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Abstract

This paper is concerned with the linear delay difference equation
Tntl — Tn + PnZTn—k =0, n=0,1,2,.- -

where k is a nonnegative integer and {p, }n=o is a real sequence. Sufficient conditions for this
equation to be frequently oscillatory are derived.
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1 Introduction
A nontrivial extension of the well known difference equation
Tntl =Tp +Tp—1, n=0,1,2, ..,
satisfied by the Fibonacci numbers is the following
Tptl — T + PpTn—r =0, n=10,1,2, ... (1)

where k is a fixed positive integer. This equation has received much attention. In particular, Erbe
and Zhang [1] proved that when {p,} is eventually nonnegative, then every solution of (1) oscillates
provided
n
lim sup Z pi > 1,

n—oo .
i=n—k
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or
k,k

I%Iggfpn > [CE a2k (2)

or
liminfp, = > 0 and limsupp, > 1— 4.

n— 00 n—oo

Ladas et al. in [2] obtained the same conclusion when (2) is replaced by

1 n—1 kk
liminf - > pi> CESIEaE

i=n—~k

Since then, there have been many improvements (see [1-11]). In particular, a summary of related
results can be found in the recent paper [9].

In this paper, we intend to obtain several nonstandard oscillation criteria based on the concept
of frequent oscillation. Since frequent oscillation implies oscillation, our results will either be more
general than or complementary to some of the results in [1-11].

In order to derive these criteria, we first recall that a real sequence is said to be oscillatory if
it is neither eventually positive nor eventually negative. Clearly, such a definition does not capture
the fine details of an oscillatory sequence as can be seen from the following two oscillatory sequence
{1,-1,1,-1,...} and {1,1,1,-1,1,1,1,—1,...}. For this reason, Tian et al. in [10] introduced the
concept of frequent oscillation. For the sake of completeness, its definition and associated information
will be briefly sketched as follows. Let N = {1,2,3,...} , Z the set of integers and D a subset of Z
of the form {a,a 4+ 1,a + 2,a + 3, ...}, where a is an integer. The size of a set 2 will be denoted by
|2] . The union, intersection and difference of two sets A and B will be denoted by A+ B, AN B
and A\B respectively. Let Q be a set of integers. We will denote the set of all integers in € which
are less than or equal to an integer n by Q("), that is, Q) =Qn {..,n—1,n}, and we will denote
the set {x +m|z € Q} of translates of the elements in 2 by E™(), where m is an integer. Let o and
[ be two integers such that o < 8. The union

B
ol(Q) =) E'Q,

will be called a derived set of (2. Note that an integer j € E™( if and only if j — m € . Thus
JEZ\(oE(Q) & j—keZ\Q for a <k <B. (3)

Let Q be a set of integers. If lim sup,,_, ., |Q(”)| /n exists, then this limit, denoted by p*(Q2), will be
called the upper frequency measure of ). Similarly, if liminf,, ’Q(”)‘ /n exists, then this limit,
denoted by p.(€2), will be called the lower frequency measure of Q. If p*(2) = p.(€2), then the
common limit, denoted by (), will be called the frequency measure of .

For the sake of convenience, we will adopt the usual notation for level sets of a sequence, that
is, let * : D — R be a real function, then the set {k € D|z, < ¢} will be denoted by (z < ¢) or
(zx < ¢). The notations (z > ¢), (z < ¢), etc. will have similar meanings. Let x = {z}}° , be a real
sequence. If p*(z < 0) = 0, then the sequence z is said to be frequently positive. If p*(z > 0) = 0,
then z is said to be frequently negative. The sequence z is said to be frequently oscillatory if it is
neither frequently positive nor frequently negative. Note that if a sequence x is eventually positive,
then it is frequently positive; and if x is eventually negative, then it is frequently negative. Thus, if
it is frequently oscillatory, then it is oscillatory.



