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1 Introduction.

Consider the linear difference system including N delays

N
yn+1_yn+AZyn—kj =0, ncZy :{071a27"'}7 (1'1>
=1
where A is a real m x m constant matrix and the delays k; (7 = 1,..., N) are positive
integers satisfying the conditions ky < ky < --- < ky. Here we assume that the sequence
{k;} is arithmetic, that is,

ki =k +d,  j=1,2,...,N—1

hold for some nonnegative integer d. We are concerned with the asymptotic stability of
the system (1.1). Furthermore, we are concerned with the asymptotic periodic behavior
of solutions when the system meets some critical conditions. Here we call that a linear
system is asymptotically stable if all solutions of the system approach the zero solution
as n tends to infinity.

By an appropriate linear transformation, we can obtain from (1.1) a system whose
coefficient matrix is given in a Jordan form. Thus it is sufficient to discuss the problems

above for the two-dimensional system

N
Tpg1 — Ty + Ban_kj =0, né€Z,, (1.2)

i=1

where B is a 2 X 2 matrix given by either

. cos —sinf . Poq
(i) p ) or (i)
sin 6 cosf 0 po



with real constants p, 8, py, p2, q, and 6 satisfying 0 < |0| < 7/2.

Recently, Matsunaga and Hara [5] (in the case of N = 1) and then the author [7] (in the
case of N = 2) obtained necessary and sufficient conditions for (1.2) to be asymptotically
stable. Their results can be viewed as generalizations of the well-known criterion due
to Levin and May [4] (see also [3,10]) for the scalar difference equation which originally

appeared in mathematical biology:
Upg1 — Uy + Pp_p = 0, neZ,.

Also, Ogita et.al.[9] considered the scalar equation corresponding to (1.2):

N
Upg1 — Up + pZun_kj =0, née€Z, (1.3)
j=1
and gave a necessary and sufficient condition for the asymptotic stability, when {k;} is
arithmetic.

The first purpose of this paper is to establish necessary and sufficient conditions for
(1.2) to be asymptotically stable, which are described explicitly in terms of the components
of B and the delays {k;} and our results extend ones mentioned above [4,5,7,9].

In addition, we investigate the behavior of solutions of (1.2) in the critical case where
the system loses its asymptotic stability. In such a case, numerical simulations seem
to show that every solution approaches some periodic solution depending on its initial
data as n tends to infinity. Actually, the author [8] proved such an asymptotic periodic
behavior of solutions of (1.2) with N = 1, and obtained explicit representations of those
periodic solutions in the critical case. Related to this kind of problem, Matsunaga et. al
[6] studied the asymptotic periodicity and the asymptotic constancy for a certain type of
linear difference systems with one delay. The second purpose of this paper is to discuss
the asymptotic periodicity of (1.2) for general N when the system is critical in the above
sense.

This paper is outlined as follows: In section 2 we state our main results for asymptotic
stability, give their proofs and also discuss the asymptotic stability condition of (1.1). In
section 3 we prove that solutions of (1.2) show asymptotic periodic behavior in the critical

case and moreover we give explicit expressions of those periodic solutions.

2 Asymptotic stability.

In this section we shall establish necessary and sufficient conditons for (1.2) to be asymp-

totically stable. We note the fact that a linear difference system is asymptotically stable



if and only if all the characteristic roots of the system lie in the interior of the unit disk

D? C C for the complex plane C .

2.1 Statement of the results.

Our main results on asymptotic stability are the following.
Theorem 2.1 Suppose that the matriz B is given by (i). Then the system (1.2) is asymp-

totically stable if and only if
(w20l N (/2= 16)
2 A o S S VA
o (kNJrkl T 1) o (kN+k1 +1

i Nd(m/2 —0])
kn 4k + 1

Theorem 2.2 Suppose that the malriz B is given by (ii). Then the system (1.2) is
asymplotically stable if and only if

Sin Sin
2(kn + k1 4+ 1) 2(kn + k1 4+ 1)
0< P, p2 < Ndn~ .
o (2(kN t 1))

Theorems 2.1 and 2.2 are extensions of the results cited in the previous section.

The characteristic equation of (1.2) is given by
A(N) = det (A+1 = X) 1, + T(A)B) =0, (2.1)

where [ is the identity matrix of degree 2 and T'(}) is a polynomial of degree (N — 1)d
defined by T'(X) = Z;VZBI M,
We discuss the asymptotic stability of (1.2) in the case that B is of the form (i), since

similar arguments hold for the other case. In this case, the characteristic polynomial is

ANHL _ARN 4 pT(X) cos 0 —pT'(X)sind
A(N) =
pT'(X)sind A+l N 4 T (M) cos 6

= {MWH AR 4 pT(N) cos 012 + {pT'(N) sin 0}2

= {AFL N L T (V) e N — AR 4 pT(N)e ).



Put Fy(X) := Aev+l kN pT()\)ei‘g. Then we can see A(X) = Fy(A) - FQ(X), which
implies that

AT(0) = FPNO)U T (0) and  (F_g)™'(0) = F; ' (0).

As a consequence, we have

ATH0) = Fz'(0) U Fg'(0). (2.2)

The analysis of characteristic roots is reduced to that of the roots of the equation Fy(A) =0
with 0 < 8 < 7/2.

2.2 Analysis of characteristic roots and proof of Theorem 2.1.

We observe the values of p which admit a root of F3(\) = 0 on the unit circle S = 9D
Obviously, when p = 0, the roots of Fy(A) = 0 consist of 0 (multiplicity ky) and 1 (simple).

Admissible values of p, other than 0, are determined exactly in the following lemma.

Lemma 2.1 Fy(X) =0 has a root on S' if and only if p is one of {p,} defined by

_ L asin(w, /2) sin(dw, /2)
pe=(=1) sin(Ndw, /2)

20+ (2v + 1)m

kn 4+ k41
[(kn +k1)/2—80/7], and [ -] denotes the greatest-integer function. Moreover, for each p,,

with v=—[(kn + k1)/24+0/m] —1,..., =1, 0, 1, ...,

where w, =

Fy(X) = 0 has only one root A\, = ¢** on S', which is simple.

