Commuting differential operators of type Bs

Hiroyuki Ochiai* and Toshio Oshimaf

1 Introduction

1.1. Several integral systems are accidentally related to root systems.
Olshanetsky-Perelomov ([OP1], [OP2]) considered integrable n-particle mod-
els in dimension one arising from root systems. The systems of differential
operators satisfied by zonal spherical functions give such integrable systems
and these were generalized by Sekiguchi and Heckman-Opdam ([Sj], [HO]).

In [OOS] we announce a classification of integrable systems invariant
under simple classical Weyl groups. The precise discussion has already been
given by [OS] and [O] except for the case of type By. As is shown in [OS],
the classification problem for type B, is reduced to a functional differential
equation (1.4).

In §2 we give a complete list of solutions of this functional equation.
Some solutions have already been obtained, after [OP2], by Inozemtsev [IM],
[I] (See also [P]). The main result of §2 is Theorem 2.9, which is stated in
§1.3 in a different form.

In §3 we examine the reducibility of the system obtained in §2. We
note that if the system coincides with the system satisfied by zonal spherical
functions of a semisimple Lie group, the reducibility is related to degenerate
series representations.

The final draft of this paper was completed when the authors were visiting
University of Leiden in the fall of 1994. The authors express their sincere
gratitude to Profdrvan Dijk for his hospitality during their stay there.

1.2. Now we give a quick review of the results in [0S, §6] concerning
with type By. Let W(B;) be the Weyl group of type B, which is identi-
fied with the group of coordinate transformations of (z1, ;) generated by
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(z1,22) — (29, 21) and (zy,22) > (21, —22). Consider W (B;)-invariant dif-
ferential operators

(1) {pl — 97 + 92 + R(x),

P, = 3}0; + lower order terms

which satisfies [P, P;] = 0 and P, = P,. Here we denote 0y = % and 0; =
8872 for simplicity and the map * is the anti-automorphism of the algebra of
differential operators such that *a(z) = a(x) for functions a(x) and *0; = —0;
for 2 = 1 and 2. We assume that the coefficients of differential operators
are extended to holomorphic functions on a Zariski open subset of an open
connected neighborhood of the origin of the complexification C* of R2

The operators are proved to be expressed by even functions u and v of
one variable as follows ([OS, Proposition 6.3]):

Py =074 07 4 u(xy + x2) + u(zy — x) + v(zy) + v(22),
5) — — o)\ 2
(12) (P = (0, + uor + 22) > o :1:2)> +0(22)02 + v(11)3

+o(zy)v(zg) + T, 22),

where T' is determined by the following equations up to a constant.

(1.3)
0, T =
T =

o' (an) (uay + 2) = ulzy = a3)) + o) (o (21 + 22) = (21 — 22)),
1)’(.7:2)<u($1 + 23) — u(z; — T2>) + 7)(.7:2)<u'($1 + 23) + u'(x) — TZ))

(SIS

As the compatibility condition for the existence of the solution T of the
equation (1.3), we have an equation

(1.4)
0 (v’(xg)(u(xl + 22) —u(xg — :vg)) + QU(LCQ)(U/(.ZL'1 + x9) + u'(zy — x2)))

=0, (z;l(ml) (u(ml + ) —u(zy — T2>) + 20(z) (u'(ml +a9) —u'(zy — T2)>> ,

which have been posed in [OS, Proposition 6.3] (cf. [P, §2.2.C]).
Conversely for any solution (u,v) of (1.4) and the pair (P, P,) of the
operators which are given by (1.2) with

(15)  T=3(0 =) (Vi) (Uler +22) + Uler —22)) — G(a))

under the notation in Remark 2.1 and Lemma 2.2, we have [Py, P;] = 0.



1.3. We give a complete list of solutions of the functional equation (1.4).
Remind that the Schrodinger operator P; is explicitly expressed as in (1.2)
using u and v.

1) (Trivial case) u = constant, v = an arbitrary even function,
14) u = an arbitrary even function, v = constant.

Let wy and w;y denote the primitive half periods of the Weierstrass elliptic
function p(t) and put ws = —w; — wy and wy = 0.

2) (Elliptic case) For wy, wy < o0

{ u(t) = Cep(l) + Cr,
o(t) = Y0, Ciplt +wi) + Cs,
27)
{ u(t) =35, Cipll +wi) + Cs,
o(t) = Cep(2t) + C7.

2)" (Trigonometric case)
u(t) = Cs sinh™* X\t + C»,
v(t) =0y sinh™? M + Cy sinh™ 2t + Cssinh? M + Cy sinh?® 20t + Cs,
2d>/
u(t) =Cy sinh™? M 4 Cysinh™2 2t + Cs sinh? Mt + Cy sinh? 2Mt + C5
v(t) =Cs sinh™ 2\t + Cs.
2)" (Rational case)
u(t) = Cet™ 4 (7,
v(t) = Cit™* 4 Cy + Cst? + Cyt* + Cst®,
2d>//
u(t) = Cit™* 4 Cy 4 Cst? + Cyt* 4 Cst®,
o(t) = Cet™* + Cr.
3) (Elliptic case) For wy, wy < oo

{ u(t) = Ci(p(d+wi) + p(5 +w)) + Cap(t) + Cs,
v(t) = Cap(l) + Csp(t + ws3) + Cs.



3)" (Trigonometric case)

u(t) =Cy sinh™* %t + Cysinh™2 M\t + Cs,
o(t) =Cy sinh™* M\t + Cs sinh* Mt + C,

3{1)/
u(t) = Cy sinh™2 Mt + Cs sinh® Mt + Cé,
o(t) =Cy sinth™2 M + Cysinh™2 2Mt + Cs.

3)" (Rational case)

u(t) = Cit™% + Cy + Cst?,
’U(t) = C4t_2 + 05 + Cgt2.

1.4. Although we deal with the commuting differential operators of type
By with the Weyl group symmetry in the main body of this paper, we will
give a brief summary of the related works.

The commuting differential operators of type A have been studied very
well. The commuting differential operators of type A with the Weyl group
invariant condition are classified in [OS]. This work is generalized to the
commuting differential operators of type A, without Weyl group invariant

condition

Ay =0 + 0, + 05,

Ay = 010y + 0,05 + 030, + R(-r>a

A3 = 0,0,05 + lower order terms.
To classify the potential function R(z), we may assume that ‘Az = —As.
Then there exist one-variable functions u; = uy(z2 — x3), vy = uz(ws — 1)
and uz = uz(r; — 3) such that R(z) = —uy; — uy — us, and

1 1 1

(1.6) ui(z) wua(y) ws(z) | =0 forz +y+2z=0.

For the Weyl group invariant case, we have u;(z) = uy(z) = uz(z) and the
proof of this fact is given in Proposition 4.2 (with m = 3) of [OS], which is
valid for the general case with no change. For the Weyl group invariant case,
the functional differential equation (1.6) is solved in [WW] and the solution
is a Weierstrass elliptic function . The corresponding potential R(z) is of
Calogero-Moser type. For the general case, the equation (1.6) is solved in
[BP] and [BB]. Besides the p solutions, we also have solutions expressed
by exponential functions. The corresponding potential is known as of type
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periodic/non-periodic Toda, which can be regarded as a degenerating limit
of a Weyl group invariant potential [vD].

For type Bs, the classification of the commuting differential operators
(1.1) without the Weyl group symmetry has not been done yet. It is known
that the similar functional differential equation (see (2.3)) is related to such
operators. The following results are obtained in [Oc]:

(1) We have the expression of the (non Weyl group invariant) operators P
and P, by using four functions uy; = uy(z1+x3), uy = ug(x1 —232), v1 = v1(27)
and vy = vy(xy) with one-variable. Actually, if we replace u(z; + z3) by
uy (14 x2), u(x1 —x9) by us(x1 —x3), and so on, the formula (1.2) is also valid
for non-invariant operators. These functions satisfy the functional differential
equation like (1.4).

(ii) Suppose P be non-trivial (cf. Lemma 2.4 i)). If P; is holomorphic
at some point, then P; and P, can be meromorphically continued to whole
plane C?. The orders of poles of P, are at most two.

(iii) Suppose, moreover, that ve(z) has poles at three points z = 21, 29, 23
such that z; — z9 and z9 — z3 are linearly independent over Q. Then the
function vy can be expressed as

4
vy(z) = Z Cip(z + w;) + Cs,
=1

with an elliptic function g and constants Cy,. .., Cs.

2 Functional differential equation for type B

2.1 Functional differential equations

In this section we solve (1.4).

Remark 2.1. For even holomorphic functions v and v on 0 < [t| <« 1, there
exist unique odd holomorphic functions U and V' with U’ = v and V' = v on
0 < |t| < 1. Then the equation (1.4) is equivalent to

(2'1) ala?(af - 022) (V(l'l)(U(iL'l + l‘2) + U(l'l - 56'2))
+ V(:Uz)(U(:m +x3) — Uz — ;62))> = 0.

Lemma 2.2. Odd holomorphic functions U and V' on a small punctured disk
salisfy the equation (2.1) if and only if there exist even holomorphic functions



F and G on a small punctured disk such that

V(@) (Ulzr + 22) + Uler — 22)) + V(w2) (U(er + 22) = U1 — 22))
= F(.Tl + $2) + F(.Il - .IQ) + G(.Il) + G($2)
Proof. The “if” part is clear. Now we assume (2.1) and set the left hand
side of (2.2) to be
W(z1,23) € O({(z1,72) € C* | 0 < |2y <¢/2,0 < |ag| < /2, 21 # Ea3}).

