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1 Introduction and conclusions

In [2] we investigated the Cauchy problem to the relativistic Euler equation

OptPufct O (p+ P/ _
ot 1—wu2/c2  Or 1—u2/c2 7

9 (p+P/)u D PHpu*

ot 1—u?/c? Orl—u2/c2

Here ¢ is a positive constant, the speed of light, and P is a given smooth function of p

satisfying the assumption
(A): P(p) > 0,0 < P'=dP/dp < *,0< P"=d*P/dp? for p > 0, and

(rE)

(1) P = Agp™P (1430 A, (0 )))
j=1
as p — 0. Here Ay is a positive constant and Y A;z7 is a power series with positive radius
of convergence.
In order to prove the existence of global weak solutions to the Cauchy problem by the
theory of compensated compactness, we have to solve the relativistic Fuler-Poisson-Darbouz
equation

(rEPD) Nza —Uyy+A($ay)ny+B($,y)m =0,

where the independent variables are

(2) T = ilog , Y=

and the unknown function n(x,y) is an entropy to (rE). The coefficients of (rEPD) are
given by

1 P p+ P/ _, 1+ Pu?/c!
Alwy) = FU-G = 5p P paa
2u/c* P p+ P/
Blaw) = —1—pnajal =@~ 5p )

1



By the definition (2) and the assumption (1), we see that A(z,y) and B(x,y) are of the form

2 2 .
Alr,y) = = +eyalea®,ey’) = = +ey Y ap(ea®) (ey?),
) j+k>0
4 7 A
e
oo 9( + 20 AO)7
4 4 :
Blry) = —eb(er’af) = —er 3 bler?) ()
Jj+k>0
boo = 1.
Here and hereafter we denote
(3) e=1/c
Introducing the new unknown V' by
on y
4) =gV, nley) = V() = [ YV, Y)Y,
Y 0

the singularity of A(x,y) in (rEPD) can be eliminated and (rEPD) is reduced to the
equation

4 8
Viyy — Vaz = €(yaV), — gzvag'c + 2(a + ey*Dsa)V — gengbIVx).

The problem
4 9 8
— Ve = €(yaV,, — —xbV, a+ ey“Doa)V — —exDybI V),
(Q) Vi =V, (yaV, 3 bV, + 2(a + ey*Dya)V 3 DybIV,)

Vly=0 =0, Vyly=0 = 4¢(z)
admits a unique solution V' for any smooth ¢ given by a formula

Tty

(5) Viey) = [ Gla,y.§ —2.0()de.

=y

For the proof see [2], Section 5. G(z,y, z, €) is a smooth function of |z| < co,y > 0,]2| <y .
Therefore by defining

(6) K(x,y,z,¢) = JG(x,y,2,€) = yYG(SE,Y,Z, €)dY,

||

we have a formula
T+y

(™) ney) = [ K(ey.§ — 2, 00(e)ds

~y
for solutions of (rEPD). We call this formula the relativistic Darbouz formula and K the
relativistic Darboux kernel. We know

(8) K = (y* = 2°)(1 + O(ey))-

The purpose of this article is to study the properties of this relativistic Darboux kernel.
The motivations are as follows.



First we see that K (z,y, z, €) tends to the Darboux kernel K (y, z) = y? — 22 as € tends to
0. Therefore the solution 7 of (rEP D) tends to those of the Euler-Poisson-Darboux equation