Proof. Let A € S! satisfy Fy(A\) = A"+ — X 4 5T'(A)e' = 0. We note that T'(\) does
not vanish for such a A and we have
)\kN+1 _ )\ICN

= (2.3)

In virtue of X = 1/X and T(1/X) = T(X\)/AN=14 the conjugate of (2.3) is written by

(N ) (o) (1 =)
= T(1/N) T NeH=(V-DIT(N) T NRFIT())

(2.4)

It follows from (2.3) and (2.4) that M*v+hitl = 20 which yields

A=)\, = e where wy = 20 + (2v + 1)7r.
kn 4+ k41




Under the condition —7 < w, < 7, the index v runs over the range

v=—[kn+k)/24+60/m]—1,...,=1,0,1, ..., [(kn + k1)/2 — 0/m].
Also the value of p with Fy()\,) = 0 is determined by (2.3) as follows: If A\? #£ 1,

I e ) L e I O e R | O s
po= P -= ,\1131+1()\{/\7d_ 1) o e_ia)\;(d+1)/2()\5,\,+d+1 + e2if A~k

(eiw,,/Q . e—iw,,/?)(eidw,,/Q . e—idw,,/?)

e{kn+(d+1)/2))wn =0} 4 e—iH{(kn+(d+1)/2)wr—0}

sin(w, /2) sin(dw, /2)
cos{(2ky +d+ 1w, /2 — 0}

By noting that

(QkN—|—d—|—1)%—0 - (kN+k1+1+Nd)%_9
2v+1 Ndw,

== T

2 2 7

we have

sin(w, /2) sin(dw, /2)
v = (—1 Y2 .
pe=(=1) sin( Ndw, /2)
If A4 = 1, then T(X,) = N and dw, = 2{r for some integer £ with |¢| < d/2. Hence from
(2.3) we have

(2.5)

NVHIZ W2 = 2712

Py = e?ff)N .
= —Qigi{(kN+1/2)wy—€}M.
It is easy to see that
1 1\ 2 (21/ n 1)7r
(kN+E)°"”_9: (kN+§)7_9:(N—1)E7r+?7
so that ‘
sin ((.ul,/Q)

v+(N=-1)¢
Py = (_1) V=D 2 N )
which may be regarded as a special case of (2.5) by setting dw, = 2{mr, because the
function sin z/sin Nz has a unique continuous extension to the whole real line.

Now, let us verify that each A, is a simple root. It is easily seen that if p = p,, then

DFy())
o

")
T(A)

= (ko + T)ABY — by ABYT = (3 )

A=Ay



because Fy(A,) = 0 with p = p,. Assume that dFs(X)/0X|,=,, = 0. Then, we have

So JaA

2
- Sk — (A2 =), — 0. 9.
GA) = (kn + DA — kv — (A, — X)) o) 0 (2.6)
Taking its conjugate and multiplying A,, we also see
H()) = NG(N)
Sy 2]
=k 1 —kyd, — (N, — 2= = =
N‘I‘ N Ay ( v y) T()\l,) 07

where we used again T(X) = T(A\)/AN=1? for A € S'. Therefore it follows from (2.6) and
(2.7) that

A, — 1
7o,y (VDA

= (kx+ ki +1)(A — 1) =0,

GO\ = HON) = (2ky + 1) —1) —

which is impossible since A, # 1. Thus we deduce dF3(X)/0X sz, # 0. This implies that
Fy(\) maps a neighborhood of A = A, diffeomorphically onto a neighborhood of 0 in C,
which shows that A, is simple, as desired. Q.E.D.

We next discuss how the roots on S' of Fy(A) = 0 behave when the parameter p
is perturbed. For this, let A,(p) denote the root of Fy(A) = 0 around p = p, satisfy-
ing Ay(p,) = M. (It is clear from Lemma 2.1 that A,(p) depends continuously on p.)
Analogously, we denote by A(p) the root around p = 0 with A(0) = 1.

On the behavior of A,(p) near p,, we have:

Lemma 2.2 For small |p — p, |, the absolute value | A, (p)| increases as |p| increases.

Proof. We regard Fj as a function on C? and denote
Fy(p, \) = M A L T (M) e,

It is obvious that Fy(p,, A,) = 0 and, as in the proof of the previous lemma, that

0F,

ﬁ(pua )‘u) 7& 0.

Then, implicit function theorem assures that A, (p) is holomorphic around p = p,. Par-
ticularly, from the identity Fy(p, A,(p)) = 0, we see that
dA, 0Fy/0p

dp ~  OFy/0A (2:9)

6



holds for small |p — p,|.

Furthermore, by the polar form A, (p) = re™ it is also represented as

dA, aAl,_Al,(ar ,aw)

b owvy v \owp TRy

Hence restricting p within the real values, we have

dr r dA, r 1 OF, 0F}
— = R{— = RE———— 2.10
dp {/\y dp } |0F,/OX|? { A, dp 8)\} (2.10)
by (2.9). By
0Fy ; ; 1
o = "T(A) [yopy o) = €T () = —T(ALCNH - AY),
p=ps
and OFg/0A| _, = MEv=1G(N,), we have
1 0F, 0Fy A, — 1 A, — 1
- A Av) = H(\),
Ay 8p oA p=p. Pv G ) py/\u ( )
and hence
1 OF, 9F, 1 (A, —1 -1
R 7 °¢ = — H(\, G(A
{ A, Op 8/\}p:pu 2{pyz\y () + Py ( >}
A, —1
= 2600 - HO)
RSN
B 2p, ’
by (2.8). This, together with (2.10), implies
o >0
S sgnp )
dp p=py

which shows that r = |A,(p)| is an increasing function of | p| around p = p,. Q.E.D.

With respect to the behavior of the root A(p) satisfying

we have the next lemma.



Lemma 2.3 For small |p|, followings hold:
(i) If 0 < 8 < /2, then (JA(p)] —1)-sgnp <0 for p#0.
(i) If 0 = w/2, then |A(p)| > 1 for p #0.

Proof. (i) As in the proof of Lemma 2.2, we can verify

dl/\ aFg/ap 20
= — = —Ne",
Pl OFs/OXN|( o)
and hence p ”
_T — %{1 ! } :-SR(—NGM)
dp =0 A dp =0

= —Ncosf <0 for 0<8<m/2
It follows from A(0) = 1 that

(IA(p)[ = 1) -sgnp <0 (p#0).

