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1 Introduction.

Consider the linear difference system including N delays

N
Yni1 = Un +AD Ynp, =0, neZ,={0,1,2,...}, (1.1)

j=1
where A is a real m x m constant matrix and the delays k; (j = 1,..., N) are positive

integers satisfying the conditions k; < ko < --- < ky. Here we assume that the sequence
{k;} is arithmetic, that is,

ki =ki+d,  j=12... N—-1

hold for some nonnegative integer d. We are concerned with the asymptotic stability of
the system (1.1). Furthermore, we are concerned with the asymptotic periodic behavior
of solutions when the system meets some critical conditions. Here we call that a linear
system is asymptotically stable if all solutions of the system approach the zero solution
as n tends to infinity.

By an appropriate linear transformation, we can obtain from (1.1) a system whose
coefficient matrix is given in a Jordan form. Thus it is sufficient to discuss the problems

above for the two-dimensional system

N
Tpy1 — Ty + B an—kj =0, nez,y, (1.2)

=1

where B is a 2 x 2 matrix given by either

) cosf@ —sinf or (i) pLq
b sin ¢ cos 0 po
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with real constants p, 6, pi, p2, ¢, and 0 satisfying 0 < |6| < 7/2.

Recently, Matsunaga and Hara [5] (in the case of N = 1) and then the author [7] (in the
case of N = 2) obtained necessary and sufficient conditions for (1.2) to be asymptotically
stable. Their results can be viewed as generalizations of the well-known criterion due
to Levin and May [4] (see also [3,10]) for the scalar difference equation which originally

appeared in mathematical biology:
Upy1 — Uy + PUp_j = 0, ne,.

Also, Ogita et.al.[9] considered the scalar equation corresponding to (1.2):

N
Upy1 — Up +pZun_kj =0, neZ, (1.3)
j=1
and gave a necessary and sufficient condition for the asymptotic stability, when {k;} is
arithmetic.

The first purpose of this paper is to establish necessary and sufficient conditions for
(1.2) to be asymptotically stable, which are described explicitly in terms of the components
of B and the delays {k;} and our results extend ones mentioned above [4,5,7,9].

In addition, we investigate the behavior of solutions of (1.2) in the critical case where
the system loses its asymptotic stability. In such a case, numerical simulations seem
to show that every solution approaches some periodic solution depending on its initial
data as n tends to infinity. Actually, the author [8] proved such an asymptotic periodic
behavior of solutions of (1.2) with N = 1, and obtained explicit representations of those
periodic solutions in the critical case. Related to this kind of problem, Matsunaga et. al
[6] studied the asymptotic periodicity and the asymptotic constancy for a certain type of
linear difference systems with one delay. The second purpose of this paper is to discuss
the asymptotic periodicity of (1.2) for general N when the system is critical in the above
sense.

This paper is outlined as follows: In section 2 we state our main results for asymptotic
stability, give their proofs and also discuss the asymptotic stability condition of (1.1). In
section 3 we prove that solutions of (1.2) show asymptotic periodic behavior in the critical

case and moreover we give explicit expressions of those periodic solutions.

2 Asymptotic stability.

In this section we shall establish necessary and sufficient conditons for (1.2) to be asymp-

totically stable. We note the fact that a linear difference system is asymptotically stable



if and only if all the characteristic roots of the system lie in the interior of the unit disk
D? c C for the complex plane C .

2.1 Statement of the results.

Our main results on asymptotic stability are the following.
Theorem 2.1 Suppose that the matriz B is given by (i). Then the system (1.2) is asymp-
2— 2 —
yo (/2101 Y (dlx/2— 10
kny +k+1 kv + ki +1

) (Nd(w/z - !9!)>

En 4k +1

totically stable if and only if

0<p<

Theorem 2.2 Suppose that the matriz B is given by (ii). Then the system (1.2) is
asymptotically stable if and only if

2 sin i sin dr
Q(ka+k51—|-1) 2(]{5N+k1+1)

sin Ndr
2(kny + k1 + 1)

Theorems 2.1 and 2.2 are extensions of the results cited in the previous section.

0<pi,p2<

The characteristic equation of (1.2) is given by
A(N) = det (A = M) 1, + T(A)B) =0, (2.1)

where [, is the identity matrix of degree 2 and 7'(A) is a polynomial of degree (N — 1)d
defined by T'(X) = LN M.
We discuss the asymptotic stability of (1.2) in the case that B is of the form (i), since

similar arguments hold for the other case. In this case, the characteristic polynomial is

NevFL_ NFN T (N) cos 6 —pT(\)sind
A(A) =
pT(\)sin @ NENFL— NEN 4 pT(N) cos 0

= { N AR 4 pT () cos 0} + {pT(\) sin 0}?

— ALY T LN L — R pT(A)e )



Put Fp()\) := M+t — 2y 4 pT(N)e?. Then we can see A(\) = Fp()\) - Fy(\), which
implies that

ATN0) = F MOV U, 1(0) and (FL)}(0) = F, ' (0).

As a consequence, we have

ATH0) = Fp' (0) U Fp (0). (2.2)

The analysis of characteristic roots is reduced to that of the roots of the equation Fyp(\) = 0
with 0 < 6 < 7/2.

2.2 Analysis of characteristic roots and proof of Theorem 2.1.

We observe the values of p which admit a root of Fy(\) = 0 on the unit circle S = 9D?.
Obviously, when p = 0, the roots of Fy(A) = 0 consist of 0 (multiplicity ky) and 1 (simple).

Admissible values of p, other than 0, are determined exactly in the following lemma.

Lemma 2.1 Fy()\) =0 has a root on S* if and only if p is one of {p,} defined by

B L.sin(w, /2) sin(dw, /2)
P =(=1) sin(Ndw, /2)

20+ (2v+ 1)w

kn + ki +1
[(kx +k1)/2 —0/7], and [-] denotes the greatest-integer function. Moreover, for each p,,

where w, = with v=—[(kn + k1)/24+0/7] —1,..., =1,0, 1, ...,

Fy(A\) = 0 has only one root \, = e™» on S, which is simple.

