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1 Introduction

Let ,F,_1(aq,...,ap, by, ..., b, z) be the generalized hypergeometric function

(@) (ap)n
2", (a)n:a(a—{—l)---(a—{—n—l).
; (D)n(b2)n - (bp)n
Theorem 1.1 The generalized hypergeometric function ,F,_y satisfies the
following quadratic relation
P

: Cij (pi-
(1) Z (91—1pr_1(A’ B; z)) ﬁ (93 F,_1(—A,2 — B; z)) =1
1=1,7=1
for generic values of parameters a; and b; where § = zd/dz, A = (a1, ..., a,),
B = (by,...,by), —A = (—ay,...,—ap,), 2 — B =(2—="by,...,2—0b,). The

number ¢;; is the (i,j)-element of the transposed inverse of the inlersection
matrix of cocycles associaled to ,F,_y and the intersection matric is induc-
tively determined with respect to p by the formula given in Theorem 8.2. For
example, these relations for p = 2,3 are as follows.
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where e; = by — 1 and ayaz # 0,69, ¢ Z.
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3F2"(A, B; 2)3F2"(—A,2 - B; 2’)

where sy = ay; + ay + a3, sy = ajay + agas + azay, $3 = ajagzas, ; = ey + €3,
ly = ege3, €3 = by — l,e5 = by — 1, and A = (ay,az,a3,a4), B = (by, bs,b4),
—A=(—ay,—ay,—az, —aq), 2— B = (2—by,2—b3,2—by). Paramelers must
satisfy the condition aiaqas # 0,by, b3 € Z.

Some identities for hypergeometric functions have geometric meaning be-
hind. Aomoto proposed a method to study hypergeometric functions as
pairings of cycles and cocycles about 30 years ago [1]. This ingenious point
of view has enabled us to yield a lot of formulas for hypergeometric functions.

The identities we have presented above are quadratic relations for ,F,_;.
We will see that it also has a geometric meaning based on a work of Cho
and Matsumoto. They proved an analog of Riemann’s period relation for
intersection numbers of cycles and cocycles and associated period integral, of
which entries are nothing but hypergeometric functions [2]. The period rela-
tion yields a quadratic relation of hypergeometric functions. Therefore, the
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problem of deriving quadratic relations is reduced to evaluation of intersec-
tion numbers. Cho, Kita, Matsumoto and Yoshida gave formulas to evaluate
intersection numbers for a class of hypergeometric functions expressed by a
definite integral of which integrant has a normally crossing singular locus
2], [5], [6], [7]. The GHF ,F,_; has a multiple integral representation on
CP~1 but the singular locus of the integrant is not normally crossing. Hence,
the generalized hypergeometric functions are out of the class for general p,
because their method requires a construction of resolutions of singularities
and it is difficult in general. We will introduce a different approach to study
the GHF. The GHF is expressed in terms of the single integral

I'(ap)U(by — ay)
M6y "

(ar,... ap,byy ... by 2)

dt

2
—b,+1 by—1— )

= z F / tap(z—t) P a“’p_le_g(al,...,ap_l,bg,...,bp_1,2)7

0

The kernel function ,_; Fj,_; defines a locally constant sheaf of which rank
is p — 1. We will evaluate intersection numbers by utilizing this integral
representation. Cho, Kita, Matsumoto and Yoshida’s formulas are those for
locally constant sheaves associated to a product of linear forms, which are
rank one sheaves. The kernel function ,_iF,_, defines a locally constant
sheaf of which rank is more than 1. Hence, we cannot apply their formulas
to the single integral representation of ,F,_.

The first author studied a method to evaluate intersection numbers for
cocycles with coefficients in locally constant sheaves of which rank is more
than one. He applied the method for evaluating intersection numbers for
cocycles associated to the Selberg type integrals [9], [10].

In this paper, we first reexamine the definition of intersection number in
view of the topological cup product, because discussions by Kita and Yoshida
[5] are not satisfactory to apply for our problem of ,F,_; and those by the
first author in [10] are not satisfactory to be a rigorous foundation. We
will see that the method of the first author in [9], [10] is not only useful
for computation, but also is a consequence of a general theory of duality.
Next, we apply the method to evaluate intersection numbers for ,F,_y. The
twisted cohomology and homology groups associated to the single integral
representation of , Fj,_y are direct sums of primary parts and degenerate parts.
Only the primary parts stand for ,F,_y [8]. This degeneration makes the
evaluation of intersection numbers more complicated than the evaluation
problem for the Selberg type integrals.



2 Cup product

Let X be an n-dimensional topological manifold and let f be a map from X to
the final set {pt}. Set wy := f'Cypey. Then, wy is called the dualizing com-
plex on X and is concentrated in degree —n. By putting orx := H™"(wy),
we get the orientation sheaf orx on X. Remark that ory is a locally constant
sheaf of rank 1.

Let M be alocally constant sheaf of rank m. Then, applying the Poincaré-
Verdier duality, we get

RI'(X; RHomn (M,wy)) = RHom (M, wy)
(2.1) ~ RHom (M,f!C{pt})
~ RHom (RI'.(X; M), C).

Lemma 2.1 The complex RHom (M,wy) is concentrated in degree —n.

Proof. By the hypothesis of M, we may assume that M ~ C$™. Then,
we have

RHom (M,wy) ~ RHom (C§™, wy) ~ (wy)®™.

Since wy is concentrated in degree —n, so is RHom (M,wy). Q.E.D.
We put M’ := Hom (M, Cx). Then, M’ is a locally constant sheaf of
rank m, and we have
H™"(RHom (M,wy)) =~ Hom(M,H "(wy))
Hom (M, orx)
~ M'®@ory.
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So, (2.1) gives rise to

HY(X; M’ @ orx) = Hom (H(X; M), C),
where k 4 1 = n. Hence, we get the cup product
(2.2) HE(X; M) @ H(X; M @oryx) — C.

Assume that X is a ('*°-manifold of dimension n. We denote by Sg( the
sheaf on X of j-forms with coefficients that are C'*°-class functions. Consider
the de Rham complex on X

0—+Cx =& = —E — 0.
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This induces two soft resolution
(2.3) 0=+ M-o>MEF == MREY =0
and
(24) - M'@orxy - M'Q@orx @EY — -+ =+ M Qorx @ E% — 0.
Hence, we obtain the following isomorphisms
H(X;M @ory) ~ H(T(X;M @orx @Ey)),
HI(XsM) = (DX M 0 &)
When k + [ = n, we shall define the morphism
(2.5) F(X;MeE)@T(X; M @ory @E%) = C

as follows. For any point x € X, we can choose a neighborhood U of x such
that T'(U, M) is an n-dimensional vector space. It is sufficient to define the
morphism

(2.6) T(U;MeE)@T(U;M @ory ® &) — C.

Note that I'(U; M’) is the dual space of I'(U; M). If we take a basis { fi,--- , fn}
of I'(U; M), each element of T'.(U; M @ %) is represented as a direct sum
Oifi + o+ Y, where o € T(U;E%) (j = 1,--- ,m). Similarly, if
{g1, "+ ,gm} is the dual basis of {fi, -, fn}, we can write each element
of (U; M' @ orxy @ £%) as a direct sum @191 + -+ + PG, where ¢; €
I(Usory ®&%) (j=1,--- ,m). We define the morphism (2.6) as

(2.7) (Z Vifi) ® (Z ©ig;) ZL%’ A ;.

We will prove that (2.5) induces the cup product (2.2). We need the
following lemma.

Lemma 2.2 Lel S be a c-soft sheaf on X.
(i) the presheaf
S*: U+~ Hom(I'.(U;95),C)

is an injective sheaf.



(ii) If F' is a sheaf on X, then there is an isomorphism

(2.8) Hom (I'.(X; F ®S5),C) = Hom (F, S™).

Although we do not prove this lemma here, we note the construction of
the morphism (2.8). For any open subset U of X, we have a sequence of
morphisms

T(U; F) QT (U;S) = T(U; FRS) = To(X; F @ 8).