Let = {z1}32, be a real sequence. If p*(z < 0) < w, then z is said to be frequently positive of
upper degree w. If pu*(z > 0) < w, then z is said to be frequently negative of upper degree w. The
sequence z is said to be frequently oscillatory of upper degree w if it is neither frequently positive
nor frequently negative of the same upper degree w. The concepts of frequently positive of lower
degree, etc. are similarly defined by means of u,. We say that x is frequently positive of the lower
degree w if p(x < 0) < w, frequently negative of the lower degree w if . (x > 0) < w, and frequently
oscillatory of lower degree w if it is neither frequently positive nor frequently negative of the same
lower degree w. Note that if the sequence x is frequently oscillatory of the lower degree w, then it
is also frequently oscillatory of upper degree w. Note further that if the sequence z is frequently
oscillatory of upper degree w for some w > 0, then it is frequently oscillatory.

We first recall three results from [10] needed in the sequel.

LEMMA 1. Let Q and T" be subsets of D = {a,a+1,...} . Then
pr Q4+ T) < pt () + p ().
Furthermore, if 2 and I' are disjoint, then
fx () + 11 (L) < g (2 +T) < () + 07 (I) < p"(Q+T) < p*(Q) + p*(I),

so that
e (€2) + p7 (N\Q) = 1.

LEMMA 2. Let Q and T" be subsets of D = {a,a + 1,...} such that p*(Q) + u«(I') > 1. Then
QNT cannot be a finite set.

LEMMA 3. For any subset Q of D = {a,a +1,...}, we have
p(08(Q) < (8 —a+1u* (),
and
e (08(9)) < (8- a+ 1. ().
2 Preparatory Lemmas

We will assume throughout this section that k is a positive integer. First of all, we note that

k - kk+1
(k+1D)VE T (k)Y

Indeed, the above inequality holds for £ = 1,2. Let
2 h(zx)

h(z) = (x+1)""" , H(z) = =L rz3
Then
H'(z) = hg) (2ln(z+ b _ 1) <0, >3

Furthermore, since lim,_,o, H(z) = 1, thus H(x) > 1 for > 3. In particular,

k (k4 1)k+1\*
H(k) = ((k+ T >1, k=34,..,




as required.
LEMMA 4. For each § € [0, k" /(k + 1)¥T1], the sequence {r, } -, defined by

r=0/(1 =0k rnp=6/(0—r)k n>1, (5)

is increasing and converges to a number in [0, 1/(k + 1)).
PROOF. If § = 0, then r, = 0 for n > 0 and our assertion is true. Suppose & > 0. Note that

0<d<a=k/k+DF <1/(k+1) <1,

P k" L k" 1 1
PR DR (L —a)k T (kDR (k1) kD
and
R S 1 !
TS S =)k P A )Rk (k+ 1)) k41

Assume by induction that § <1 <re <..<r, <1/(k+1). Then

(k+1)k+1 (]__rn)k; < (k+1)k+1 (k/(k+1))k - k+1

0 <rpy1 <

and .
Tn41 _ (1 - Tnfl) -1
Tn (1—r7,)k

as required. The proof is complete.

Note that the sequence {r,} -, depends on 4. Therefore in case of confusion, we will write
{rn(8)}2, instead of {r,} -, . In view of the above result, its limit also defines a function f on
[0, k% /(k + 1)**1]. For instance, when k = 1, k¥ /(k 4+ 1)¥*1 = 1/4 and

1—+v1—-46 1
fO)=——,0<0< -
2 4
Next, note that by taking limits on both sides of r,, 11 = §/(1—7,)%, f(J) is a root of the equation
(1 —z)F =4.
Since the function
g(z) = (1 - )", (6)

is strictly increasing on [0,1/(k + 1)), decreasing on (1/(k + 1),1] and

@ =g (— e
max = = )
xe[%,l] =9I\ e +1 (k+ 1)kt+1

Thus for any constant § € [0, k*/(k+1)*+1], the equation g(z) = § has exactly two roots 61,02 € [0, 1]
such that §; < 6, where equality holds only if § = k¥ /(k+1)**1. Note that § = g(01) = 01 (1—61)* <
01, thus r, < 6y for n > 1 and hence f(9) = 6;.

For similar reasons, we may also see that

MN@a—x=¢



has exactly two roots A\; and Ag such that A\; < Ao and 1 — f(9) = \s.
LEMMA 5. For each 6 € [0,k/(k + 1)**1/k] | the equation

z(1—a2%) =46 (7)

has exactly two roots pi1, po € [0,1] such that p; < o, where py = po only if § = k/(k + 1)1/,
Furthermore, p; is a continuous and increasing function of 4.