Proof. Let \ € S satisfy Fy(\) = AL — N 4 pT'(N)e? = 0. We note that T'(\) does
not vanish for such a A and we have

AT 2.
P () (23)
In virtue of X = 1/X and T(1/\) = T(A)/AN =14 the conjugate of (2.3) is written by

LA A (1)) (- )
P= T1/N) T NF=NDAT () T ARHT(A)

(2.4)

It follows from (2.3) and (2.4) that \evTRitl = 2 which yields

A=)\, = e where W, = 20+ (v + Dm
kEy + ki +1




Under the condition —7 < w, < 7, the index v runs over the range

V:_[(kN+k1>/2+9/7T] _17"'7 _17 Oa 17 SRR [(kN+k1)/2_0/7r]
Also the value of p with Fy(\,) = 0 is determined by (2.3) as follows: If X4 #£ 1,

LD = A2 - A
PO T TOREIONT D) T e, DT (ykart 2oy k)

<€iwy/2 . e—iwu/2>(eidwy/2 . e—idwy/Q)
eH{(kn+(d+1)/2))w, =0} 1 e—i{(kn+(d+1)/2)w,—0}

sin(w, /2) sin(dw, /2)
cos{(2ky +d+ 1w, /2 — 0}

By noting that

(2kN+d+1)%—0 - (kN+k1+1+Nd)%—6
2v+1 Ndw,

- Ty Tt

we have
Lasin(w, /2) sin(dw, /2)

v = (—1)"2 -

pe= (=1 sin(Ndw, /2)
If \d =1, then T(\,) = N and dw, = 2(r for some integer ¢ with |¢| < d/2. Hence from
(2.3) we have

(2.5)

AﬁNH/Q()\iﬂ _ )\;1/2)

e N .
= —Qiei{(kN-&-l/Q)wl,_g}M.
It is easy to see that
(ko 5 Yoo = 0= (kv 5 ) 2 =0 = (v = 1y 4 22T
Nt 5w = (kv + 5 )~ _ _ 2 |
so that "
L, = (—1 u+(N_1)52 w
Py = (—1) =k

which may be regarded as a special case of (2.5) by setting dw, = 2{m, because the
function sin 2/ sin Nx has a unique continuous extension to the whole real line.

Now, let us verify that each ), is a simple root. It is easily seen that if p = p,, then

OFy(N)
o\

T'(\)
T(h)

= (i + DA — A = (= )
A=Ay



because Fy(A,) = 0 with p = p,. Assume that dFy(\)/OA[x=, = 0. Then, we have

Mot
G\) = (kxy + DA, — by — (A2 — AV)W = 0. (2.6)

Taking its conjugate and multiplying \,, we also see

HN) == MG

N-2(N — j — 1)drid-! (2.7)
= ky +1—kyh, — (N, — \2)=2=0 A
N+ N ( 2) TOu) 0,

where we used again T(\) = T(\) /AN~ for X € S*. Therefore it follows from (2.6) and
(2.7) that

A — 1
() W7 DT (2.8)

= (kv +E+1)(N\ —1)=0,

G\ — HON) = (2ky+1)(0, — 1) —

which is impossible since A\, # 1. Thus we deduce 0Fy(A\)/O\ [x=x,# 0. This implies that
Fy()\) maps a neighborhood of A = A, diffeomorphically onto a neighborhood of 0 in C,
which shows that A, is simple, as desired. Q.E.D.

We next discuss how the roots on S! of Fp(\) = 0 behave when the parameter p
is perturbed. For this, let A,(p) denote the root of Fp(A) = 0 around p = p, satisfy-
ing A,(p,) = A. (It is clear from Lemma 2.1 that A,(p) depends continuously on p.)
Analogously, we denote by A(p) the root around p = 0 with A(0) = 1.

On the behavior of A, (p) near p,, we have:

Lemma 2.2 For small |p — p, |, the absolute value | A, (p) | increases as | p| increases.

Proof. We regard Fy as a function on C? and denote
Fy(p, \) = XL\ T (N)e®.

It is obvious that Fy(p,, A,) = 0 and, as in the proof of the previous lemma, that

0Fy

ﬁ(pw /\1/) 7£ 0.

Then, implicit function theorem assures that A, (p) is holomorphic around p = p,. Par-

ticularly, from the identity Fy(p, A,(p)) = 0, we see that

dA,, . _6F9/8p
dp N 8F9/8)\

(2.9)
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holds for small |p — p,|.
Furthermore, by the polar form A, (p) = re™, it is also represented as

dh, _ 0N, _ A, (9r . 0w
dp _oRp  r \awp  "owp)

Hence restricting p within the real values, we have

dr r dA, r 1 0F, 0F,
— =R — = _—oers 2.1
dp {A,, dp } ]8F9/6>\\2§R{ A, Op O } (2.10)
by (2.9). By
OF, ; ; 1 N N
879 =€ OT(A) |)\=Ay(py) =€ QT()‘V) = —— (AT =),
P {p=p, v
and OFp/OA|,_, = \N"'G(),), we have
1 0F, 0F, A, —1 A, —1
—_— = G(\) = H(\),
A, Op OA 2 ) PuAy )
and hence
1 0F, 0F, 1 (A -1 A, — 1
X a9 ay N )\l/ )\1/
{AyapaAH:py 2{;% ) = G )}
A, —1
= —H
(G0 ~ HO))
_ (kN‘l‘k?l‘f‘l)’)\V_l’Q

2p,

by (2.8). This, together with (2.10), implies

dr
— -sgnp > 0,
dp p=pv
which shows that » = |A,(p)| is an increasing function of |p| around p = p,. Q.E.D.

With respect to the behavior of the root A(p) satisfying

we have the next lemma.



Lemma 2.3 For small |p|, followings hold:
(i) If 0 <0 < 7/2, then (|[A(p)] — 1) -sgnp <0 for p#0.
(ii) If 6 = /2, then |A(p)| > 1 for p #0.

Proof. (i) As in the proof of Lemma 2.2, we can verify

dA :_8F9/8p’ N
Pl OFs/ON| G no ) 7
and hence
il %{TCZAH — R(—Ne)
dp p=0 A dp p=0

= —Ncosf <0 for 0<6<m/2.
It follows from A(0) = 1 that

(JA(p)| = 1) -sgnp <0 (p#0).

(i) 0 = 7/2 implies dr/dp|,_, = 0. We shall check the sign of d*r/dp?| _,. From
Fy(p, A(p)) = 0, it follows that
OFy  , O°Fydh 0T, (dA) OFy A _
Op? OpoXdp ~ O0X% \ dp o\ dp?
By using direct computations, we deduce
d*A
dp?

