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1 Introduction

Since the singularity confinement criterion was introduced as a discrete analogue
of the Painlevé test [2], many discrete analogues of Painlevé equations have been
proposed and extensively studied [3, 10]. Discrete Painlevé equations have been
considered as 2-dimensional non-autonomous birational dynamical systems which
satisfy this criterion and which have limiting procedures to the (continuous) Painlevé
equations. In recent years it was shown by Sakai that all of these (from the point of
view of symmetries) are obtained by studying rational surfaces in connection with
extended affine Weyl groups [11].

On the other hand, recently Kajiwara et al (KNY) [6] have proposed a birational
representation of the extended Weyl groups va(Aq(i)_l X AS_)I) on the field of ratio-
nal functions C(z;;), which is expected to provide higher order discrete Painlevé
equations (however, this representation is not always faithful, for example it is not
faithful in the case where m or n equals 1 and in the case of m = n = 2). In
the case of m = 2 and n = 3,4, the actions of the translations can be considered
to be 2-dimensional non-autonomous discrete dynamical systems and therefore to
correspond to discrete Painlevé equations. Special solutions and some properties of
these equations have been studied by several authors [5, 8]. In the case of m = 2
and n = 4, the action of the translation was thought to be a symmetric form of
the ¢-discrete analogue of Painlevé V equation (¢-Py). However, the symmetry

W(Agl) X Agl)) does not coincides with any symmetry of discrete Painlevé equations
in Sakai’s list, (in the case of rn = 2 and n = 3, it coincides with an equation, which
is associated with a family of Aél) surfaces and whose symmetry is W(Agl) X Agl)),
in Sakai’s list). So it is natural to suspect that the symmetry might be a subgroup
of a larger group associated with some family of rational surfaces.

In this paper we show that in the case of m = 2 and n = 4 the action of the
translation can be lifted to an automorphism of a family of rational surfaces of

the type Agl), i.e. surfaces such that the type of the configuration of irreducible



(1)

components of their anti-canonical divisors is A, and therefore that the group
of these automorphisms is W(Dél)) (hence it is not ¢-Py by Sakai’s classification).
The action can be decomposed into two mappings which are conjugate to the ¢- Py
equation. It is also shown that the subgroup of automorphlsms which commute with

the original translation is isomorphic to Z x W(A )) X W(Agl)).

2 Birational representation of /W/(Ag)_l X Ale_)l)

The birational representation of I/V(A( ) 71X A( 1) on (C(JL”) proposed by Kajiwara

et al (KNY) [6] is an action on C(z, ;) (¢ =0,1,...,r 1,7=0,1,...,n—1 and

the indices 7, j are considered in modulo mZ, nZ respectively) defined as follows.
We write the elements of the Weyl group corresponding to the simple roots as

ree WA ), s; € w(AW)
and the elements corresponding to the rotations of the Dynkin diagrams as
= € Aut(Dynkin(AU) 1)), p € Aut(Dynkin(AW))).
The action of these elements on C(z; ;) are defined as

P P

7j_1 2‘7

Ti('rij> = Tit1,5 p.. 7( 7+],j> = I?]P 1 Tk<$77j> = Tij, (k # Zal - 1)7
27 15—

s;j(2ij) = Tij4 0. sj(Tije) = $ijﬁ7 si(zij) = @ij, (K #7,75—1),
=17

m(zij) = Tig1j,  p(Tij) = T,

n—1 a—1 n—1 m—1 a—1 m—1
Py = Hxi,j+k+1 H Tit1,j+k+1 | 5 Qij = E H$i+k+1,y‘ H Titk+1,541 | -

k=0 k=a+1 a=0 \k=0 k=a+1
For example in the (m,n) = (2,4) case,
Poo = 212713710 + T0,171,3%1,0 + T0,1%0,271,0 + T0,1%0,2%0,3

and Qoo = o1 + ®1,0. It was shown by KNY that this action is a representation
of W(A( ) L, X A( ) 1) as automorphisms of the field C(z; ;). But it is still an open
problem when this representation is faithful. In the case of m = 2 and n = 3,4, one
can see it is faithful by considering the actions on the root systems which we discuss
later.