Then the function 0y(9f — YW € O({(z1,22) € C* | 0 < |1] < €/2,0 <
|za] < €/2, &1 # +a3}) is locally constant with respect to z; and con-
sequently it 1s constant with respect to x;. Then this is an element of

O({z2 € C| 0 < |zz2| < €/2}). Moreover, the residue Rg% Dy(0? — W =

(2.2)

/82 — 8 W (xy,z2)dz, = 0. Hence we have a holomorphic function

ga(x2) € O({z2 € C| 0 < |22] < &/2}) such that da(9F — 95)W (21, 22) =
02g2. Then the difference (97 — 93)W — g5 is locally constant with respect
to x2. The same argument tells us that there exists a holomorphic function
g1 € O({z1 € C| 0 < |21] < ¢/2}) such that (97 — 02)W = g1 + go.

Next we Change the coordinates & = (z1 + 23)/2, & = (z1 — x2)/2 and
write Jf = 76 9,0 = 8 ~ for short. Then 910,V = g1(E14+E&)+g2(6—E2). The

residue Res gl(fl—l—fg /6’8’Wd§1—/92(§1—§2)d§1 = 0. Then we have

an mtegral 93( )€ Ot e (C | 0<Jt| < 6/2}) such that g5 = ¢;. Slmllarly
we have g4 with ¢} = g2, and 9] (0,W —gs—g4) = 0. Then g5 := O5W — g5 —
is locally constant with respect to &, that is, g5 is constant with respect to
&1. As before g3, g4 and g5 have integrals Gs, G4 and G5, and the difference
Gg := W — G3 — G4 — (G5 depends only on &.
Taking the averages of (G5, G4, G5 and Gg under the action of the Weyl
group W(Bz), we get functions F' and G with required property. O
This lemma can be generalized to the case when the Weyl group invariance
is not imposed. In fact, the functional equation mentioned in Section 1.4 (ii)
can be expressed as

(2.3) 010:(07 — 9y) (Vl(xl)(Ul(xl +a2) + Us (a1 — 23))

+ V2($2><U1($1 + x2) — Us(zy — JJQ))) = 0.

This can be integrated as
(2.4)
‘/1($1)(U1($1 + $2) + U2(331 — $2)) + V2($2)(U1($1 + $2) — U2($1 — $2)>
= Fi(z1 4+ x2) + Fo(zy — 22) + Gi(21) + Ga(g).
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For detail, see [Oc, Proposition 2.4].

Remark 2.3. The same argument holds for type A;. The equation (1.6) with
Uy = uy = uy is equivalent to the equation

25 2.0,0. —0,)((U(x) + Uw) + Uz —3))*) =0,

where U is the odd primitive function of u. By the same argument as in the
proof of the previous lemma this is also equivalent to

(2.6) ((U(x)+U(y)+U(z))2 :F(J;)+F(y)+F(z) fore+y+2=0

with some even function F. Remark that v = ¢ satisfies (1.6) and that

U= —(and F = p satisly (2.6).

Lemma 2.4. i) If u or v is constant, then (u,v) is a solution of (1.4). A
solution of this form is called a trivial solution.
ii) If there are functions Fy and Gy such that

(2.7) (U1 + 22) + V(=21) + V(=22))" = Fi(21 + 23) + Gi (1) + Gi(22),

then (U,V') is a solulion of (2.2).
i) If u=v = p, then (u,v) is a solution of (1.4).

Proof.  For ii), (U, V) satisfy (2.2) with F(t) = 3(U(t)* — Fi(t)) and
G(t) = V(1)? = Gi(t). iii) follows from ii) and Remark 2.3. O

We summarize several elementary properties of the equation (1.4).

Lemma 2.5. i) The equation (1.4) is bilinear with respect to (u,v).

ii) For a solution (ug(t),ve(t)) of (1.4) and a non-zero constant C, (u(t),v(t))
= (uo(C't),vo(C1)) is also a solulion.

iii) For a solution (ug(t),vo(t)) of (1.4), (u(t),v(t)) = (vo(t), ue(2t)) is also
a solution.

iv) For a solution (ug(t),vo(t)) of (1.4) with ug(t + 2w) = ue(t) salisfying
some constant w, (u(t),v(t)) = (uo(t),vo(t +w)) is also a solution.

Proof. All but iv) are shown in [OS, Proposition 6.3 iv)]. iv) follows from
u(;m —£C2> = u((;m—l—w)—(;vg—l—w)) and u(;m —I—;v2) = u((;ﬁ —I—w)—l—(;m—l—w)). O
Remark 2.6. The equations (2.1) and (2.5) above are written in a uniform
manner. Let the root system (F,Y) be (R* ¥(A3)) or (R% X(By)) with
the Weyl group W. Consider an element V of the space of W-invariants
(O(E)® E*)W n O(E)® E*. Extend the natural invariant inner bilinear form



(,)on E* toa O(F)-linear form on this space of W-invariants. Consider
the differential equations

(IT 2.)v =

2.8 aEE+
28) (T 0) (v,v)=o.

agXt

Here differential operators act on the first factor of O(E) ®Q E*.
This is equivalent to the equations (2.1) or (2.5). In fact, if we set

(2.9) V=> Vil{a, ) @a= - ZV

aey‘" OZEV

with V,, corresponding to the solutions (2.1) or (2.5), it satisfies the equation
(2.8). On the other hand, any solution of the former equation of (2.8) is
written in the form (2.9) with odd functions V,,, and the W-invariance and
the latter equation of (2.8) are sufficient for the equations (2.1) or (2.5).

2.2 Elliptic functions

We summarize several well-known properties of the elliptic functions p and
( of Weierstrass type for latter convenience (cf. [WW]).
They are given by

210) ol = olelen20) = 5+ Y (= - 30)

w#0

(1) ()= (el 2m0) = 4+ Y (ot 1 ),

w#0

where the sum ranges over all non-zero periods 2myw; 4+ 2mqw, of p. They
satisfy

CI(Z> = _p(2>7

ga(z + 2mywy + 2m2wQ|2w1, 2(.02) = p(z|2w1, 20.12),

C(z + 2miwi + 2maows|2w, 2w2) = ((2]2w1, 2ws) 4 2mam + 2man;
for my,my € Z,

(¢)" = 49" — gap — gs = 4(p — e1)(p — €2)(p — €3).



Here the constants have the relations

g2 = 602@“4, g3 = 1402w“6,

w#0 w#0
W3 = —Wwy —wg, €;= P(%’)a n; = 4(%'),
e1+ext+e3=0, g2 =—4(eres+ e2e3+ eze1), g3 = dereqes,

m/—1
Y=

A 403 =0, 1w — 1w,

The following are variants of addition formulas.

(2.12) (C(x) +<(y) +¢(2))" = () + ply

)+
(213) (o +y) = C(x) = ((y) = %

The Laurent expansion at the origin is

o(z) when z4+y+2z=0,

<214> p(2|2(4}1,2w2> = +g_2 2+g_3 4+ gg
20 28 1200

2

The complex numbers w; and w; are assumed to be linearly independent over
R but we allow the period to be infinity. In other words, the numbers ¢, and
g3 are any complex numbers. For example we have

(215 PCEIVTmeo) =silh™z 43 whengy =fand gy =%,

p(z|oo,00) = 272 when g, = g3 = 0.
If w; and w, are finite, we have a formula

(00— ex)(ew = )
p(z|2w1 , 2(.02) — e,
with {v, A} = {1,2,3)

(216) p(z+wu|2w1,2&.72) = e/\+

and every function of the form @' ~* x (a polynomial of p of degree at most 4) is
-1 1

(p—e2)7 and (p—e3)7,
equivalently by a linear combination of 1, p(z), p(z + w1), p(z + wz) and
p(z + (.03).

Lastly we quote the Landen transformation

written by a linear combination of 1, p, (p—€;)

(2.17) p(z|wr, 2wy) = p(2|2w1, 2wy ) + P2z +wi 2w, 2wy) — ey if wy s finite.



2.3 Solutions of the functional equation

Theorem 2.7. The functions
(2.18)
(p(3) — €3)’
u(t) = /GW + crp(t) + cs,

(o) = e)(p(t) — ex)(eap(t)’ + eaplt) + ea) + caplt) + 5
7)(75) = 59’(t)2

salisfy the equation (1.4) if cycs = csce = 0.