The sequence induces the morphism (2.8). ' _
Now we set wy’ := (£%)*. We define the morphism w;(J_l(U) — wi (U)
as

Hom (T (U; €51Y),C) — Hom (T.(U; %), C)
[ = (=1)[od,
where d : Eg{ — 8;;"1 is the exterior differential operator. Then, we get a

complex wy of sheaves. Applying (2.8), there is the following isomorphism
of complexes

Hom (I'.(X; M ® Ex),C) ~ Hom (M, wy).

This is just the Poincaré-Verdier duality (2.1).

Let D% be the sheaf on X of j-forms with coeflicients that are distri-
butions. Suppose that U is an open subset of X. Since each element
¢ € I'(U;orx @ D%) is a certain continuous map from I'.(U;E5) to C,
we can define the morphism (orx ® D}H")(U) — w;(j(U) as

F(U;orxy @ Dx'*") = Hom (T.(U; &%), C)

P (d)H/X@!)MO)-

Then, we get a morphism orx @ Dy[n] — wy of complexes. Consider the
following commutative diagram

0 — ory — orx®Dg( — - = orx @Dy — 0
| i I
0 - H7'(wy) — wx” — e = wh — 0.



Since the two rows are exact, the morphism orx @ Dy[r] — wy is a quasi-
isomorphism. Moreover, the natural embedding £ — Dy is also a quasi-
isomorphism, so we get the following sequence of morphisms

MX; M @ory @&x[n]) ~ I(X;Hom (M,Cx)®@orx @ Ex[n])
['(X;Hom (M, orx ® Ex[n]))
~ Hom (M, orx @ Ex[n])
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—  Hom (M, orx @ Dx|[n])
- Hom( )
~ Hom (T ()x M@ &), C).

This sequence induces (2.5). Therefore, we can calculate the cup product

(2.2) by using (2.5).

3 Intersection number

Let Y be an smooth algebraic variety of dimension ¢. Since Y is orientable,
we may suppose that ory o~ Cy. If there is no risk of confusion, we sometimes
write £ instead of &, ; that is, we omit the base space Y. We denote by O
the sheaf of holomorphic functions on Y. Consider an integrable connection
V4 on the trivial vector bundle O @ C™ on Y. Then, we define the sheaf
Ker Vy as

U (Ker V) (U) = {f € OU) @ C™ | V. f = 0}.

Note that Ker V; is a locally constant sheaf of rank m.

Let S be a non-degenerate complex metric on the bundle O @ C™. Then,
there is a unique integrable connection V_ on O ® C™ with the following
condition; for any vector field v and any two sections ¢, p of O ® C™, we
have

(3.1) S((Vi)uths 9) + 54, (Vo)up) = 05, ).

We call V_ the conjugate connection (adjoint connection) of V. by S. Note
that it is a connection on the same vector bundle @ ® C™. The definition
induces an isomorphism

(3.2) KerV_ = (KerV,.)
(3.3) g — S(,9)
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We put M := Ker V; and let us apply results in the previous section. By
(3.2), the cup product (2.2) can be rewritten as

(3.4) H¥Y;KerV,)®@ H(Y;KerV_) — C,

where k + [ = 2q.

The two integrable connections V. and V_ give rise to two exact sequence

(3.5) 0 KerVy —» & @C™ % ... B egem 0
(3.6) 0 KerV_ » &°0C" 55... 5 450" 0,

Since these sequence are c-soft resolutions of Ker V. and Ker V_, we obtain

H(Y;KerVy) ~ H'(T(V;E& ®C™),V;)
H*(Y;KerV_) ~ HI'(Y;&®C™),V_),

where r,s = 0,--- ,2q. We extend S as the morphism
S:(ERCM(ERC™) =&t

Proposition 3.1 We can calculate the cup product (3.4) by

(3.7 Woll » [ Sw.e)
Y
where ¥ € T(Y;EF @ C™) and ¢ € T(Y;E @ C™).

Proof. We remark that the two sequences (3.5) and (3.6) are equivalent to
the sequences which are given by putting M := Ker V. under (2.3) and (2.4)
respectively. In other words, we have the following commutative diagrams

0 = KerVy, — KerV,0& 5...5% KerV,0&% — 0

| U )
0 - KerVy, — &gcm .0 eugcom o

and

0 - (KerVy) — (KerV,)®E&° . (KerVy) @& — 0

! 0 1)
0 - KerV. — &gcm S...%  gmgom o,



where the vertical arrows are defined as follows

KaeV,9& — &oCm
@y — of
(KerVy) @& — & eCm
S(,9)@¢ = g
Take a local basis {fi, -, fin} of Ker V4. Then, there is a collection
{g1, "+ ,gm} of sections on O ®@ C™ with the following condition; for any
r,s = 1,---,m, we have S(f,,gs) = 6,5. The collection {g1,--- ,¢mn} is a
basis of Ker V_.
Let ¢ € T.(Y;EF @ C™) and ¢ € T(Y;E @ C™). Then, we can represent
Y and @ as

¢ = gt Pngm,
where ¢; € T(Y;EF) and p; € T(Y;E"). Hence, we get

m m

S, ) = S(Z Vili, Y igi) = > Y Ui NgiS(fi,g) = Z%’ A ;.

7=1 =1 j=1
Therefore, (3.7) correspond to (2.7).  Q.E.D.
Definition 3.1 Let [¢] € HY(I.(Y,E @ C™), V) and [¢] € H(['(Y, & ®

C™),V_). Then, we define the intersection number of the cocycles 1 and ¢
as the following value

(3.8) ] [g] = / S0, ).

4 Intersection numbers of twisted cycles

From now on, we assume that Y is the complement of an algebraic hyper-
surface in C?. We fix the frame {1 ® ¢;} of the trivial vector bundle O @ C™.
We are given a complex metric S which is expressed by a non-degenerate
m X m-matrix with respect to the frame {1 ® ¢;}. We denote the matrix by S
if no confusion arises. As in the previous section, we consider two integrable
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connections Vi = d+4 Q4 and V_ = d—Q_ which are conjugate connections
in the sense of (3.1). Here, Q4 is an m x m-matrix of which entries are
holomorphic one forms and we have dQ4 + Q41 AQy = 0. The condition (3.1)

can be written in terms of Q4 and S as

(4.1) S(Q4f.9) = S(f,9Q-g) + (dS)(f. 9)
for any f,g € O ® C™, which means
.9 -850 —dS =0.

Example 4.1 Let £ be the complex metric on the bundle O @ C™ defined
by the standard inner product F(1 ® €;,1 ® ¢;) = d;;. Then the conjugate
connection of V.= d + Q is V* = d — Q). The sheaf Ker V* is isomorphic to
the dual sheaf (Ker V) by Ker V*(U) 3 g — E(-,9) € (Ker V)'(U).

The next lemma, which is well-known, is a key to evaluate intersection
numbers and derive quadratic relations associated to ,F,_;.

Note that we consider two metric £ and S. The metric £/ will be used to
define a period matrix later and the metric S is used to define intersection
numbers as we have seen.

Lemma 4.1 Fiz the frame {1 ® ¢;} of the vector bundle O @ C™. Assume
that Ker VY is the conjugate connection of Ker Vi with respect to the complex
metric I, If Ker V_ is the conjugate connection of Ker Vi by the complex
metric S, then Ker VX is the conjugate connection of Ker V1 by the complex
metric S* :="'571;

KerV, %y KerV.

E7 EY
Ker Vi <t5—_1> Ker V*

where M <25 N means that the matriz B gives a non-degenerate locally
C-bilinear sheaf homomorphism M x N EiNYe)

Proof. By taking the differential of SS™' = E, we have (dS)S™! +

Sd(S™') = 0. Since ST(Q41571 —1STHQ_ 4+ 4d(*STH))S = QL5 — SO+
S(dS™HS =0, we have Q'S —1S71Q_ 4 4(*S7')=0. Q.E.D.
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For the frame {1 ® ¢;} of O ® C™, we introduce the dual frame {1 ® €}}
of the dual vector bundle O ® Hom(C™, C) such that (1 ® e;,1 ® ej) = 0;j.
We identify O @ C™ and O ® Hom(C™, C) by the dual frame. We regard V7
as the dual connection of V4 on the dual vector bundle by the identification.
In this geometric picture, the matrix S* is the transposed dual metric on the
dual vector bundle.