= —N*(ky + k1)e™ = N*(ky + k).

p=0

Also, by means of the polar representation,
2 2 2 2
Er_gfrdAl (AN g frdA L
dp? A dp? dp A dp?

2
S
p=0 Adp

Therefore we conclude that

In particular,
d’r

dipz 2N2(l€N+k1)>0.

p=0

|A(p)] >1 for p#0.
Q.E.D.

Now let us denote by p* the positive minimum of {p,} in Lemma 2.1, that is,
p*=min{p, > 0| — [(kn + k1)/24+0/7] — 1 <v <[(kn + k1)/2 — 0/7]}.

Our next objective is to determine the value of p*.
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Lemma 2.4 The value of p* is given by

P-1, O<6§7T/27

Po, —7T/2§9<0

Remark 2.1 [t is straightforward to check that

_ 2sin ((w/2 —0)/M)sin (d(n/2 —0)/M)
sin (Nd(mw/2 —0)/M)

P-1
" 2 ((x/24 0)/M)sin (/2 + 6)/ )
sin (Nd(r /2 + 0) /M) ’

where M = ky + ki1 + 1. Hence we can see

. _ 2sin((m/2 — |0])/M)sin (d(7/2 — |6])/M)

sin (Nd(r/2 — |0])/M) ’ (2.11)

which coincides with the critical value in Theorem 2.1.

Postponing the proof of Lemma 2.4 to the next subsection, we shall give the proof of
Theorem 2.1.

Proof of Theorem 2.1. If p decreases from 0, then the root A(p) moves outside D?
(Lemma 2.3). It is also seen from Lemma 2.2 and the continuous dependence on p of the
roots that Fy(\) = 0 has at least one root in C\ Int D? as long as p is negative. As a
consequence, p > 0 is necessary for the asymptotic stability of (1.2). Conversely let us
assume p > 0. It follows from Lemma 2.3 (i) and the continuity of the roots in p that if
0 < 6 < 7/2, then all roots of Fy(\) = 0 are in Int D? for small p > 0. On the other
hand, in the case of § = /2, Lemma 2.3 (ii), combining with Lemma 2.2, implies that if
p increases from 0, the root A(p) moves outside D? and that Fp(\) = 0 has at least one
root in C\ Int D? as long as p is positive. Thus we conclude that all roots of Fy(\) = 0
belong to Int D? if and only if 0 < # < 7/2 and 0 < p < p*. In virtue of the relation (2.2),
it turns out that a necessary and sufficient condition for (1.2) to be asymptotically stable
is that 0 < |0] < 7/2 and 0 < p < p*. Q.E.D.

Thus, it remains to prove Lemma 2.4.



2.3 Proof of Lemma 2.4.

Lemma 2.4 holds true in the cases of N =1 and N = 2 (see [5,7]). So it is sufficient to
prove the lemma for N > 3. We shall consider the case 0 < § < 7/2, the other case being
similar. The proof will be devided into two steps. Let M be ky + ki + 1.

Step L. |p,| >p_qiforv=0,1,2,...
Case (Ia): Nd(w/2 —60)/M < m/2. Note that the following inequality is valid:

sin Nu

, <N for ueR. (2.12)
sinu

Since 0 < w, /2 <7/2 (v =0, 1, 2,...), we can see

sin (dw, /2)
sin Ndw, /2

2 w,

S 9. LW 1 2.13
> 2 — (2.13)

2(20 + (2v + 1))
TMN '

By the assumption (Ia), we have 0 < Nd(—w_1)/2 = Nd(n/2 —0)/M < m/2, so that

’pul =

sin (w, /2)
1

—w_1\ d(—w_1)
2 sin(—w_1/2) sin (d(—w_1/2)) < 2 ( 2 ) . 2

p-1 = sin(Nd(—w_1)/2) - 2 Nd(-w-1) (2.14)
s 2
 w(~woy)  w(m—20)
2N 2MN
In virtue of (2.13) and (2.14) we deduce
2 2 4 — 2
| —py > GE SO B A=)y (2.15)

2rM N -7
It remains to be shown that |py| > p_1. We notice that (2.15) with v = 0 still holds for
satisfying 0 > (72 — 4)7 /(272 + 8). So it suffices to show |py| > p_; in the case where

2
0 < 27;2;48 . (2.16)
Put p(z) = 2sinx - sindz/sin Ndz. Then p(z) is increasing for 0 < 2 < w/Nd. It is also
seen that [po| = p(wo/2) =p ((6 +7/2)/M) and p_1 = p(w_1/2) = p((7/2 —0)/M).
(i) If (0 +7/2)/M < w/Nd, it immediately follows from the monotonicity of p(x)
described above that

[pol = p((0 +7/2)/M) > p((n/2 = 0)/M) =
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(ii) If (0 + 7/2)/M > w/Nd, we note that (6 + 7/2)/M belongs between 7/Nd and
27 /Nd. Indeed, by the assumption (Ia) and (2.16), we have

9+7r/2< T 0+7/2 _ 71 m
M S2Ndn/2-6- 8 Nd'

and therefore
T 0+w/2 2w

Na~ M S Na

(2.17)

Moreover we obtain 29 5 04 1/2
T/2 — T T T
v <NiT . S<nNa (2.18)

Indeed, we have

Nd M M Nd M

27 T /2

= Nd Ndr/2-0

2

(27‘(‘ 9+7T/2>_7T/2—0 2w

T 12—

> D
- Nd 8

> 0,

by (Ia) and (2.16). In virtue of the property of p(x) that

p(2)| = 2sinx - sindx 2sin (27 /Nd — z) - sind(2n/Nd — x)
P = i Nd(2n/Nd — z) sin Nd(2w/Nd — x)

= |p(27r/Nd — x))| for 7/Nd <z < 27 /Nd,
we have

(355 < (52 -

by (2.17). Consequently, |po| > p_; follows from the monotonicity of p(z) and (2.18).
Case (Ib): Nd(m/2 —0)/M > 7/2. By (2.13) we have

L 22v+ 1)

v 3 :0,1,2,.... 219
nl = =5 (2.19)

Since M =2k; +1+ (N —1)d > (N — 1)d and N > 3, we have
m Nd /7 N ™ 3w
Ay N s m
2 M \2 N—-12 4

that is,



We can evaluate p_; as follows:

b1

B /2 -0\  2sin(7/2—0)/M -sind(r/2 —0)/M
- P\TM )T sin{r— Nd(r/2 - 0)/M}
2-(w/2—0)/M-d(n/2 —0)/M
~—  2/n{r—Nd(n/2—-0)/M}
dr?