Proof. Since the equation is bilinear, we may check for each monomial in
u or v. Here we will give a proof for w;,ws < oo, which implies the theorem
by the analytic continuation.

i) Case ¢g = ¢z = 0: It follows from Lemma 2.4 i).

ii) Case ¢g = cs =0, ¢; = 1: We may assume that v = p(t + a) with
a =0, wy, wy or wy. Moreover we may assume a = 0 by Lemma 2.5 iv), that
is, u = v = p. Then (2.2) follows from Lemma 2.4 ii) and Remark 2.3. This
simplifies the proof of [OS, Proposition 7.3 ii)].

iii) Case ¢; = g = 0, ¢g = 1: By §2.2 the function

o(t) = @'()7(p(t) — e1)(p(t) — e2)(c1p(t)? + cap(t) + ¢3)
cap(t)’ +caplt) + 3
A(p(l) — es3)

P52 4

DO | ~bpo|=*

+wi) — e + o

is a linear combination of 1, p(t) and p(t + ws). Since
1
= o2 i®
= — 2 2
Her —e)? 50(2 + w1 2wy, ws) + €3>

(@(%)_63)2 1 (61—63 1 n €y — €3 1 )
61—62@(%>—€1 ez —e19(3) — €
( + >— €2>
4(ey — ey)? 2
2.1 1 2
(2.19) . ;
1 ) €3

has a period 2ws;, we may assume v(t) = p(f) by Lemma 2. 5 iv). By
Lemma 2.5 iii) we can reduce to the case u(t) = p(t) and v(t) = e 62) (p(t+
wi) + p(t+wy) —ey — 62), which has already treated in ii). OJ
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Remark 2.8. 1) The solutions in §1.3 corresponds to (2.18) with the following
conditions:

2) (,'6:0, 617&62#637&61a

2') ¢ =0, €1 _%/\27&0’ 622(33:%)\2’
2//) C6:0, (31:(32:(33:0’
3) 64265:03 617&62#63#615
¥)  a=e=0 a=-3F0, e=e=30
3,)d €4 = C5 = U, 61262:%)\2#07 63:_%)\27
3”) C4:C5:07 61262263:0.

ii) The family of solutions with ¢; = ¢5 = 0 are written in a more symmetric
form under the symmetry in Lemma 2.5 iii). By the proof of Theorem 2.7 iii)
we can write

(2.20) u(t) = a1p(t|dwr, 2ws) + azp(t)2wr, 2ws3) + as,
. v(t) = bip(t]2wr, 2ws) + byp(t|2wy, ws) + bs.

Then the solution (u(t),o(t)) = (v(t),u(2t)) can be expressed in the same
form as (2._20) by replacing 20, = ws, 2003 = 2wy, @ = by, Gy = by, a3 = by,
blza1/4, 62:(112/4 and b3:(],3.

2.4 The main theorem

In this subsection we shall solve the functional differential equation (1.4)
by the aid of a computer with the algebraic programming system REDUCE
Ver3.4. The following is the main result in §2, which is proved at the end of
§ 2.5.4:

Theorem 2.9. Any solution (u(t),v(t)) of the equation (1.4) such that u(t)
and v(t) are real analytic on {t € R | 0 < |t| < 1} is one of the following
form.
i) Functions (u(t),v(t)) is of the form in Theorem 2.7 with cqce = c5c6 = 0.
ii) Functions (v(t),u(2t)) is of the form in Theorem 2.7 with cqce = c5¢6 = 0.
i) Fither u or v is constant.
iv) v’ =0 and v" is constant.
v) v' =0 and u" is constant.

Here we note that if u(t) and v(t) are even or they are holomorphic on
{teC| 0< |t| < 1}, then iv) and v) are reduced to iii).

2.4.1 The following lemma is a generalization of [OS, Lemma 7.1 i)].
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Lemma 2.10. Let u(t) and v(t) be real analytic functions on{teR|0<
|t] < 1} which satisfy (1.4). Suppose v’ # 0 and v' # 0. Then u(t) and v(t)
can be extended to even meromorphic functions on {t € C | 0 < [t] < 1}
with poles of order at most 2 at the origin.

Proof. We may assume v'|;59 # 0 by replacing the following z by —z if
necessary. Fix x with 0 < z < 1 and consider the Laurent expansion for
0< |yl <z

uM(z u(x
(2.21) u(m—l—y)—u(m—y):?( 1’( )y-|- 3'< )yr*_|_>
Then we have
(2.22)
0 u(2k+1 2k+1 0 u 2k+2)
2 21~:+1
( ; 2k + +2v( ; % + 1 )
0 ( )i u(2k+1)(i) 2eH1 4 9 - (2’*"'1)( ) k) _ 0
oy \"W L@k Y oY) e V)~

E
I

0 k=0

and for 0 < |y| € «
(2.23)

Fla,y) = y(u'(@) + yealw, )" (y) + 3(/ () + yer(z,9))v'(y) + colz, y)o(y)

with a suitable holomorphic functions f(z,y), co(z,y), c1(z,y) and cz(z,y)
of y defined on a neighborhood of the origin. Since this equation for v(y)
has regular singularities at the origin with the characteristic exponents 0 and
—2,

(2.24) v(t) = a1t +ve(t) +vi(t)logt for 0 <t < 1.

Here vg(t) and v;(t) are holomorphic function defined in a neighborhood of
the origin and moreover v;(0) = 0 means v; = 0.

By the analytic continuation of (2.22) for the variable y around the origin
we have

00 2k+1 (z) 2w (ZFH) (o
(2.25) —( Z T g+ 1920 (y) Z @T)f)y%) —o.

=0 k=0

The coefficients of the term y' in this equation mean

(2.26) 201 (0)u® (2) 4 40! (0)u'(z) = 0.
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Suppose vy # 0. Let A be a complex number with A\* = —2v7(0)/v(0).
(2.27) u(S)(:v) = \u/(z).

Then (2.25) is

0
(2.28) 3y (U{(y)u'(x) 3 + 2v1(y)u'(x) cosh Ay) = 0.
Since u'(zg) # 0, we have

a% (’Ul(y) (Sinlj\ /\y)2> =0,

or(y) (sini /\y>2 = o(y) (sini /\y>2

then vy = 0, which contradicts to the assumption vy # 0.
Thus we have proved that v; = 0. By (2.24) we can put

y=0

b

v(t) = a_ 7% + Z (athj + cthj‘H)

i=0

with suitable a;, ¢; € Con 0 < { < 1. Suppose there exist ¢; satisfying
ey #0and ¢; =0 for j =0,...,k — 1. Then the coefficients of y** in (2.22)

shows

—((2k + 1) + 202k + 1)) cxu(z) = 0,

which contradicts to the assumption ¢, # 0 and hence v(t) = a_;t7% +
Z?io (J,jth on 0 <t < 1. Here we note that v" £ 0 and that u” # 0 by the
symmetry of v and wv.

Substituting (z1,x3) in (1.4) by (z,y) and (z, —y), respectively, and sum-
ming up the resulting equations, we have

2 () + )t + ) - e )

+2(0(y) — o(=9))(W( +y) +u'(z — 9))) =0
and hence
2 (00) = o) (0o + ) = e = )") =0

Thus we have v(—y) = v(y) because u” # 0.

13



By the symmetry of u(t) and v(¢) we have the lemma. O

First suppose that u(¢) and v(t) are real analytic functions on {t € R |
0 < |t| <« 1}. Tt is clear that (u,v) given by iii) or iv) or v) in Theorem 2.9
satisfies (1.4). Assume v’ = 0. Then there exist Cy, C; € C such that
u(t) = Cy and u(—t) = Cy for 0 < t < 1. Suppose (u,v) satisfies (1.4) and
suppose 7 # Cy and let 0 < z < y < 1. Substituting (z1,x2) in (1.4) by
(z,y), (—z,—y) and (—z,y), we have v"(y) = v"(z), v"(—y) = v"(—z) and
v"(y) = v"(—=x), respectively, and therefore v” is constant. In the same way,
if v/ =0 and (u,v) satisfies (1.4), then v is constant or «” is constant.

Then owing to Lemma 2.10 we assume u(t) and v(t) are holomorphic
on {t € C| 0 < |t] € 1} and satisfy (1.4) to the end of this section. By
Lemma 2.10, the Laurent expansion at the origin can be assumed as follows.

(2.29) u(t) = a_qt” -I—Za] 1% ) =b_ lt‘2+th”

Suppose 0 < |y| < |z| < 1. It follows from (2.21) that

w2k (1) — u(+2) ()

9 / N 2k+2 2k+2
(2:30) a:cay(” (f”)kz; 2k +2)17 +2”<) (2k +2)17

=0

Since the coefficient of the term bju(Qm_Qj) (z)y*™ inside the above ( ) equals

27 2 2m — 5+ 1
— . — — = —2 . ;
2m—-27+1)!  (2m —2j)! (2m — 25 + 1)!
for any positive integer m, we obtain
(2.31)
u(Qm_l)(:c)v'(x)+2u(2m)(;c)v(x)_ Z 2(2m) (Qm - ] + 1)bju(2m_2j)(x) _ Cm

T Pm—2+ )
with suitable constant numbers C,,,.

Let X(m,k) denote the the coefficients of z?* in the left hand side of
(2.22). Then the condition X (m, k) =0 for all m > 1 and k& > 1 is equivalent
0 (2.22), and so is to (1.4).

14



For example, we have the following, all of which will be used in the proof

of Theorem 2.9.