In order to apply our discussions for the generalized hypergeometric func-
tion ,F,_1, we will assume that the cohomology group H'(Y,Ker Vi) van-
ishes when 7 # ¢ in the sequel. Hypergeometric functions are pairings be-
tween cycles with the coefficients in Ker Vi and cocycles with the coefficients
in Ker V4 [1]. To explain this meaning, let us recall the definition of twisted
homology groups. Let A be an r-dimensional oriented smooth simplex in
Y. Here, we regard the smooth algebraic variety as a C'™ real manifold. We
denote by C,(Y,Ker V%) the space of formal finite sums of A ® uy where
uy € limacy(Ker V2 )(U) and by CY(Y, Ker V) the space of formal locally
finite sums of A @ uf where u} € limacy(Ker V2 )(U). The pairing between
an r-chain and a vector valued r-form ¢ is given by the linear extension of
the following pairing between A @ u} and ¢ :

(paou) = [t

Here (-, ) is the standard inner product.
We define the boundary operator dvy by the C-linear extension of the
boundary operator

Ovy (A @ ux) = (92) ® (43))p-

The homology groups of the complexes C.(Y,Ker Vi) and CY(Y,KerV})
are denoted by H.(Y,Ker Vi) and HY(Y,Ker V) respectively.

Put ¢ = dimY. We can regard twisted cycles as a current as in the work
of de Rham. In fact, for o € Céf(Y, Ker V7 ), the functional

F, t o—(p,0), el (YV.&)eC™
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defines a vector valued current of degree q. We denote by (F,, ) the evalu-
ation by ¢. For ¢ € T'.(£97') @ C™, we have

(ViF, ) = (dF, —'Q4Fy, )

= (=) (Fy i) — (=1)(Fr, 040)
(1) (V,0)
(~1)™*!(Bys 0,¢) = 0.

Therefore, we have a morphism
(4.2)
0 : HY(Y,KerV?i) 3 [o] — [F,] € HY(T(Y, D ® C™), V%) = HY(Y, V7).

Here, we denote by D? the space of currents of degree ¢. Similarly, we have
(4.3)
0. : H(Y,Ker V2 )3 [r]— [F;] € H(T.(Y, D @ C™),V*) = HY(Y, V™).

Let us take a cycle

v € CY(Y,Ker V7))
and a cocycle
p € Ker(Vy : T(Y, €@ C™) — T.(Y,&% @ C™)).

The pairing
(p,v) = Z/A(uz,cp), v = ZA@ uk, ul € Ker Vi(A)
~ J:

is called the hypergeometric integral. By virtue of the twisted Stokes theo-
rem, the value of the pairing depends only on the cohomology and homology
classes.

Example 4.2 Let us consider the hypergeometric integral

B X L dsdt  T(a+pB+47)
Hap= [ s g = Ty

Put X = {(s,1) € C*|st(1 —s—1) #0,t # 1}, Y ={t € C|t # 0,1},
f ¢ (s,t) = t. Although the function s*’(1 — s — ¢)” is holomorphic on
st(1 —s —1t) # 0, the condition ¢ # 1 is added so that R'f.Fy is a locally
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constant sheaf where F = Ker (d — ﬁdt — 11 — :)). We will regard

the integral I(a, 3,v) defined as a palrlng of homology and cohomology on
the space Y. The integral can be written as an iteration of single integrals;

! d
Houp) = [t (opi)

where

(1) = tﬁ/_ (1 —s— 1) 7((1]::):)

e

The function u* (1) satisfies Viu® = 0 where Vi = d — (— — m) dt. We
regard (]d_—tt)t as an element of HI(Y, Ker V). Thus, we have

I(a,fu7) = (uf—tmg (0.1]@ u+<t>>) ,

which is a pairing of cycle and cocycle on the space Y. Here, we denote by
“reg” the regularization map of twisted cycles [1, p.28].

Following Kita and Yoshida [5] and Lemma 4.1, we define intersection
numbers for cycles as follows.

Definition 4.1 For [0] € H/(Y,KerV7}) and [r] € H (Y, Ker V),

o] - [r] = / S*(0(F,), 0.(F-))

is called the intersection number of the cycles [o] and [r]. Here, we regard
elements of twisted homology groups as those of twisted cohomology groups
by the Poincare dualities (4.2) and (4.3).

We assume that the dimension of homology and cohomology groups H?(Y, Ker V)

and H,(Y,KerV?) is s. Let us take bases ¢;, ¢}, h;, h} of H/(Y,KerVy) and
H,(Y,Ker V%) respectively as follows:

¢ € HY(Y,KerV,) > ¢ € HI(Y,KerV_)
E1H.G. E1H.G.

hi € HY(Y,Ker V%) &5 bl € Hy(Y,Ker V2)
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We define four s x s-matrices
Py = (ciyhj)ij, P-=(ci,h5)ijs Ton = ([ei] - [€}])igs Tn = ([Ra] - [R5])i50

The matrices Py and P_ are called period matrices. We have the following
twisted period relation under our definition of intersection numbers.

Theorem 4.1 (cf. Cho and Matsumoto [2])
I, ="PI;'P_.

Proof. Our proof is similar to that of Cho and Matsumoto, but we have
to make a minor modification because of the metric S. Before starting proof,
we note some preparatory facts. We fix the frame {1 ® ¢;} of O ® C™.

It follows from the relation Q.S = SQ_ + dS that

Vis = SV._
VS = 'SV,
Hence, the maps

St KerV_ — Ker Vi
'S KerVy —s Ker V=

are isomorphisms of sheaves.
Foro € Héf(Y, Ker V%), S~'o can be regarded as an element of Héf(Y, KerV_).
The current Fg-1, is equal to the current S™!'F,. Therefore the Poincare dual
map # and 0. commute with S~
Let us prove the theorem. Let (Hj;) be the intersection matrix of homol-
ogy groups. We claim that

(4.4) Hi = (-1)" / S(0. S hy, 05" ;).
v
In fact, it can be shown as follows by using the commutatively of S~ and 6.
/ S(0.'S7 Ry, 05" h;)
Y
- / “(0.1) ST SS (0h,)
v
= [ s - o)
v
= (-7 / " (0h;) 'ST10.h.
Y
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Here, we regard h;, h} as column vectors.
Since {c}} is a basis of the cohomology group, there exist constants T

such that
GS_Ih]- == Z TjkC;;-
2
Replacing #S~"'h; in (4.4) by the right hand side of above, we have

(4.5)  Hj = (—1)" k/ S(0.'S7 R, ¢) Z Ly ).

Thus, we have obtained a relation among the intersection matrix of cycles and
the period matrix. Next, let us consider the another period matrix (¢, hj).

This is equal to
/ tep - Oh;
Y
= / S(CZ,HS_th-)
Y
= ZTjk/ S(ee; ).
B Y

Hence, we obtain a relation among the intersection matrix of cocycles and
the period matrix:

(4.6) (ce,h Z in(ce, ).

Since the intersection pairing is nondegenerate, the intersection matrix of
cocycles has an inverse. Therefore, we can eliminate the matrix (7Tj;) from
(4.5) and (4.6) and we obtain the twisted period relation.  Q.E.D.

As we noted, twisted cohomology and homology group associated to the
single integral representation of , F},_y are sums of primary parts and degener-
ate parts [8]. In order to apply the twisted period relation to the generalized
hypergeometric functions ,F,_;, we need the following corollary.

Corollary 4.1 Take m cocycles and cycles as follows (m < s):

©1ye- s om € HI(Y, Ker V) Oyl € HI(Y, Ker V_)
MiyeeerYm € Héf(Y, Ker V%) Yiseoosm € Hy(Y,Ker V*)
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If the determinant of the m xm subperiod matrices (@i, ;) and (p,7:) do not
vanish, then we have the twisted period relation for the subperiod matrices:

(- 1) = * (i) * (] - [ ™ (7)) -

Proof. The m cycles 7; and m cocycles g; are linearly independent,
because the determinant of the subperiod matrix (g;,v;) does not vanish.
Since the pairing of H(Y,KerV;) and Héf(Y, Ker V7)) is perfect (see, e.g.,
[1, p.45]), we can find cocycles @pq1,...,0s € HIY,KerV,) which are
orthogonal to 71,...,7s by the hypergeometric pairing (¢;,7;) and that ¢,
(t=1,...,s) span HI(Y,Ker V). We can extend the cycles v; similarly so
that the s x s period matrix (¢;,~;) is block diagonal.

