;
yðu; 0Þ ¼ y0 A V ; y 0ðu; 0Þ ¼ y1 A H;

�

p 00ðuÞ � A2ðtÞp 0ðuÞ þ ðA1ðtÞ � A 0
2ðtÞÞpðuÞ � fyðt; yðuÞÞ�pðuÞ ¼ 0;

pðu;TÞ ¼ 0; p 0ðu;TÞ ¼ C �
2LðC2 yðu;TÞ � zdÞ;

�

ð�L�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad

with yðuÞ; pðuÞ A Wð0;TÞ.
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Proof. Multiplying both sides of the equation in (3.47) by z and inte-

grating it on ð0;TÞ, we have

ðT

0

h p 00ðu; tÞ; zðtÞiV 0;V �
ðT

0

d

dt
ðA2ðtÞp 0ðu; tÞÞ; zðtÞ

� �
V 0

2
;V2

ð3:49Þ

þ
ðT

0

hA1ðtÞpðu; tÞ; zðtÞiV 0;Vdt

�
ðT

0

h f �
y ðt; yðu; tÞÞpðu; tÞ; zðtÞiV 0

2
;V2

dt

¼ ðp 0ðu; tÞ; zðtÞÞH j
T
0 �

ðT

0

ðp 0ðu; tÞ; z 0ðtÞÞHdt

þ
ðT

0

hA2ðtÞpðu; tÞ; z 0ðtÞiV 0
2
;V2

dtþ
ðT

0

h pðu; tÞ;A1ðtÞzðtÞiV ;V 0dt

�
ðT

0

hpðu; tÞ; fyðt; yðu; tÞÞzðtÞiV 0
2
;V2

dt

¼ ðp 0ðu;TÞ; zðTÞÞH

þ
ðT

0

pðu; tÞ; d 2

dt2
þ A2ðtÞ

d

dt
þ A1ðtÞ � fyðt; yðu; tÞÞ

� �
zðtÞ

� �
V 0

2
;V2

dt

¼
ðT

0

hpðu; tÞ;Bðv� uÞðtÞiV2;V
0
2
dtþ ðp 0ðu;TÞ; zðTÞÞH ¼ 0:

Here we have used integration by parts and the fact that hf;ciV 0;V ¼
hf;ciV 0

2
;V2

¼ ðf;cÞH for f;c in respective spaces. Since p 0ðu;TÞ ¼ C �
2LM �

ðC2 yðu;TÞ � zdÞ, by (3.49) the optimal condition (3.46) can be written as

ð�L�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad :ð3:50Þ

This completes the theorem.

4. Transposition and necessary conditions

Throughout this section we assume (A4) holds. Let g A L2ð0;T ;V 0
2Þ.

Then we have a unique weak solution c A Wð0;TÞ of the following equation

c 00 þ A2ðtÞc 0 þ A1ðtÞc ¼ fyðt; yðu; tÞÞcþ g in ð0;TÞ;
cð0Þ ¼ 0; c 0ð0Þ ¼ 0;

�
ð4:1Þ

because f ðt; xÞ ¼ fyðt; yðu; tÞÞxþ gðtÞ satisfies the assumptions (A1)–(A3) by

(A4). Let us define the space
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X 1 fc jc satisfies ð4:1Þ with g A L2ð0;T ;V 0
2Þg:

It is seen in Theorem 2.1 that X HWð0;TÞVCð½0;T �;VÞVC 1ð½0;T �;HÞ. We

give a inner product ð� ; �ÞX on X by ðc1;c2ÞX ¼ ðg1; g2ÞL2ð0;T ;V 0
2
Þ, where c1;c2

are the weak solutions of (4.1) for given g ¼ g1; g2 A L2ð0;T ;V 0
2Þ, respectively.