2
Nuu = Nyy + &ny =0

as € tends to 0. But 7 is an entropy and there is a gap between the convergence of entropies
and the convergence of solutions (p,u) of the Euler equation. We conjecture that weak
solutions to (rE) contain a subsequence which converges to a weak solution of the non-
relativistic Euler equation

dp 0 B
§+%( pu) = 0,

0 0

(925( )—I—a—(pu +P)=0

as € = 1/c? tends to 0. Actually this is the case if we assume P = Ap, A being a constant
< ¢?, since the total variations of the solutions obtained by Glimm’s scheme in [5] can
be estimated uniformly with respect to e. See [4] for a proof. But this conjecture is not
yet proved if we assume a more realistic equation of states (A). In order to approach this
problem it is necessary to give a particuler account of the dependence of K upon e. We
want to find the first order term of the expansion of K with respect to e. Using such
detailed informations, we might discuss the properties of weak solutions to the equation
with the parameter ¢ which are obtained by the compensated compactness method. Maybe
a general theory cannot be expected and we must consider according to the situations.
Second although we can guarantee the existence of weak solutions for any bounded initial
data pli—o = p°(x), uli=o = u’(x) such that

¢+ u(x)
_ uo(x)| =M

provided that € = 1/c¢* < (M), ¢o(M) being a positive number depending upon M, but
what happens if € is not so small and M is large? Observing the proof of [2], we find that
we use the fact that K(z,y,z,¢) > 0 on the considered region in which |z| < y. Thus we
wonder whether K' > 0 if € is not so small and x,y are large. In other words the global
behavior of the kernel K is of interest. In order to consider this problem, we also should
give a particular account of the dependence of K upon €. These are the motivations of this
study.
The conclusions of the present study are

0< (@) <M, |Slog

Theorem 1 The relativistic Darboux kernel K(x,vy, z,€) is analytic in € and
K(z,y,z,€) = (y* — 2*)(1 + Z K,(x,y,2)€"),
v=1

where K, (x,y,2) is a homogeneous polynomial of x,y, z of order 2v of the form

i, .29
K, = g Kijra'y 3ok,
i+2j+k=2v
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The power series is convergent for |e| < §/M?, where |z| + |y| < M, |z| < |y| and § is a
positive constant. Particularly

b} 1 1
Qoo Qoo 7)22 L

e 2_7
TR LA ST 3

Theorem 2 The relativistic Darboux kernel K(x,y,z,€) is approzimated by K®(x,y, z,€)
giwen in the following manner. If Ay <0, then

K1 = (

1
Ke(z,y,26) =2 [ Io( R(Y? = 22)) exple(a + aY?))YdY

l2|
If Ay =0, then

9 € € 1

K*(@,y,2,€) = =~ (exp(—5y?) — exp(—52")) exp(e(52?));

e
If Ay > 0, then

1
K%(z,y,z,¢) =2 yJO( —k(Y?2 = 22)) exp(e(§$2 +aY?)Yay.

|z

Here 1y is the modified Bessel function of order 0, Jy is the Bessel function of order 0,
a=—(147A1/20A0)/9, k = —(7TA1/30Ay)e and for any smooth ¢ the function

T4y
ne) = [ K .6~ . ole)ds

satisfies the equation

2 4 4 a2 a2
(*) Nex — Myy + (; + anoy)ny — geajnrﬁ — _62(§$2 _ %y2)n o 62%]7],

which is congruent with (rEPD) modulo O(€?).

2 Power series expansion in ¢
The equation of (Q) can be rewritten as
4 8 8
Viyy — Vaw = €((yaV), — g(be)x +cV — ge(xfﬂ/)x + gehﬂ/).
Here

4 8 A
c = a+§b+§ex2le: S cpler?) (ey?)r,

J+k>0
Coo = ago + 3
[ = Db= Z fjk(ﬁl’z)j(ﬁyQ)ka
j+k>0
h = Dob+2ex’DiDob= > hji(ex®) (ey®)".