(ii) & = w/2 implies dr/dp|p:0 = 0. We shall check the sign of d2T/dp2|p:0. From
Fys(p, A(p)) = 0, it follows that
OFy  , 0°Fy dA  O°Fy (dA)Q OFy A _
ap? OpdXdp 0N \ dp oX dp?
By using direct computations, we deduce
d*A
ap?

0.

= —N(ky + ki)e™ = N*(ky + k).

p=0

Also, by means of the polar representation,

2 2 2 2
r_QrdA)(de)" o fr &AL
dp? A dp? dp A dp?

d*r SR { r dzA}
b0 A dp?

P
Therefore we conclude that

In particular,

> NQ(]CN + kl) > 0.

p=0

|A(p)] >1 for p#0.
Q.E.D.

Now let us denote by p* the positive minimum of {p,} in Lemma 2.1, that is,
p*=min{p, >0|—[(kn +k1)/2+0/7] =1 <v <[(kn + k:1)/2 — 0/7]}.

Our next objective is to determine the value of p*.

8



Lemma 2.4 The value of p* is given by

p:

P-1, 0<9§7T/25
Po, —m/2<6<0.

Remark 2.1 [t is straightforward to check that

~ 2sin((7/2—0)/M)sin (d(m/2 —0)/M)
P = sin (Nd(r/2 — 0)/M)

and

2sin ((m/240)/M)sin(d(n/2+ 0)/M)
Po = T 3
sin (Nd(m/2 + 6)/M)
where M = kny + k1 + 1. Hence we can see

= 2sin ((w/2 = |0])/M) sin (d(7 /2 — |0]) /M)
sin (Nd(m/2 — |0])/M) ’

(2.11)

which coincides with the critical value in Theorem 2.1.

Postponing the proof of Lemma 2.4 to the next subsection, we shall give the proof of
Theorem 2.1.

Proof of Theorem 2.1. If p decreases from 0, then the root A(p) moves outside D?
(Lemma 2.3). It is also seen from Lemma 2.2 and the continuous dependence on p of the
roots that Fy(A) = 0 has at least one root in C\ Int D? as long as p is negative. As a
consequence, p > 0 is necessary for the asymptotic stability of (1.2). Conversely let us
assume p > 0. It follows from Lemma 2.3 (i) and the continuity of the roots in p that if
0 < 0 < /2, then all roots of Fgp(A) = 0 are in Int D? for small p > 0. On the other
hand, in the case of § = 7 /2, Lemma 2.3 (ii), combining with Lemma 2.2, implies that if
p increases from 0, the root A(p) moves outside D? and that Fy(A) = 0 has at least one
root in C\ Int D* as long as p is positive. Thus we conclude that all roots of Fy(A) =0
belong to Int D? if and only if 0 < § < 7/2 and 0 < p < p*. In virtue of the relation (2.2),
it turns out that a necessary and sufficient condition for (1.2) to be asymptotically stable
is that 0 < |0| < 7/2 and 0 < p < p*. Q.E.D.

Thus, 1t remains to prove Lemma 2.4.



2.3 Proof of Lemma 2.4.

Lemma 2.4 holds true in the cases of N =1 and N = 2 (see [5,7]). So it is sufficient to
prove the lemma for N > 3. We shall consider the case 0 < < 7/2, the other case being
similar. The proof will be devided into two steps. Let M be ky + ki + 1.

Step I. |p,| > p_y forv=0,1,2,....
Case (la): Nd(m/2 —0)/M < /2. Note that the following inequality is valid:

in N
T8 <N for wueR. (2.12)
sin u
Since 0 < w, /2 < 7w/2 (v =0,1,2,...), we can see
B ) sin (dw, /2)
pv| = 2|sin(w,/2) sin Ny /2 ‘
2 w 1
> 9.2 Y. 2.13
> 2 — o (2.13)
_ 2(29 + (21/ + 1)7T)
B TMN .
By the assumption (Ia), we have 0 < Nd(—w_1)/2 = Nd(n/2 —0)/M < /2, so that
5 —w_1\ d(—w_1)
2 sin(~w_1/2)sin (d(~w_1/2)) < 9 ' 9
P = sin(Nd(—w_1)/2) = 2 Nd(-w-) (2.14)
2
_ m(—w_1) _ m(m — 26) a
2N 2MN
In virtue of (2.13) and (2.14) we deduce
2 _ 2
P — P 2 (2 +8)6+ (8v 4 —m) >0, v=12 ... (2.15)

2r M N =
It remains to be shown that |py| > p_1. We notice that (2.15) with v = 0 still holds for 8
satisfying 6 > (7% — 4)7 /(2% 4 8). So it suffices to show |py| > p—; in the case where
Pl

2m2 4+ 8
Put p(z) = 2sinz - sindz/sin Ndz. Then p(z) is increasing for 0 < z < 7/Nd. It is also
seen that |po| = p(we/2) = p((0 + 7/2)/M) and p_; = p(w_1/2) = p((7/2 —0)/M).

(i) If (0 + 7/2)/M < w/Nd, it immediately follows from the monotonicity of p(z)
described above that

|pol = p((0 +7/2)/M) > p((7/2 = 0)/M) = p_1.

0 (2.16)

10



(i) If (0 + 7/2)/M > w/Nd, we note that (8 + 7/2)/M belongs between 7/Nd and
27 /Nd. Indeed, by the assumption (Ia) and (2.16), we have

9+7T/2< T 9+7T/2<7T_2i
M ~2Ndrw/2—6~ 8 Nd

and therefore

T - 0+ m/2 - s
Nd M Nd

(2.17)

Moreover we obtain
7T/2—9<27T 9-|—7r/2< T 5 18
M SN M S Na (2.18)

Indeed, we have

M Nd M
S 27 T 72
= Nd Ndn=/2-9
T 12 —n*

= Nd 8

2m 0+ m/2 w/2 —0 B 2m T
Nd M B B

> 0,

by (Ia) and (2.16). In virtue of the property of p(z) that

p(z)] = 2sin x - sindx 2sin (27 /Nd — z) - sind(27 /Nd — z)
Pl = | G N Nd =) | = sin Nd(27/Nd — )