We see easily that ðX ; ð� ; �ÞX Þ is a Hilbert space. And, we can see that the

map c ! c 00 þ A2ðtÞc 0 þ A1ðtÞc� fyðt; yðu; tÞÞc of X onto L2ð0;T ;V 0
2Þ is an

isomorphism. Hence for each continuous linear functional L : X ! R, there

exists uniquely a p ¼ pL A L2ð0;T ;V2Þ such that

ðT

0

h pðtÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðu; tÞÞcðtÞiV2;V
0
2
dtð4:2Þ

¼ LðcÞ; Ec A X :

For g A L1ð0;T ;V 0Þ, p0 A H and p1 A V 0, let us define the functional L ¼
Lðg; p0; p1Þ by

LðcÞ ¼
ðT

0

hgðtÞ;cðtÞiV 0;Vdtþ h p1;cðTÞiV 0;V � ðp0;c 0ðTÞÞH :ð4:3Þ

Then this L is linear on X . Next we shall show the boundedness of L. It is

easily checked from the fact c A X HCð½0;T �;VÞVC1ð½0;T �;HÞ that

jLðcÞja ðkgkL1ð0;T ;V 0Þ þ kp1kV 0 þ jp0jHÞð4:4Þ

� ðkckCð½0;T �;VÞ þ kcðTÞkV þ jc 0ðTÞjHÞ:

Since c A X , by the definition of X there exists a gðcÞ A L2ð0;T ;V 0
2Þ such that

(4.1) holds with g ¼ gðcÞ. If we take f ðt;cÞ ¼ fyðt; yðu; tÞÞcþ gðcÞðtÞ, then

by (A.4) this f satisfies (A.2) and (A.3) in which bðtÞ and gðtÞ are given by

bðtÞ ¼ b1ðtÞðkyðuÞkLyð0;T ;V2Þ þ 1Þ and gðtÞ ¼ kgðc; tÞkV 0
2
, respectively. Hence by

the energy inequality in Theorem 2.1 we see that c satisfies

kcðtÞk2V þ jc 0ðtÞj2H þ
ð t

0

kc 0ðsÞk2V2
dta cðkgðcÞk2L2ð0;T ;V 0

2
ÞÞ;ð4:5Þ

where c is a constant depending only on the above b. Since c A Cð½0;T �;VÞ
and c 0 A Cð½0;T �;HÞ, we have from (4.5)

kckCð½0;T �;VÞ þ kc 0kCð½0;T �;HÞ þ kc 0kL2ð0;T ;V2Þ aK1kgðcÞkL2ð0;T ;V 0
2
Þ;ð4:6Þ

where K1 > 0 is some constant independent of c. Consequently, it follows by

(4.4) and (4.6) that

jLðcÞjaK2kgðcÞkL2ð0;T ;V 0
2
Þ ¼ K2kckX ;

which proves that L is a continuous linear functional on X , where K2 is a
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positive constant depending on ðg; p0; p1Þ. In particular, if p0 A V2, then we

can define another linear functional given by

LðcÞ ¼
ðT

0

hgðtÞ;cðtÞiV 0;Vdtþ h p1;cðTÞiV 0;Vð4:7Þ

þ hA2ðTÞp0;cðTÞiV 0
2
;V2

� ðp0;c 0ðTÞÞH :

It is easily verified by jhA2ðTÞp0;cðTÞiV 0
2
;V2

ja c21kkp0kV2
kcðTÞkV that the

linear functional defined by (4.7) is bounded on X , where k is a positive

constant such that kxkV2
a kkxkV for x A V . We remark that LðcÞ þ

Ð T

0 hhðtÞ;
c 0ðtÞiV 0

2
;V2

dt is also a bounded linear functional on X for h A L2ð0;T ;V2Þ.

Theorem 4.1. For g A L1ð0;T ;V 0Þ and p0 A H, p1 A V 0, there is a unique

solution p A L2ð0;T ;V2Þ such that

ðT

0

hpðtÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðu; tÞÞcðtÞiV2;V
0
2
dt

¼
ðT

0

hgðtÞ;cðtÞiV 0;Vdtþ h p1;cðTÞiV 0;V � ðp0;c 0ðTÞÞH ; Ec A X :

8>>>><
>>>>:

ð4:8Þ

Proof. It is easily followed from applying LðcÞ given by (4.3) to the

variational equation (4.1).

Corollary 4.1. For g A L1ð0;T ;V 0Þ and p0 A V2, p1 A V 0, there is a unique

solution p A L2ð0;T ;V2Þ such that

ðT

0

h pðtÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðu; tÞÞcðtÞiV2;V
0
2
dt

¼
ðT

0

hgðtÞ;cðtÞiV 0;Vdtþ hp1;cðTÞiV 0;V

þ hA2ðTÞp0;cðTÞiV 0
2
;V2

� ðp0;c 0ðTÞÞH

8>>>>>>><
>>>>>>>:

ð4:9Þ

for any c A X .