J+k>0



Therefore the kernel G can be constructed by the iteration

GO = 2
4 4
G = 24 g(TlG(") - gTQG(”) + T:G™) + g62(—T4JG<”> + T5JG™),
where
_ [ 2 _y2
TlG(l',y,Z) - /y;Z YCI,(E(QZ _y+Y) 7€Y )G(.CL’ —y+Y,KZ—|—y—Y)dY+
y
- /y,z Yale(rx +y—Y)% eY?)G(x+y —Y,Y, 2 —y + Y)dY,
Y
TG(z,y,2) = ﬁ,z (z+y=Y)b(e(x+y—Y)*, eV*)G(z+y —Y,Y,2 —y+Y)dY +
Y
— [ @y Y blew =y Y)Y AG g+ Y,z 4y — V)Y,
2
T3G(z,y,2) = //( )c(eXQ,eYQ)G(X,Y,z+x—X)dXdY,
D(z,y,z
where

D(x,y,z) = {(XaY)ZWLl‘—XSY,—Z—x—i—XSY,
Y<—-z+y+XY<z+y-—X}

T,JG(v,y,2) = /y, (@+y—=Y)f(e(x+y—Y)e¥?)JG(z +y — V.Y, 2 =y +Y)dY +

2

- /y (z—y+Y)fle(zx—y+Y)LeY)IG(x —y+Y,Y, 2z +y—Y)dY,

ytz

2

TGz, y,2) = //D@yz) h(eX? V) JG(X,Y, 2+ — X)dXdY.

We fix § > 0 such that the power series a(X,Y) = ¥ a;x X/Y* and b(X,Y) = 3, X7Y* are
convergent for |X|V |Y| < 6. Suppose that (z,y,2) is confined to a compact subset of R
such that |z| + |y| < M, |z| < |y|. Keeping in mind that the arguements of a, b, ¢, f, h in the
integrands are estimated by

for |z| < |y|, we see inductively that G (z,y, 2, ¢€) is analytic function of € provided that
M?|e| < 6. Here we consider, for y < 0,

D(x,y,2) ={(X,Y): (X,-Y) € D(z,—y,2)}
and

// FX,Y, 2+ 2 —Y)dXdY =
D(ey.2)

I+Z/x+yF(X+Y X-Y X+Y
Ttz

5 g 2+ )dXdY

1
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for any function F. On the other hand it is easy to see inductively that the iteration satisfy

Mn+1 n+1
|G(n+1)(l‘7 Y, z, E) - G(n)<x7 Y, z, E)l S (ln_{_’yl‘)‘

with a large constant M, = M,;(M,d) independent of e. Thus G converges to the limit
G uniformly on |z| + |y| < M,|z| < |y|,|e] < 6/M?. This implies that G is analytic in
e(< §/M?) provided that |z| + |y| < M, |z| < |y|. (See [1], Chap.V. Th.1.) In other words,
G(z,y, z,€) admits a power series expansion

9) G(z,y,z,6) =2+ Z G,(x,y, 2)€”,
v=1

which is convergent for |¢| < §/M? provided that |z| + |y| < M, |z| < |y|, and satisfies the
integral equation

4 4
(10) G=2+ %(TlG — S.6) + (-1 + TLIG).
Proposition 1 We have
1
(11) Gr(w,y.2) = S5y = 327) — (4= + 3y - 22).

Proof. Inserting the expansion (9) to the integral equation (10), and comparing the terms
of order €, we see

Y Y
G = an( [ vay+ [ vay)
2 2

4
_ 7(/}, (x+y—Y)dY—/y+ (:v—y+Y)dY)—I—coo//( dxay
y—z e D(z,y,z

3 2
Computing the right hand side, we have (11). QED.
Of course G,,,v > 2 can be explicitely computed successively. But we prove the following
general property.