< .
= 2M(2M — Nd)

It follows from (2.19) and (2.20) that

Pl 202v+1) 2M(2M - Nd)

p-1 MN dm?

_ 42v+1) <2M 1>
N w2 Nd

> 4(2”2“)@—;). (by M > (N —1)d)

™

(2.20)

(2.21)

It is clear that |p,| > p_y for v > 4, because N > 3. Now we will prove several claims

below in order to verify the inequality |p,| > p_; in the remaining cases. (We, however,

need adhoc arguments for the case N = 3 since the same arguments do not apply for the
case of N > 4.) By (2.21), if N > 4, then |p,| > p_; for v > 2.

Claim 1. |p1| > p_y for N > 4.

By Lemma 2.1, |py| is given by

Observing that

2 sin (20 + 37)/2M - sind(20 + 37)/2M
sin Nd(20 + 37)/2M

d(29+37r)< 20 + 3w <29+37r<2i
oM “2N-1)- 6 - 3

and noting the inequality sinz > 3\/§x/47r for 0 < x <27/3, we have

so that

d(20 +3m) 3v/3 d(260 + 3)
oM T 4Am 2M

Sin

| ‘>2.329+37r‘3\/§d(29+37r)>27\/§d
PU==2""""0M ar T oM T A

Combining with (2.20), this means

21N 27V/3d 2M(2M — Nd)  27V/3 N
p_1 4M? dm? o2

2M

v

Y

27@(1—2( N >>9\/§>1

2 2



which proves Claim 1.

Claim 2. |pg| > p_y for N > 3.

Since
2r 0+7/2  AnM —aNd—2NdY
Nd M N 2MNd
Aw(2ky + 1) + 27(N — 2)d + Nd(m — 26)

- M Nd >0,

we have (7/2 — 0)/M < (0 +7/2)/M < 2n/Nd. A similar argument to Case (Ia) yields
the claim.

Claim 3. |ps|, |ps| > p—1 for N = 3.

Setting
v = — d 0,/ =
! o 20+ 1
we can see
lp,|  |sin(2v+1)u, -sin (2v + 1)u,/d sin 3u_q
P sin3(2v + 1)u, sinu_q -sinu_q/d
| sin(2v+1)uy, -sin3u_y | |sin (20 + 1)u, /d (2.29)
~|sin3(2v + 1w, - sinu_y sinu_y/d '

sin (2v + 1)u, /d
sinu_y/d

sin 3?1_1

>

Y

3sinu_q

because |sin3z| < 3|sinz| for —7/2 < x < 7/2. Since (Ib) implies Nd > M, it follows
from M > (N — 1)d that 1/2N < d/2M < 1/2(N — 1). Putting N = 3, we obtain
1/6 < d/2M < 1/4, so that 0 < u_; < 7/4. Noting that the function sin3z/sinx is
decreasing for 0 < x < 7 /4, we have

sin 3u_1 S sin 3x

: > = ~ 1. (2.23)
SIn U_—1 SIMT |z=n/4

Also, by 0 < (2v + 1)u, /d < m/2, the estimate

sin (2v + 1w, /d S 2/m- Qv+ Nu,/d  2Q2v+1) wu, - 22v +1)
sinu_y/d - u_1/d B T U_q T

(2.24)

holds for v = 2, 3. Hence, together with (2.22) and (2.23), we deduce that

Ipu| >l.1‘2(2y+1)>170
p_1 3 s — 3

>1, for v=2 3,

which shows the claim is valid.

Claim 4. |py| > p_; for N = 3.
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In the same way as we derived (2.22) we obtain

|p1] sin3uy -sin3u_y | 2(2-141)
pj sin 9u; - sinu_y . s
6 |sinduy sin 3u_q
1 |sin Yuq sinu_q

where we used the fact that (2.24) holds with v = 1. Since sin3z = sinx - (3 — 4sin®z),
this can be written by

— 1 2
Pl 6 |3 dsin (2.25)
D1 m | 3 —4sin” 3uy
Moreover, recall that 1/6 < d/2M < 1/4 (cf. Claim 3). We can see
T 0 T 0
— = <u_; < —— = 2.26
6 3 "' UTo (2.26)

and

T 0 e < T4 0
— =<y < —+ —.
6 9 T4 6
It suffices to show Claim 4 under the assumption that p; is positive. So, we assume p; > 0.

Since
7T+0<3 <37T+6 d 37T+0<9 <97T+30
—_ R —_ R a —_ —_ —_
g T3 TS Ty YT VIR
p1 is positive if and only if sin 9uy < 0, i.e., 37/2 + 0 < Yu; < 27. In particular
s 0 2T
— 4+ = <3u; < —. 2.27
SR TR (2:27)

Noting that, by (2.26) and (2.27), 3—4sin®u_; > 0 and 3—4sin? 3u; < 0 hold respectively,
we get
|3 —4sin®u_; | — |3 — 4sin® 3u, |

= 6 — 4(sin®u_; + sin® 3u,)

> 6 - afsin? (7 - Z) +sin? (- + g)} (2.28)
> 6— 4(sin2 % + sin? %)

= 0.
Inequalities (2.25) and (2.28) show that |p;|/p—; > 6/m -1 > 1. Thus the claim is proved.

The claims above now completes the proof of the lemma in Case (Ib), and therefore
that of Step 1.

Step II. |p,| > p_q for v < —2.
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Case (lla): Nd(w/2 —0)/M < 7/2. Forv < -2, putv=—pu—1(u=1,2,...). Then
wy/2=4(0 —7/2) — pr}/M. In a similar way to (2.13), we verify

2

‘pV‘ZQ— Wy
v

2

1 4m/2 =0+ pm)

N TMN

Furthermore, (2.14) is valid also in this case, so we have

Do | - Amn/2 =0+ pur)  2MN >8(7r/2—9—|—7r)

P TMN m(r—20) =  7w%(m—20)
4 ™ 4-3
= —(1 > 1
7r2( +7T/2—(9)_ a2

as desired.