In the case of (m,n) = (2,4), the variable transformation:

1/2 1/2
To,;T1,5 _ L0,5%0,j+1 o
- - aj? - - f] M
20,j+1T1,5+1 L1,jT1,5+1
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reduces the actions of rq, r1, s, $1, S2, 53,7, p to
TO(ai) = a4y,
. (f) 1 14 a;fi + aiaipr fifiz1 + aiaizraiza fifizr figo
ol Ji) =
' a;iiv1 fit1 1+ aigofivo + aivodiqsfivofirs + @ivotivsaivafivo fivs fiza
1
m(a;) = a;, w(fi) = 7.
JT

(a:) = a.a. " s (f) = f. M "
52( J) =a;a; -, 'Z(fy) fJ (1-|—a2-f2->
plai) = aiyr, p(fi) = fiy

where ¢; ; and u; ; are

2 -1 0 —1 0 1 0 —1
1 2 -1 0 1 0 1 0
(cig) = 0 -1 2 —1 | )= 0 -1 0 1
1 0 -1 2 1 0 =1 0

Remark. By the variable transformation we have aga,aqa3 = 1, but if we remove

this constraint and set agajazaz = ¢~', the actions also generate W(A,(i)_l X AS_)I).

(1)

The element 7 o ry is a translation of A}’ and provides a discrete dynamical
system:

&0 = daop, le = daq, &2 = agy, &3 = as,

1+ ay fo + azasfsfs + azasag f2fs fo

1+ aofo + aoar fofi + agaraz fofi fo’
1+ asfs + asao fsfo + asaoayr f5fo fr

L+ arfi + araa fi fo + avazas fifofs’
1 4 aofo + aoar fofi + acaraz fofif2

1+ ayfs + azasfofs + asasaofofsfo’
L4 a1 fi +arazfrfo + arazas fif2f3

1+ asfs + asaofsfo + asaoar fsfofi

Remark. Contrary to the case where these mappings are considered to be field

fo = aoalfl

f1 = a1a2f2

f2 = CL26l3f3

f3 = a3aof0

operators, we define the composition of mappings as that of functions. For example,
forp: (z,y) — (2% y)and ¢ : (z,y) — (z+y,y), we have oy : (z,y) — (22 +y,y).

By the change of variables
as=1/(avarazq), fo==, fi=y, 2=c/z, fs=dy

this equation reduces to the following 2-dimensional non-autonomous discrete dy-
namical system:

p:(z,y) — (7.7),
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qaparry + ¢(d + apdz + qagarazy)

qr(l + ap(z + arazcy + arzy)) (1)
c(d + apdz + apardzy + qaparaqy)

y(qaor(1 + ary) + c(d + qaoarazy))’

5|
Il

|
Il

where the change in the parameters is given by

_____ - d ¢
(a07 ap, az, q,c, d) = (CLO; ai, asz, q, ;7 ;)

3 Space of initial conditions and Cremona isome-
tries

3.1 Space of initial conditions

The notion of space of initial conditions (values) was first proposed by Okamoto [9]
for the continuous Painlevé equations and was recently applied by Sakai [11] for the
discrete Painlevé equations. In the discrete case it is linked to automorphisms of
certain families of rational surfaces. The relations of surfaces and groups of these
automorphisms were also studied by many authors from the algebraic-geometric
view point [1, 7]. In this section, following Sakai’s method, we construct the space
of initial conditions for .

Let X and Y be rational surfaces and let X’ and Y’ be surfaces obtained by
the successive blow-ups 7x : X’ — X and 7y : Y’ — Y. A rational mapping
¢+ X' = Y'is called lifted from a rational mapping ¢ : X = V., if ry o’ = pomy
holds for any point where ¢ o 7x and ¢’ are defined.

Definition(space of initial conditions). Let X;’s be rational surfaces and let {¢p; :
X; — Xi41} be a sequence of birational mappings. A sequence of rational surfaces
{Y;} is (or Y; themselves are) called the space of initial conditions for {g;} if each
@, 1s lifted to an isomorphism, i.e. bi-holomorphic mapping, from Y; to Y.