We extend the cocycles ¢} and cycles v} so that the s x s period matrix
(¢4, 7%) is also block diagonal. The conclusion follows from the twisted period

relation.  Q.E.D.

5 Evaluation of intersection numbers of co-
cycles

Matsumoto [7] gave a formula evaluating intersection numbers of cocycles
for arrangements in general position and locally constant sheaves of rank 1.
Since our point configuration on P! is in general position, we can generalize
his formula to study our hypergeometric integrals with a careful treatment
of locally constant sheaves of more than 1 dimension. It has been done in
[9]. For reader’s convenience, we will include results of [9] here.

We will generalize Theorem 2.1 [7] to that for twisted cohomology groups
with locally constant sheaf whose rank i1s more than 1.

Let Ly,..., L, be constant m x m-matrices, Lyp1 = —(L1 + -+ + Ln),
T=P"'\ {s1,...,8n,8.41 = 00} and

dt dt
L+ +

:t—31 t— s,

0, L.

Let Vi,..., Va1 be neighborhoods of sq,...,s,4+1 respectively and U; a
neighborhood of s; which contains V;. Then there exists a smooth function
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hi(t) satislying

hi(t)=1 teV,
0<hi(t)y<1  telU\V
hi(t)=0  t&U

Proofs of the lemmas and the theorem below are analogous to those given
in [7], once we properly set conditions on eigenvalues of coefficient matrices

of V.

Lemma 5.1 ([7], Lemma 4.1) Let v be an eigenvector of L; with an eigen-
value X. If X & Z<y, then there exisls a holomorphic function ¥ = X™'v +
ZZOZI ot — si)k such that

v on U;.

Lemma 5.2 ([7], Lemma 4.2) Let v be an eigenvector of L; with an eigen-
value X. Suppose that all eigenvalues of L,y1 are not non-positive integers

and A\ € Z<o. For o = J2Lv e H'(Y, V), we pul

coreg (p) = ¢ — Vy(hihi + hpy1¥nyr),

where
1 - -
i = XU-I-ZUk(t—Si)ka Yopr = —Libv+ Y vi(1/0)",
k=1 k=1

Then, under a suitable choice of v}, ’s, the C'°°-form coreg (¢) is cohomologous
to @ in H'(Y,Vy) and has a compact support. Note that the form coreg ()
can be regarded as an element of H (Y, V).

Proof. From the hypothesis and the linearity of L;_'l_l, we can choose v}, such
that Vit¢,41 = ¢ on U,yq1. The remainder of the proof is analogous to [7].
Q.E.D.

Theorem 5.1 ([7], Theorem 2.1) Suppose that the bilinear form S is holo-
morphic on Y. Let w € C™. Under the hypothesis of Lemma 5.2, the in-
tersection number of cocycles p = v € HYY,V,) and ¢ = 2w €

t—s; t—s;
HY(Y,V_) is

o= [ Sad)+ [ S

17



Corollary 5.1 When S is a constant, we have
. 1 _
ol 161 = 20v=T{ B, (5o, w) + 8(Ehw. )}

where 0;; is Kronecker’s della.

6 Evaluation of intersection numbers of cy-
cles

Let K4 be a smooth triangulation of ¥ and K_ the dual cell decomposi-
tion. We can give a formula to evaluate intersection numbers of cycles in an
analogous way to [5].

Theorem 6.1 For
o= caA®uf € HY(K;, Ker V)

and

T = ZCA/A' R ux € Hy(K_,KerVZ),

the intersection number [o] - [7] is given by

Z cacarS* (uf, ux ) T,(A, A

AN {v}=ANAY

where 1,(A, A") is the topological intersection number of A and A" at v and
S* is the bilinear form defined by the matriz 'S™'.

Proof. Let oo be the delta g-current which has support on A. Then,
we have F, = ZCA(SAUX and F, = ECA;(SA;UZ,. We note that it is not
always possible to take a wedge product for currents. For example, 6(¢)d(t)
is not well-defined. Since A and A’ cross transversally, the wedge product of
currents F, A F. can be defined. If we regard the operator V4 as an operator
on the 2¢g-dimensional real manifold Y, it is holonomic at degree ¢ — 1 and
hypo-elliptic on Y for any current F' of degree ¢ and G of degree ¢ — 1, if
ViG = F and F' is smooth at the point p, then G is also smooth at the
point p. Hence, when reg (F,) = F, + V.G, and reg (F;) = F. + V_G,,
the wedge product of G, and &, is well-defined. Therefore, we may compute

18



the intersection number by evaluating the integral of currents [, S*(F,, F;),
which is equal to

Z cAcA/S*(uZ,uZ,)/ Oa A Oar.
AN {v}=ANA! v

Q.E.D.

Example 6.1 Let us evaluate an intersection number of twisted cycles as-
sociated to the integral of Example 4.2. We consider two connections

B a+~y B oa+ty
fod—- (== dt d V* = —— — 1 dt
Vi (t T3 and V* =d+

t 1 -1
The functions «T and

1=t ds
(1) = 17P(1 —1)? sl —s =) V————
) = P [

= i e
0 §(1-¢)
belong to Ker V7 and Ker VX respectively.

We take a nonzero complex number ¢ and we put S = 27v/—1(1/a+1/7) ¢
and S* = S~!. Here, the number S/c¢ is the intersection number of (1 —
t)ds/(s(1 —s —1)) € HXf7'(t), Fylp-1¢y) and (1 —t)ds/(s(1 —s — 1)) €
HY(f7'(t),F_|f~1(1). The reason that we do not simply put S = ¢ is to
state an interesting observation later. It is easy to see that V* is the conju-
gate connection of V7 with respect to the complex metric S* in the sense of
(3.1). Note that for the given connection V7, the conjugate connection V7
in the sense of (3.1) is invariant for any change of the constant ¢ # 0.

From the twisted period relation of the Beta function (or from a well-
known identity of the Beta function), we have

e27r\/—_1(04-|-'7) 1
(627r\/—_1a _ 1)(627r\/—_1'y _ 1) ’

ut - S*u” =d/c, dy :=

Put ¢ = (0,1) ® ut which belongs to H{f(C \ {0,1},Ker V% ). Consider
7=(0,1)@u~ € H(C\ {0,1},Ker V*). The regularization reg (7) of 7 is

1
e—?rr\/jﬁ -

SH0;e)@u™ +[e, 1 —e]@u™ — 1551(151—5>®U_

e_QTr\/j((‘H"V) _
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where S}(¢;b) is the circle with the counterclockwise orientation which has
the center ¢, the radius r, and the base point b. By applying Theorem 6.1,

we have
1 dl dl 1 dl
ol e = STt T e DT
dy p 1 — e2mV/=T(a+B+7)
- ?7 2. (627r\/—_1a _ 1)(627r\/—_1/3 _ 1)(627'r\/—_1'y _ 1)

Figure 1: Intersection of [o] and [reg (7)]

Evaluating the intersection number of cocycles, we have the following twisted
period relation:

o e (24 54 2) T = d
« — — - -, —0,— = .

)y 257 271'\/——1 a 6 ~ 9 y =7 2

Finally let us state an observation on a relation between intersection numbers
associated to multiple integral representations and those associated to single
integral representations. Put A = {(s,t)]s,t > 0, s+ ¢ < 1}. Then, our
function I(e, 3,7) has a multiple integral representation

dsdt
— _reg (A@s P (1—s—1)) ).
<st(1—s—t)’reg (@571 =2 =) )>

We note that the intersection number of one dimensional cycles (0,1) @ u™
and reg ((0,1)®u~) on the Y space agrees with the intersection number of the
two dimensional cycles A@s”tﬁ(l—s—t)W and reg (A ® s"at_ﬁ(l —5— t)"”)
on the X-space when ¢ = 1. In fact, we can check this equality by evaluating
the intersection number of the two dimensional cycles by the method of Kita
and Yoshida [6]. We conjecture that this coincidence holds for a large class
of hypergeometric integrals. Sugiki gives a partial answer to our conjecture
[11] by the relative Verdier duality theorem.
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7 Generalized hypergeometric function 3£,

In this section, we derive intersection matrices for 3F, by using intersection
matrices for o F to clarify our idea. The evaluation method for general p will
be discussed in the next section.