= |p(2n/Nd — z))| for 7/Nd <z < 2n/Nd,
we have

2w 0+ m/2
P\Nd ™ "M

O+ /2
S‘p( M/ )‘:|P0|

by (2.17). Consequently, |po| > p-1 follows from the monotonicity of p(z) and (2.18).
Case (Ib): Nd(m/2 —0)/M > /2. By (2.13) we have

v=0,1,2,.... (2.19)

that is,



We can evaluate p_; as follows:

P p(’/’T’/Q—e):QSiIl(’/’T'/Q—a)/M-sind(,”/Q_9)/M

M sin{m — Nd(n/2 — 0)/M}
2-(n/2—-0)/M -d(n/2 —6)/M
- 2/7rd{7;—Nd(7r/2—9)/M}
= 2M(2M — Nd)
It follows from (2.19) and (2.20) that
Ip| S 2(2v + 1) ' 2M(2M — Nd)
p_1 MN dm?
42v + 1) /2M
- 2 - (Nd - ]>

(1— %) (by M > (N —1)d)

T
420 4 1)

T2

(2.20)

(2.21)

It is clear that |p,| > p_; for v > 4, because N > 3. Now we will prove several claims

below in order to verify the inequality |p,| > p_; in the remaining cases. (We, however,

need adhoc arguments for the case N = 3 since the same arguments do not apply for the

case of N >4.) By (2.21), if N >4, then |p,| > p_; for v > 2.
Claim 1. |py| > p—1 for N > 4.
By Lemma 2.1, |p;| is given by

2 sin (260 + 37)/2M - sind(20 + 37)/2M
sin Nd(20 + 37)/2M ’

Observing that
d(20 + 3m) < 20 + 37 <29+37r o

2M  —2(N-1)~ 6 3
and noting the inequality sinz > 3v/3z /47 for 0 < 2 < 27/3, we have

d(20 4 37) 3v/3 d(20 + 3m)
2M T Ar 2M

S111

so that
2 20+ 37 33 d(20 4 37) _ 27/3d
T 2M Am 2M AM
Combining with (2.20), this means

|1 | S 27V/3d 2M(2M — Nd) _ 27/3 (1 Nd)

p_1 4AM? dm? 2 - 2M
273 N 9v/3
> 1 — > 1
- 2 ( 2(N — 1)) - q2 > b

12



which proves Claim 1.

Claim 2. |po| > p—1 for N > 3.

Since
2w 0+ m/2 B AdaM —aNd —2NdO
Nd M OMNd
Am(2k + 1) + 2n(N — 2)d + Nd(m — 26)

= SMNd >0,

we have (7/2 —0)/M < (6 + n/2)/M < 2n/Nd. A similar argument to Case (Ia) yields
the claim.

Claim 3. |py|, |p3] > p_1 for N = 3.

Setting
d(m+40,) 20
y = d 0, :=
" oM w1
we can see
Ipy| ~|sin (2v 4+ Du, - sin (2v + u, /d sin 3u_;
p_y sin3(2v + 1)u, sinu_y - sinu_y/d

sin (2v 4 1)u,, - sin 3u_4
sin3(2v + 1)u, - sinu_y
sin (2v 4 1)u, /d

sinu_y/d

sin (21/ + 1)71,1,/(1

sinwu_,/d

(2.22)

sin 3u_;

>

Y

3sinu_y

because |sin3z| < 3|sinz| for —7/2 < z < 7/2. Since (Ib) implies Nd > M, it follows
from M > (N — 1)d that 1/2N < d/2M < 1/2(N —1). Putting N = 3, we obtain
1/6 < d/2M < 1/4, so that 0 < u_; < m/4. Noting that the function sin3xz/sinz is

decreasing for 0 < x < 7/4, we have

sin 3u_, sin 3z
>

= 1. (2.23)

sinw_y — SN [p=r/4
Also, by 0 < (2v 4 1)u, /d < 7/2, the estimate

sin (v + Dy /d  2fr- (w4 Du/d _ 22 +1) w241 o,

sinu_y/d - u_1/d T U_q T

holds for v = 2, 3. Hence, together with (2.22) and (2.23), we deduce that

pl o 122 10
p_1 3 m 3

>1, for v=2 3,

which shows the claim is valid.

Claim 4. |p1| > p-1 for N = 3.

13



In the same way as we derived (2.22) we obtain

|p1] sin3uy -sin3u_y | 2(2-141)
Pt sin u; - sin u_;g ' T
6 sin 3uy sin 3u_q
- a sin 9uy sinu_;

where we used the fact that (2.24) holds with v = 1. Since sin3z = sinz - (3 — 4sin®z),
this can be written by

] —4sinu_
ml o 6|3 —dsin g el (2.25)
P_1 T | 3 —4sin® Juy
Moreover, recall that 1/6 < d/2M < 1/4 (cf. Claim 3). We can see
s 0 T 0 (2.26)
6 - 3 <u-og < 4 - 2 .
and
s N 0 <l < T N 0
6 9 - "Sa T
It suffices to show Claim 4 under the assumption that p; is positive. So, we assume p; > 0.
Since
7r+9 3 37r+9 d37r+0 9 97r+39
g Ty ST s Ty M T risTas T
p1 1s positive if and only if sin9u; < 0, i.e., 37/2 + 0 < 9u; < 27. In particular
T 0 2m
— 4+ — —. 2.2
5 T 3 < 3up < 3 (2.27)

Noting that, by (2.26) and (2.27), 3—4sin*u_; > 0 and 3—4sin” 3u; < 0 hold respectively,
we get
|3 —4sin®u_y | — |3 — 4sin® 3u, |

= 6— 4(sin2 t_q + sin? Juy)

> o-afun (F-g) et (F+9)) ey
> 06— 4(sin2 % + sin? %)

= 0.
Inequalities (2.25) and (2.28) show that |pi[/p-1 > 6/m -1 > 1. Thus the claim is proved.

The claims above now completes the proof of the lemma in Case (Ib), and therefore
that of Step 1.

Step II. |p,| > p_1 for v < —2.

14



Case (Ila): Nd(n/2 —0)/M < m/2. Forv< -2, putv=—pu—1(p=1,2,...). Then
w,[2={(0 —7/2) — pum} /M. In a similar way to (2.13), we verify

2

2 2 1 Am/2 — 0+ pum)
- T

N TMN

Wy

2

Furthermore, (2.14) is valid also in this case, so we have

|py| S Am/2 — 0+ pm) IMN 8(m/2 — 0+ m)

p_1 TMN n(m—20) = 77— 20)
T 4.3
= —(1 > 1
7r2( +7T/2—(9)_ 2 -

as desired.