X(1,1) =0,

X(1,2) = 4(3a1by + 6azby — 32a4b_1 — a_1by),

X(1,3) = 8(2a1b3 + Hazby + 8azby — 64asb_y — a_1bs),

X(1,4) = 4(5a1bs + 12a3b3 + 21asby + 30a4by — 336agb_1 — 3a_1bg),
X(1,5) = 2(15(1165 + 3bagby 4+ 60asbs + 90a4by + 120a5by

— 1792a7b_y — 10a_1b7),
4(Tarbs + 16abs + 27a3by + 40a4bs + 55a5b, + 7T0aghy
— 1344asb_y — Ha_1bg),
X(1,7) = 8(4a1br + 9azbs + 15a3bs + 22a4bs + 30as5bs 4+ 39asby + 48a7b;
— 1152a9b_y — 3a_1by),
X(l, 8) = 4(9@168 + 20a9b7 + 33a3bg + 48a4bs + 65a5bs + S84aghs + 105a7by
+ 126asb; — 3696a10b_1 — Ta_1byg),
8(5@169 + 1lagbg + 18asbr + 26a4be 4+ 35asbs + 45agby + 56a7bs,
+ 68asgby + 80aghy — 2816a11b_1 — a_14by),
= 48(—3@162 — 6aghy + 32a4b_1 + a_lb4),

S
e
\.H
D
SN—
I

e
~
\:—‘
Ne)
SN—
I

48(Hazby + 30asbs + 95a4by + 180asb; — 1664arb_y — 2a_1b7),
= 48(6azbs + 35azby + 112a4b5 + 267asby + 462a6by
— 5184agb_; — 3a_ybg),
X(2,6) = 16(21azbe + 120asbs + 378asbs + 900asbs + 1806agb; + 2912a;b,
—39168agb_1 — 12a_1bg),
X(2,7) = 48(56azby + 315asbs + 980asbs + 2310asb, + 4620agbs
+ 8260arby 4+ 12600agb; — 200640a10b_1 — 35a_1b10),
X(2,8) = 48(+9asbs + 50asbr + 154a4bs + 360asbs + T15aghs + 1274arbs
+ 2097asb; 4+ 3060a9b, — 57024a411b_1 — 6a_1b11),
= 2880(—2a1b3 — Hasby — 8asby + 64asb_y + a_1bs),
= 480(—12a4b3 — 66a3b; — 140a4by + 1056a6b_1 + 3a_1bg),

X(2,1)
X(2,2) =

X(2,3) = 16(12a2bs + 66a3by + 140a4by — 1056ab_, — 3a_1bg),
X(2,4)

X(2,5)

= 1440(561,364 + 52@4[)3 + 219@5[)2 + 462&661 - 4160&86_1 - Cl_lbg),
= 192(45a3b5 + 490a4bs + 2490a5bs + 8085aby + 16016a7b;
— 163200@9[)_1 — 15a_1bg),
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X(3,6) = 480(21asbs + 224a4bs 4+ 1134asby + 3948agbs 4+ 10556a7b,
4 19656asb — 227392a10b_1 — 9a_1byo),
X(3,7) = 5760(2a3b7 + 21asbs + 105a5bs + 363aebs + 1000a7b;
+ 2316asb, + 4080agby — 53504a11b-1 — a—1b11),
X (4,1) = 80640(—5ay by — 12a3b3 — 21azby — 30a4b; + 336a6b_; + 3a_1bg),
X(4,2) = 80640(—bazbs — 30a3bs — 95a4by — 180asby + 1664arb_q + a_12b;),
X(4,3) = 80640(—5asby — 52a4bs — 219asby — 462a6b,
+ 4160asb_1 + a_1bg),
X(4,4) =0,
X(4,5) = 16128(30a4bs + 500asby 4 3300a6b; + 12298arb; + 25740asb,
— 258400a10b_1 — 5a_;byo),
X(4,6) = 80640(7aqbs + 120asbs + 886aghy + 4108azbs + 13182ash,
+ 26520a9b; — 289408a11b_1 — 2a_1b11),

We borrow the following notation from REDUCE. For a polynomial func-
tion p, we denote by coefln(p, z, k) the coefficient of the term z* of p with re-
spect to one specific variable z. For example, coeffn(z?+2zy+3z+y% z,1) =

2y + 3.

2.4.2. Now we shall prove Theorem 2.9 dividing into the cases classified by
the order of zeros of (u(t), U(t)). Owing to the symmetry between u and v,
[0S, Lemma 7.1 ii)] shows that we may assume the pair of orders of the zeros

equal (—2,6), (—2,4), (2,2), (-2,2) or (-2, —-2).

2.4.3 Type (-2,6)

We may assume a_; = b3 = 1 and b_; = b = by = 0. For k£ > 5 we have
—2),ap-4,1) coeffln(X(1,k —2),bg,1)

—3),ak-4,1) coelfn(X(2,k —3),bx,1)

B (2k — 8)(2k — 6) (—2)(2k —6)

- \(2k —8)(2k — 9)(2k — 8)(2k — 10) (—2)(—=3)(—4)(2k —10) ) °

coefln(X (1, k
coefln(X (2, k

The determinant of this matrix equals
4(2k — 5)(2k — 6)(2k — 8)(2k — 10)(2k — 12).

Hence if k& > 7, the equations X(1,k —2) = X(2,k — 3) = 0 assure that

ar—4 and by are expressed suitable linear combinations of aj—;_1b; with 3 =
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4,...,k — 2, which proves that ap_4 and by with k& > 7 are expressed by
polynomial functions of (a1, az, by, b, bs, bg) by the induction on k.

Now we note that X(1,2) = 0 implies by = 0. Moreover it follows from
X(1,3) = X(1,4) = 0 that b5 and bg are expressed by polynomial functions
of (a1, as,bs). Hence we have proved that all the coefficients a; and b; are
uniquely expressed by polynomial functions of (a1, az). In particular for any
given (ay,az) € C* the solution is unique if it exists.

On the other hand we have the solution

g2 gs

ult) = o(t) =724 2542 4 ot
u(t) = p(t) + 20 + 5% + ,
4 92
t) = :t6 —tlo Tt
v(t) o0 + 10 +

Hence the coefficients a; and b; which are uniquely determined by (a1, a3)
equal the coefficients of the above u(t) and v(t) with g; = 20a; and g3 = 28a,.

2.4.4 Type (-2,4)

We may assume a_; = by = 1 and b_; = by = 0. Then for £ > 4
—2),a5-3,1) coeffln(X(1,k —2),bg,1)

—3),ak-3,1) coelfln(X(2,k —3),bx,1)

B 2(2k —6)(2k —5) (—2)(2k — 6)

= \2(2k — 4)(2k — 10)(4k? — 28k + 57) (~2)(—3)(—4)(2k — 10) ) °

coeffn(X (1, k
coefln(X (2, k

Since the determinant of this matrix is
4(2k — 3)(2k — 6)(2k — 7)(2k — 8)(2k — 10),

aj—3 and by, for k > 6 are uniquely determined by (as, az, bs, by, bs). Moreover
X(1,2) = X(1,3) = 0 imply that b, and bs are uniquely determined by
(@1, az,b3). On the other hand, we have the solution

g2 2 g3 4
—1 —1
20 i 28

=1t O5t® + -

u(t) = p(t) = 17" +
_ () +Cs)
W=

with parameters g,, g3 and C5. Thus the coefficients ap and by uniquely

_I_...’

determined by (ay, az,bs) corresponds to this solution with g, = 20a,, g5 =

28ay and Cs5 = bs.
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2.4.5 Type (2,2)

We may assume a; = by =1 and a_y =b_1 =0. For k > 4
coeffn( X (1,k — 2),ap_2,1) coeffn(X(1,k —
coeffn(X(2,k — 3),ap_2,1) coeffn(X(2,k —

_ 2(2k %@ —6

= \ 202k — 2)(2k — 4)(2k

and the determinant of this matrix equals

—4(2k — 2)*(2k — 4)(2k — 5)(2k — 10).

Hence a_z and by_ for k > 6 are uniquely determined by (ay, as, by, b3).
Moreover since X (1,2) = X(1,3) = 0, for any given (az, as) the solution
is unique if it exists and therefore it corresponds to the solution

((%)_ )2 24,46
u(t) = (07 _J._5t+1$54w)t+nw
()= — =24
Cop(t)—es

with e; = —2a, and g, = 5(16a; — €3).

2.4.6 Type (-2,2)
We may assume a_; = b; = 1 and b_; = 0. For k& > 4,

<coeﬂn()&( ke — ) A 2,1) coeffn( ( )
coeﬂn()&( ke — ),ak 2,1) coeffn( ( )

B 2(2k — 2)(2k — 6) | (—2)(2k — 6)
N (2(2k —2)(2k —4)(2k —5)(2k —10) (=2)(—3)(—4)(2k — 10))
and the determinant of this matrix equals

4(2k — 1)(2k — 2)(2k — 6)(2k — 8)(2k — 10).

Hence ay_, and by, for k > 6 are uniquely determined by (a1, as, a3, a4, as, by, bs).
Owing to this with X(1,2) = X(1,3) = 0, for any given (a1, as, as, by, bs) the
solution 1s unique if 1t exists.
Now putting
a3 = c3 + %a%,
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we write X (3,4) and X (3,5) by the variables (ay, as, ¢3, by, b3):

X(3,4) = 12096(;3(—7a162 — 14@2 — bg’ + 3[)263),
X (3,5) = 12096¢3(—16a; + 29a,b; — 12a1bs + 28asby + 3b5 — 11b5b;
+ 4b3 — 48c¢3).

First suppose ¢3 = 0. Then the solution is uniquely determined by (a1, as, by, b3),
which corresponds to the solution

g3

u(t) = p(t) = 172 + g—gﬁ LRI
oft) = i+ A2 O
p(t) — es ¢'(1)
= 4 (g + Ca)t* + (Cs + € = )10+ -

with g = 2041, g3 = 28ay, Cy = by — e3 and C5 = by — e: + g—é.

Next suppose ¢; # 0. Then it follows from X (3,4) = X(3,5) = 0 that
(ag,c3) is uniquely determined by (ay, bz, b3). Hence the solution is uniquely
determined by (aq, bz, b3), which corresponds to the solution

(p(£) —es)”

u(t) = p(t) + 16Cq 12 (Ot Zyi2

¢'(5)? 20
t:7:t2 ,t4 2_9_2t6
v(t) o) e = et (€5 — 550" +
with e3 = by, g2 = 20(€3 — bs) and Cg = ay — £.