Again, existence of such roots p1, p2 in [0, 1] and monotonicity of p; follows from the fact that
the function G(z) = z(1 — *) is increasing on [0,1/(k + 1)'/*) and decreasing on (1/(k + 1)1/% 1]
and

1 k
G == G = .
205, 6@ ((k+1ﬂm> (k+1)tH1/k
Continuity of u; follows from the implicit function theorem.
LEMMA 6. For any 6 € [0,k/(k + 1)**1/*] | the sequence {R,,}°, defined by

é 1)
= — = — =1.2. ...
Rl (1 — 5}9)’ Rn+1 (1 — R£)7 n y &y (8)

is increasing and converges to the root p; in Lemma 5.

PROOF. If § = 0, then 43 = 0 and R, = 0 for n > 1, so that lim, ., R, = p1. If § > 0,
then it is easy to see that § = py (1 —pf) < py € (0,1). Hence 0 < Ry < gy < 1. Assume that
0< R, <p <1, then

) )

<
(1=RE) ~ (1—uf)
By induction, we may then see that the sequence { R, } is positive and bounded above. The sequence

{R,} is also nondecreasing. Indeed, it is easily checked that R; < Ry. Assume by induction that
R,.,—1 < R,,. Then

0<Rn+1 =

=pu < 1.

R, 1—-Ry_
+1 _ m—1 >1
Ry, 1— Rk
as required. Therefore, lim,, .., R, exists and equals, say, L. By taking limits on both sides of
R,+1=46/(1 — RF), we see that L(1 — L*) = §. But since L < py, we see that L = ;. The proof is
complete.

Note that the sequence {R,} -, depends on é. Therefore in case of confusion, we will write
{R,,(8)},2, instead of {R,} —,. In view of the above result, its limit also defines a function F on
[0, k/(k+1)"TY/*]. Furthermore, in view of Lemma 5 and the fact that p; = F(§), F is an increasing
and continuous function.

We remark further that if § > k/(k+1)'+1/% there is a positive integer M such that Rys(6) > 1.
Indeed, if the contrary holds, then lim, ., R,(d) exists and belongs to (0, 1]. If we denote this limit
by L, then By

k k ¥
<O=LA- LY < max 2 (1-2%) = g

(k+1)H1/k ~ 0<z<1
which is a contradiction.

The final preparatory result is in [6].



LEMMA 7. Let {z,} - _, be a solution of (1) such that z,, > 0 for n = m — 3k,m — 3k +

n=—k

1,...om+k+1and p, >0forn=m—2k,m—2k+1,...,m+ k, where m is a positive integer. If

n—1
Z pi>B>0 n=m—-km—-—k+1,..m+k,

i=n—k

then
LTm—k < i
Ty B2

3 Main Results

We first recall that f(§) and F(§) are limits of the sequences (5) and (8) respectively.

THEOREM 1. Suppose thereis ¢ € [0,k"/(k + 1)*1] and a constant ¢ > (1 — FENF (1 = F(ko))
such that y (p, < 0) =0, p*(pn > ¢) >0 and (g, < J) = 0 where

n—1

1
G=p D ppn=hktLE42 (9)

j=n—k

Then every solution {z,} — , of (1) is frequently oscillatory (and hence oscillatory).

PROOF. In view of (4), F(kd) exists. Suppose to the contrary that {z,} is a frequently positive
solution of (1) such that p* (2, <0) = 0. From the definition of f and F, we see that there is a large
positive integer M such that

¢ > (1—72(6))" (1 — Ras(kd)).

In view of Lemma 1 and Lemma 3,

M+2)k M+2)k M+3)k

Hence by Lemma 2, the intersection

M+2)k M+2)k M+3)k
N\ {2 a < 0) + 0 U520 (a0 < 0) + oY @ <0} 0 (o0 2 )

must be an infinite subset of N. In view of (3), there exists a positive integer n such that p,, > ¢ and
pi>0,¢ >0 n—(M+2)k<i<n+(M+1)k,

and
>0, n—(M+3)k<i<n+(M+1)k+1.
Since (1) implies {x;} is decreasing for n — (M +2)k <i<n+ (M + 1)k + 1,
1T (M +3)k<i<n+ (M+1)k+1, (10)

€T i

Tit1

and

0 < @iy = —piTi—g = (1 —pi a k) z; < (1 —pi)x; (11)



forn—(M+1k<i<n+(M+1)k+ 1. Hence

<.