Case (IIb): Nd(m/2 — 0)/M > /2. As in Case (Ila), we have |p,| > 4u/MN for
p=1,2 ... Since (2.20) is valid, we see

|py| S 2M(2M — Nd)  4p

Py dm? "MN
S 8u{2(N —1)d — Nd}
- m2d N
Sy 2

So we find that
o If N >4, then |p,| > p_y for p > 3;
o If N =3, then |p,| > p_1 for p > 4.
Consider the remaining cases.

Claim 5. |p_z|, |p=s| > p—1 for N > 4. It is easily seen that, for v = =2, —3 (i.e., for
p=12),

nl > 2 2 Qu+1)m/2—-60 2d((2u+1)n/2—0)
vl = T M T M
8d  2u+1 2
= Mzﬂz( 2 W_g)
8d 5 8d
> a2 g
Hence
|py| S 8d 2M(2M—Nd,)_16(2 Nd)
p_r . M? dm? w2 M
16 N 32
> E(Q—ﬁ)zgﬁw for v=—2, -3,
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Claim 6. |p_z|, |p—4| > p_1 for N = 3.

Put
. dir—46,) ~ 20
Uy —W and 0# = 21u+1
It then follows, in a similar fashion to Claim 3, that
sin (2,u + 1)?1,“/(1,

sin g /d

|pu| > sin 3t

P-1
for v = —3 and —4 (i.e., for 4 = 2 and 3). Since 0 < d/2M < d/2(N —1)d = 1/4, that
is, 0 < @p < /4, we obtain (see (2.23) ):

sin 3o

3

3sin g

1
> —. 2.29
> (229)

3 sin Ug
Furthermore, we observe
2

sin (2 + D)a,/d _ 2/m - (2 + 1i/d _ 220 +1) G Zou+1)

sin g /d - o/ d T T T

because @, > tg. Together with (2.29), we have

¥ 1 2 1
|p|>—-—(2,u—|—1)23—0>1 for p=2and 3.
T

Pt 3
This proves Claim 6.
Claim 7. |p_3| > p—y for N = 3.
The proof is quite parallel to that of Claim 4. Here we note that tig = u_; and therefore,
from (2.26), 7/6 — 0/3 < 4o < /4 — 0/2 holds, and that @, satisfies 7/6 — 0/9 < @ <
m/4 —60/6. Then, we can verify a similar inequality to (2.28) by using

2 3 0
_7T<3a1<_ﬂ-__ (

) T
3 1 5 Wlth0<9<—)

6
instead of (2.27).

Thus we have proved Step II; the proof of Lemma 2.4 is completed. Q.E.D.

2.4 Asymptotic Stability of (1.1).

Theorems 2.1 and 2.2 are generalized to the system (1.1) of dimension m. Let p;e'% (5 =
1,2, ..., m) be the eigenvalues, denoted with multiplicity, of the matrix A, where p; and
6; (possibly 0) are real numbers and [f;| < /2. Then we can readily verify that the
characteristic equation of (1.1) is given by
LI {V = N 4 e ()} = 0, (2.30)
7=1

Consequently, applying our theorems to (2.30), we get the following:
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Theorem 2.3 The system (1.1) is asymptotically stable if and only if

o (/21051 . (d(m/2—16;])
0<p < kn 4+ k41 kn 4+ k41
J (N2 0] ’
kn 4+ k41

j=1,2

9 g ey

3 Asymptotic periodicity.

Let the delays {k;} (i.e., the value of d) be fixed and regard the components of the
coefficient matrix B as parameters. Then the results in the previous section say that the
stability region of the system (1.2) is, in case (i) (section 1), given by a bounded set in
the (6, p)-plane:

Si={(0,p) €ER*|0<p<p’0<|0] <m/2},

and is, in case (ii), given as a square in the (p;, py)-plane:
Sy ={(p, p2) €ER* [0 < p1, p2 < p5},

where p* and p} are the critical values of Theorems 2.1 and 2.2, respectively.
In this section, we investigate the behavior of solutions of (1.2) when the system
corresponds to a point on the boundary of its stability region. More precisely, we are

concerned with the subsets of 9¥; and 0%,

Iy={(0,p) €dXi|p=p"}

and
Ty = {(p1, p2) € 0% |p1 or poa =pj},

according to cases (i) and (ii), respectively. We shall show that (1.2) is asymptotically
periodic and furthermore give explicit expressions of those periodic solutions.
3.1 Equivalent system.

We will discuss the structure of solutions of the system (1.2). Let {z"} C R, ¢ being
2(kn + 1), be the sequence defined by

n trt.n t_n t._n Lttt 1 1
2" =Ty, e T2 ) = (T Tackys (Tackygrse .., Ta) for om€Zy.
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It follows from (1.2) that

2 = 7f(t:cn+1—/€1v? ey 7‘an+1) - t<t2?’ SR tZchLN’ t<ZZN —A ZJT'Ld))’
so that the system (1.2) is equivalent to the /-dimensional system of the first order:
2" = ]:?z”, ne’Z,, (3.1)

where B is the £ x £ matrix of the form

O L, O ...... ... 0
B= :
: .0
O ... ... ...... 0 I
By By By ... ... By, Iy

and where the components of the last row are 2 x 2 matrices defined as follows:

-B (s=ygd+1,j=0,1,....N —1);
B, =
0O (otherwise).