Proposition 2 G,(z,y, 2) is a homogeneous polynomial in z,y, z of order 2v of the form

(12) GV (.CE, Y, Z) = Z Gijkxiyzjzk'

i+2j+k=2v

Proof. The assertion is equivalent to the following set of properties:

(P1) G,(z,vy, 2) is a polynomial in z,y, z of order < 2v;

(P2) G,(A\z, \y, \z) = NG, (2,9, 2);

(PB) Gu(xa -y, Z) = Gu<x7 Y Z)‘

Suppose that G, ..., G, satisfy (12). Then G, is given by comparing the terms from
the substituion of the expansion G = Y- G,€” to the integral equation (10). The result is

Gt = (TG = 5O+ (TOW) + 5 (<TG + (TG ),



(TlG)y = Z almGijkLllmijk7

2+2m—+i+2j+k=2v

Yy . .
Lllmijk(x: Y, z) = /er Y2m+2]+1 ($ —y 4 Y>2l+z(z + y — Y)de +

Yy . .
+ Liz Y2m+2j+1<x + Y — Y)2l+z(z —y 4+ Y)de,

2

(1:G), = > Oum G L

2+2m—+i+2j+k=2v

Yy . .
(r,y,2) = / (z 4y — Y)2HHYy2m2 (5 L Y)RY +

Ll2m7,jk y—z
2
Y , .
o / (.CC —y + Y)2l+l+ly2m+2](2 + y — Y)kd}/,
y-QFz
1
(TgG)V = = Z ClmGz]kle”]m

2l+2m+z+2]+k 2w

+y X Y X-Y : X+Y
L?mijk(x>yvz) = /xy/x + 2l+z( . )2m+2](z+x_ _2'_ )kdXdY,

<T4JG),/71 = flmG;kjkL?ngk’

2l+2m+z+2j +k=2v

y . .
Lipig(@,y,2) = / (x 4y — Y)Yy 242,y L V)RY +
_ // z(x_y+Y)2l+i+1y2m+2j(Z_'_y_Y)de.
2
Here
JG = Z( Z GZ]kay2]Z )
Vo2 +k=20+2
We note
JG, = [(YG(xY.,2)dy = ¥ Gy / T YUY
|2 i+2j+k=2v
Z yRE G20 Z y
= Gii k '2" = G} kx’y ik
i+2j+k=2v o2+ 1) i+2j+hk=20+2 ’
1
(T5']G)V*1 = 5 Z hlmGz]kleijk7
2+ 2m+it+2j+k=2v
stz ety X +Y X -Y ‘ X+Y
By = [ [ G (S (e 4 0 - S Xy,
T—y

Therefore (P1) and (P2) are obviously verified for G, 1, since

Ll

Imijk

Az, \y, \z) = )\2”+2Lllmzjk(x, Y, 2)

and so on. As for (P3), we observe
-y ‘ ‘
Limge (@, =y, 2) = / LY g Y (2 -y — Y)Y
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) . .
+ / Y2m+2]+1(x —y— Y)2l+l(z + y 4 Y)de

—y—z

Y . .
— /Jiz Y2m+2]+1(x_|_y_y)2l+l(z_y_|_Y)de+
2

Y . .
+ L+Z Y2m+2]+1<x —y + Y)2l+z(z 4 y— Y)de

= Lllmz'jk(xv Y, Z)

This implies (11G),(z, —y, z) = (11G),(x,y, z). We see
y . .
Ll2ngk( y,z) — /y . x_y_Y)2l+z+1y2m+2](z+y+Y)de+

ZL‘ + y + Y)2l+i+1y2m+2j(z —y— Y)kdy +

I
\

_ _/y+ (z —y+ Y)2HHY2m42 (o y)Rgy 4

2

Y . .
+ ﬁ_z (x +y— Y)2l+l+1y2m+2j (Z —y+ Y)de
2

= L?ngk(x7 Y, Z)'
This implies (T2G),(z, -y, z) = (T2G),(x,y, z). We see

=y X+Y X-Y
L?mz]k( y,Z) = 2

L ]
- [ /“ZHX”“(Y (e - Y X
/CC+Z/

X+Y

2l+i( )2m+2j<z Lo — )k:dXdY

T+ 2
T4y

L dYdX

= lez’jk(x7 Y, Z)'

This implies (15G),(z, —y, 2) = (13G),(x,y, 2). T4JG can be treated as T>G, and T5JG as
T3G. Thus G,41 enjoys (P3). QED.
Combining Propositions 1 and 2, it is easy to prove Theorem 1. Here we note that

y ) J .
YY¥AY = — y?— 2Ny,
12 2(7 + 1)( )E

3 Approximation by the telegraph equation

It is difficult to derive informations on the behavior of the relativistic Darboux kernel for
large ex?, ey? from the expansion obtained in the previous section, in which eM? is restricted
to be small for |z| 4+ |y| < M. So, in this section we propose another approximation.