We follow the notation of the paper computing monodromy group of
oFoo1 [8]. Put asj—2 = aj, azj—1 = b; — aj, az; = —b; and put by = 1. Let
G = exp(Ew\/——lai). Since agj—g+asj—1 +as; = 0, we have c3;_sc3j_1¢3; = 1.
Put €, = b, — 1.

In case of 3F}, the relation of the constants ¢; and parameters a; and e
are as follows.

p a; | —a; | 0 Gy | €2 —dg | —€3 || d3 | €3 — d3 | —€3

e?™=1r | ey cy | c3 | ca Cs Cg cr cs Co

7.1 Cycles and cocycles for the Gauss hypergeometric
function

The Gauss hypergeometric function has the integral representation

_ F(b2) —€2 ! ag €2 —ag —a dS
2F1(G1,d2,b2,t> = F(az)r(bQ — a2)t /0 S (t — S) (1 — S) —.

S

We assume ay, ay, €9, €9 — ag € Z in the sequel. We define a locally constant
sheaf which stands for this integration as follows. Put the holomorphic 1-form

ds d(t — s d(l —s
= oo )T

onY = C\{0,¢,1} and define V* = d—"Q. Put u = s (1 —s)27"(1 —s)~"1.
Let v; = reg ((t,1) ® u) and vy = reg ((0,1) @ u). Then, {v1,v2} is a basis of
H, (Y, Ker V*).

Put

Then, we have



and {wy,ws} is a basis of H'(Y,Ker V). In the sequel, we put V4 = V and
V— = v|ai'—>—ai76i'—>—5i'

To define the covariant derivation for the case 3F, in the next section, we

will use the fact that the pairing ¢~ (EZI’ Z]D satisfies the formula
25 Y5

o )6 ) G ) @)

where By = €3, Ay = —ajaz, Ay = e —ay —ay and f = 17%(wy,v;) and
0f = t% =17 (w2, Vj).

Let w be a rational differential form in Ker (V4 : T(Y, &™) — T(Y, E™11)).
We denote by coreg (w) a smooth r-form with compact support which is co-
homologous to w modulo VI'(Y, &™) if such r-form exists.

Define
@1 = coreg (w1), @2 = coreg (wz) € HCI(Y, KerVy,),
hi = (1,1) @ u, hy=(0,1) @ u € HY(Y,KerV?)
and
! ! 1
P1 = Wlajs—ai,eimr—eis P2 = W2ajmr—a;,eir—e; © H (Y,KerV_),

hll = (t’ 1) ® Ulgjs—a;,eirr—e; s hl? = (O’t) ® Ulajs—a; eirs—e; © Hl(Y’ Ker Vt)

Then, we have the following twisted period relation due to Cho and Mat-
sumoto.

_ (k) (92, 00) ¢ o (01 R0) (07, h5)
(7.2) [h_<<9017h2> (902,122)) 5 ((@g’hlﬁ (90,2’]2,2))

where

a1taz—ez a1
(73) S = [ch = 27v/ —1 (ai(ma—le'z) :01(;16622 ) ,

a1 —e2 a]—ez

and

—(cse2—1) cs
(7.4) I = ((cr”f”'” &l )

C5—] (65—1)(04—1)
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7.2 3F5 as a pairing of homology and cohomology groups
with coefficients in a locally constant sheaf of the
rank 2

As we have seen, the generalized hypergeometric function 3 F; has the follow-
ing integral representation

ds

I'(b !
( 5) 16 / Sa3<t—8>63_a32F1((11,a2; b2’ S>—
0 S

['(a3)l'(bs — as)

We put the matrix-valued holomorphic 1-form

_ds as 0 ds [0 A, ds [e;— ay 0
Q+_?<1 Cls—Bl)-l_s—l(O A1>+s—t< 0 €3 — a3

d d d
= Mo+ My—— + M——.
S s—1 s—1

3F2(611,a2aa3; b?abS;t> =

Then, by (7.1), the vector-valued function ¢;(s) := s (t—s)? 7% <t_: (wr, Vﬁ))
t 2(0,12,1/5) I
is annihilated by Vi =d — Q..
Define Q_ by replacing a; by —a; and ¢; by —e; in —Q, respectively. The
connection V_ is the conjugate connection of V with respect to S defined

by (7.3) in the sense of (3.1). We assume
(75) a3,a3 — BlyAh €3 — a3,a1 — 63,a2 — €3 g Z and al,az,bg,bg, € Z

in the sequel. These conditions are necessary for the vanishing of cohomology
groups, for the existence of coreg (-) and reg (+), and for the existence of power
series expansion of the integral.

Proposition 7.1
dim H!(Y,Ker V) = dim H'(Y,Ker V_)
= dim H/(Y,Ker V%) = dim H, (Y, Ker VX)) = 4.

Proof. By applying a method to construct a basis of cycles for ,F,_;
[8, Th. 2.1], we have dim H(Y,Ker V*) = 4. It follows from the Poincare
duality theorem, we have H}(Y,Ker V) ~ H;(Y,KerV,). Hence, we have
dim H (Y, Ker V,) = 4.

By applying the vanishing theorem of twisted cohomology groups [4], we
get dim H'(Y,Ker V_) = 4. Tt follows from the Poincare duality theorem, we
have H'(Y,Ker V%) ~ Hy(Y,Ker V7). Hence, we have dim H{f(Y, Ker Vi) =
4.  Q.E.D.
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Replace a; by —a; and e; by —e; in the vector valued function ¢;. The
new function is denoted by ¢;. Define the following four bounded cycles

hy =reg((t,1) @ q1), hy =reg((0,1) @ q1),

Wy = reg (0,0 @), Ky = S.(1)® (—(5" — 1) — (55" — 1))
where S.(1) is the circle of radius ¢ with center 1. It follows from [8, p.115]
that AL, ¢+ = 1,...,4 span Hy(Y,KerV*) and the subspace spanned by
hi, hY, kY is called the primary parts and the subspace spanned by R/ is called
the degenerate part. Note that the function (—(c;' — 1)} — (¢3 e5" — 1)¢h)
is meromorphic at ¢ = 1.

Define the following four locally finite cycles

hl = (t,l)@qh hg :(O,t)®q1,
h3 - (07t> ® g2, h4 - (ta 1) ® qz-
They span H{f(Y, Ker V7% ). Note that hj is 0 in the locally finite homology

group.
Let us determine a basis of the cohomology group H'(Y, Ker V). Noting
the integral representation

I'(bs) ! ds
k b _ 3 —€3 az _ €3—as k X
0;3Fy(a;b;t) = (a1 (b — a3)t /0 s (t —s) {0:F(a';0;5)} .

we will determine cocycles which stand for 0% . F,. For a cycleoc = D® (gl)
2

4
)

Jo(g1t1 + g2t2). Put

_ds 1 _ds 0 _ds 0 ds Ap
n=s\o) =) b)) oo\

and ¢; is coreg (¢;). The smooth one form with compact support coreg (¢;)

and a cocycle ¢ = ( ), the hypergeometric pairing is defined by (¢, 0) =

can be explicitly constructed by Matsumoto’s method [7]. We can see 8, f =
(¢kt1,h1), k = 1,2, for the function f = (¢, hq) by utilizing the differential
equation for 3F}

s

s—1
Linearly independence of ¢; follows from the fact that the 3 x 3 Wronskian
determinant for 3/, does not vanish. The cocycles @1, 2, o3 span the primary
part of the cohomology group.

0°f = —Bi0f +

(Aof + A10f).
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7.3 Intersection matrix

By differentiating the quadratic relation (7.2) for o F5 with respect to ¢ and
using the differential equation for the period matrix, we have

(7.6) ‘0,850 =0.