The structure of solutions of (3.1) is determined by the eigenvalues of the matrix B.
Let O'(E) be the set of eigenvalues of B, and o_, oy and o4 denote the eigenvalues which
belong to the interior, the boundary and the exterior of the unit disk respectively. And
let P:Ct — Dreoouey F(A) be the projection, where E()) is the generalized eigenspace
of B associated with A € o(B). Then the solution z” = B"z% of (3.1) with the initial

0

value 2" is asymptotically equivalent to Pz" in the sense that

|z" — Pz"|| < Ce", n€Zys,

where ¢ is a constant such that max{|A||A € o_} < e < 1 and C is a positive constant
depending on ¢. Note that Pz" is also a solution of (3.1) since P commutes with B.
The solution Pz" is expressed explicitly in terms of a basis of @,¢qou0, F(A) and its
dual. Indeed, let us denote by E*()) the generalized eigenspace of B* = té, the adjoint
of I'A?, associated with A € U(é), that is, £*(X) = U, »1 Coker (A, — ]'A?)” We use the
notation, for a subset W C C*, W+ C (C*)* which means the subspace of covectors that
vanish on W, that is, W+ = {¢p € (CY)*| (¢, ¥) = 0 for all ¢ € W}. Tt is well known that
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E*(\) C E(u)*, for X#p, (3.2)

and

E* 0N EN"={0}. (3.3)
Now let {¢7,... 71/)2(/\)} and {7, .. "¢2(A)} be bases of E*()) and E()) associated with

A€ O'(B), respectively, where n(A) stands for the multiplicity of A. Then (3.3) yields that
the matrix ¥*¢* = (( 3-\, ¢)) is nonsingular, where ¥* and " are n()) x n(\) matrices
given by

Py
1/ :

1

: and Q/\: ( A ,qbi()\)),

LR
respectively. The dual basis of {7, ... ,qﬁﬁm}, say {2, ..., ;ZQ(A)}, is obtained in such a
way that

= (cf,... ,ci(k))llfA =i} -+ Cq{(x)ibﬁ(x)a (3.4)

where (c]j, ey cim) is the solution of a linear equation
(¢fs e seln)* =(0,...,0,1,0,...,0),

where the right hand side is the element in (C”(A))* with the j-th component 1 and the
others 0. Combining with (3.2) this implies that the projection onto E(X) is represented,
via a basis of E()\) and its dual, as > = </>$@Z$+ cee qbﬁ(A);/;ﬁ(A), so that

P= > (@Mi\ -4 ¢2(A)@(A)) ; (3.5)

AEO’QUD’.'.

and hence the solution Pz" is given by

Pm=PB = 3 (0 Byt B (3.6)

AEO’()UO'.'.

In particular, the solution z,, of the system (1.2) with initial values z_j,, z_g 41,
..., g is asymptotically equivalent to the solution pr(Pz"), more precisely, ||z, —pr(Pz")||
converges exponentially to 0 as n tends to infinity, where pr : C=2 x C? — C? is the

projection.

3.2 Distribution of characteristic roots in the critical cases.

In this subsection we consider the characteristic roots of (1.2) in the critical cases men-

tioned in the top of this section. Here the coefficient matrix B of (1.2) is assumed to have
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one of forms below:

f —sinb 1
@opl 0 7m0 wg (PN, wa ().
sinf  cos 0 p 0 p2

Recalling analysis of characteristic roots in the previous section, we can summarize the

distribution of the characteristic roots in the critical cases. We first consider case (1)
When (8, p) € I'y, we have the following (see Theorem 2.1):

Lemma 3.1 Let p = p*. Then the characteristic equalion has simple roots € and e~

on the unit circle and the remainder roots belong to the interior of the unit disk, where

w:= —sgn (0)(m —2|0|)/(kn + k1 + 1).

Remark 3.1 The value of w above is just w_; given in Lemma 2.1 under the condition
0<0<m/2.

In the case of (iit), the characteristic equation is
2
(N +t Xk 4 pT(N)) = 0.

(see A(X) in the previous section.) So, when p = pf, we have the following:

Lemma 3.2 Let p = p. Then the characteristic equation has double roots €' and e~

and the remainder roots belong to the interior of the unit disk, where ' := —7 [(kn + k1 +

1).

In the case of (iid), the characteristic equation is written in the form
(Mt — X () (MY HT = XY 4y T(N)) = 0,

Particularly, for (p1, p2) € 'y, we get:

Lemma 3.3 Let (p1, p2) € I'z. Then followings hold:
(a) If pr = p§ and 0 < py < pi, or 0 < py < p§ and py = p, the characteristic equation

. o it
has simple rools e and e™"

disk.

and the remainder roots belong lo the interior of the unil

(b) If p1 = pa = pjy, the characteristic equation has double roots ¢ and e and the

remainder roots belong to the interior of the unit disk.

Thus we see that, on the boundaries of stability regions, og = {e', e™*} and o, = () for
case (i), and that oo = {ei‘*’l, e_ml} and o4 = () for both cases of (iit) and (iid).
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3.3 Explicit expressions of asymptotic periodic solutions.

By using the results in subsections 3.1 and 3.2, we obtain explicit expessions of asymptotic
periodic solutions of the system (1.2) in the critical cases. In the case of (i), we have the

next theorem.

Theorem 3.1 Let 0 < |0 < w/2 and p = p*. Then the solution z, of (1.2) with initial

values T_gy, Togy41,---,To in R? is asymplotically equivalent to the solution x% given by

N -1
z, = R(nw) ([2 + 'B Z En—jt1 R(k‘jw)>

7=1
N N—j+1
.{xo—l— tBZ Z R (kw) Z R(sw):c_s},
j=1 r=1 s€S(J)
where w = —sgn (0) (7 = 200))/(ky + 1 +1), R(a) = [ ¢ 7% 8(5) = {kvo; +

sin o Ccos &

], ]{?N_]'+2,...,k]\7_]’+1}.f07"']':1,...,N—] and S(N) :{], 2,...,]{71}.

Proof. By Lemma 3.1, o, = () and the characteristic roots on the unit circle consist
of X := €™ and its conjugate X, which are simple. Let ¢; and 1, be an eigenvector and
an eigen-covector of B associated with A, respectively, so that they generates E()) and

E*()), respectively. Direct calculations show that ¢; and ¢ are given by

- ( ! )

and ¢ = (vo, v1,...,Vky) with
premif kv thi=a(] gy, 0<s<d—1,
pre~ Nk R =5 (] L AY(1 ), d<s<2d-1,
pre” O N FRi=s (1 AL N2 (1), 2d < s < 3d — 1,
Vg = . ) (3.8)
p*e—ie)\kNMl—sT()\)(l’ i), (N-1)d<s<kny-1,
(1, 4), s = kn.
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Note that an eigenvector (an eigen-covector resp.) associated with X is given by ¢; (¥,
resp.), because B is real. So {¢1, ¢} is a basis of E(X\) @ E(X) and, from (3.4), its dual
vector is given by {7,51, 2,51}, where ¢, is defined by ¢, = ¥1/{¢1, ¢1). Here we notice