Let us consider the mapping (1) to be a birational mapping from P' x P! to
itself. Blowing up successively at the indeterminate points of ¢ and ¢~ (as usual),
we have the surface X; as described in Fig.1. The total transforms of the points of
successive blow-ups are

Ei:(z,y) = (0,—das) Ey:(z,y) =(0,—ay)

Es: (z,y) =(—1/ae,0) Ey: (z,y) = (—c/as,0) (2)
Es: (1/x,y) = (0,—1/ar) FEe: (1/x,y) = (0,—d/as)

Er:(z,1)y) = (—caz,0) FEs:(x,1/y) = (—ao,0),

where we use as = 1/(apaiazq) instead of gq.



Figure is not available.

Figure 1: Trreducible divisors and their intersections

Theorem 3.1 The mapping ¢ : P! x P! — P! x P (1) can be lifted to the sequence
of isomorphisms {¢ : X; = X;41}.

Let X be a rational surface which is given by blow-ups (2) from P! x P!, where
a;,¢e;d € C\ {0}. We denote the linear equivalence class of total transforms of
x = constant, (y = constant) on X by Hy (resp. H;). The Picard group of the
surface X, i1.e. the group of linear equivalence classes of divisors on X, is denoted as
Pic(X). The mapping ¢ induces the push-forward mapping ¢. : Pic(X;) — Pic(Xi41)
(Pic(X;) =~ Pic(Xi41)) as

Hy—2Hy+ Hy — Fy — FEy — FEg — Ey
Hy— Hy+2H, — Fy — Fy — FEg — Ey

Ey— Hy+ Hy — FEy — By — Fy Ey — Es
Esvw— Hy+ Hy — Fy — By — Fg Ey— E;
E5HHO+H1—E4—E6—E8 EGHEl
E7HHO+H1—E2—E6—E8 Egi—)Eg.

3.2 The group of Cremona isometries

In this section we shall consider automorphisms of the family of X with various
parameters.
The Picard group of X is the Z-module (lattice)
Pic(X)=ZHy+ZH\+ZFE, +--- + ZFE;s.

The intersection number of any two divisors can be calculated by using the inter-
section form

Hi'szl—(Si’j, Ek'El:—(sk’Z, HZEAZO (3)
Let Dy, Dy, Dy, D3 be divisors as

Do=Hy—Fy—FEy, Di=H — Es—FE4
Dy=Hy— Fs — Eg, D3 =H, — E7 — Es.

The anti canonical divisor of X, —Kx = 2Hy + 2H, — K, — --- — Fg, is uniquely
decomposed into prime divisors (for generic parameters) as

—Kx =Dy+ Di+ Dy + Ds.



The connections of the D; are expressed by the following diagram.

Dy
N
Dy D, Ds (4)

Such rational surfaces are said to be of the Agl) type which is the type of those

surfaces in Sakai’s list associated with the ¢-Py; equation .

Definition. An automorphism s of Pic(X) is called a Cremona isometry [1, 7] if s
preserves i) the intersection form on Pic(X), ii) the canonical divisor Kx, iii) the
semigroup of effective classes of divisors.

Let X and X' be rational surfaces. In general, if a mapping ¢ is an isomor-
phism from X to X', its action on the Picard group ¢. : Pic(X) — Pic(X’) (or
©* : Pic(X') — Pic(X)) (Pic¢(X) ~ Pic(X'))is always a Cremona isometry.

A Cremona isometry preserves the set {D;} and its orthogonal (with respect to
the intersection form) lattice,

Q:=Zoy® Loy ® Ly @ Las P Loy G Las (5)
where the «;’s are

ag = Fs — Fg, oy = By — Fy

ay=H, — by — Fs, az=Hy— b3~ F;

(X4ZE3—E4, (15:E7—E8.

We define the action w; on Pic(X) corresponding to a; as
2D - o
wi(D) =D — a ;

o, - O

where D € Pic(X). The Cartan matrix is as follows.

0 -1 0 0 0
2 -1 0 0 0 —

2
0
() = | L1 21 0 0 I I ‘
ol 0 0 —1 2 -1 -1 |-
0 0 0 —1 2 0 oy Qg Q3 0y

o 0 0 -1 0 2

We also define the actions of the generators of automorphisms of the Dynkin
diagrams 0102345 and 0543210 A8

0102345 - (HOaHI;EhEQ;ESaE4,E5aE6;E7a Es)
— (Ho, Hy, Es, Fg, s, By, Ey, sy, Er, Es)
0543210 - (HOaHI;EhEQ;ESaE4,E5aE6;E7a Es)
— (Hy, Ho, Es, Es, By, By, Er, Fg, Es, Eg), (6)
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where the suffixes of ¢ mean corresponding permutations. For convenience we also
use the automorphism og12354 = 0543210 © T102345 © O543210. For simplicity we write
0102345 and og12354 as 019 and os4 respectively.