Li—k

i—1 i—1
x; Ti_fk 1 Ti_fk
= Il 1— = <l1=-Z= E ZITR
- k( P T > - k P T

Jj=i— Jj=i—k
) k
1 1—1
k
< |tExp) =009
j=i—k
forn — Mk <i<n-+ (M + 1)k, so that
iz €Z;
Ti-k i—1 Ti_k Z i—1 Dj
| P (1 —Dj ;J ) [i=iox (1 - W)
S €; X
= E = s k
(1 k(1— é)k Z] i— kpj> (1 - (1,5)1@)
> i
- (1 — T’l)k

forn— (M — 1)k <i<n+ (M +1)k. Similarly for n — (M — 2)k <i <n+ (M + 1)k,

L L
Tiokg = — 2 —
11— Tj— 1— Pj
[l=ix (1 —Pi %, k) | J P (1 - m)
X; Z;
B k= s k
(1 k(1— rl)k Zg i kpj) (1 - (1—r1)k)
x
(1 — Tg)k
By induction, we may then obtain
T .
Tig > ———, n<i<n+(M+1)k.
(1 — Tju)k ( )

If we substitute the above inequality into (1), we obtain

x
Tp = Tn41 +pnxn7k Z Tn+1 +pnma
and forn <i<n+4+ (M + 1)k
k k
Tit1 2 Tigg4+1 + ZpH»jxiJrjfk > Titk+1 T Zpi+j1'i~
j=1 j=1
Thus
k
Tiy1 2 Titkt1 + sz’+j T 2 Tipky1 + (k6)xi > (k6)xi, n <i <n+ Mk.
j=1

Hence

szrl
T

>kd, n<i<n+ Mk,

(12)

(13)

(14)



so that .
SRR > (K6, n<i<n+ (M —1)k.

Tit1
Therefore from (14)
LTit+1 ko .
= ko <i< M — 1k
R T
and by induction, we have
n ko
Tl = Ry (k9).

r, — 1—RE  (kd)
In view of (13),

nxn n
A Y (U T

(I—TM (1—7‘M

This then leads to
pn < (1= Ras(k6)) (1= (0)F < e,

which is contrary to our previous conclusion that p, > c.
The case where {z, } is a frequently negative solution of (1) such that p* (x,, > 0) = 0 is similarly
proved. The proof is complete.

As an immediate corollary, if k = 1 in (1), then k*/(k + 1)k*1 = 1/4, ¢, = p,, and

(1= 100" (- F) = (FRG )

Thus we have the following result.

COROLLARY 1. Suppose k = 1 and suppose there are § € [0,1/4] and ¢ such that p (p, < §) =0,
w* (pn, > ¢) >0 and

- <1+¢21W>2'

Then every solution of (1) is frequently oscillatory.
As an example, consider the difference equation
T+l — Tn + PnTn—3 =0,n=0,1,2,..., (15)

where {p,},, is defined by

I/n ned ={2m2"4+1,2"+2 m=0,1,2,..}

pn =< 0.1 n=4m,dm+1,4m+2andn ¢ A,

0385 n=4m+3 and n ¢ A

If we take = 0.1 and ¢ = 0.385, then we can calculate
E*/(k 4 1)" = 0.10546875, f(8) € (0.18,0.185), F(k§) € (0.305,0.31).

Thus
(1= f(6))* (1 — F(kd)) < 0.385 = ¢,



and
p(pn <0)=p(gn <8)=0, u(p, > 0.385) = 0.25.

By Theorem 1, every solution of (15) is frequently oscillatory. However, since it is easy to see that

1 n—1
intg > 7 =0,
j=n—3
Theorem 2.1 or Theorem 2.2 in [9] cannot be applied to conclude the oscillation of (15).
As another example, let k = 1 and let {p,},-, be defined by

[ 1/n n=2"m=1,2,..
Pn=790.26 otherwise

Since p (pn, < 0) = p (prn, < 0.25) = 0 and p (p, > 0.26) = 1, Corollary 1 implies that (1) is oscillatory.
However, since lim inf,, o, p, = 0, Theorem 2.1 or Theorem 2.2 in [9] cannot be applied to make
the same conclusion.

