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in the g-Painlevé V Equation
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1. Introduction

Since the singularity confinement criterion was introduced as a discrete
analogue of the Painlevé test [2], many discrete analogues of Painlevé equations
have been proposed and extensively studied [3, 10]. Discrete Painlevé equations
have been considered as 2-dimensional non-autonomous birational dynamical
systems which satisfy this criterion and which have limiting procedures to the
(continuous) Painlevé equations. In recent years it was shown by Sakai that
all of these {from the point of view of symmetries) are obtained by studying
rational surfaces in connection with extended affine Weyl groups [11].

On the other hand, recently Kajiwara et al (KNY) [6] have proposed a
birational representation of the extended Weyl groups W{A,(:J_ P X Ail_)l) on the
field of rational functions C(xy), which is expected to provide higher order
discrete Painlevé equations {however, this representation is not always faithfu,
for example it is not faithful in the case where m or » equals ! and in the case
of m=n=2). In the case of m =2 and n = 3,4, the actions of the transla-
tions can be considered to be 2-dimensional non-autonomous discrete dynamical
systems and therefore to correspond to discrete Painlevé equations. Special
solutions and some properties of these equations have been studied by several
authors [5, 8). In the case of m=2 and # =4, the action of the translation
was thought to be a symmetric form of the g-discrete analogue of Painlevé V
equation (g-Fr). However, the symmetry W(Atll) P A(;)) does not coincides
with any symmetry of discrete Painlevé equations in Sakai’s list, {in the case of
m=72 and n=23, it coincides with an equation, which 1s associated with a
family of Agl) surfaces and whose symmetry is W(Aﬁ” % Ag”), in Sakai’s list}.
So it is natural to suspect that the symmetry might be a subgroup of a larger
group assaciated with some family of rational surfaces.

In this paper we show that in the case of m =2 and n = 4 the action of
the translation can be lifted to an automorphism of a family of rational surfaces
of the type Ag” , L.e. surfaces such that the type of the configuration of irre-
ducible components of their anti-canonical divisors is Ag”, and therefore that
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the group of these automorphisms is W(Dg”) {hence it 15 not ¢-Py by Sakai’s
classification). The action can be decomposed into two mappings which are
conjugate to the ¢-Py; equation. ¥t is also shown that the subgroup of
automorphisms which commute with the original translation is isomorphic to
Z x WAl x walh),

2. Birational representation of W(Agll X A,(,l_),)

The birational representation of W(Agll X Af‘,lfl) on C(x; ;) proposed by
Kajiwara et al (KNY) [6] is an action on C(x;;) (i =0,1,....m—1,j=0,
I,....,n—1 and the indices i, j are considered in module mZ, nZ respectively)
defined as follows.

We write the elements of the Weyl group corresponding to the simpie roots
as

e WA, sew(dl)
and the elements corresponding to the rotations of the Dynkin diagrams as
nE Aut(Dynkin(A,(;)_l)), pE Aut(Dynkin{AEllm])).

The action of these elements on C(x;;} are defined as

Py Py . .
rilxy) = Xin; }‘; , rilXip1,5) = xij“}“{“g““; ri(xi) = Xy, (k#i,i-1),
i ij—1
Qi1 QO .
slxy) = x4, sz =xy -, sl =xp, (kELT- L),
Qy Qi-1,j
a(xg) = Xipn;,  p(Xg) = X,
where
n—1 fa—1 n—1 m-I fa-1 m—1
Py= Z Hxi,j-i-k-i-l Xl kel ], Qy = Z Hxi+k+1.,j H Xivkt1, 411+
a={) \k={) k=a+1 a=0 \ k=0 k=a+1

For example in the {m,n) = (2,4) case, .
Poy = X1, 21 3% 9 -+ Xo,1X1,3%1,0 + Xo,1X0,2X1,0 -+ X0,1X0,2%0, 3

and Qu = xp,1 + x1,6. It was shown by KNY that this action is a repre-
sentation of W(A\" x 4} as automorphisms of the field C(x,;). But it is
still an open problem when this representation is faithful. In the case of m =2
and 7= 3,4, one can see it is faithful by considering the actions on the root
systems which we discuss later.
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In the case of (m,n) = {2,4), the variable transformation:

1/2 1/2
(Mum)” = a (x(l,jxﬂ.jﬂ)’{ i
=&, — = I
X0, 41X j+1 X1,7X1, jat

reduces the actions of rg,ry, So, 81,52, 53,7, p 1O
ro(a;) = a;,

_ 1 V4 aifi + @it fifrn + a@itendin fifin fisn
itipt fir1 |+ tafivn + @20 fiva fins + avotiaaia finn fisa firs

ro(f1)

nla) =a,  nlf) z},_

Pl =Mool

si{a;) = aja.?cj"j; si(fy) = J (la:;{},) ’

pla) = ai, pU) = fin

where ¢;; and u;; are

2 -1 0 -1 0 1 0 -1
-1 2 -1 0 -1 0 1 0
Cd=1 6 1 2 1| '(“"jf)_ 0 -1 0 1
-1 0 -1 2 1 0 -1 o0

Remark. By the varable transformation we have gpaiaa; =1, but if
we n}:r?ove t(h}is constraint and set @@ ma; = ¢~ ', the actions also generate
< (1 1
W(Am—] x An—l)‘

The element worg is a translation of A(il) and provides a discrete dynamicat
system:

(jﬂ ==y, a] = da, 52 =4, &3 = {3,

1 +anfa + masfafs + mesan o fs fo
1+ agfo + aoa fofi + domenfo i f2’

1+ a3 fz + mao fi fo + azaees f3 1o o
l+afi+mafifo+amahfifs’

7= warfi 1+ aofo+ aon fo i + aoaiazfofr /2
2 Lt amfs + masfo s+ amaffifo’

F= asdofo-i +afi tamhfr+awafifif
3 L+ @ fis + waofsfo + waar fifo /i

Jo = apur fi

A=aimfp
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Remark. Contrary to the case where these mappings are considered to be
field operators, we define the composition of mappings as that of functions.
For example, for ¢:(x,y)+ (x*7) and ¥ :(x,y)— (x+y,¥), we have
Wop: (x,y) = (¥ =+ ).

By the change of variables
o= Y(waag), fo=xfi=y.fi=c/xfs=dy

this equation reduces to the following 2-dimensional non-autonomous discrete
dynamical system:

(1) :(x,y)~ (X, F),
5 = daXy + ¢(d + aodx + qagarazy)
gx(1 + ap{x + myarcy + arxy))
5= o{d + agdx + agaydxy + gagaiaay)

yaaox(l + ary) + c(d + qapayazy))’

where the change in the parameters is given by

MMMMM - d ¢
(&, &1, 83,4, ¢,d) = (amalqaz,q,?q)-

3. Space of initial comditions and Cremona isemetries
3.1. Space of initial conditions

The notion of space of initial conditions (values) was first proposed by
Okamoto [9] for the continuous Painlevé equations and was recently applied by
Sakai {11] for the discrete Painlevé equations. In the discrete case it is linked
to automorphisms of certain families of rational surfaces. The relations of
surfaces and groups of these automorphisms were also studied by many authors
from the algebraic-geometric view point [1, 7]. In this section, following
Sakai’s method, we construct the space of initial conditions for p.

Let X and ¥ be rational surfaces and let X' and Y’ be surfaces obtained
by the successive blow-ups ny : X' — X and ny: ¥' — Y. A rational map-
ping 9 : X' — Y is called fifted from a rational mapping ¢: X — Y, if
nyog' = gony holds for any point where pony and ¢’ are defined.

Definition (space of initial conditions). Let X}'s be rational surfaces and let
{@;: Xi = Xi11} be a sequence of birational mappings. A sequence of rational
surfaces { ¥;} is {or ¥; themselves are) called the space of initial conditions for
{@;} if each g, is lifted to an isomorphism, i.e. bi-holomorphic mapping, from ¥;
to Yiii.
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Fig. 1. Irreducible divisors and their intersections

Let us consider the mapping (1) to be a birational mapping from P! x P!
to itself. Blowing up successively at the indeterminate points of ¢ and o1 (as
usual), we have the surface X; as described in Fig. 1. The total transforms of
the points of successive blow-ups are

(2} Ey : (x,y) = (0, ~das) Ey :{x, ) = (0, —)}
Es : (x,7) = (—1/ay,0) Ey:(x,y) = (—c/a3,0)
Es:(1/x,3) = (0,~1/a)  Eg:(1/x.y) = (0,~d/a)
Er:(x,1/7) = (—ca,0) Ey: (x,1/y) = (—a0. 0},
where we use ay = 1/{apaja2q) instead of gq.