Here, the group of automorphisms of the lattice @ Za; which preserve the in-

tersection form (considered to be the inner product) is iW(Dél)) (see [4] §5.10).
Since each element of —W(Dél)) does not preserve effectiveness of divisor classes,
we have the following theorem (it can be confirmed directly that W(Dél)) does
preserve effectiveness by realization as automorphisms of the family of surfaces).

Theorem 3.2 The group of Cremona isometries of the surface X is W(Dél)).
Corollary 3.3 The mapping p* acts on the root basis as

2,
© - (OZ(),CMl,Oéz,CM3,Oz4,CM5) —

((){0 + [(, aq + [(, Q9 — [(, a3 — I(, 4 + I(, (04 + ]()

where K = —Kx = ag + a3 + 2ay + 2a3 + a4 + as corresponds to the canonical
central element and ¢ ts wrilten by generators as

@Y = 05400100 W50 Wy O W1 O WO Wy O W30 Wy.

Remark. Since we have defined the composition of mappings as in Sect. 2, the com-
position of actions on the Picard group (and therefore on the root lattice) should
like a changes of basis, i.e. for ¢ : (z,y) — (2z,y) and ¥ : (z,y) — (z + y,y), we
have ¢ o p : (z,y) — (22 + 2y, y).

3.3 Realization of Cremona isometries

Each Cremona isometry of Th.3.2 can be realized as birational mapping on P! x P!
which is lifted to an automorphism of the family of surfaces X (cf. [11, 12]).
The birational actions of generators are as follows: (z,y,aq,a1,0as,as,¢,d) is



mapped to

as . a1a3 as

(.7;, Yy/argi ao, e ag, v arazd, c, a1> by wo
a1 ards . a1

(.7;, Yy/ 2 ao, Vaiasd, as, 7 c, E) by w,

(yrasd) \/ a1’ Varazd’ 0 ayazd, 2ad> 22V ayazd, nd & alas) by w,
r__ ylztaz) fag. [ag fanaqc. . ]2 faodac. —L
(W’ (agz+1) azc’ aze’ a1,/ Goa26, agc’ 31/ 0a26, agaz’ d by w3

az . a0a2 az
($ PPVERC RNV 7a13\/a0a2caa3?%7d> by wy

(x\/z,y; \/W,al,\/@,ag,%,d by ws
(5 d ) by o
(%,%; i,é,i,%,%,%) by 0543210 -
Remark. If one would prefer to relate these transformation to Sakai’s paper [11]
explicitly, it is sufficient to put f,g and by,b;,--- ,bg as f = x,9g = y and b; =

—a1,62 = —dag,bg = —1/a1,b4 = —d/a3,b5 = —1/a0,be = —C/a27b7 = —ao,bg =
—cag. (This coincidence is up to the coefficients of f and ¢ in each birational
transformation, because the normalization is different in Sakai’s paper. While there
are 8 parameters in that paper, there are only 6 parameters here. If we consider
surfaces whose Picard group and effective classes are the same as those of the surfaces
X and normalize by automorphisms of P! x P!, then only “6” parameters remain.)

3.4 Relation to the ¢-Painlevé VI equation

We define the mapping ¢ as ¥ = 019 0 0543210 © w3 © w5 ©0 w4 © w3, then 1 is expressed
as

vi(zy) = (7.9),

d(l + aozv)(c + agzv)
y(x + ao)(x + cay) (7)

X

8]
Il

|
I

bl
where the change in the parameters is given by

- 1 1
(%aﬂa@aaaav d) - (—a _7(1'0(1/1(1'27(77(1? C).
qay dao

The mapping ? is the ¢-Py 1 equation. Actually it acts on the root basis as

(ao,al,ag,ag,a4,a5) — (0{0,0[1,@2 + [X,Of'g, - ]X,OZ4,Q5).