Let vy, ve, wy, wy be two dimensional complex column vectors. The inter-
: ds ds ds ds :
section number of coreg (?wl + ;wz) and v + Zrv, is equal to 27/ —1
times

(7.7) S(Mg wr,v1) + S(wh, v0) + S(MZH (w1 + wy), 01 + v2)

Here, w} is a vector such that Mjw), = wy. Although M; is not invertible,
when %wl + sd_—slw2 = ¢, (1 = 1,2,3), wy is an eigenvector of M; or a zero
vector. So, we can evaluate intersection numbers of ¢; and ¢; for 1 <4,7 <3
by the formula above. The formula (7.7) can be proved by Matsumoto’s
method [7] that explicitly constructs a cocycle with compact support from
a rational cocycle. See Section 5 and [9] for details. Thus, we have the

following proposition.

Proposition 7.2 The 3 x 3 submatriz ([¢;] - [Lp;]) of the intersection matrix
of cocycles is equal to

C11 C12 €13
2/ =1 | —c19 —c13 ca3
C13 —C23 (33

where ¢ = ((a%a? + a%a% + a%a%) + a; CLQCLg((l] +ay+ CL3) — (62 + 63)((611 +ay+
az)(aras + asas + azar) — arazas) + (€2 + €3)*(aras + azas + azar) — eqes(es +
e3)(ay 4+ ag + as) + ezes(a? + a3 + a2) + eze3)/(azaz(ar — e3)(ay — e2)(az —
62)(02 - 33));

a1((a1a2+a2a3+a3a1)—(32+e3)(a1+a2+a3)—eze3+(32+e3)2)

Cl2 =

(a1—e3)(a1—e2)(az—ez)(az—e3) ’
P ai(arazas—ezes(ai+az+tas)+teses(eates))
13 = (a1—ez)(ar1—ez)(az—ez)(az—es) ’
. _ _ar(e2tes)arazaz—ezes(araztazazfazar)eled)
B (a1—es)(a1—e2)(az—e2)(az—es3) ’
Cay = fll(((€2+€3)2—6263)fl1ﬂ2!13—6263(€2+63)(ﬂ102+ﬂzﬂs-l-ﬂsfll)-l-@geg(ﬂl+fl2+as))

(a1—es)(a1—e2)(as—e2)(az—es)
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Proposition 7.3 The 3 x 3 submatriz ([h:] - [R}]) of the inlersection malriz
of cycles is equal to

(cacsea—1) —cg(csca—1) C5C8
(es=1)(cs=1)(c2—1)  (ea—1)(cs—1)(c2—1) (e=1)(c5—1)
EE Gy ey s Tt
cg—1)(cs—1)(co—1 cg—1){(c7—1)(cs—1
1 —(cger—1) (6307—17)(0564—1)
G D@0 @ DD GeDe—1e-Te—T)

where hyy = ((((¢r — 1)c§ + (cs — 1)eres)es + (—cscg + ¢r)es)ea + (—cser +
)esea+ (cs — 1)eres + a2 — cser)/((es —1)(er —1)(es — 1)(esca — e7)(c2 — 1)).

Proof. The proof can be done by applying Theorem 6.1 and the formula of
intersection numbers for 5 Fy. For example, let us evaluate [h]-[h}]. Applying
the formula in Theorem 6.1, we have

1

[hl] ' [hIQ] = 1 — F2Tr\/—_1(a3—63) S*<q15(ﬁ>

The twisted period relation (7.2) for o Fy yields S*(q1,¢}) = 2+ and hence
[ha] - [ht] = oyt Q.E.D.

Cg—])(05—1)(02—1) )
The quadratic relation for 3F, is nothing but the identities of the (3,3)
element of the twisted period relation for a subperiod matrix. We note that

the function 3 Fy (a1, ag, as, by, bs; z) is holomorphic with respect to the param-
eters a; and b; when b; € Z.o. Therefore, once we obtain the identity, the
condition for parameters (7.5) is no longer necessary as far as the expression
is well defined. Thus, we have proved Theorem 1.1 for 3 F}.

We can inductively apply the procedure explained in this section, which
will be explained in the next section.

8 Generalized Hypergeometric Function ,F,_;

The GHF ,F,_; is expressed as

pFpoi(ar, ... ap; by, .. byit)
L'(by) o [ -
= [ w(t— )T, F,_ ceyp_13 b, by
Ty, =l i i)

where e, = by — 1 and by = 1. This representation is regarded as a recursion

formula among ,F,_; and ,_1F,_,. We may expect that formulas for ,F,_;
can be derived from those for ,_; Fj,_,. In fact, it is true that there exists a
recursion formula of intersection numbers associated GHF'.
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8.1 Connection form for ,F,_;.

Let By, Ck be elementary symmetric polynomials of e;, a; defined respectively

as follows:
p—1
T H(:v +e€)=Bo+ Biz+ -+ + By_pz"? + 2P}
=2
p—1
[[(z+a)=Cot Cra+-- + Cpga”™® +a?~"
=1
We put A, = B, — C,.
For an expression g = g(a, ¢) with parameters a = (a1,...),e = (e1,...),
we put
gV = g Ai—r—Q§,€5—+—Ej5 *

In the sequel, we will use this notation to avoid to write a complicated re-

placement rule.
Put

T =P'\{0,1,¢,00}

ap, ... 0 0
Lo,
0 1 ap—Bp_g
. ds O 0 40 . ds ep — Ay | 0
s—11"° : : s—1 h
0 ... 0 Ay 0 ep — dyp
d d d
Z—SL0+ i L+ i Ly
S s —1 s—1
Q+:Q
0. =-0QV.

Then, it follows from the p-th order ordinary differential equation satisfied
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by ,F,—1 that we have

S
0f

(8.1) Vi | s"™(s—t)>r" . =0,
9p_'2f
where [ = ,_1Fp_2(a1,...,ap_1;ba, ..., by_1;5) and 0 = de_s is the Euler op-

erator for s.

Quadratic relations of GHF ,F,_; is obtained by evaluating intersection
numbers for twisted (co)homology groups. In this section, we will derive a
recursive formula of I, and I, and will prove Theorem 1.1.

8.2 Eigenvalues of coefficients of ()

In this subsection, we evaluate eigenvalues of coefficient matrices of Q4 to
specify an exceptional set for regularization.

Put
€p ... 0 —Co
1 . —C
Looz—(Lo+L1+Lt)=— . _1
R :
0 1 ep—Cp_2

and we note that L., is the coefficient matrix of Q0 at co. The following
theorem can be shown by an elementary calculation.

Theorem 8.1 The eigenvalues of L; are

Lo ap ap— €3 |~ | ap—ep_1
Ly 0 E 0 Ap_s

Lt ep —_— a/p DR DR ep —_ ap
LOO —ep + a/l DR DR —ep + ap—l

Note that A,_s = (e1 + -+ €p_1) — (a1 + -+ + ap_1).
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Definition 8.1 We define two sets E,, I/, by

Ey ={ap,ap —€2,...;ap —ep1} U{ar — €y, ap1 — €} U ey —ap}

Uf(er+- - +epm1) = (a1 + -+ apoa)}

k
E;):{ei—a”lgi,jgp}u{Z(ei—ai)|2§k§p—1}.

=1

8.3 Intersection numbers for cocycles for ,F),_;

Definition 8.2 Put

1 0 0
ds | 0 ds |1 ds | O

Y1 = — K Yo = — - | sy Pp—1 = s

0 0 1

0 Ag

- ds —By N ds Ay
S‘Qp - . s—1

—Dp—2 Ap—2

Lemma 8.1 Assumeay,...,a,,by,...,0,,b,—a, & Zcy. For cocycles o1, ..., 0, €

HY (Y, V), it holds that

0k F,_ eyl by, by t) = 1o
pl'p 1(a1, ; (p; 02, s Ops ) F(ap)r(bp—ap) (501:,7'),

where T is a twisted cycle defined by

T=(0,t) ® ¢ s (t —s)P700

f = p—le—2<a17 sy Ap—1; b27 s '7bp—1; 5)'

Proof. By the well-known formula

Gprp_l(al, sy by by t) =




the conclusion is clear for 1 < k < p. For & = p, by the differential sys-
tem (8.1), we have

k=1

p—=2 p—=2
1, k S i
0 f == By f—l—:;/}]aff.