Theorem 3.1. The mapping ¢ : P' x P' — P x P! (1) can be lified 1o the
sequence of isomorphisms {¢ : X; — Xi}.

Let X be a rational surface which is given by blow-ups (2) from P! x P!,
where a;,c,d € C\{0}. We denote the linear equivalence class of total trans-
forms of x = constant, (y = constant) on X by H, (resp. H)). The Picard
group of the surface X, i.e. the group of linear equivalence classes of divisors on
X, is denoted as Pic(X). The mapping ¢ induces the push-forward mapping
@, : Pic(X;) — Pic(Xip) (Pic(X;) =~ Pic(Xiyy)) as

Ho—2Hy+ Hy —FEy— Ey— Eg— Eg
H}HHD+2H1—E2-E4—E(,“E3
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Ey—Hy+Hy—E —FEy—E; Ey v Es
Ey— Hy+Hy - E; — By — Eg Ey v B
Esvs Hy-+Hy — Ey— Eg— Eg Eg— E,
Er— Ho+ Hy — E; — Eg — By v E3.

3.2. The gronp of Cremona isometries

In this section we shall consider automorphisms of the family of X with

various parameters.
The Picard group of X is the Z-module (lattice)

PIC(X) =LHo+ZH,+ZE+ -+ ZE;3.

The intersection number of any two divisors can be calculated by using the
intersection form

(3) H;-Hy=1-d, Ey - Ey = —dy g, H;-Ep =0,
Let Dy, Dy, D2, D5 be divisors as
Dy = Hy — Ey — En, Dy =H —-E—-E
Dy = Hy— Es — Fy, Dy == H — E7 — Eg.
The anti canonical divisor of X, —Ky = 2Hy + 2H, ~ E) — -+ — Eg, is uniquely
decomposed into prime divisors (for generic parameters} as
—Ky =Dy + D1+ Dy + Dsy.
The connections of the D; are expressed by the following diagram.
(4) Dy _
SN
Dy D, Dy

Such rational surfaces are said to be of the Ag” type which is the type of those
surfaces in Sakai’s list associated with the ¢-Ppr equation. :

Definition. An automorphism s of Pic(X) is called a Cremona isometry
{1, 7] if s preserves i) the intersection form on Pic(.X'), ) the canonical divisor
Ky, iii) the semigroup of effective classes of divisors.

_Let X and X' be rational surfaces. In general, if a mapping ¢ is an
isomorphism from X to X', its action on the Picard group ¢, : Pic(X) — Pic(X")
(or p* : Pic(X") — Pic(X}) (Pic(X) = Pic(X")) is always a Cremona isometry.
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A Cremona isometry preserves the set {D;} and its orthogonal (with respect
to the intersection form) latiice,
{5) Q=Zoy®Zou) @ Loty © Loy B Loy D Zs
where the x;'s are
oy = Es — Eg, o = E)— E;
ay = Hy — By — Es, a3 = Ho — By — B
oy = Eq — Ey, s = E7 — Eg.

We define the action w; on Pic(X) corresponding to «; as

where D e Pic(X). The Cartan matrix is as follows.

2 0 -1 0 0 0

0 2 -1 0 0 0

I S O T T B
@Ad=1 o6 0o -1 2 -1 -1} I I .
0 0 0 -1 2 0 TR S

0 0 0 -1 0 2

We also define the actions of the generators of automorphisms of the
Dynk'm diagrams 102345 and Os43210 as

(6) oroaaas: (Ho, Hy, Ey, By, Es, Ey, Es. Ee, En, Es}
v {Hy, Hy, Es, Eg, E3, E4, E1, B3, E7, E3)

osase: (Ho, Hi, B, Ey, E3, Ea, Es, Ee, E7, Eg)
s (Hy, Hy, E3, By, E1, B2, E7, Es, Es, Eg),

where the suffixes of o mean corresponding permutations. For convenience we
also use the automorphism opr23s4 = F343210 © O102345 © F543210- For simplhcity we
write gioss and opizise as oyp and gsy respectively.