Case (IIb): Nd(w/2 — 0)/M > 7w/2. As in Case (Ila), we have |p,| > 4u/MN for
pw=1,2 ... Since (2.20) is valid, we see

bl 2M(M - Nd) 4p

b1 dn? "MN
S 8u{2(N — 1)d — Nd}
- m2d N
Su 2

So we find that
e If N >4, then |p,| > p_; for u > 3;
o If N =3, then |p,| > p_; for p > 4.
Consider the remaining cases.

Claim 5. |p_s|, |p—3| > p—1 for N > 4. It is easily seen that, for v = —2, —3 (i.e., for
p=12),

] > 2 2 2u+Ym/2-60 2d(2p+1)m/2-0)
pvl = T M T M
8d ,2u+1 2
- ]\/[27r2< 2 W_e)
&d 9 8d
Z a2 g
Hence
p| o 8d 2M(2M—Nd)_§(2_@)
p_1  M? dm? o2 M
16 N 32
> ;( _N—1)237r2>1 for v=-2, -3.
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Claim 6. |p_s|, |p—4| > p_1 for N = 3.

Put
_ d(7r—9#) ~ 20
: and 0, := 1

It then follows, in a similar fashion to Claim 3, that

sin (2 + 1)a,/d
sin g /d

Ipy| > sin 3y

D1
for v = —3 and —4 (i.e., for p =2 and 3). Since 0 < d/2M < d/2(N — 1)d = 1/4, that
is, 0 < 1y < 7/4, we obtain (see (2.23)):

sin 3710

Y

3 sin g

1
> —. 2.29

3 sin g
Furthermore, we observe
2

sin (2 + Di/d 27 - @Qpt Di/d _ 204+ D) &, 2, )
sin @y /d - Up/d m (I 7

because @, > uy. Together with (2.29), we have

¥ 1 2 10
.| > ——2u+1)>—-—>1 for pu=2and3.
P_1 3 7 3T

This proves Claim 6.
Claim 7. |p_s| > p_; for N = 3.
The proof is quite parallel to that of Claim 4. Here we note that @y = u_; and therefore,
from (2.26), 7/6 — 0/3 < 1y < w/4 — 0/2 holds, and that @, satisfies 7/6 —0/9 < @; <
/4 —0/6. Then, we can verify a similar inequality to (2.28) by using
2m 3T 0

~ . T
?<3U1<T—5 (Wlth0<0<g)

instead of (2.27).
Thus we have proved Step II; the proof of Lemma 2.4 is completed. Q.E.D.

2.4 Asymptotic Stability of (1.1).

Theorems 2.1 and 2.2 are generalized to the system (1.1) of dimension m. Let p;e®i (j =
1, 2, ..., m) be the eigenvalues, denoted with multiplicity, of the matrix A, where p; and
6, (possibly 0) are real numbers and |#;| < m/2. Then we can readily verify that the
characteristic equation of (1.1) is given by

11 {)\kN+1 _\kw +pjei91T()\)} = 0. (2.30)

j=1

Consequently, applying our theorems to (2.30), we get the following:
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Theorem 2.3 The system (1.1) is asymptotically stable if and only if

9 gin m/2 — 10, <in d(m/2 —|0;])
ky + k41 ky + k41
Nd(m/2 — |8 ’
sin< (m/ |]|)>

kn + ki +1

0<pj< =1,2,...,m.

3 Asymptotic periodicity.

Let the delays {k;} (i.e., the value of d) be fixed and regard the components of the
coefficient matrix B as parameters. Then the results in the previous section say that the
stability region of the system (1.2) is, in case (i) (section 1), given by a bounded set in
the (0, p)-plane:

r={(0,p) eR*[0<p<p" 0<|0] <m/2},

and is, in case (ii), given as a square in the (p, po)-plane:

S = {(p1, p2) € R*|0 < p1, p2 < p} },

where p* and p{ are the critical values of Theorems 2.1 and 2.2, respectively.

In this section, we investigate the behavior of solutions of (1.2) when the system
corresponds to a point on the boundary of its stability region. More precisely, we are
concerned with the subsets of 0¥ and 0%s

I'y={(0,p) €% |p=p"}

and

Ly = {(p1, p2) € 0X2 | p1 or P2 =p; },

according to cases (i) and (ii), respectively. We shall show that (1.2) is asymptotically

periodic and furthermore give explicit expressions of those periodic solutions.

3.1 Equivalent system.

We will discuss the structure of solutions of the system (1.2). Let {z"} C R, / being
2(kn + 1), be the sequence defined by

n trt.n t_n t_n . trt t t
2" ="z, A ) = (Taskyy, Tpokgtts ., @) for m€Zy.

17



It follows from (1.2) that
N—1
2 = t(txn-l-l—k’z\rv ) t$n> txn-i-l) - t<tz?’ ERR) tZIZN7 t<ZIZN —A Z Z%))»
=0

so that the system (1.2) is equivalent to the /-dimensional system of the first order:
2 = B, neZy, (3.1)

where B is the ¢ x ¢ matrix of the form

O L, O ... ... ... 0O
B= ,
: . .0
O ... ... ... ... O I
By By By ... ... By, I

and where the components of the last row are 2 x 2 matrices defined as follows:

., B (s=jd+1,j=0,1,...,N —1);
T O (otherwise).