Q.E.D.
Lemma 8.2 Lel F(t) =37 c.t™ be a holomorphic function around t = 0.
Define W(t) = det (ﬂﬂkF , which is the Wronskian of F,0F,... 0P71F.
Then, the value of W(t) at t =0 is equal to pl c;.

dtm )ng,mSp—l
i=0

Proof. Noting (£-6%F) (0) = (¢, /m!)m*, we have

dtm .

W(0) = det((cm/m!)mk)os;c’msp_l

=cg- det((Cm/TfL!>WLk>1Sk,TnSP—1

p—1
= ¢ (H (cm/m!)m) det('rrLk_l)1gk,m§p—1

m=1
p—1
= co(p —1)! (H(q/ﬂ)) ( II G- z‘))
j=1 1<i<j<p=1
p—1
7=1
Here, we used Vandermonde’s determinant.  Q.E.D.

Lemma 8.3 Suppose that ay, ..., ap,by, ... by, 0, —a, & Zicy. Then cocycles
©1,..,0p € HY (Y, V) are linearly independent.

Proof. 1t is enough to prove that (¢x,7), kK = 1,..., p are linearly independent
over the field of complex numbers. By Lemma 8.1, we have

I'(a,)['(b, — a
(gok, T)= ( p)F((bp) p)tepﬂkp Fp_l(al, coeylpi by, by t).
2

By using Lemma 8.2, we have W(0) # 0 for F' = ,F,_:(t). Q.E.D.

Lemma 8.4 If E,NZ<o =0, then there exists coreg ;)
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Proof. By Lemma 5.2, it 1s clear.  Q.E.D.

Let ey be unit vectors, u = —Bieg— -+ — B,_se,_1,and v = Age; +-- -+
Ap_se,_1. The vector v is an eigenvector of L; with the eigenvalue A,_, and
that u +v= —Coe1 — = Up2€y_1.

Lemma 8.5
Loep_l = Up€p_1 +u
Lalu =€p_1 — apLalep_l
u = (Lo — ap[)ep_l
(—Loo)ep-1 = epepy + (u+v)
1

L (utv)=—e, 1 — epL;olep—l

We take a constant matrix S such that Q.5 —SQ_ = 0. The connections
Vi=d+ Q4 and V_ = d — Q_ are conjugate with respect to the metric
defined by S. The existence of such matrix S for any p is inductively proved
by Theorem 4.1 (the twisted period relation) and Theorem 8.2; we take the
intersection matrix for ,_1 F,_o as our 5.

Lemma 8.6 We have
S(Lwl, 'LUQ) = S(wl, LV'LU2>
for any L = Ly, Ly, Lo and any wy,w, € C™.

Lemma 8.7 For any w € C™, we have

_S(w7 ep—l) + apS(Lalwv ep—1> = S(Lalwv uV)
S(w,epr) + €, S(Lw, epy) = S(LT w, (u+v)")
S(v,e,-1) + A;_IQS('U, v’) =0

Theorem 8.2 Suppose a condilion on parameters E) N Z = (. Then the
intersection matriz

[ea] - [ey] o ] - ey]
I, = : :
[p) - [ed] --o ip] - [0)]
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is determined by the following formula

("FoS)y; (1<ij<p-1)
;[Lp.].[@\_/]: ("P1.S)ip—1 (1<i<p-1,5=p)
27'['\/ —] ’ J —(tpls)p—l,j = (Spl\/>p—1,j (L — p’ 1 S ] < p _ 1)
_(tPQS>p_]7p_1 (L =9 = p)
where

Po=L3"+ L7
P=a,Li" +e,L7]
P, = a;Lal + e;L;ol — (ap — ep)[

We call I, the intersection matrix of cocycles of ,F,_;. The intersection
matrix I, for p =2 is given in (7.3). Since, the matrix S is the intersection
matrix standing for ,_y F,_5, the formula above gives a recursion formula for
intersection numbers for ,Fj,_y and ,_1 F,_.

Proof. Under our preparatory lemmas in this section, the proof can be

done by applying Theorem5.1. We note that

d )
S‘Qi:—sei, (Zzl,,p—])
s
ds N ds
= —u V.
Pr S s—1
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By Theorem 5.1, intersection numbers are evaluated as

1 _ _
m[%] i1 = S(Lg ei e;) + S(L ei e;)
= S((Ig" + L) )ei,e;)
= ("RoS)s;

1
[pi] - [e)] = S(Ly"ei,u”) + S(L7 es, (u+v)Y)

2y —1

= —S(ei, ep—1) +a,S(Ly' e e,—1) + S(eep,m1) +e,5(L e epn)
= a,S(Ly'ei epm1) + e, S(L e, €pm1)
= ("P15)ip-1

[ep] - [¢)] = S(Lgtu,e;) + S(LL (u+v),e;)

= S(u, (Lg") e;) + S(u+ v, (L7])"e))

= S(ep-1,e) —apS(e,—n, (Lg')"e;) — S(ep-i, ;) — e, S(epmr, (L)) e;)
= —apS(e,—1,(Ly') e;) —epS(epmn, (L3))7e;)

= —a,5(Lg ey €5) — e, S(L ) epn )

= —("P1S)p-1,
[ep] - [ey] = S(Lg u,u’) + S(A; L0, 0Y) + S(LL (u 4 v), (u+v)")

p—

1
2w/ —1

1
21/ —1
= —S(u,ep_1) + a,S(Ly u,ep 1) + ATLS(v,vY)
+S(utv,epm1) + 5 (L7 (u+v), epm)
= S(v,ep-1) + AL, S(0,07) + apS(Lg ' u, epo1) + pS(LT) (u + v), €pm1)
= apS(L(?l% e, 1)+ epS(L;ol(u +v),e,1)
= ap{S(ep-1 — apLalep—lv ep—1)} — e Sepr + epL;olep—lv ep—1)}
= (ap — €p)S(€p-1,€p-1) — Q;S(Lalep—lv ep—1) — G;S(L;olep—lv €e,-1)
= (ap — €p)Sp—1p-1 — (t(a}iLEl + G;L;ol)s)p—l,p—l
= —("P2S)p-1p1

Q.E.D.
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Example 8.1 p =2

]_1 o 1 <_BICO _CO )
ch 2’/7'\/—1(—&1)(62 — a2) Co Cy — By

B 1 <—a1a262 —ayas )
2my/—1(—ay1)(e2 — az) ajay  ay+ay—ey)’

where Cy = aray, Cy = a1 + ay, By = ey.

p=3
;' = ! X
(2my/=1)*(=a1)(e2 = az)(es — as)
—B,Cy - B,y —Cy
B,Cy Co+ B,Cy — B,Cy  Cy =B ;
—C —(C1 — By) —(Cy — By)

where Cy = ayazas, C1 = araz + azas + azar, Cy = a1 + az + as, By = ezes,

BQ :(:’2+(:’3.

p=4
I;' = ! X
(2#\/——1)3(—a1)(62 —as)(ez — as)(eq — aq)
- B,y — B,y — B3y —Cy
ByCy  BsCo+ BCi — B1CYy Co+ BsCy — B1Cy Cy — B
—B3Cy —(Co+ BsChy — Bi(3) —Ci— BsCo+ BeCs + Bi —(C2 — By)
C() Cl — B1 02 — B2 03 — B3

where Cy = ayasazaq, C1 = arazas + azazas + azasay + asara,, Cy = ayay +
araz + arag + azaz + azas + azas, Cs5 = a1 + ag + az + as, By = ezesey,
By = eye3+ eseq + €469, By = 5 + €3+ 4.

8.4 Intersection numbers for cycles of ,F),_;

Definition 8.3 For p > 1, we recursively define (p — 1)-dimensional vector

valued functions qip)(s), ey Z()p_)l(s) and cycles Uip), e ,O'z(,p) of the locally

finite homology group H{f(Y, V%) associated with ,Fj,_; as follows:
1. For any p > 1, put
o = (t,1)@q?, o = (0,0) @ ¢, ..., 0¥ = (0,1) ® ¢,
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2. When p = 2, put ql(z)(s) = s2(t— )27 (1 —s)7".

3. When p > 2, put

(1,07
q}p)zsap(t—s)ep_ap 3 (t=1,...,p—1),
(#p-1,07")
where ¢ are cocycles in H'(Y, V) defined by Definition 8.2 for the

case (p —1).