THEOREM 2. Suppose p(p, < 0) = 0, and there exist § € [0, k¥ /(k + 1)’“‘1] and 3 > § such
that p (g, < 6) =0 and p* (Q, < ) =0, where g, is defined in (9) and

1 k Pt
Qn iar)

=7 n—1
k j=1 Hs:n+jfk(1 _ps)

Suppose further that k3 > k/(k+1)11/* or there exist a constant ¢ > (1 — f(6))" (1 — F(k3)) such
that u* (p, > ¢) > 0. Then every solution of (1) is frequently oscillatory.

PROOF. Suppose to the contrary that {z,} is a frequently positive solution of (1) such that
w (xn, <0) = 0. If kB < k/(k + 1)'*/% then the limit F(k3) exists. From the definition of f and
F, we see that there is a large positive integer M such that

¢> (1—ry(0)" (1= Ry (kB)).
As in the proof of Theorem 1, there exists a positive integer n such that p, > ¢ and

and
x>0, n—(M+3)k<i<n+(M+1)k+1.
Hence .
Tig > ——————, n<i<n+(M+1)k,
(L —7n(9))

and (13) holds. From (1) and (11), we can obtain

k k
- - Titj—k
Ti+l = Titk+1 T g PitjTitj—k = Titk+1 + g Ditj ‘ T
i=1 i=1 ’
k Dis
> Titk+1 t E ar i, n<i<n+ Mk,

i—1
j=1 Hi:wrj—k(l —Ds)



Thus
Tit1 > Tiph1 + kQixi > Tigpq1 + (BB)zs, n < i <n+ Mk.

Following the same reasoning used in the proof of Theorem 1, we may then conclude that

1 Z In+1 2 k,()’
Tn 1— Rk, (kD)

= Ry (kB). (16)

In view of (13),

PnTn

0> —2p +Tnp1 + —— =
= T = (9)F

> <—1 + Ry (kB) + pn(d))k) Ty

(1—-TM

This then leads to i
pn < (1= Rpr(kB)) (1 —rar(0))" < e,

which is a contradiction.
If k3 > k/(k + 1)'*'/* then by the remark following Lemma 6, there exists a positive integer
M such that Ry(kB) > 1. As before, (16) holds, which is a contradiction. The proof is complete.

To compare Theorem 1 and Theorem 2, let us take 5 = ¢ in Theorem 2. Then the conditions in
Thereom 2 include those in Theorem 1 with the additional condition p*(Q@, < 6) = 0. Only when
the sequence {p} satisfies u*(Q, < &) = 0 (for instance, if u(Qn > ¢,) =1, then u(Q, < §) =0 in
view of the assumption u(g, < &) = 0), then Theorem 1 will be a special case of Theorem 2.

To illustrate Theorem 2, consider the difference equation

Tn+l — Tn + PnTp—3 = 07 n= 07 ]-7 27 s (17)
where {p,}22 is defined by
1 ne{1,2,22,9, .},
pp=1F 0.105 n=4m, 4m+1, 4m+2andn ¢ {1,2,22,...}
0.305 n=4m+3andn ¢ {1,2,22 ...}

If we take § = 0.105 and 8 = 0.117, then we can check that u(p, < 0) = u(g, < ) =0, ké = 0.315
and kG = 0.351, and

k" k 3
0 < 77— = 0.10546875 = 0.472,0.473
< (k4 1)k+1 < (k4 1)1+, 484 € ( ) );

F(8) € (0.229,0.23), F(kd) € (0.32,0.33), F(k3) € (0.36,0.37).

Since
3

Pn+j Pn+1 Pn+2
kQn = - = + + Pnts;
D R (e e R

then for any n, if n +3,n+2,n+1,n —1,n —2 ¢ {1,2,22,23 ...}, then we have
kQ, > 0.3534 > 0.351, (1 — f(6))*(1 — F(k6)) € (0.3058,0.3117),

and
(1— £(8))*(1 — F(kB)) € (0.287,0.294).