Here, the group of automorphisms of the lattice () Z«; which preserve
the intersection form (considered to be the inner product) is iW(D%”} {see [4]
§5.10). Since each element of -—W(Dg”) does not preserve effectiveness of
divisor classes, we have the following theorem (it can be confirmed directly
that W(Dgi)) does preserve effectiveness by realization as automorphisms of the
family of surfaces).
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Tl:eorem 3.2. The group of Cremona isometries of the surface X is
W (D).

Corollary 3.3, The mapping p* acts on the root basis as

@ (o0, o, X2, 43, 0g, 35
k> (0C0+K.,Ct1 + K, a3 — K, 23 —-K,ma,—}-K,DE_;—{-K}

where K = —Ky = o + oy + 2007 + 2003 + oty + o5 corvesponds to the canonical
central element and o is writien by generators as

@ =F54 00100 Ws 0OWq 0M) 0HWoO Wy 0 Wy 0HW).

Remark. Since we have defined the composition of mappings as in Sect.
2, the composition of actions on the Picard group (and therefore on the
root lattice) should like a changes of basis, ie. for ¢: (x,y)— (2x,y) and
W (x, y) = (x+y ), we have yrop: (x,¥) r+ (2x + 2y, y).

3.3. Realization of Cremona isometries
Each Cremona isometry of Th. 3.2 can be realized as birational mapping
on P! x P! which is lifted to an automorphism of the family of surfaces X

fef. {11, 12]).
The birational actions of generators are as follows:  (x, y, 49,41, a2, a3, ¢, d)

is mapped to
7} d1ds [#X]
X, Y= a0, 4/~ az, Vaasd, ¢, — by wp
d]d d a1
a may @y
(x,,v m;ao,valasd,az, m,c,g) by wy
3

x(ay+1) d / /a3
((y+a3d) rﬂ@ ,aovam dz\/alﬁu R ,mm
X ¥lx -+ ae)

1/ 1/ V 11/ A/ —.d by w

( aoagc ¢IQ.7C+ 1} ac A dpa 613 aoag(‘ ) Y W3
( aj ana? agazc {13,“2 ,d) by W4

V g0 V dg
(1/ 2 ¥ v apac aa.qf ,a 3-d) by ws

o

y W
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11 1 1 111

e T b
(x'd'ag’a3’ag’a1 Cd) Y o
yx 1111 oy o
d’c’ag’ag’m'ag’d"c ¥ o510

Remark. 1f one would prefer to relate these transformation to Sakai's
paper |11} explicitly, it is sufficient to put f,g and by, by, ..., by as f =x, g=y
and f)] = -{l, bz = —da3, bg = -—1/1:11, 154 = —d/a3, bs B ""]/ao, b(j = —(.'/az,
by = —ay, by = —caz. (This coincidence is up to the coefficients of f and g in
each birational transformation, because the normalization is different in Sakali’s
paper. While there are 8 parameters in that paper, there are only 6 parameters
here. If we consider surfaces whose Picard group and effective classes are the
same as those of the surfaces X and normalize by automorphisms of Pl x P
then only “6” parameters remain.)

3.4. Relation to the 4-Painlevé V1 equation

We define the mapping i as ¥ = oyp © Gsa3210 © W3 © W5 © wy o w3, then ¥ 1s
expressed as

(7) ¥ (x, ) = (%, 7),

d(1 + apx){c + az2x)
y(x + ap){x + cay)

)’(“x

y=x
where the change in the parameters is given by
(@, @, @, 4, d) = (—E—,l,agalaz,qjd,c).
qa; &y
The mapping ¥* is the g-Pyr equation. Actually it acts on the root basis as
(o, 011, %p, 3, 0a, s ) +— (2, 00y, 00 + K 23 — K, o, 045 ).