We will put ¢, = q,(gp) and o), = U](cp).

Definition 8.4 We define p X p matrices Ml(p) = (u(p)), MQ(p) = (U(P)) by

i ©j

e

0 (otherwise),

p=J
Uz(]p) = d;; + 5i1(_1)j+1 (H C3k42 — 1) .

k=0
Theorem 8.3 ([8], Theorem 5.1) Suppose that e; —ay, S5 (e;—a;) & Z
for all 1 < 53 <k < p. Then the monodromy matrices of cycles o4, ...

around 0 and 1 are cglel(p)

ag

» P

and MQ(p) respectively.

Corollary 8.1 Suppose thal E;NZ # (), then cycles o1,. .., 0, in H{f(Y, Vi)
are linearly independent.

Proof. If cycles above are linearly dependent, then monodromy matrices
are degenerate. Therefore, it is enough to show that det Mz-(p) # 0. Since

maftrices ]\/ll(p)7 MQ(p) are lower and upper triangular, we have
P P
det ) M = T [[ul = 5P [[ e # 0,

C3k—1 7£ 0

1

detMQ(p) :HU,MP) =

p
=1 k=

Here we used the fact that the values ¢; are not zero because the ¢; is written

asexp(-). Q.E.D.
We will put M; = Ml(p‘l) and M, = Mép—l)_
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Definition 8.5 We define linear maps M, M, on >+ Cqi by
Ml : (q17 R QP—1> = (q17 R QP—I)(CSp—2M1>a
My 2 (qus e s Gper) = (quye e vy Gpo1) Ma.

We note that the linear map M, has an eigenvector q1(s) with an eigen-
value v = H?:_ll C3i—1-

Lemma 8.8 [f the condition E, NZ = () holds, then cycles oy are requlariz-
able. The regularized cycle reg (oy) in Hy(Y, V7)) has the following represen-
tation;
reg (o)

_{Cs(t)@) o tlttel—e®q-C(l) 8 5a (k

C3p—1 -1

C.(0)® (M1 — id)_IQk—1 + et —e]l ®qr—1 — Co(1) ® 11_1%—1 (k

Cgp_

where C.(P) is the circle with the radius ¢ and the center P.

Proof. From the definition of ¢; and Theorem 8.3, the linear maps M;, M,
agree with the monodromy of ¢;(s). The set of eigenvalues of M, consists of
{exp(2mv/—=1(¢; — a,)) | 1 < i < p}. Therefore, the inverse of M, —id exists
under the assumption. It is easy to see that dy» reg o, = 0 and the remaining

part of the lemma can be shown by the standard argument [1, p.28, p.128].
Q.E.D.

We put S7* = S*(gi, ¢)) and 5™ = (S}7);;. As we have seen in Section 8.3,
(p—l)]_[g(p—l)v]

i N

the value S7* above can be regard as the intersection number [o ;

of cycles associated to ,_; Fj,_s.

Theorem 8.4 The inlersection matrix

[n] - oy] v o] - [o)]
I, = . )
[op] - lox] - oyl - [o)]

satisfies the following formula:

SNy (i=5=1
Sy (i=1,1<j<p)

03] - [0]] = [ou] - [reg (o] )] = 77" .Y e iy
Cap—1—1 t—1,1 ( <rsp, J= )
(S NY)im1,j-1 (1 <4,5 <p)
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where

Ny = (espaMy — )7V T (espr T — )7 = (g My — )™ 4 —22=1 1

C3p_1 —-]
= 1 1 Hi 1 C3k-1 — 1
Nyi=(]lesici— 1) + 14 (e3p—1 —1)7 = — = ~ )
2'1} ! ( ?:11 C3i-1 — 1) (esp—1 — 1)

Here Ny is a lower triangular matriz.

We call the matrix [, the intersection matrix for cycles of ,F,_y. The
intersection matrix [, for p = 2 is given in (7.4), hence we can inductively
obtain the intersection matrix [, for any p.

Proof. By Theorem 6.1 and Lemma 8.8, intersection numbers are given
as follows.

o] 1] = (418" (11—t )+ (DS ) + (08" (=

3p—1

] 1 1
:S(q17q;/)<ﬁ+1+yv_1>

3p—1
. QxxpATV
__‘gllfvé

1

\%
_1(]1

]It ) = (405" (0=

3p—1

Cv _
[o14i] - [07] = (—=1)5~ (qw v3p711q1v>
C3p—1 —
-1

Cap—1 * \%
= -2l _§% (g,
Cg_pl_l _ 1 (q a(h )

1
- g

Cgp_] __1 21
SV i} . 1
[o144] - [U;/-H'] = (+1)5*(% (M1V - ld) ]qj\-/) + (+1)5 (%,q]\-/) + (—1)5 <Qi7 —ﬁ%\)
“3p—1
. 1
= 9 <(Zi, <(M]v — id)_l +id + v7> q]v>
= (SN )ij,
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where 1 <,7<p—1. Q.E.D.

Theorem 8.5

e UTemy ese-n) — 1
(In)in = (=1)PF T (conr — 1)
- {( Z;{H CSic—l) - 1} ( Z:p_]'+2 CSk—l)
i =20 s 1)
(I eskmr) — 1

(In)in = (=1)7~ [Tz (esp—1 — 1)

Proof. We can prove the theorem by an induction on p. We denote by [}(Lp)
the intersection matrix for p, that is S** = ]}(Lp_l). We note that ]}(Ll) = (1) is

the 1 x 1-matrix.
The first identity can be shown by the recurrence relation

_ P el —1
([}(Lp)>11 _ (]](Zp 1))11< — _l;_l 3k—1

k=1 C3k—1 — 1) (C?Tp]—l - 1)

Let us consider (/);;. We note the recurrence relation

C3p—1 -
(70 = 22 (o,

Cgp_] —1

Rewriting the righthand side by the same relation for smaller p, we have

p
c _ .
([;Ep)>1j = H ¢ = i I(If(bp ]H))H
hpi 2 3k—1
p=J

p—j+1
k=1 ch_l) - 1

P

= H %(_1)29—1'( =
k=p-j+2 k-1 =1 (cse—1 — 1)

p=j+1 | ( p '

k=1 cSk_l) k=p—j+2 cSk—l)

[Tr=i(eak1 — 1)

The formula for (/;);; can be shown in an analogous way. Q.E.D.

_ (_l)p—j {(
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8.5 Proof of Theorem 1.1

Proof. We consider the period matrices Py and P_ defined by the cocycles
introduced in Section 8.3 and by the cycles introduced in Section 8.4. Let g
be the p-th column vector of the period matrix P_ and f the p-th row vector
of the period matrix ‘Py. It follows from Lemma 8.1 that the i-th element
of f is equal to

(g Shr=1 F(ak)g((::)— ak)) Hi—lpr_l(A’ B; z)

and the j-th element of g is equal to

P
(H Z<2_bk>_1r<—ak§;2_—bf;+ak>) O By~ A2 Bz,
k=2 ’

Hence, we have the quadratic relation

p

9 Z <9i_1pr—1(A7 B; Z)) Cij <9j_1pr—1(_Aa 2—B; Z)) = hpp

1=1,5=1

where ¢;; is the (i,7)-element of the transposed inverse of the intersection
matrix I and hy, is the (p, p)-element of the intersection matrix f,. The
constant g, is equal to

P

(27r\/—_1)p_1 H (1 —br +az) (cap—acar_1 — 1)

b2 ak(bk - 1) (CSk—Q - 1)(Csk—1 - 1)’

which is obtained by reducing the product of I' functions appearing in f and
g by utilizing the formula I'(2)I'(1 — ) = =I—. Since cff;)p must be equal to

1 by taking the limit z = 0, we obtain the formula. Q.E.D.

A program to obtain inlersection matrices for ,F,_y: A computer program
to derive intersection numbers for , F,_; is obtainable as a library of Risa/Asir
contrib project (http://www.openxm.org). The package names are pfphom.rr
and pfpcoh.rr. The program is written by the user language of the com-
puter algebra system Risa/Asir. The recurrence relations given in Theorems
8.2 and 8.4 are used in this program.
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