2.5 Type (—2,-2)

We shall do a similar but more complicated calculation for the type (=2, —2).
In § 2.5.3 and 2.5.6 we also use REDUCE.

2.5.1. We may assume a_; = b_y = 1. For k > 4

coeffn(X(1,k —2),az,1) coeffn(X(1,k—2),b;,1)\
coeffn(X(2,k —3),ax,1) coeffn(X(2,k —3),b,1))
(

—AE(2k — 2)(2k — 6)(2k + 2) —2)(2k — 6)
(;_Sk(zk —1)(2k — 2)(2k — 4)(2k + 2)(2k — 10) (=2)(—3)(—4)(2k — 10))

The determinant of this matrix equals

— A9k(2k + 2)(2k + 3)(2k — 2)(2k — 6)(2k — 8)(2k — 10).
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Hence a, and by, with £ > 6 are uniquely determined by (aq, ..., as,b1,. .., bs).
Moreover by the equations X(1,2) = X(1,3) = 0, by and b5 are expressed by
polynomial functions of (ay, ..., as, by, by, bs).
Thus a; and b; with ¢+ > 6 and 7 > 4 are determined by polynomial
functions of
(a1, az,as, as, as, by, by, b3).

Here we have used all of X(1,1), X(1,2),... and X(2,1), X(2,2),....
We put

as = ¢c3 + %af,

b3 = d3 + %b(fa

as = ¢4 + ajas,

3 12
11+ 1345

(2.32)

as = ¢s + %a
Then all coefficients are suitable polynomial functions of
(a1, az, cs,ca,cs,b1,ba, d3).
Similarly by denoting
by = dy + %5152,
bs = ds + 5b7 4 503,
we have
dy = 2( = 32a1a3 + 1lasby + 22a3b; — biby) — 32¢4,
ds = ;_q( — 1284} + 104aib, + 26a,b7 + 78ard3 — 192a3 + 195a,b,
— 2b7 + 312byc3 — 3b3) — 64cs.
Here we remark that ¢3 = ¢4 = ¢5 = 0 (resp’ d3 = dy = ds = 0) if u (resp’ v)
is the Weierstrass function p.

2.5.2. Before going into the detail we prepare several notations. We are
considering the set of solutions

{(u,v) | with a_y =b_y =1 satisfies (1.4)}.
By picking up the first several coefficients of these solutions, we define the
set
V :={(ay,as, az,ay, as, by, by, b3) € C* | a solution (u,v)
of the form (2.29) with a_; = b_; = 1 satisfies (1.4)}.

It is easy to see that V' is a closed algebraic subvariety. Since the map from
such (u,v) to V defined by (2.29) and (2.32) is injective, we may identify the
set of such solutions (u,v)’s with V.
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Lemma 2.11. i) The solutions
u(t) = p(t) + 16020
= 7 (B OO+ (B = SO (s + (e + )0
39293 263
(2.33) + (6550 g’ (_ — &5 JEA e
v(t) = o)+ sm==
= (B ON (O (S + (- O
OB+ (- RO
belong to V. Therefore we can define a map
Uyt (61 + ey, 616, C,C) € C = V.

i) We can define a C* -action by
(2.34)
M(A,B,C,C" = (A, X2B, X2C, \2(C"),
)‘-<a'1aa'27637647657617[)27(13) = ()\2(11, )\3(12, )\403, )\564, )\605, )\2517 )\Sbm )\4d3>

so that Wy is C* -equivariant. Moreover W3'(0) = 0.
iii) The solutions

(2.35)

o(t) = 2 ot )(t;mp(t)w,,

belong to V. Then we have a map
\III : (.92393’0’ Cla OH) € (CS — V

Stmilarly the solutions

_ 9(3)*+Ce(5)*+C"p(5)+C”
(2.36) ut) = e ’

v(t) = p(t)
belong to V, which define a map
Uy (2,93, C,C",C") e C — V.
We have a C*-action
A2, 93, C,C", C") = (A2ga, N3gs, N2C, X3C7, XA C)

so that Wy and ¥, are C* -equivariant.

iv) Cf. [OS, Proposition 7.3 ii)]

Im\h Vﬂ{63—04—C5—0}
Im\Ilg Vﬂ{d3—d4—d5—0}

v) The maps Uy and ¥y are injective.

21



Proof. i) follows from Theorem 2.7.

ii) The C*-equivariance is easy. To prove W3'(0) = 0, suppose u(t) =
v(t) = t7% of the form (2.33). If one of ¢; is not zero, u(¢) and v(t) have
a finite period. Since {72 has no period, ¢; = ¢; = e3 = 0. This means
o(t) = t72. Then one should have ' = ¢’ = 0.

iii) is similarly proved as in the case of 1) and ii).

iv) The Laurent expansion (2.14) of p(¢) implies that the left hand side
is contained in the right hand side. Conversely, for any (a;, ay) we can take
g2 = 20a; and g3 = 28a; and moreover for any (b, by, bs), we can take
(C,C",C") so that the expansion of v(t) has desired coefficients.

v) For Uy, the Taylor expansion (2.14) of u(t) determines g, and gs.
The other coefficients C, C’, C" are determined by the Taylor expansion of
v(1). O

2.5.3. By direct calculations we obtain that the vanishing of X (3,4), X(3,5),
X(3,6), X(4,5), X(3,7) and X(4,6) are equivalent to

2.37
5‘1 :=)96a1agc3 — 33a,1byc3 — 66a3b1c3 + 3bi1byes + 352¢3¢4 — 22¢4d3 = 0,
(2.38)
fa = 128a?c3 — 104a$b1 ¢z + 1056a,a9¢cq4 — 26a1b$c3 — 363a,bycq — Hdacsds
+192a2c3 — 726a9bycqy — 195a3bges + 2b7cs + 33bybyey — 312b1 2
+ 6byc3ds + 3b3cs + 2496¢3¢5 + 3872¢2 — 156¢5ds = 0,

(2.39)
f3 :=39424005 ¢4 + 44697647 azcs — 32032043 bycy — 153648a7byes

— 2727360, azhycs + 19468800, azcs — 80080a, bicy + 2088a,bybycs
— 669240a, byes + 1638912a; c3¢q — 268752a cqdz + 591360a’ ¢y

— 23760a,b%cs — 1338480a3by c5 — 600600a5bocs — 11664004 c3ds
+ 616067 cq + 108057 bycs 4 608406, bycs — 8342400, csc4

— 161700, cads + 924065 cq — 10935byc3ds + 14826240¢4¢5 = 0,

(2.40)
f4 = 305536(1‘;C4 + 257760(1&(12&3 — 248248(]%[)1C4 — 88605(1?1)2C3

— 165978a asbcs + 18120964, ayes — 62062a1b?c4 + 4194a1b,bycs
— 622908a byc5 + 945120ay c5cq — 225390a cads + 458304&304

— T722a5b%c3 — 1245816a4byc5 — 465465a5bycq — 68526ayc3ds3

+ 4774b5 ¢4 + 35102 bycs + 56628by bycs — 7035600, c3c4

— 20328b, c4ds + 716lb§c4 — 13122byc3ds + 12602304¢4¢5 = 0,
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(2.41)

f5 :=122880a] cs — 896000’ by cs 4+ 11980804 c5 + 4308480a; azcy

(2.42)

— 33280a3bics — 9734404} bycs — 148104002 bycy — 120960a] c3ds
+1331712a4 a%@, — 2085600a1 asbica — 303696a1 azbsca — 160@1[):{)63
— 243360a, bfcs, — 166650a1b1by¢cq — 299520@11)10% + 7920a, b, c3d3
— 92655a1b2cs + 2396160a; cscs + 15797760a, ¢z — 7675204, csds

— TT3472a3byc3 + 1797120a5¢5 — 602580a,bjcy — 170814azb1byc3
— 1825200a9bycs + 4207104 ayczcq — 690624agc4ds + 16067 3

+ 1872065 ¢5 + 2739002 bycy — 2496007 ¢ — 114063 c3ds

+ 8925b, b5 c3 — 27206400 e3¢5 + 32137606, ¢; + 1560b; c5d3

+ 2808053 ¢5 + 1019040by c5¢4 — 10230by¢4ds — 155520¢2 d

— 4860c3d?: + 23362560¢2 = 0,

o :=2826240a c5 — 2245120a%bycs + 491212804° s + 16448256042 aycy

— 615680a7 b c; — 39911040a3bycs — 56540880a3 bycy — 27820804 c3d;
+ 33864192a, (L;cg — 74865120a; agb,cqs — 917136a; agbyes + 33760a, b:f63
— 9977760a; b2cs — 7996890a1 by bycq — 6888960a; by 2 4 5320800, by cads
— 4599135a, bics 4+ 5511168044 cses + 6031027204, ¢ — 328161604, csds
— 20290272a2by c5 + 7368192042 cs — 26273940a5b? ¢y — 8482974 a4 by bycs
— 74833200a,byc5 + 108624384 a4 cscq — 24323904ayc4ds + 80057 ¢

+ 76752005 5 + 119427062 bycq — 124800b% c2 — 1029006 ¢3ds

+ 425325b1 bacs — 1187347200, cacs + 1401276800, ¢2 — 4976400, c5ds

+ 115128062 ¢5 + 497640006, c3c4 — 918390b, cads — 4510080¢2 ds

— 315900c3da + 9578649602 = 0,

respectively.
Note that f; = 0 is equivalent to

(2.43)

63d4 + 2d304 = 0

Lemma 2.12. 1) VN {63 = d3 = 0} C Im\Ill U Im\IIQ
11) Vﬂ {Cg = O,dg 7£ 0} C Im\Ill
i) Vn{cs #£0,ds =0} C Im 5.