—1

(1, 61) = XN:<)\—I~:N+5( 1_)7US>

s=0
_ N-2
= 2427 N (Y(N JAN® + Iy T(N))
7=0
N .
= 2+ 2p*e_2 Z ki + ( 1)d)/\k1+Jd

N
= 2+2p*€ ZHZ]{N_‘H_l/\ K

j=1

It follows from (3.5) and (3.6) that the projection P : C* — E(X) @ E(X) is written in

the form
P = 11 + 1 ¥,
and that
P2 = (X"gihy + 23" 6y h1)2" = 2{R(\"¢1¢n) } 2°

Hence the solution z, is asymptotically equivalent to z given by

z) = pr(Pz")
[ ATL k‘N 1
=R - . USZ?]
|1+ pre= Z;‘Vzl kn—jp1 A ;) ( —q ) '
)\n N-1 j 7d—1
= R { * —70( Z)\(r—l)d Z )\kN-I-kl_S[\fZ‘S
K j=1 r=1 s=(j—1)d

N kn—1
£IOA S N ) KZ,QNH,
r=1

s=(N-1)d

. 1
where § = 1 4 p*e™" Z;Vﬂ kN_j_l_l)\kJ and K = ( . i . Noting k. = k; + (r — 1)d and

—1

taking ky — s as index instead of s (we denote this new index by the same letter s), we
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have

N
+Z/\k Z,\s Nz _ s) + [xsz}]

A" N N—j+1
= sR[ 5{ x —292 Z e Z MK sz s+[xz,w}]
=1 r=1 s€S(7

Now let 22 = (&, ns) and (s = & + in; forSZO,...,kN. Since
G
—? 1 773 _ZCS
N—j+1
= l/\{*_zai i/\k Z)‘S( C.kN—s )—I—( QikN )H

Jj=1 r=1 SES(J) _ZGkN—s _ZCkN
_ [ R
= %C ,

where ( is the complex number given by

we have

N N-—j+1

=2ty Y > Nlies F G}

=1 r=1 SED

By virtue of the real representation of C, z} is written by

N N-j+1
o e Y s Y (AR + E b
=1 r=1 SEb )

o

where p : C\{0} — GL(2,R) maps a complex number a+:/ into the matrix ( ; P ) .

Since p(p*e™) = 'B, we deduce

N -1
zi = R(nw) <]2 + 'BY kn_jy R(kﬂ.u))
7=1
{ N N—j+1

'BY Y Rbw) ¥ Rlsw) e+, |

j=1 r=1 SES(J)
N —1

i=1
{ N N—j+1

tBZ Z R (kw) Z R(sw)x_s+x0}.

j=1 r=1 s€S(5)
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This proves Theorem 3.1. Q.E.D.

Remark 3.2 Ifw = —sgn (0) (7 — 2|0|)/(kn + k1 + 1) is rational, i.e., § € 7Q, then a7,
is a pertodic solution of (1.2). On the other hand, if w ¢ ©Q, the w-limit set of x},, and

therefore of x,, is the circle at the center 0 with radius

N N—j+1
HD_l{;L'O + tBZ E R (k,w) Z R (sw) w_s} ,
=1 r=1 s€S(4)

D being I, + 'B Zj\le ky_jt1R(kjw). In any case every solution approaches a bounded
solution depending linearly on ils initial values. In particular the zero solution of (1.2) is

stable in the critical case of p = p*.

To the contrary, in the case of (iit), the zero solution of (1.2) is unstable when p

coincides with the critical value p§ of Lemma 3.2. More precisely, we have:

Theorem 3.2 Suppose that the condition p = pj holds in the case of (iit). Then there

exists a solution of (1.2) which diverges as n — oco.

Proof. We know by Lemma 3.2 that oy = () and oo = {)\o, Ao}, Where ) := e is a
double root. It is easy to see that dim Ker (Agl,, — B) =1, so that E(Xg) is generated by

an eigenvector ¢} and a generalized eigenvector ¢}, such that
Bél, = ¢ + Mg (3.9)

Similarlly, we observe E*(Xg) = span{¢}, ©}}, where | and i}, are an eigen-covector and

a generalized eigen-covector, respectively, satisfying

WL B = !+ Agihl. (3.10)
Since )
and also since <B¢g, 1) = (), ¢iB> = Ao(¢y, 1), we see that (¢}, ¥]) = 0. A similar

argument yields (¢, ¥]) = (¢}, ¥}). In virtue of the argument in subsection 3.1, we find

(¢, ¥1) = (&, ¥3) # 0. From (3.4), the dual basis {7, 17} of {¢}, ¢} is given by

)
U e e T e M gt G
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Also we note that F(Xg) = span{¢}, 5} and that {17, 15} gives the dual basis of {¢], ¢5},
since B is real. So, from (3.5) and (3.6)
P2 = (S0 + ¢ + G107 + G 05 B2
= 2AR(SY] + G5} B2,

where P : C! — E(X) ® E(X) is the projection. Since ¢/ B™ = Amp! and ¢4B" =
nAy~ et 4+ A3y, it follows from (3.11) that

_¢I’¢I>)\n+< /’,L/)I>n)\g—1
P2 =9 §R{ < 2 2/ 0 ’ 2 1
[ (D1, Ya)(dh, 1)

e

n A'n
+ : 0 / /+ : 0 / /}‘| 0'
G o Y oy
Consequently, we deduce that if initial value z° satisfies pr(¢}}z°) # 0 (the components

of ¢} and ¢{ will be given in the proof of the next theorem), ||pr (Pz")||, and hence ||z,]|,
diverges as n — oo. The proof is completed. Q.E.D.

Finally, we consider the asymptotic behavior of solutions of (1.2) on the boundary
of its stability region in the case of (iid). In the following, the notation F;; means the
2 x 2matrix with (7, j)-component 1 and the others 0.

Theorem 3.3 Suppose that (p1, p2) € 'y in the case of (iid). Then the solution w,,
starting from initial values x_j, x_py1,...,To, salisfies the following:
(a) If p1 = p§ and 0 < py < p, then the solution x, is asymplotically equivalent to the

periodic solution x()) expressed by

N -1
2By, R(nw) <12 Ly kN_jHR(kjw'))

i=1

N N—jt1
.{E11w0+p82 Z R(k,w'") Z R(sw’)Eu:L'_s},

=1 r=1 s€S(7)
where w' = —m [(kn + k1 + 1).
(b) If 0 < p1 < p§ and p; = p§, then x, is asymptotically equivalent to the periodic

solution x{?) expressed by

N -1
2E22R(nw,> <[2 -|— pz; Z kN—j-I—l R(k]wl>)

i=1

N N-—j+1
'{Ezﬂo—}-pgz Z R(k,w'") Z R(sw')me_s}.