Remark. If one would prefer to relate these transformation to Sakai’s qPy [11],
it is sufficient to put f = z,9 = y and by = —tay,by = —tldas,bs = —1/ay,bs =
—td/az, bs = —t/ag,bs = —tc/az, by = —tag,bs = —lcay and 1 = gt and ¢’ = ¢* (the
normalization is changed by introducing the new variable t).

Proposition 3.4 The mapping p* can be decomposed into conjugate mappings of
q-Pvi(=¢?) as

2
Y = (0543210 o wsy 0 q-PVI O wsy O 0543210) o (w2 o q-PVI o w2)-

4 The group of commutative elements

In this section we investigate the subgroup of W(Dél)) whose elements commute
with ©? (we denote it as W¢). We prove the following theorem.

Theorem 4.1 . N
We ~ 7 x W(AY) x w(Al)
holds, where the meaning of each symbol is:
1) Z is p*%;
ii) W(Agl)) is the extended Weyl group defined by the root basis
(Bo, B, B2, B3) i= (a3 + a5, aq + g, a3+ aq, ap+ o)

and the automorphisms of Dynkin diagram os(1032) and ap(s210); I coincides wilh the
original W(Agl)) excepl for the extension;
iii) W(Agl)) is the extended Weyl group defined by the root basis

(70, m1) = (a0 + a1 + oz + a3, oz + s+ as + os)
and the automorphisms of Dynkin diagram o.0).
Notice that the subset of the lattice @ (5) whose elements are preserved by ? is

5
Qp=1{) a0 €Q; a0+ a — az — az + as + a5 = 0}.

=0

The lattice Qg can be described as

a€Qp = Spany(Bo, B, B By 70)
= Spaﬂz(ﬁoaﬂhﬁm%a%)- (8)

Lemma 4.2 The group W preserves the latlice Q)p.



Proof. Let w. € W and let ¢ € Qp. Since p? o w.(q) = w. o p*(q) = w.(q), w.(q) is
preserved by ¢? and therefore w.(q) € @p. O

Lemma 4.3 The group whose actions preserve the lattice Qg and the intersection

form s :EW(A:(;)) X :l:W(Agl)).
Proof. First we consider w(f;). w(f;) is written as

'w(ﬂz') = bi0Bo + bi1 B + bi2f2 + b 385 + cioo,

where b; ;, ¢; ; € Z. From the equation

-2 = B Bi=w(Bi) - w(B)
= —(bio— bi,1>2 — (bin — bz’,Z)Q — (bi2 — bi*3)2 — (bis — bw)? a 2(02',0)2,

we have b, g = b;; = b; 5 = b; 3 or ¢;o = 0. In the former case we have that

L =w(B) - w(fiy1) = —2¢ipCit10,

which is a contradiction. Hence w preserves the lattice Zfg+ Z 1 + Z 33 + Z 33 and
therefore the action of w on this lattice coincides with an element of the extended
affine Weyl group :I:W(Agl)) (See [4] §5.10).

Next we consider w(vg) and w(y1). w(y;) is written as

w(y:) = biofo + biafB1 + bizfa + bisBs + cioyo

and we have b;o = b;1 = b;2 = b3 or ¢;o = 0 for each ¢. Since the rank of w(Qp)
equals that of @, ¢io can not be zero. Hence we have w(v;) € ZK+~0 C Zvo+ Zm
and therefore the action of w on the lattice Z~y + Z~, coincides with an element of

the extended affine Weyl group :I:W(Agl)). O
Now we are ready to prove the theorem.

Proof. By Lemma 4.2 and Lemma 4.3 it follows that the action of W C W(Dél))

on (g is given by W(Agl)) X W(Agl)). One of the extensions of this action onto @)
is given in appendix B.

We investigate the variety of extensions. Suppose the actions of s1,s2 € W on
the lattice Qg are the same. We write s; 05, () as 7. Since ag, Bo, f1, B2, B3, Yo are
linearly independent, @ can be written as

aptg + bofo + b1 51 + b B2 + b3fs + coo-

Using the relations aq - 3; = ao - B3 = ag - B and g+ Yo = O - Yo = O * Yo, We have

—2bo + b1 + b3 = 0
a0+b0—261+bg = 1
b1—2b2+bg — 0
—Clo—{—bo—{—bg —263 = —1
—ao—QCO = —1.