Proof. We examine the left hand sides.

i)

First note that f; = —121c4dy when ¢3 = d3 = 0. Hence we may

assume ¢z = ¢4 = d3 = 0 by the symmetry of u and v. In this case f3 =
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—223080¢5d4 and fs = —365040¢5ds. Hence we have ¢5 = 0 or dy = ds = 0.
By Lemma 2.11 iv) the result holds.

ii) Since ¢4 = 0 by (2.43), we have f; = —156¢5d3. Then we have ¢z =
¢y = c5 = 0.

iii) By the symmetry between u and v, it is reduced to ii). O

2.5.4. The remaining case is c3ds # 0. Since V N {esds # 0} N (Im ¥y U
ImW¥;) = (), we have to prove

(244) V N {63d3 ?é O} C Im \Ijg,
which will be proved at the end of this subsection.

Proposition 2.13. Recall the map ¥3 : C* — C® in Lemma 2.11. Let Y
be a d-dimensional subspace of C*, L a subspace of C* and Q a Zariski open
subset of L such that

a) U3(Y) C L.

b) QN WU3(Y) £ 0 and \Il3|q,3_1(mm, is locally injective at a certain point.

c) QNV is contained in an irreducible d-dimensional subvariety of V N L.
Then QNV C Im V5.

Proof. By Lemma 2.11 ii),

Ty (Y — {0})/C = (L - {0})/C*

is well defined. Then the image of W3 is compact, U3(Y — {0}) is closed in
L — {0}, U4(Y) is closed in L and then @ N U5(Y) is closed in @ NY. On
the other hand, by the assumption c),

V(7' (Q)NY) C QNT5(Y) C ONV C (a d-dimensional irreducible variety).

By the assumption b), the first term is dense in the last term and then

QN W3(Y) is dense in QN V. Hence QN P,(Y)=0N V. O

Proposition 2.14. The following Y, L and Q salisfy the assumptions a), b)
and ¢) in Proposition 2.13. Here (A, B,C,C") and (a1, as, c3, ca, ¢5, b1, by, d3)
are the coordinates of C* and C®, respectively.

HY =C L=C and Q = {csdscady # 0}.

)Y ={A=0}, L ={ay=0by=1cq4 =0} and Q@ = {e3d5(16c;5 —d3) # 0} N L.
i)Y ={A=4C -C" =0}, L = {ay = by = ¢4 = 16¢3 — d3 = 0} and
QO ={cads #0,4a; + by #0} N L.

)Y ={A=B-4C—-C"=0}, L = {ay =by = ¢4 = 16c5 —d5 = da; + by =
0} and Q = {csds #0} N L.
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Proof. The explicit expression of W3 shows

= 24C = 1(A*— B+50),

a9 = 93 — 630 = ﬁA<—2B + 70),

;= —1iC (C + 4 i (g2 —3€?)) = CO(—A*+4B —160),
(2.45) = egc (C+ L(e1 —e2)?) = 3§2AC( A*+4B - 160),

by = 92 +C' = L(A?— B+50"),

b= &+ el “LA(B +7CY)
dy= —3C0(C"+ §(g: = 12¢3)) = 5C'(2A4° + B~ ("),

Hence if A =0, we have

a) = O — éB,

C3 = —%02 + 11—2BO,

bl = C/ - é 5
(2.46) dy= —iC"” +1iBC",

g = C4 = bg = 0,

4Cll—|—b1: Cl+4C—B,
dg — 1663 = ]5(40 — C')(4a1 + bl)

which proves a) for ii), iii) and iv). The assumption b) is also clear from
(2.45) and (2.46).
The assumption c¢) will be proved in Lemma 2.16, 2.18, 2.19 and 2.20,
respectively. O
Proof of Theorem 2.9. As we have already remarked, we have to prove
(2.44). By Proposition 2.12 with the help of Proposition 2.14, it is enough
to show

(247) V ﬂ {C3d3 7£ 0,C4d4 = 0} C V ﬁ {C3d3 7£ O,(I,Q = bg = Cq4 = 0}

This is proved as follows: Take an element in V' such that czds # 0, and
c4dy = 0 First note that we have ¢4 = dy = 0 by (2.43). Putting ¢4 = 0, we
have

coeffn(f1, by, 1) f5 — coefln( fs,b2,1) f1
= c3(=1lay + b)) fs — 3(=17072a%c3 + 232a, by c5 — 74360a, c5
+120b7c3 + 6760b1 c5 — 1215¢3ds) fi
= 51030azc3d5(32a; — Tby).

(2.48)

Suppose ay # 0. Then we have by = —a1 and therefore f; = —%a163(32a2+
3b;). Since the assumption b, = —%ag implies f, = T1442a5¢3d3 # 0,
we have a1 = by = 0 and hence fy = 1458¢sds(—47az — 9by). Applying
a1 =b =c4 =0 and by = —‘;—7612 to fs5, we obtain f3 = —5953bascsds # 0,

which means a contradiction.
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Thus we can conclude a; = 0 and by the symmetry between v and v, we
have ag = by = ¢4 = 0. O

Proposition 2.15. The subset InWy, Im ¥y and Im U5 are closed subvari-
eties.

Proof. Lemma 2.11 iv) shows that Im ¥y and Im W5 are closed. Proposi-
tion 2.14 and the proof of Proposition 2.13 imply that ImageW¥s; is closed. [

2.5.5. We shall examine the assumption c).

Lemma 2.16. The restriction of the projection
(249) V N {ng364d4 ?é 0} =) (al, e ,dg) — (Gl, ag, C3,C4, bl) € CS

is injective. Its image is contained in {hy = 0} with an irreducible polynomial

hl(al, as, C3, C4) mn (257) .

Proof. 1If 16¢3 # ds, then we have

(2.50)
1

= T56(1605 — d3) ( — 128a%cs + 104a2byc5 — 1056ay ageq + 26a,bies
+363a1bycy + 54aycads — 192a3cs + 726a3bycq + 195a2b9c5 — 2b7 ¢y

—33bybocs + 312612 — 6bycads — 3b2es — 3872&1)

Cs

from f; = 0. If d3 = 16¢3, then we have
(2.51)

e = byl ( — 49280a% ¢y — 5587202 ases + 40040a2bycq + 1920602 bcs
+34092a1a26103 + 10010&1 b%C4 — 261&161[)263 + 332640&1 C3Cq — 73920&%64

—{—2970@be3 + 75075@2[)204 + 23328OGQC§ — 7706?64 — 1356%6263
+136620b; cscq — 1155b2¢q + 2187062c§)

from the relation c3f3 — 20280¢s fi = 0. In either case, the relation (2.50) or
(2.51) shows that ¢s is uniquely determined by (a1, az, ¢s, ca, by, by, ds).
Next we will do eliminations of variables in f; = --- = f;, = 0. Put

T = Coeﬁn(fladBa 1)f2 - coeﬁ"n(fg, ds, 1)f1a
ro = 17f3 - 20f4

Then
ri = (=22¢4) f2 — 6(=9a1cs + bics — 26¢5) fi.
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Moreover motivated by coeffn(ry, ¢5, 1)/ coeffn(ry, ¢s5,1) = —¢3/210, we put

I's = —Carg — 2107’],
coeffn( f1, ds, 1)rs — coeffn(rs, ds, 1) fi,
—22647"3 —_ 63C'3(968(l] Cy + 97206LQC3 — 2090b] Cq — 1215b2C'3>f] .

T4

Then ry is a polynomial function of (a1, aq, ¢3, ¢4, b1, by) and it is factored into
(2.52) 14 = —105d4(7128a; c5cq — 5832aqch +1782b1 ches +729by ¢ — 10648¢ ).
Then we have

(2.53) 7128a; ciey — 5832ascs 4 1782bycheq + T29boc — 10648¢5 = 0

and hence

(2.54) by = }(—3564a;c5cq + 2916aycy — 891by cieq + 5324¢5).

729 3

Finally from f; = 0 we have

(255) d'g = C'gC4 (96(1]&2 —_ 33&][)2 —_ 66&21)] + Sb] b2 + 352C4)

22

Since ¢s, by and ds is given by (2.50) or (2.51), (2.54) and (2.55), all coeffi-
cients are uniquely determined by (a1, az, ¢s, ca, b1). This proves the injectiv-
ity.

By substituting (2.54) and (2.55) we have

coeffn( fz, e5,1) fa — coeffn( f3, c5, 1) fo
= 156(1663 - dg)f3

(2.56) —4680(416a1 ay — 143a1by — 286a,b; + 13b1by + 3168¢4) f
= 214004507 5% e dah, (108(1,16:2)) + 27by 3 — 4846?1)

with

(2.57)

hi = —39694050@2¢:§cf1 — 22733865@1 agc3c4 + 59296050a, c3c4
+26040609a3 ¢S + 47544651 a5 cac; — 85739148c3 2 — 14172488¢5.