Neglecting the terms of order €2, we approximate the relativistic Euler-Poisson-Darboux
equation (rEPD) as

2 4
(13) Naew — Myy + (; + anoy)ny — sexn, =0

3



Then the approximate equation for V =, /y is
(14) Vg — Ve = €(aooyVy — iZEVI + 2ap0V).
If we introduce the variable W by
V = eﬁ(%ﬂf?Jr'f%yQ)W’
in order to eliminate the first order derivatives, then the equation (14) is reduced to

3 2 a? 4
Wyy - sz - (6(*a00 + 7) + €2<£y2 - 7$2)>W
2 3 4
Let us neglect the terms of order € again. Then the problem (Q) is approximated by the

problem

(@) Wyy — Wae = kW,
W|y:0 =0, Wy|y:0 = 4¢(l’)
Here 3 9 7 A
1 — (2 Sy Lot
( 5) R e(2a00+ 3) 306140

Inversely if W (z,y) is a solution of the problem (Q'), then the function V(z,y) =
ec(za®+54 2)W<£L', y) is an exact solution of the equation

4 4 2
V;Jy — ‘/:139: = E(aooy% — §$‘/;,; + 2&00V) + 62(§x2 — %yZ)V

and the function n(x,y) = IV (z,y) = [§ YV (z,Y)dY is an exact solution of the equation

(&) +(2+ ) 4 (4 ago 2) 2 %0[
er — a — —€XN), = —€ xr — — s
n. MNyy Y €QpoY )My 36 n 9 4 yo)n— 9 n

which is congruent with (r EPD) modulo O(¢€?).

Now the equation of (Q)') is nothing but the telegraph equation (the Klein-Goldon equa-
tion), of which the solution formula by the Riemann function is well known. See, e.g., [3],
Part I, Chap. 5, Sec. 3.

Case I: Suppose k > 0(< agp > —4/9 & A; < 0). In this case the solution of (Q') is
given by

Wie) =2 [ ho(y/xly? = (€ — 2P (e

Here I is the modified Bessel function of order 0:

lo(z) = Jo(V—12) = > 2kkv
i (
Hence an approximation of G is given by
1 a
G*(2,y,2,€) = 2Io(\/s(y? — 22)) exp(e(52° + = 20)).



The function Iy(z) is monotone increasing as z — +oo and it is known that

h(:) = <=1+ 0()

as z — +oo. ([6], p.203, (2).) Therefore G* > 0 for |z| < y and we know the asymptotic
behavior of G* for large y. Hence the approximation of the relativistic Darboux kernel is

1
K%(x,y,z,€) = 2/|: In(y/k(Y? = 22)) exp(e(gx2 + %YQ))YCZY.

Of course
X

ney) = [ Ky, € — 2)o(€)de

T—y
satisfies () for any smooth ¢. We see K* > 0 for |z| < y in this case.
Case II: Suppose £ < 0(< ago < —4/9 < A; > 0). In this case the solution of (Q') is
given by

T+y

Wiey) =2 [ Joly/=nly? — (€ = )2)o()de.
Here Jj is the Bessel function of order 0O:
00 . ZZk:
J, = -1 )
It is known that Jj is oscillating and
2 T 1
Jo(z) = E(COS(Z - Z) + O(;))
as z — +o00. ([6], p.199. (1).) Hence
1
G (2, 2,€) = 20o(y/ —r(y? — 2)) exple(52” + 9)

has infinitely many zero as y varies for fixed x, z. Therefore

1
Ke(w,y,2,6) = 2 [ Jo(y/=r(Y?2 = 22) exple(5a® + "0y 2)vay

|z

is oscillating as y increases, but we do not know whether K has zero or not. But it is known
that K“(0,y,0) has the positive limit

4 K
exp(———)
—€apo €apo

as y — +oo. This is the Weber’s integral. See [6], p.393,(1).