Remark. If one would prefer to relate these transformation to Sakai’s
g-Py; [11], it is sufficient to put f=x, g=y and b = ~ta, by = —tdas,
by = —t/a;, by = —tdfag., bg = —I/(J[}, b = —IC/ag, by = —tap, bg = —fcaz and
f=gr and ¢ =¢° (the normalization is changed by introducing the new
variable f).

Propesition 3.4. The mapping ¢* can be decomposed into conjugate map-
pings of g-Pyr (=y*) as

2
9° = (Gsa3210 © W2 © ¢-Pyy 0 Wy 0 asaaaie) © (W2 0 g-Pyy o wa).
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4. The group of commutative elements

In this section we investigate the subgroup of W(D_E,” } whose elements
commute with ¢ {we denote it as W), We prove the following theorem.

Theorem 4.1.
We > Z x WAy x w4l
holds, where the meaning of each symbol is:
i) Zis p?%;
i} W(Agl)} is the extended Weyl group defined by the root basis
{(By, B1-By, Ba) = (a3 + s, 001 + o2, 03 + 24, 00 + 22)

and the automorphisms of Dynkin diagram 6g1932, and oga210); 1t coincides with
the original W(Ag”] except for the extension;
1it) W(A(,“ ) is the extended Weyl group defined by the root basis

(Yo, 1) = (o + o0 + %2 + a3, 00 + o3 + 24 + s
and the awtomorphisms of Dynkin diagram oyy.

Notice that the subset of the Iattice @ (5) whose elements are preserved by

2 s

4

5
Qg = {Za;ngQ;ao+a1 —ay —ay+ as + as :0}.

=0
The lattice Qp can be described as
(8) @ € Qp = Spang (B, By, b2 B3, 70)
= Spang(fo. b1, B2- 70, 11)-
Lemma 4.2. The group W preserves the lattice Qp.

Proof Let w.e W, and let geQp Since ¢*ow.(q)=w.ce¢*(q) =
we(q), w.(g) is preserved by p? and therefore w.(g) € Op. O

Lemma 4.3. The group whose actions preserve the lattice Qp and the
intersection form is +W(AM) x WAl

Proof. First we consider w(f;). w(f,) is written as
w(B;) = biofy + bi1fl) + bi2ffy + biafls + ciopy,

where b; ;¢ ;e £, From the equation
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—~2=f;- By =w(B} - w(B)
= (b0 — bi1)? — (Biy — bia)? — (B — bi3): — (Bis = big)* = 2(er0),
we have big=b; 1 =b2=053 or ¢io=0. In the former case we have that

L=w(f)- W(/”m) = =23 0Ci+1,04

which is a contradiction. Hence w preserves the lattice Zf, + Zf + Z§; +
Zf}, and therefore the action of w on this lattice coincides with an element of
the extended affine Weyl group +W(4) (see [4] §5.10).

Next we consider w(y,) and w(y;). w(y;) is written as

w(p;) = biofy + bi1By + biafy + biafs -+ ciov

and we have b;p = b1 = b2 =b;3 or ¢;p = 0 for each i Since the rank of
w(Qg) equals that of Qp, c;p can not be zero. Hence we have w(y;) e ZK +
Yo < £y + Zy, and therefore the action of w on the lattice Zy, + Z, coincides
with an element of the extended affine Weyl group iW(AE”). O

Now we are ready to prove the theotem.

Proof By Lemma 4.2 and Lemma 4.3 it follows that the action of
We < W{Dgl)) on Qp is given by W(A;l)} % W(A(ll)). One of the extensions of
this action onto ¢ is given in appendix B.