=1 r=1 sES(j)
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(¢) If p1 = pa = p§, then x, is asymplotically equivalent to the periodic solution () 4 2(2),

In particular, the zero solution of (1.2) is stable.

Proof. (a) By Lemma 3.3(a), 0o = {0, Ao} (Ao : simple) and oy = (). Tt is easy to see

[ 1

= ( 1 ) (3.12)
0
1
(+)
generates K()g). We denote this by ¢ since this vector is an eigenvector associated with
Ao in the proof of Theorem 3.2 as well. We also note that ) = (v('), v, .. ,v,’CN) with

that a vector given by

PENNTRI=S(1, 0), 0<s<d-—1,
P T (L AG) (1, 0), d<s<2d-1,
PEAI TR (1 A+ A2 (1, 0), 2d <s<3d—1,
v, = : : (3.13)
PENY TR T (M) (1, 0), (N—1)d <s<ky—1,
(1, 0), s =ky

generates E*(X). So, the dual of ¢ is given by % = /(¢ "), which gives the
projection P : C* — E(Xo) ® E*(Xg) as P = <f)'17;1’ + &P, so that from (3.6)

P2" = (6] + G ) B2 = 2 (R(NGoLd)="))
Noting that
al k
So = (, ¥Y) =1+ 05 3 knv-j Ao

7=1
we see
zh = pr(Pz")

n

n kn 1
= 2R Ao - Z(O)v;zg]

I+ p§ Z_]jv:1 k’N—j+1 /\0] s=0
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)\3 N-1 j L o
SR i

N k1
N AgEnng_s) + Enz,SNH

r=1 s=1

)\g N N—j+1 .
= 2§R I:(S_ <E11$0 +p82 Z /\OT Z A8E11$_8>].
0 7=1 =1

s€5(j)

By using the identity
R(vz) = Fnip(y)Eriz + Eaap(y)Eazz, for v € Cand z € R?,

we find that

N -1
= 2F; R(nw') <[2 + p Z En—js1 R(kjw’))

i=1

N Ne—j+1
.{Euxo+pgz S Rkw) Y R(k;sw’)Eu.r_s},

=1 r=1 sES(j)

which completes the proof of (a).
(b) In this case it is easily verified that F(\g) = span {¢{} with

e [ O

Py = 0 :
70

0

1

and that F*()) is generated by the following covector ¢} = (1)6’, IR UIZN) with

pENENTRI=(0, 1), 0<s<d—1,
pENENFTR=S (1 1 Ad) (0, 1), d<s<2d—1,
PENY RS L AL 4 A2 (0, 1), 2d < s<3d—1,

Pede™ T (X0)(0, 1), (N=1)d <s<ky—1,
(07 1)? s =kn,
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where we used the notation | since it is the same as in Theorem 3.2. The rest of the
proof is quite analogous to the preceding one.

(¢) If p1 = p2 = pjj, then it is observed that span{¢}, ¢/} C Ker (Aol — .»21) Hence,
Lemma 3.3(b) shows E(Ag) = span {¢], ¢{}. Similarlly we deduce that E*(Xg) = span {1, ¥}
Thus, the projection P : C* — E(X\g) & E*(Xo) is expressed as P = qb’lgli’ + ¢ ~1 with
7])1 =1 /(¢], ¥}). Consequently,

= 2 [R{OGpr($0720)}] + 2 [R {gpr(6]02)}]

n .

The proof is completed. Q.E.D.

As an application of Theorem 3.3, we can see the asymptotic periodicity of the scalar
equation (1.3);
N
Unpr — U + P D Upg; =0,
=1
and obtain explicit expressions of periodic solutions appearing in the critical case. We
know that (1.3) is asymptotically stable if and only if 0 < p < pg ([9], or Theorem 2.2).

In the case of p = pf, we have the following corollary.

Corollary 3.1 Let p = p hold in the equation (1.3). Then the solulion w, with initial
values u_gy, U_kyt1,--.,u0 € R is asymplolically equivalent to the periodic solution u)
expressed by

N

2
ut = a{( cosnw' + py Z kn_j+1 cos (n — kj)w')ug

i=1

N
+ p Z'(cos (n+ k. + s)w'" + pg Z kn_gt1cos(n+ k. —k, + s)w')u_s},

g=1
where W' = —mw[(kn + k1 + 1),
N N
& =1+2p Z kn_js1 coskjw' + pi? Z kn_jyrkn_gsr cos (k; — kg’
J=1 Jiq=1
and the summation Y is carried out by the indices j, r and s which run over the ranges

j=1...,N,r=1,....N —j5+1 and s € S(j), respectively.

Outline of the proof. It is obvious that w, approaches the first component of the

solution given in, for instance, Theorem 3.3 (c), i.e., that of xg), with initial values z_; =
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"(u—s, 0), s =0,..., ky. In this setting,

N -1
<12 + 15 ) kN R(kjwl)>

=1
N N
* ! * . /
1+ PoZkN—jH COS k]w pOZkN—j+1 Sin k]w
o 51 N N 9
* . ! * ,
—pOZkN_j_,_l sinkjw’ 1 +PoZkN—j+1 cos kjw
=1 j=1

and hence we have

N -1
5, (12 T R(kjw')>

i=1

N N—jt1
.{E11x0+pgz Z R(k,w'") Z R(sw')Eux_s}

=1 r=1 s€S(7)

N
(1 + g Z kn—j41 cos kjwl)uo

=

= N
—Po Z kn_jv1sink;w’ - ug

=

N
Po Z '{ cos (k, 4+ s)w' + pg Z kn_gy1 cos (k. — Kk, + s)wl}u_s

9=1

+ N
po 32 ' {sin (i )’ 4 5 3 ko sin (e — by + 5) b
g=1

The expression of z{!) in Theorem 3.3 shows the desired asymptotic form of the solution

Up. Q.E.D.
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