Suppose hy # 0. Then from (2.56) we have
(2.58) b, = 2163?2(—27(1,16?,) +121¢c3).
When 16¢3 # ds, it follows from (2.50), (2.54), (2.55) and (2.58) that
[s = 2984003653022‘[3]11 # 0,
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which contradicts to the fact that f5 = 0.
When 16¢3 = ds, substituting (2.51), (2.54), (2.58) and d3 = 16¢3 to f

we have

fi = 21289104, Aes — 5103azcd — 10648¢3)

6561 ¢3 Ca

and therefore
ay = 22-c7%ca(405a1c2 — 484c3).

5103
Combining this with (2.51), (2.54), (2.58) and d5 = 16¢3, we have
f5 = —3732480c; # 0,

which also leads a contradiction.
Hence we obtain

(259) hl(al,a2,63,64> = 0 ]

Lemma 2.17. On V N {ngg 7£ 07a2 = bg = C4 = d4 = O}, (a1,03,bl,d3)
salisfy an equation ho(ay, cs, by, ds) = 0, which is given in (2.61).

Proof. By f; =0, we have

(260) ]56C5(]6C3 — d3) =
- @(128@? - 104@1261 - 26(1] b? - 54a1d3 + Qb? - 312b] C3 + 6b] dg)

Now applying az = by = ¢4 = 0 and (2.60) to (16¢3—d3)%f5 and (16¢3—d3)* fe,

we obtain

(16¢3 — d3)2f5 = 60c3dshyrs,
(16¢3 — d3)2f6 = 60c3dshyrg

with

hy = 256chl - 144@51)’61 - 104@%6% + 1536afc3 - 204&%6[3 - 9alb§’ — 432a1byc3
— 2Taybyds + b — 204b%c5 + 6b2ds + 2304c3 — 288¢3ds + 9d2,

rs — 64af — 68a1by + 463 — 288¢3 — 9ds3,

r¢ = 2624a] — 2788a, by + 16467 — 8352c; — 585ds,

respectively. We have hyrs = hyrg = 0. Moreover because of the identity

5184~y = 1681r§ — 82rs5rg + ré
- (144576@% — 1512a1b; — 94146%)7"5 + (4032@? + 216a1b; — 1986%)1‘6
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we can conclude

(261) hQ(al,Cg,bl,d'g,) == 0 D

Lemma 2.18. The map V N {csds(16cs — d3) # 0,a3 = by = ¢4 = dy =
0} 3 (a,...,ds) — (a,¢s3,b1,d3) € C* is injective. Ils image is contained in
{hy = 0}.

Proof.  Since ds # 16ds, ¢5 is uniquely determined by (2.60) and the

lemma is clear from Lemma 2.17. O

Lemma 2.19. The map

Vn{es(day + b1) # 0,a3 = by = ¢4 = dy = 16¢3 — d3 = 0}
5 (a1,...,ds3) — (ai,by)
18 tnjective.
Proof. For an element of V' such that ay = by = ¢4 = dy = 16¢3 — ds = 0,

we have
hy = (4ay + b1)*(16a; — 17a;1by + b; — 108¢3).
Moreover assume c3(4a; 4 by) # 0, then we have
C3 = %(16@% — 170,1[)1 + b%)

Then
J5 = %hﬂ%
Jo = %hﬂs
with
hy = 128a] — 152a3by + 25a,b] — b} — 2808c¢s,
rr = —384a’ + 520ab, — 143a,b? 4 767 — 11232c¢5,
rg = —11136a} + 17576a7b, — 6799a,b% + 3596 — 460512¢s.
Now by the equality
rs — 4lr; = T776¢3(4ay + by) # 0,
we can conclude hy = 0. Then ¢; is determined by (a1, by). O

Lemma 2.20. The map V N {cs # 0,ay = by = ¢4 = dy = 16c3 — dy =
4a; + by = 0} 3 (ar,...,ds) — (ar,¢3,¢5) € C is injective. s image is
contained in {fs = 0}.

Proof. In this case,
fs = 69]20(338C§ + 13a1¢3¢5 — 28(1%(??,) - 54c§)

is an irreducible polynomial. O
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3 Reducible systems of type B,

3.1. For our commuting differential operators P; and P, we can consider
the simultaneous eigenvalue problem

(3.1) Pju(z) = Aju(z) for j=1and?2

with A; € C. If the potential function of P, is generic, the study of this
problem seems to be difficult. For the first step to analyze (3.1) we examine

the case when the system (3.1) is reducible. To be precise we study the
operators P and @ in the following lemma such that P = P, and P, = 'QQ.

Lemma 3.1. Let P be a self-adjoint differential operator and let Q) be a
differential operator satisfying

(3.2) [P,Q] = BQ

with a self-adjoint operator B. Then

[P.'QQ] = 0.

Proof. The assumption of the lemma implies [P,’QQ] = [P,'Q]Q +
‘QIP,Ql=-"[P.QIQ +'Q[P,Q] = -'Q@BQ +'QBQ = 0. O
Theorem 3.2. Let ¢ be the one dimensional representation ¢ : W(By) —
{£1} such that g(x125) = e(g)x129 for g € W(By). Let P and @ be holo-
morphic differential operators of the form

. Q = 010; + ar(z1,22)01 + ag(z1,22)02 + ap(z1, 22)

defined on a Zariski open subset of a connected open neighborhood of the
origin of C*. Suppose

(3.4) g(P) =P, g(Q)=¢2(9)Q for gec W(B,)

and

(3-5> [P7 Q] = b(l“l;lvz)Q
with a function b(xy,x2). Then

R(z1,72) = u(z) + 22
w(t) =V'(t)-V
ag(zy,x2) = V(z1)V(xy
ai(zy,22) = V(xg)

a2(:v1,x2) = V(lﬂl )

b(:l?l, .I'Q) = 2VI(LL'1) + 2V’($2),

u(zy — x2) + w(zy) + w(zg),

_|_

(3.6)
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where

+ C5p<t> + ¢,

t
2
O (5)?

S gy 2 a2 ) - ) s +o
¢'(1)

(3.8)

with suitable complex numbers cv, . . ., ce satisfying

(3.9) cacs = 3 = 0

o

(3.10) u(t) = e, V(1) is any odd function with ¢ € C

"

(3.11) u(t) is any even function, V(t) = 0.

On the other hand the operators P and @) given by (3.6) satisfy the relation
(3.5) by putting (3.7) for any complex numbers cy, ..., cs with (3.9) and any
periods of p(t) or by putting (3.10) or by putting (3.11).

The following Remark 3.3 and Remark 3.4 are easily obtained by direct
calculations.

Remark 3.3. Under the notation of Theorem 3.2

tQQ — (8182 + (u(xl + 552) ; u(xl - $2)>)2 + w(:vZ)alQ + w(;vl)ag

() + V)V () (s +2) = ulry = 22)
1

— 5(‘/(1‘1)(1/(1;1 + x9) + u' (1 — $2)> + V(xg)(u’(z;l + xg) — u' (21 — Jjg)))

Remark 3.4. In Theorem 3.2 we have the following from (3.7) with complex
numbers C'q, . . ..

i) If the fundamental half periods w; and wy of p are finite and ¢4 = 0, then

u(t) = csplt) + co,

V(t) = Z?:l %CJ pgl)(i)ej’
wll) == (Ch + CHp(t + )

_<Cl2 — 20203)61 — <022 — 20301)62 — (Og — 20102)63,
Cy =—(C1 4+ Cy+ C5).
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ii) If wy and w, are finite and ¢; = ¢3 = 0, then

U(t) = 02@<t)l+ Ca({'p(% + w1) + p(% + wz)) + Cly,
V() = 3505655
w(t) = —(Ci+ CPp(t +ws) + (Cr = CY)p(t) — Ctes

i) If e; = €3 = %/\2 # 0 and ¢4 =0, then

u(t) = Cysinh >\t + Cs,

) = C) coth At + Cytanh M + Cysinh 2X¢,

) = —(Cix 4+ C?)sinh ™2 M + (Co) 4+ C2) cosh™ Mt
+2(C3A — C1C5 — CyC3) cosh 20t — CF cosh® 2)¢
—(C} 4 C; — CF +2C1Cy + 2C1C5 — 2C,C5).

iv) If e = €5 = %)\2 # 0 and ¢; = ¢3 =0, then

u(t) = Cy sinh™? M\ + C5sinh™? %t + Cy,
(t) = Cicoth At,
w(t) = —(01/\+012) sinh™2 M — CL.

V)Ife12622%)\2#0andc2203=0,then

u(t) = Cy sinh™* M + Cy cosh 20t + C4,
V() = Csinh™'2),
w(t) =—-CiA sinh™? M\ + (201 ) = CY) sinh™ 2)\¢.

vi) If e = €3 = ¢4 = 0, then
u(t) = Cyt™* 4 Cs,
V(t) — Clt_l -|— Cgt -|— C3t3,
( ) — —(Cl -|- C%)t_2 - (20102 - Cg) - (20103 -|- 022 - 3C3>t2
—20,C5t* — C31°,
vii) If e1 = €3 = ¢3 = ¢3 = 0, then

V t) - Clt_l,

u(t) = Cot™ 4 Cst* + Cy,
(
w(t) =—(Ci+ CEt2
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3.2. To prove Theorem 3.2 we will translate the reducibility into a functional
equation. The coefficients of 97 and 97 in (3.5) mean 20,a; = 202a; = 0 and
therefore
a; =V(zz) and ay = V(1)
with a suitable odd function V(). The coefficient of 9,0, in (3.5) proves
(312) b = 2(02@1 + 01a2> = Q(VI(.LQ> + V/<.L1)>
The coefficients of 9; and 0, in (3.5) are
V"(.'L'Q) + 201&0 —_ 02R = 2V(L2)<V’(.Ll) + V’(l‘g)),
V"(CE1> + 282@0 - alR = 2V($1)<V’(.’E1) + V’(JJQ))
and equivalently
(81 + 82) (R —2a0 — V'(x1) = V'(x2) + (V(21) + ‘/2(.7;2))2) =
(0 — 80) (R + 200 — VV{ar) = V() + (V) — Vala) )
Hence there exist functions u4(¢) and u_(¢) such that

(3.13)
R=V'(x) + V'(23) — V(21)* = V(22)* + up(z1 + 22) + u_ (21 — ),

ag = V(x1)V(z2) + %(714-(-751 +23) —u_(zy — T2>)
Since g(ag) = £(g)ag, we have
(3.14) ug(t) =u_(t) = u(t)

with a suitable even function u(¢). This proves (3.6).