We investigate the variety of extensions. Suppose the actions of 5,5 € Wc
on the lattice Qs are the same. We write s; 053! (x) as % Since %, f, 81, B
B, 7o are linearly independent, & can be written as

doctg -+ boflg + B1ffy + bafi; + bafis + covo.
Using the relations oo - f; = % - f; = & - f; and ag - yp = %o - T5 = ¥ - Yo, W have

—2by+ b+ by =0
ag+by—=2b1+ b =1
by~ 2by + b3 =0

—ag + b by —2by = —1

—ag — 29 = —1.
and hence
d = ay + ZK + Z(200 + fy + 2y + B2 — 1)
=g+ ZK + Z{oy + o).
Moreover from (&) = {m)> = —2, we have

(B =+ ZK or by + ot + o3 + ZK.
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Since §; = £, and 7 = y;, we have: if & = wy + 2K, (z € Z), then
= (og + 2K, 00 + 2K, 2z — zK, aly — K, 24 + 2K, 05 + zK)
and if &g =ap + o2 + 23 + 2K, (ze Z), then
= {ap+ o+ o3 +2zK, 000 + 29 + a3 + 2K, ~03 ~ zK,
v0!2-".E.'K,Otz-}-{xa+C(4—|—ZK,CQ+O(3—E-O!5+ZK).

In the former case s; 05, = ¢ = (rjor)” and in the later case s;05;' =
g’ =ryo(rion)’. Since ry does not commute with ¢? (rg 0 2 = g2 0 ry), the
action of Wy is extended by ¢?2. [

Acknowledgment.  The author would like to thank H. Sakai, J. Saisuma
and R. Willox for discussions and advice. The author is also grateful to the
referee for his useful comments and suggestions.

A. Embedding W(A(il) ® Aé”) of KNY into W{D(S”)

By studying the actions of the elements of original Weyl group
W(Aﬁ” X Ag”) on the root basis, we can realize its embedding into the W{Dg”)
as follows

Fp == W3 0 W3 0 W3

Fl =W OW| OWs0Ws50W0W10 WO WO W, OWy0Ws
M= WoO W OWe0WsOT)1g00sg

g = W50 w3 0W;s

§p = W) oWz 0nWy

Jp = W30 W3 0mW;

3= WpowroHy

£ = Gs4321p © 7190~

B. Embedding the group W, into W (D)

As mentioned in Section 4 the actions of (A4 g:)) X W(Agl}) on the lattice
Qg are not uniquely expanded to anto the lattice . The variety of extensions
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isp* =(rj0 r)%. Here, we give one of the embeddings of W (Agl)) x W (A';“)
into W(D\").
For B =B, or j; we define the action on the lattice ¢ as

wyle) =2 -2

pa
BB
where xe (. In order to find its description in terms of the fundamental
elements of W(Dg”), we use the relation
Wiy (f) = Wy O Wpg 0 Wy,
where « and £ are real roots.
W == Wypg, = W30 55 O Wy
Wp = Wyig, = WO W20 W]
) Wg, T Woy gy = W30 W4 O3
Wg == Wy, = Wg O Wi O Wy
Wiy, == Wog o tagtay = W1 O Wp @ Wy O W) © W2 0 Wy 0 W3
W, = Wy bay e = W2 O W5 O W3 0 g 0 W3 O W5 0 Wa.

Finally, we define the action of automorphisms of the Dynkin diagram of
W(AS”) x WA agi0m), Gpimzs T as (20, %, 22,63, 24, s) is mapped to

by Gges2y (%0 + ar + o2 -+ 23 0w, % + oy + %2 23+ ds, o — X~ %2,
g — Ol — 05, Og + Xp 4 a3 b og o+ %5, 0 F % + a3 -+ og F 2s)

by gy (o0 + o1 + o2 + 23 + a5, 2 + o + o2 + %3 + @, 0 - X — A,
oy — 04— O, %)+ %2 + 43+ de + 25, 0o + %2 + a3+ ota + %)

by G0y (0 + %1 + o3 4+ 24 + o5, % + o + o3 + % + o5, —03 — %y — ds,
— oy — o — o2, 0 + %y +my - aa + %, g + % + 2+ o3 2s).

Hence, these are written in termes of the fundamental elements of W (D?))
as:

0"3(1032} = (543210 © W5 O W4 O W O Wg O W) 0O W3 0W;
T4(3210; = 0543210 © G4 001 O W5 O W4 O W] OWyOW20W3CW2

Ty10y = @ = T54 O 9 W5 O W4 0W| OWY O W2 0 W30 W7,
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