Proof. By applying LðcÞ given by (4.7) to the variational equation (4.1),

we have this corollary.

Remark 4.1. By formal calculations, the weak solution pðuÞ of (4.8) is

verified to satisfy formally

p 00ðuÞ � A2ðtÞp 0ðuÞ þ ½A1ðtÞ � A 0
2ðtÞ � f �

y ðt; yðu; tÞÞ�pðuÞ ¼ g in ð0;TÞ;
pðTÞ ¼ p0; p 0ðTÞ ¼ A2ðTÞp0 þ p1;

�

and the weak solution pðuÞ of (4.9) satisfies formally
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p 00ðuÞ � A2ðtÞp 0ðuÞ þ ½A1ðtÞ � A 0
2ðtÞ � f �

y ðt; yðu; tÞÞ�pðuÞ ¼ g in ð0;TÞ;
pðTÞ ¼ p0; p 0ðTÞ ¼ p1:

�

We have two kinds of extended adjoint systems (4.8) and (4.9). In fact, the

adjoint systems (4.8) in Theorem 4.1 extend those given in Section 3 for the

both cases of C1 and C2.

4.1. Application to the case of C1

We assume that C1 A LðL2ð0;T ;VÞ;MÞ. We can now formulate the

adjoint system to describe the optimality condition by applying Theorem 4.1.

Since C �
1LMðC1 yðuÞ � zdÞ A L2ð0;T ;V 0ÞHL1ð0;T ;V 0Þ, there exists a pðuÞ A

L2ð0;T ;V2Þ satisfying

ðT

0

hpðu; tÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðuÞÞcðtÞiV2;V
0
2
dt

¼
ðT

0

hC �
1LMðC1 yðuÞ � zdÞðtÞ;cðtÞiV 0;Vdt;

Ec such that

c 00 þ A2ðtÞc 0 þ A1ðtÞc� fyðt; yðu; tÞÞc A L2ð0;T ;V 0
2Þ;

cð0Þ ¼ 0; c 0ð0Þ ¼ 0:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð4:10Þ

The Gâteaux derivative c ¼ z ¼ DyðuÞðv� uÞ satisfies

d 2

dt2
þ A2ðtÞ

d

dt
þ A1ðtÞ � fyðt; yðu; tÞÞ

� �
c ¼ Bðv� uÞ A L2ð0;T ;V 0

2Þ

and cð0Þ ¼ c 0ð0Þ ¼ 0. Therefore, if we take c ¼ z ¼ DyðuÞðv� uÞ in (4.10),

then we have

ðC1 yðuÞ � zd ;C1zÞM

¼
ðT

0

hC �
1LMðC1 yðuÞ � zdÞðtÞ; zðtÞiV 0;Vdt

¼
ðT

0

pðu; tÞ; d 2

dt2
þ A2ðtÞ

d

dt
þ A1ðtÞ � fyðt; yðuÞÞ

� �
zðtÞ

� �
V2;V

0
2

dt

¼
ðT

0

h pðu; tÞ;Bðv� uÞðtÞiV 0
2
;V2

dt ¼ ðL�1
U B�pðuÞ; v� uÞU:

Therefore we conclude that the optimality condition (3.39) is equivalent to

ðL�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad :

Hence, we show the following theorem.
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Theorem 4.2. The optimal control u for (3.38) is characterized by the

following system of equations and inequality:

y 00ðuÞ þ A2ðtÞy 0ðuÞ þ A1ðtÞyðuÞ ¼ Buþ f ðt; yðuÞÞ in ð0;TÞ;
yðu; 0Þ ¼ y0 A V ; y 0ðu; 0Þ ¼ y1 A H;

�

ðT

0

hpðu; tÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðuÞÞcðtÞiV2;V
0
2
dt

¼ ðC1 yðuÞ � zd ;C1cÞM
Ec such that

c 00 þ A2ðtÞc 0 þ A1ðtÞc� fyðt; yðuÞÞc A L2ð0;T ;V 0
2Þ;

cð0Þ ¼ 0; c 0ð0Þ ¼ 0;

8>>>>>>>>>><
>>>>>>>>>>:

ðL�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad :

4.2. Application to the case of C2

Let C2 A LðV;MÞ. Then C �
2LMðC2 yðu;TÞ� zdÞ A V 0. Now we can apply

Theorem 4.1 to formulate the adjoint system in order to obtain the optimality

condition (3.46). We define pðuÞ as a unique solution in L2ð0;T ;V2Þ of the

adjoint system

ðT

0

h pðu; tÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðu; tÞÞcðtÞiV2;V
0
2
dt

¼ �hC �
2LMðC2 yðu;TÞ � zdÞ;cðTÞiV 0;V

Ec such that

c 00 þ A2ðtÞc 0 þ A1ðtÞc� fyðt; yðu; tÞÞc A L2ð0;T ;V 0
2Þ;

cð0Þ ¼ 0; c 0ð0Þ ¼ 0:

8>>>>>>>>>><
>>>>>>>>>>:

ð4:11Þ

We can take c ¼ z ¼ DyðuÞðv� uÞ in (4.11) as the same reason as for the case

C1. Hence by direct calculations we have

�ðC2 yðu;TÞ � zd ;C2zðTÞÞM
¼ �hC �

2LMðC2 y
0ðu;TÞ � zdÞ; zðTÞiV 0;V

¼
ðT

0

pðu; tÞ; d 2

dt2
þ A2ðtÞ

d

dt
þ A1ðtÞ � fyðt; yðu; tÞÞ

� �
zðtÞ

� �
V2;V

0
2

dt

¼
ðT

0

h pðu; tÞ;Bðv� uÞðtÞiV 0
2
;V2

dt ¼ ðL�1
U B�pðuÞ; v� uÞU:
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Thus we conclude that the optimality condition (3.46) is equivalent to

ð�L�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad :

Therefore, we have proved the following theorem.

Theorem 4.3. The optimal control u for (3.45) is characterized by the

following system of equations and inequality:

y 00ðuÞ þ A2ðtÞy 0ðuÞ þ A1ðtÞyðuÞ ¼ Buþ f ðt; yðuÞÞ in ð0;TÞ;
yðu; 0Þ ¼ y0 A V ; y 0ðu; 0Þ ¼ y1 A H;

�

ðT

0

hpðu; tÞ;c 00ðtÞ þ A2ðtÞc 0ðtÞ þ A1ðtÞcðtÞ � fyðt; yðuÞÞcðtÞiV2;V
0
2
dt

¼ �ðC2 yðu;TÞ � zd ;C2cðTÞÞM
Ec such that

c 00 þ A2ðtÞc 0 þ A1ðtÞc� fyðt; yðuÞÞc A L2ð0;T ;V 0
2Þ;

cð0Þ ¼ 0; c 0ð0Þ ¼ 0;

8>>>>>>>>>><
>>>>>>>>>>:

ð�L�1
U B�pðuÞ þ Ru; v� uÞU b 0; Ev A Uad :

Finally we note that there are many applications of our results to the

optimal control problem involving various types of nonlinear partial di¤erential

equations having damping terms, for example, the damped sine-Gordon equa-

tions and the structural damped Euler-Bernoulli beam equations among others.
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Berlin-Gotteningen-Heidelberg, 1961.

[12] Lions, J. L. and Magenes, E., Non-Homogeneous Boundary Value Problems and Applications

I, II, Springer-Verlag, Berlin-Heidelberg-New York, 1972.

[13] Omatu, S. and Seinfeld, J. H., Distributed parameter systems, Theory and applications,

Oxford Science Publications, 1989.

[14] Temam, R., Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Applied

Math. Sci. 68, Springer-Verlag, Berlin-Heidelberg-New York, 1988.

[15] Temam, R., Navier-Stokes Equations, Theory and Numerical Analysis, 3rd ed., North-

Holland, Amsterdam, 1984.

nuna adreso:

Junhong Ha

School of Liberal Arts

Korea University of Technology and Education

Chonan, 330-708

Korea

E-mail: hjh@kut.ac.kr

Shin-ichi Nakagiri

Department of Applied Mathematics

Faculty of Engineering

Kobe University

Rokko, Nada-ku, Kobe 657-8501

Japan

E-mail: Nakagiri@kobe-u.ac.jp

(Ricevita la 18-an de aŭgusto, 2000)
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