10



Let ¢ = 0.3, then pu(Q@, < ) = 0 and u(p, > ¢) = 0.25. By Theorem 2, every solution of (17)
is frequently oscillatory. The same conclusion cannot be obtained from Theorem 1. Indeed, for
any § € [0.105,k%/(k + 1)**1], we have u(g, < 6) > 0 (and not u(g, < d) = 0). And for any
§ €10,0.105), we have pu(p, < 0) = u(g, < 6) = 0. But since

(1— £(6)3(1 — F(36)) > (1 — £(0.105))*(1 — F(3 x 0.105)) > 0.305,

thus there does not exist any ¢ > (1 — £(6))3(1 — F(35)) such that u*(p, > c¢) > 0.
THEOREM 3. Suppose there exist three nonnegative numbers A\, 7 and 6 such that

w (pp <0)=62>0,

n

Dj
P (5 S R
j=n—k Hn—] k ( p&)
and n > (3k+1)0 + (4k + 2)\. Then every solution of (1) is frequently oscillatory of lower degree A.
PROOF. Let us set

Pu= > #,n:%,zkﬂﬂwﬂ,m
j=n— kl_.[—] k( pb)

Suppose to the contrary that {z,} is a frequently positive solution of lower degree A such that
s (£, <0) < A Then in view of Lemma 1 and Lemma 3,

,u (N\< (pn<0)+U4k1(xn§0)))+,u*(ﬁn>l)
L o (03 (o < 0) 0™ (2 < 0)) +

1= (3% + 1)8 — (4 + 2)\ + 7

1.

\VAR\VARLY}

Thus by Lemma 2, the intersection
{N\( pn<0)+Ufkl(xn§0))}ﬁ(f)n>1)

must be an infinite subset of N. From (3), there is a natural number n such that p, > 1, p; > 0 for
n—3k<i<mnandz; >0forn—4k <i<n+1. In view of (1) and (11), {z;} is decreasing on
{n—3k,n—3k+1,...,n+1} and

n n
p
0 2 Tp4+l — Tn—k + Z Pi%i—k 2 <_1 + nlkl> Tn—k,
i=n—k i=n—k ITs=i= (1 —ps)

which is a contradiction. The proof is complete.
COROLLARY 2. Suppose {p,},., is eventually nonnegative and

lim sup Z

1 k
oo o TN k( —ps)

Then every solution of (1) is oscillatory.

> 1.

11



THEOREM 4. Suppose there exist 6 € (0,k*/ (k + 1)k+1] and numbers 0,7,£ and A such that

w (pn <0) =020,
n—1
e
p (k > pi<5>n20,

i=n—k
" (S “>1—W> —£>0
Mt | 11 kk( Ps) 4
and
(4k+1)0+ 2k + 1)n+ Bk +2)A < €.
Then every solution of (1) is frequently oscillatory of lower degree A.

PROOF. Suppose to the contrary that {z,} is a frequently positive solution of lower degree A
such that u. (2, < 0) < A. Then in view of Lemmas 1 and 3,

n—1

i=n—k

n—1
i kd)?
o (8 - 00

i=n—k lls=i—k 1 —ps)

n—1

> 1 — (()’ikk (pn < 0) +a’ik ( Z pi < k5> —|—Ufk(k.+1) (zp, < O)) + £
i=n—k

> 1—{4k+1)0+ 2k +1)n+ (Bk + 2)A} + ¢

> 1.

In view of Lemma 2, the intersection

(N\ {03’2 (pn < 0) +0F, ( ”i ;i < k:5> + Ufk(kﬂ) (xn < 0)})

i=n—k
n—1
pi (ko)?
ﬂ( Z n—1— k( ) >1- 4
i=n—~k s=i—k

must be an infinite subset of NV, so that there exists a positive integer n such that

n—1

i (ko)?
Z n—1—k >1- 4 ?

i=n—~k szk( )

pi >0, n—-3k<i<n+k,
i—1
> pizké, n—k<i<n+k,
j=i—k
and
z; >0, n—4k<i<n+k+1.