10



and hence

@ = ao+ZK+Z(2a0+ Bo+ 2681 + B2 — 0)
ag + ZK 4 Z(ag + as).

Moreover from (@g)? = (ag)* = —2, we have
g = oag+ZKorag+ay+as+ZK. (9)

Since fB; = B; and F5 = 7o, we have: if ag = ag + 2K, (2 € Z), then

= (ao+zK,o01 +zK,00 — 2K, als — 2K, a4 + z K, a5 + zK)

and if @ = ap + s + az + 2K, (2 € Z), then

= (apt+artas+zK,00 +ar+as+ 2K, —a3 — 2K,

—ay —zK, 00+ az + as+ 2K, a0z + a3 + a5 + zK).

In the former case s; 0 s;' = p? = (r; 0 1r9)* and in the later case s; 0 ;' = p? =
ro o (ry org)®. Since rg does not commute with p? (rg o @? = @2 ory), the action of
Wg is extended by ¢*”. 0

Acknowledgment. The author would like to thank H. Sakai, J. Satsuma and R.
Willox for discussions and advice. The author is also grateful to the referee for his
useful comments and suggestions.

. A7 1 1 . gy 1
A  Embedding W(Ag ) % Aé >) of KNY into W(Dé >)
By studying the actions of the elements of original Weyl group W(Agl) X Agl)) on

the root basis, we can realize its embedding into the W(Dél)) as follows

rg = W3 O w30 Wy

" = WopO W OoOwygOwWsOWyO0 W3O Wy 0 wWyO Wy 0wy O Ws
T = WyO Wy OwyO WsO g0 Ts4

Sy = W5 O W3O Ws

S1 = Wi O 1wy 0w

Sy = W30 W40 wWs

S3 = Wy O Wy O Wy

P = Os543210° O10-

11



B Embedding the group W, into W(Dél))

As mentioned in Section 4 the actions of W(Agl)) X W(Agl)) on the lattice Qg are not
uniquely expanded to onto the lattice . The variety of extensions is p?Z = (rorg)Z.
Here, we give one of the embeddings of W(Agl)) X W(Agl)) into W(Dél)).
For 8 = f3; or 7; we define the action on the lattice () as
f-a

wp(a) =a — QWB’

where a € . In order to find its description in terms of the fundamental elements
of W(Dél)), we use the relation

Wayo(B) — Wa O Wg O Wy,

where a and 3 are real roots.

We, Woztas = W3 © Ws © W3
wpy = Wajta, = W1 O W2 O Wy
Wp, = Wagtay — W3 O Wq © W3
Wp; = Wagta, = Wo © Wa © Wo
Wy, = Wagtajtasta; — W30 Wo © W © W1 © Wz © W O W3
Wy, = Weytastastas — Wz O W5 O w3 0wy O W3 O Ws O Wy

Finally, we define the action of automorphisms of the Dynkin diagram of W(Agl)) X

—~ .
W(A§ ))1 03(1032)s 9 3(1032)> Ty(10) A8 (04070417042704370447045) is mapped to

by o(1032) : (a0 + o1 +ay+as+ as,a0 + o + ay + az + as, —ag — ay — g,
—a3— a4 —as,00 + g + az + ag +as, a1 + ay + az + ag + as)

by os(3210) : (a0 + o1+ ay+as+as,a0 + o + ay + a3 + g, —ap — a1 — g,
—a3 — a4 —as,on + g+ az + ag +as, a0 + @y + az + ag + as)

by o4(10) (ag+ az + as+ ag+ as, 00 + g+ a3 + ag + a5, —az — ag — as,

—ag — oy —az, a0+ oy + ay + az + ag, a0 + ay + az + a3z + as).

(1)

Hence, these are written in termes of the fundamental elements of W(D5 ) as:

0p3(1032) = 0543210 © W5 O W4 O W1 © Wo © W3 © W3 O Wy
0p(3210) = 0543210 © 054 © 010 O W5 O W4 O Wy © Wo © Wy © W3 © W3
Oy(10) = ® = 05400100 W5 © Wy O W © Wy O WO W3O Ws.
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