The structure of solutions of (3.1) is determined by the eigenvalues of the matrix B.
Let U(B ) be the set of eigenvalues of B, and o_, 0o and o, denote the eigenvalues which
belong to the interior, the boundary and the exterior of the unit disk respectively. And
let P: C' — @)cppuo, E(A) be the projection, where E()) is the generalized eigenspace
of B associated with A € ¢(B). Then the solution 2" = B"z° of (3.1) with the initial

value 2° is asymptotically equivalent to Pz™ in the sense that
|z" — Pz"|| < Ce", ne€Z,,

where ¢ is a constant such that max{|A\||\ € 0_} < e < 1 and C is a positive constant
depending on . Note that Pz" is also a solution of (3.1) since P commutes with B.
The solution Pz" is expressed explicitly in terms of a basis of @)e,ou0, £(A) and its
dual. Indeed, let us denote by E*(\) the generalized eigenspace of B* = B, the adjoint
of B, associated with A € ¢(B), that is, E*(\) = U,>1 Coker (A, — B)”. We use the
notation, for a subset W C C¢ W+ C (C*)* which means the subspace of covectors that
vanish on W, that is, W+ = {¢p € (C*)*| (¢, ¥) = 0 for all ¢ € W}. It is well known that
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E*(\) C E(u)*, for X\#p, (3.2)

and E* 0\ NEMN): = {0} (3.3)

Now let {i7, ... ,w;)()\)} and {¢}, ..., (b;\L(/\)} be bases of E*(\) and E()) associated with
A € o(B), respectively, where n()\) stands for the multiplicity of . Then (3.3) yields that
the matrix W*¢* = ((47, 1) ) is nonsingular, where ¥* and ¢* are n(\) x n(\) matrices

given by

A
oA = : and @ = (¢),...,dh),
U
respectively. The dual basis of {¢7, ..., 2(/\)}, say {@i\, . ,1;7)1‘(/\)}, is obtained in such a
way that
@Z;JA =(ci,... ,CZ(A))WA = clyd + -+ ci(/\) 7’)(/\), (3.4)
where (¢, ... ,cg( ») is the solution of a linear equation

(¢,...,cl))w*@* = (0,...,0,1,0,..., 0),

where the right hand side is the element in (C"™)* with the j-th component 1 and the
others 0. Combining with (3.2) this implies that the projection onto E(\) is represented,
via a basis of E()\) and its dual, as @0 = M4 - - + qb;\L(/\)J)Q(/\), so that

P= > (Cb?@ e O ~2(A)> ; (3.5)

A€opUo

and hence the solution Pz" is given by

Pz =PB"" = 3 (8101 4+ onpytng ) BT (3.6)

AECTOUU.,.

In particular, the solution x,, of the system (1.2) with initial values x_x,, T_g,+1,
..., To is asymptotically equivalent to the solution pr(Pz"), more precisely, ||z, —pr(Pz")||
converges exponentially to 0 as n tends to infinity, where pr : C*2 x C? — C? is the

projection.

3.2 Distribution of characteristic roots in the critical cases.

In this subsection we consider the characteristic roots of (1.2) in the critical cases men-

tioned in the top of this section. Here the coefficient matrix B of (1.2) is assumed to have
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one of forms below:

0 —sinf 1
Op( 0 T wy (P w [P0
sinf  cosf 0 p 0 po

Recalling analysis of characteristic roots in the previous section, we can summarize the
distribution of the characteristic roots in the critical cases. We first consider case (i).
When (6, p) € I'1, we have the following (see Theorem 2.1):

Lemma 3.1 Let p = p*. Then the characteristic equation has simple roots e and e~

on the unit circle and the remainder roots belong to the interior of the unit disk, where

w:= —sgn (0)(m —2|0|)/(kn + k1 + 1).

Remark 3.1 The value of w above is just w_y given in Lemma 2.1 under the condition
0<6<m/2.

In the case of (iit), the characteristic equation is
2
(AEHE = AP 4 pT(V)) = 0.
(see A(A) in the previous section.) So, when p = p§, we have the following:

Lemma 3.2 Let p = pj. Then the characteristic equation has double roots e and e

and the remainder roots belong to the interior of the unit disk, where W' := —w/(ky+ k1 +

1).

In the case of (iid), the characteristic equation is written in the form
(ABH = XY (V) ) (ABH = XY 4 T (V) ) = 0.

Particularly, for (p, p2) € I's, we get:

Lemma 3.3 Let (p1, p2) € I's. Then followings hold:

(a) If p1 = p§ and 0 < py < p§, or 0 < py < p§ and ps = p§, the characteristic equation

—iw’

has simple roots € and e
disk.

and the remainder roots belong to the interior of the unit

(b) If p1 = pa = p§, the characteristic equation has double roots e and e and the

remainder roots belong to the interior of the unit disk.

Thus we see that, on the boundaries of stability regions, oo = {e*, e} and o, = () for
case (i), and that oy = {e*’, e’} and o, = ) for both cases of (iit) and (iid).
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3.3 Explicit expressions of asymptotic periodic solutions.

By using the results in subsections 3.1 and 3.2, we obtain explicit expessions of asymptotic
periodic solutions of the system (1.2) in the critical cases. In the case of (i), we have the

next theorem.

Theorem 3.1 Let 0 < |0| < w/2 and p = p*. Then the solution x,, of (1.2) with initial

values T_jy, T_gy+1,---, %o in R? is asymptotically equivalent to the solution x¥ given by

N -1
Ty = R(TlW) (IQ + tB Z kNjJrlR(kjw))

j=1

fnt BY Y Ribe) ¥ Rls)a),

=1 =1 s€S(j)

where w = —sgn (0) (1 —2|0))/(ky + &y +1), R(a) = [ % 7Y 8(5) = {kn; +

sin « COos &
1, kN*j+27---7kaj+1} fOT’jzl,...,N—l G,TLdS(N):{l, 2,...,]€1}.

Proof. By Lemma 3.1, 0, = () and the characteristic roots on the unit circle consist
of X\ := ™ and its conjugate X\, which are simple. Let ¢; and 1; be an eigenvector and
an eigen-covector of B associated with \, respectively, so that they generates F(\) and

E*(X), respectively. Direct calculations show that ¢; and ¢, are given by

¢1 = V-1 ( _1 ) (3.7)

and 91 = (vo, v1, ..., Vpy) With
pre i \ENHhi=s(1 ), 0<s<d-1,
pre~ kN HRhi=s (] 4 D) (1) 4), d<s<2d-1,
pre NN TRI=s (1 4 A 4 N2 (1), 2d < s < 3d — 1,
o (3.8)
pre— NN HI=ST()\)(1, 4), (N—-1)d <s <ky—1,
(1, 4), s =kn.
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Note that an eigenvector (an eigen-covector resp.) associated with \ is given by ¢; (1
resp.), because B is real. So {¢1, ¢1} is a basis of E(\) @ E()) and, from (3.4), its dual
vector is given by {11, ¥}, where ¢, is defined by 1y = 11 /(¢1, 1b;). Here we notice