12



In view of (1) and (11), {x;} is decreasing for i € {n —3k,n —3k+1,....,n+k+ 1}, and

n—1 n—1
Di
0 Tp — Tp—k + Z DiTi—f 2 T — Tn—k + ( Z n—l—kll)> Tn—k
— DPs

i=n—k i=n—k s=i—k (

T n—1 D;
n %

-1+ _1_k> Tp—k-
<$"_k i TS (1= py)

By Lemma 7, we have

vV

n—1

0 Z o —1 + nflfi)i
Tn—k i=n—k Hs:i—k (1—ps)
n—1
i k6)?
S .
i=n—k Lls=i—k (1—ps)

which is a contradiction. The proof is complete.
We now present two examples to show that Theorems 3 and 4 are independent of each other.

First, consider the difference equation
Tnt+1l — Tn + PnTn—2 :Oa n:031727"'7 (18)
where {p,}.-, is defined by

-1 n=2"m=12,..
Pn=790.25 otherwise

Let
A=1{2,22,2% 24 .}, (19)

then p, = —1 for n € A. For any n, if n,n —1,n—2,n—3,n—4 ¢ A, then we have

n

b Pn—1 Pn—2 37
A= — L =p.+ - =—>1,
j§2 Z:_jl:]f (1 _ps) 1-— Pn-3 (1 _pn—?)) (1 - pn—4) 36
and
= P; Pn1 P2 7
A = J = n- —|— n- = - < 17
j:;Q Z;;:: (1 — ps) 1- Pn-3 (1 - pnf?)) (1 - pn74) 9
n—1
1 (k6)2 15
5= . =0.25 and 1 — ==
5 j:;?p] 0.25 an 1 16

Hence it is easy to see that p*(p, < 0) =0 and

n

W D meme > 1 =landy

1 n
i [y (1= ps) 2 j=

-1
ij<5 =0,

n—2
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and

n—1 2
pj (ko)
s E - >1— =0.
j=n— QH_Jllf(l_p8> 4

Hence by Theorem 3, for any nonnegative constant A < 0.1, every solution of (18) is frequently
oscillatory of lower degree A. But it is impossible to obtain the same conclusion from Theorem 4.
Indeed, the case where § € [0,0.25] is impossible since

and

n—1
i ké)?
”(Z — >1(4)>0.

izne2 Hmizp (1= ps)
The case where ¢ € (0.25,4/9] is also not possible, since
=

so that
126> Ak+1)04+Ck+1)n+ Bk+2)A>(2x2+1)=5
is a contradiction.

As our final example, consider the difference equation (18) where {p, } -, is defined by

—05 neA,
. 0 n=3m, m=0,1,2,...
Pr=9 02 n=3m+1,n¢Aandm=0,1,2,... "

05 n=3m+2,n¢ Aandm=0,1,2,...
and A is defined by (19). Let § = 0.125 and

n—1
V4 Pn—1 Pn—2
A = = +
7 ZH:Q Hn—]l lf ( ) 1 — Pn-3 (1 _pn—S) (1 _pn—4)7
and

S V4 Pn—1 Pn—2

A= Y B T W _
j ;2 Hg Jl If ( ps) " 1 —=pn-s (1 - pn—3) (1 _pn—4)’

then 1 — (k6)?/4 = 0.984375 and for any n, if n,n —1,n —2,n —3,n — 4 ¢ A, then we have

1 n=3m 1 n=3m
A= 067 n=3m+1 , A= 0917 n=3m+1
0.5 n=3m+2 1 n=3m-+2

Hence it is easy to see that pu*(p, < 0) =0 and
n

n—1
3 ij<5 =0, s Z nlf] > 1] =0,

j=n—2 j=n— 2]._[ s=j— k:( pS)

14



and

n—1 2
Dj ko 1
/J/* § nflfk:j > 1 - ( 4) - §
j=n—2 lls=j—k (1 —ps)

By Theorem 4, for any constant A < 1/36, every solution of (18) is frequently oscillatory of lower
degree \. But it is impossible to obtain the same conclusion from Theorem 3. Indeed, for any
5 €10,4/9], p*(pr, < 0) =0 and

n

b _

j=n—2 Hs:i—k (1 - Ps)
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