Let U(#) be the odd function with U7(1) = u(t). Then

[P,Q] —bP

= —V(z1)(u(zr + x2) + u(zr — z2)) — V(aa) (u(zr + 22) — u(zr — 22))
— (V'(21) + V'(22)) (u(zr + 22) — u(z1 — x2))

= =010, (V) (U1 + 72) + Uy — 7))
+ V(o) (U(zy + x2) — Ulzy — 22)).

Thus we have

Theorem 3.5. The operators P and Q satisfy (3.3), (3.4) and (3.5) if and
only if there exist odd functions U and V and an even function H(t) such
that

(3.15) V(ml)(U(z,‘l + 23) + Uz — T2>) + V(th)(U(ml +23) — Uz — T2)>

Y

0
0.

and that the relation (3.6) holds with v = U".
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Hence we will concentrate the functional equation (3.15), which is a spe-
cial case of (2.2).

Lemma 3.6. Suppose (U,V, F,G) is a solution of (2.2) such that

U'(t) has a period 2w,
W(t) =V(t+w)—V(t)— V(w) is an odd function.

Then (U, W, H) satisfies (3.15) with an appropriate H.
Proof. Put U(t + 2w) = U(t) + . Changing the variable (z;,z;) into
(z1 + wi, 22 + wy) in the equation (2.2), we have
(U1 40) +n+U (21=22) )V (21 40) + (U (21 4a2) 41— U1 —22))V (22 F00)
= F(o1 4+ 224 2w) + F(z1 — 22) + G(a1 + w) + G(zg + w).
Subtracting the original one from this, we obtain
(U1 + w2) + Uy = 22))W(a1) + (U1 + 22) = Ul — 22)) W(a)
= (F(J,l + 234 2w) — F(z1 + 22) — 2V (w)U (21 + 12))
+ (G(;vl +w) — G(z1) —nV(z + w))
+ (G(xg +w) — G(xz) — nV(zg + w))

Since the left hand side is W (B;)-invariant, the first term of the right hand
side is constant. Then H(t) = G(t+w)—G(t) —nV(t+w)+ C with a suitable

constant number C and we have the lemma. O

Corollary 3.7. Suppose the fundamental half periods wy and wy of p(t) are
finite. Then for odd functions U(t) and V(1) given by

{ U'(t) = Cap(t) + Cs,
V(1) =352 CiC+w) = ¢(1) = ((w)))

or

(00 =G +0) ol o)+l + €
V(t) =((t+ws)—((t) —¢(ws),

there exists a function H(t) so that (3.15) holds.

Proof. Note that the equation (3.15) is bilinear for (U, V). In the lemma

put (U(t), V(t)) = (C(t), C(t)) and w = w; or put (U(t), V(t)) = (C(%—{—wl)—{—
C(% + wa) — ((w1) — ((w2), C(t)) and w = w3, we have the corollary. O
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Now we will continue the proof of Theorem 3.2. Since

e+ ) = €)= Cls) = 550,

the last statement in Theorem 3.2 follows from Corollary 3.7 with the holo-
morphic continuation of the parameters e; and e; of p(t) and from the fol-
lowing Lemma 3.8 1). Thus we have proved that the operators given in

Remark 3.4 satisfy (3.5).

Lemma 3.8. i) [fU(t) = Ct (C € C), then for any V, H(t) := 2CtV (1)
salisfies (3.15). If V(t) = 0, then H(t) = 0 salisfies (3.15). We call these
(U, V) trivial solutions of (3.15), which correspond to (3.10) and (3.11).
i) If (U, V,H) is a solution of (3.15), then (U + Ct,V, H + 2tV) is also a
solution of (3.15)
iii) If V'(t) has a period w, then U'(t) has a period 2w.
) If V(t+w) =V(t)+n with n € C, then n=0.

Proof. The claims i) and ii) are clear and the claim iii) is also clear from
the result in §2. Suppose V(t + w) = V(¢) + n. Then U(t 4 2w) =U(t) + 7/

with some " € C. By the change of variable (z1, ;) into (z1 + w, 3 + w) in
(3.15)

(U(zy 4 x2) + 0" + Uy — 22)) (V(21) + 1)
+ (U(zy 4 22) + 0/ = Uxy — 22)) (V(22) + 1)
:H(;c1+w)—|—H(;v2—|—w)

Subtracting (3.15) from the above,

27]U(.’L‘1 + wg)
= (H(;vl tw)—H(zy)—n'V(xy —I—w):) + (H(;vg tw)—H(zy)—n'V(zs —I—w)).

Since we have assumed U"(zy + z3) # 0, we can conclude n = 0. O

Finally we will prove that there is no more solutions than we have already
described in Remark 3.4 and Lemma 3.8 i).

From now on we consider only non-trivial solutions unless otherwise
stated. Let (U,V, H) be a non-trivial solution of (3.15). Owing to Theo-
rem 2.9 we see that V(1) is expressed by p(1).

Suppose the fundamental half periods w; and w; of p are finite. Then

1) =Y CiC(t+w;) + Cot
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with ; € C. By Lemma 3.8, we have

4
0= V(t + 2(.«.12') — V(w2> = Z 203‘772' + 2Chw;

j=1

2

for 7 = 1 and 2. Since nyw; — Nw, = £ £ 0, € = Z?:] C; =0 and we
have the theorem.
When w; = wy = oo, the theorem follows from

Lemma 3.9. The rational solution of (3.15) is of the form in Remark 3.4 vi)
or vii).

Proof. Let (U,V,H) is a rational solution of (3.15). If U(t) = t7', the
left hand side of (3.15) equals

<I1V(IE1> - .IzV(LCz)) T%n — T%n
2 2 2 = Za% 2 2
xry — x5 Ty — x5

n>0 1

for tV(t) = 3, 5o a2t*. Hence if u(t) = C4t=* + C5 with Cy # 0, the
solution is of the form in Remark 3.4 vi).

Suppose U(t) = Cyt™' 4+ Oyt + C5t? and V() = Cat™' 4 Cst + Cgt® with
Cs3 # 0. We may assume C; = (3 = C4 = 0. Then the left hand side of
(3.15) equals 603(;01‘/(1;1)30% + $%V($2>$2) and hence C5 = Cs = 0. This is
the case in Remark 3.4 vii).

Suppose V(1) = C1t7' + Cot and U(t) = Cs5t™" + Cat + Cst® + Cet® + C11".
We may assume C3 = (4 = 0. If ¢ # 0 and Cy = 0, the left hand side of
(3.15) equals

2n

4 2n _
5 Z Coss (21 + x3) (21 — x9)

1T

and therefore Cs = C; = 0, which also corresponds to Remark 3.4 vii). Hence

suppose Cy # 0. Since (U(t), V(¢)) = (¢,1™) does not satisfy (3.15) for n = 7,

5 and 3, we have C'; = (s = (5 = 0 by considering the homogeneous parts

of degree 8, 6 and 4, successively. This is the case in Remark 3.4 vi). O
Lastly suppose w; = oo and w, is finite. We may assume

V(t) = Cy coth Mt + C; tanh At + Cssinh 2Xt + Cy sinh 4t 4 Cyt.

Applying Lemma 3.9 to this, we have Cy = 0.

If the dimension of the space {V(¢)] (A coth At, V(1)) is a solution of (3.15)}
is larger than 3 for A # 0, the dimension of the space {V(¢)| (¢7', V(1)) is a
solution of (3.15)} is proved to be larger than 3 by considering the limit to
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A =0 (cf. [OS], Proposition 2.21]), which contradicts to Lemma 3.9. Hence
we have Theorem 3.2 if u(t) = Csinh™* M\ + C".

In the same way we can prove that the space {U(t)| (U(t), A coth At) is a
solution of (3.15)} is of dimension 2 for A # 0, which implies the theorem in
the case V(t) = C; coth At.

Thus we may assume that

(3.16) U(t) = Cy coth At + Cyt + C5 coth %t,
V(t) = Cycoth A\t + C5 sinh 2)¢.
or
(3.17) U(t) = Cy coth M + Cyt + Cysinh 2X¢,
' V(t)=Cy sinh™" 2Mt 4 Cs coth At.

The pairs (U, V') corresponding to C3Cs = 0 have been proved to be solutions.
Suppose there exists a solution with C3C5 # 0 in (3.16) or (3.17). Then the
bilinearity of the equation (3.15) implies that the pair (U, V') given by (3.16)
or (3.17) is a solution for any complex numbers C, ..., Cs, which similarly
contradicts to Lemma 3.9 by taking the limit to A = 0.

Thus we have completed the proof of Theorem 3.2.
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