<¢1’ w1> — XN:<)\71€N+3 ( 1 ) ’ US>

s=0
N-2
= 242" AN (DD (N =5 = 1)dNT + kT(N))
=0
N-1 ’
= 24+ 2% Y (b +( — 1)d)\Fr e
7=0
N
= 2+ 2p*e’w Z kN,]H)\ 7,
j=1

It follows from (3.5) and (3.6) that the projection P : C* — E()\) @ E()) is written in

the form -
P = 1ty + 11,
and that
P2 = (N"gythy + X" §ythy)2" = 2{R (\"610) } 2°

Hence the solution z,, is asymptotically equivalent to =} given by

xf = pr(Pz")
' An b (1
=R , . szS]
_1 +p*€719 Zévzl ]{?N_j+1>\kj g) ( —1 )
')\n J Jjd—1
_ §R { * 719< Z Z)\r 1)d Z )\kNJrklszZg
L 0 j=1r=1 s=(j—1)d
ky—1
3 S ) i, |
s=(N-1)d
. 1 1
where § = 1+ p*e™® SN ky oM and K = | i . Noting k, = k; + (r — 1)d and
—i

taking ky — s as index instead of s (we denote this new index by the same letter s), we
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have

k1
NS INRA, ) + K H

r=1 s=1
A™ N N—j+1
= [ { * —zGZ Z Akr Z )\SKZkN st KZkN}]
Jj=1 r= s€S(5)
Now let 20 = (&, ns) and (, = & +in, for s =0,..., ky. Since
1 =2 s s
Kzg = ) ’ ¢ = ¢ ,
— 1 Ns —i(s
we have

)\n * _0 N N—j+1 . < CkN—s ) ( CkN ) ]
f=R : DI +

(%<
(%),

where ( is the complex number given by
N N—j+1

(= ey > T Nt Gy}

j=1 r= s€S(5)

By virtue of the real representation of C, z} is written by

N N—jt1
p(N"p(8) e ™)X S0 WY a2, o+ 2y )
=1 r=1 s€S(j)

«

where p : C\ {0} — GL(2, R) maps a complex number a+if into the matrix ( g b ) :

Since p(p*e~?) = !B, we deduce

N -1
vt = R(nw) (12 +BY) kNjHR(kjw))

=
N N—jt1
.{tBZ > Rkw) > R(Sw)z,gNs—l—ng}
j=1 r=1 s€S(j)
N -1
_ R(nw)([2 + tBZk;N_jHR(kjw)>
=
N N—j+1
{tBZ > R(kw) > R(sw)xs—i-xo}.
j=1 r=1 s€S(4)
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This proves Theorem 3.1. Q.E.D.

Remark 3.2 If w = —sgn (0) (7 — 2|0|)/(kn + k1 + 1) is rational, i.e., 8 € 7Q, then z,
is a periodic solution of (1.2). On the other hand, if w ¢ ©Q, the w-limit set of x¥,, and

therefore of x,, is the circle at the center 0 with radius

N N—j+1
HD- to+ 'BY. Y R(kw) Y R(sw)a)|.
j=1 r=1 s€S5(5)

D being I, + 'B Zj»v:l kn_j1R(kjw). In any case every solution approaches a bounded
solution depending linearly on its initial values. In particular the zero solution of (1.2) is

stable in the critical case of p = p*.

To the contrary, in the case of (iit), the zero solution of (1.2) is unstable when p

coincides with the critical value pf of Lemma 3.2. More precisely, we have:

Theorem 3.2 Suppose that the condition p = p{ holds in the case of (iit). Then there

exists a solution of (1.2) which diverges as n — 0.

Proof. We know by Lemma 3.2 that o, = () and og = {)\g, Ao}, where g := €' is a
double root. It is easy to see that dim Ker (Al,, — B) = 1, so that E()g) is generated by

an eigenvector ¢j and a generalized eigenvector ¢} such that

Bl = ¢ + Modh. (3.9)

Similarlly, we observe E*(\g) = span{v, ¥}, where ¢] and v, are an eigen-covector and

a generalized eigen-covector, respectively, satisfying
W4 B = P + Aot (3.10)
Since .
(Boy, 1) = (Ao + &1, U1)
= /\0< I27 7%) + < I17 wi>7
and also since (B, ¥}) = (¢, | B) = Ao(dy, 1)), we see that (¢, ¢!) = 0. A similar

argument yields (¢4, 1)) = (¢}, ¥4). In virtue of the argument in subsection 3.1, we find
(6h, ¥4} = (&), ¥h) # 0. From (3.4), the dual basis {17, ¥} of {9}, 9} is given by

(¢, ¥5)

! d *:
ERA T vy and vy

U+

_— 1
v = @ 05 @ wﬂl (3.11)
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Also we note that E(\g) = span{¢@;, ¢5} and that {¢}, 13} gives the dual basis of {¢], ¢4},
since B is real. So, from (3.5) and (3.6)

Pzt = ($\0% + ¢y + @4 UF + @h ) B2
= 2{R (0] + Phb3)} B2,

where P : C! — E(\) @ E()\) is the projection. Since ¢\B" = A)} and i}, B" =
nAy )+ Ay, it follows from (3.11) that
(01, ¥5) (o, 1)
Ag / / )\8 / / 0
+ S+ il |
(@, vy (g, )

Consequently, we deduce that if initial value z° satisfies pr(¢}v;2°) # 0 (the components

Y

of ¢} and ¢} will be given in the proof of the next theorem), ||pr (Pz")||, and hence ||z,||,
diverges as n — co. The proof is completed. Q.E.D.

Finally, we consider the asymptotic behavior of solutions of (1.2) on the boundary
of its stability region in the case of (iid). In the following, the notation E;; means the

2 x 2matrix with (¢, j)-component 1 and the others 0.

Theorem 3.3 Suppose that (p1, p2) € 'y in the case of (iid). Then the solution x,,

starting from initial values x_j, *_gy1, ..., %o, Satisfies the following:

(a) If p1 = p§ and 0 < py < p§, then the solution x, is asymptotically equivalent to the
periodic solution V) expressed by

N -1
2E11R(nw’) ([2 -+ pg Z k‘Nj+1R(]€jw/)>

J=1

N N—j+1
.{Enxo +p5Y. Y. R(kw) > R(sw’)EnxS},

j=1 r=1 s€5(j)
where w' = —7/(ky + k1 + 1).
(b) If 0 < p1 < p§ and py = p§, then x, is asymptotically equivalent to the periodic

solution z?) expressed by

N -1
2B R(n) (I 4+ 05 3 vy (b))

J=1

N N—j+1
.{E22x0+ 0> S Rk Y R(sw’)EQQxS}.

=1 = s€50)
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n

(c) If p1 = pa = p§, then x,, is asymptotically equivalent to the periodic solution xg) + 22

In particular, the zero solution of (1.2) is stable.

Proof. (a) By Lemma 3.3(a), a9 = {\o, Ao} (X0 : simple) and o, = . Tt is easy to see

e 1

o1 ( 1 ) (3.12)
0
1
0
generates E()\g). We denote this by ¢} since this vector is an eigenvector associated with
Ao in the proof of Theorem 3.2 as well. We also note that ¢} = (vé, v, .. ,v,’w) with

that a vector given by

pXo (1, 0), 0<s<d—1,
PIAGN TS (1 4 N)(1, 0), d<s<2d—1,
PENENTRLZS (1 LA N2 (1, 0), 2d < s <3d-—1,
vy = . . (3.13)
PEAN RSN (1, 0), (N—1)d<s<ky—1,
(1, 0), s=ky

generates E*()\g). So, the dual of ¢| is given by 1%’7: i (P, YY), which gives the
projection P : C — E(X\o) @ E*(N\g) as P = ¢/ 4+ ¢} ¢/, so that from (3.6)

Pz = (¢t + ETQ’)B"ZO =2 (ER (AG @) ~fzo)) :
Noting that

N
* k;
do = (&, V) =1+ p5 > kn—jrihy,
=1
we see
xt = pr(Pz")

n

A7 kn 1
= 2R 0 kZ((})vézS]

1+ p5 S35, kv Ao’ 50
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)‘8 N—-1 j i kN—jt1
SR IR0 35 SPY D SRIPHTE N
0 j=1 r=1 s:kN,J+1

+ Z Al Z NoEuz, ) + Ellz,w}]

= s=1

)\ N N—j+1
= 2R |:5 (Enl’o —l—poz Z )\OT Z )\OEH.Z' )]
j=1 r=1 s€S(J)
By using the identity
R(vz) = Enp(7)Enz + Eypp(y)Eypz, fory € Cand z € R?,

we find that

N -1
e QEHIHan<h—+p§§:kN_H4BX@wS>

2
’ N N—j+1
.{Euxo+pgz S Rkw) Y R(ksw’)EHx_s},
j=1 r=1 s€5(4)

which completes the proof of (a).
(b) In this case it is easily verified that E(\g) = span {¢/} with

e [0

¢1: )\01<[1)) )
0
1

and that E*()\g) is generated by the following covector 1] = (vé’ N 4 ) with
PEANN (0, 1), 0<s<d-—1,
PEAN TR (14 0d)(0, 1), d<s<2d—1,
PENN TR (1 M+ N2)(0,1), 2d <5 <3d—1,
vl =
PEAN TS0 )(0, 1), (N—1)d <s<ky-—1,
(07 ]-)7 S = kNJ
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where we used the notation ] since it is the same as in Theorem 3.2. The rest of the

proof is quite analogous to the preceding one.

~

(c) If p1 = po = p§, then it is observed that span{¢|, ¢/} C Ker (Aol — A). Hence,
Lemma 3.3(b) shows E(\g) = span {¢], ¢{}. Similarlly we deduce that E*(\g) = span {¢], ¥}
Thus, the projection P : C! — E(\o) @ E*(\o) is expressed as P = ¢/ + ¢/ with

i =9i/{9f, ¥4). Consequently,

7= 2 [R{Npr(10f20)}] + 2 [R {\gpr(efv=)}]

— J}(l) _l_ x(Q)

n n

The proof is completed. Q.E.D.

As an application of Theorem 3.3, we can see the asymptotic periodicity of the scalar

equation (1.3);
N

Un4+1 — Un +p2 Up—k; = 07
Jj=1

and obtain explicit expressions of periodic solutions appearing in the critical case. We
know that (1.3) is asymptotically stable if and only if 0 < p < p§ (][9], or Theorem 2.2).

In the case of p = pj;, we have the following corollary.

Corollary 3.1 Let p = p§ hold in the equation (1.3). Then the solution u, with initial
values U_gy, U—gy+1,---,% € R is asymptotically equivalent to the periodic solution w;,

expressed by
2 N
ut = 5{( cosnw’ + pg Y kn—ji1 cos (n — kj)w)ug
1 j=1

N
+po Z'(cos (n+k, + 8)' +pg Y kn_gr1 08 (n+ ke — kg + s)w’)us},
q=1

where W' = —7/(ky + k1 + 1),
N N
0 =1+ 2p; Z kn—ji1 cos kjw' + pi? Z kn—ji1kn—gi1cos (kj — kg’
Jj=1 J,q=1
and the summation Y is carried out by the indices j, r and s which run over the ranges

j=1,...,N,r=1,...,N—j+1 and s € S(j), respectively.

Outline of the proof. It is obvious that u, approaches the first component of the

solution given in, for instance, Theorem 3.3 (¢), i.e., that of xgll), with initial values x_, =
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“u_g, 0), s=0,..., ky. In this setting,

N -1
(12 05 kN—jHR(/fjwl))

j=1
N N
* / * : /
1+ Po Z l{?N_j+1 COS k:jw Po Z kN—j+1 Sin kjw
_ Jj=1 j=1
51 N N )
* : / * /
-1 Z kEn_jiisinkjw’ 1+ pg Z kn—j41cos kjw
j=1 j=1

and hence we have

N -1
(51 ([2 + pg Z kNjHR(kjw’))

Jj=1
N N—j+1 }

.{Ellazo +p5>. Y. R(kw') > R(sw)Enz_g

j=1 r=1 s€S(J)

N

(1 + pé Z kN—j—i—l COS kju/ )U()
=1
N

* . /
—Do Z kn—j18inkw’ - ug
=1

N
Py Z ’{ cos (k. + s)w' + pg Z kn—g+1cos (k. — kg + s)w’}u_s
q=1

N
Y '{ sin (k, + s)w' +py Y kn_gy1sin (k, — kg + s)w’}u,s

q=1

+

The expression of 2(1) in Theorem 3.3 shows the desired asymptotic form of the solution
Uy, - Q.E.D.
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