Summing up we have Theorem 2.

Remark. If we develop K¢ of Section 3 as the power series in €, the first order term does
not coincide with K of Section 2, since K is a function of 22,42, 2* and does not contain
the interaction term xz. This seems little bit curious. Maybe this is a counter example to
show we cannot expect that an approximation of the solution formula would derive the same
result with an approximation of the equation itself.
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4 Generalization

In this section we extend the above conclusions to a more general pressure law. Instead of
(1) we assume

(16) P= A (14 S A0 YY), v=1+

j=1

2N +1’

where N is a positive integer. If N = 1, then v = 5/3 and we have discussed this particular
case. The case N > 2 can be treated in a similar manner.
The coefficients of (rEPD) are of the form

2N 2N

Az,y) = “— +eyaler® ey?) = — + ey Z ajk(er)j(ey2)k,
Yy Y j+k>0
4 1+ 2N +5 Al)
agy = — —
0 32N +1) 42N +3) Ay
AN 4N -
Blry) = —gapeble’ ) = ot e 3 bl P
j+k>0
boo = 1.

We introduce the sequence of variables 79 = 1,1, ...,y =V by

87]j Y
3y YNj+1, ni(z,y) = Injp1 = /0 Y0 (z,Y)dY.

The equation for v = 7; is

2(N — )

4N
Vyy — Vo = <T + eya)v, — ————exbv, + 2je(a + ey’ Doya)v +

2N +1
J J
+ Y e afi 0 v, + > et hy I,
p=1 p=1
where f;,(ex?, ey?) and hj,(ex?, ey?) are determind inductively by

8
fj+1,1 - fjl_mDQb;

fivipy = fin+2Dafj 1 (n>2),
hjtip = hj+45(2D2a + ey’ Dy Dsa),
hjviw = Pju+2Dshj0 (0 22).

Therefore the problem to be solved is

4N
(Q) Vg — Vaw = €(ayV,, — mbx\/gg + 2N (a + ey®Dya)V )+

o p=1

N N
+ > e f MV, + > e h, MY,
=1
0, Vyly=o = 2V TN 1g(z),

V=0 =

11



where f, = fnu, hy = hyy. For any smooth ¢ the problem (Q)) admits a unique solution

T+y
Viey) = [ "Gl —rs(©)d
We know
G =2"N!+ O(ey).

Defining the relativistic Darboux kernel K by K = JYG, we have the relativistic Darboux

formula
T4y

ney) = [ K(ey.§ — 2, 00(e)ds

—y
for solutions of (rEPD).
We rewrite the equation of (Q)) as

Vg = Vax = €((ayV), — (bzV)p + V) +

2N +1
N N
+ Yo @ f IMV )+ Y e g IMY,
p=1 p=1

where

AN SN

= (2N -1 2(N — 1)ey®’D
¢ ( Jat+ 2 Jey Daat o7 oN

= > cle®) (ey?)",

Elejgb

j+k>0
AN
= (2N -1 "
Coo ( )G00+2N+17
gy = hy—fu.— 26$2D1fu = Z g#,jk(ex2)](ey2)k.

k>0
The kernel G is constructed by the iteration
GO =2V N1,

GO — 9N N1 %(TlG(")

AN
2N +1

T,G™ + T3G™) +
N N
+ 3T G + 3 e T, JEGM.
pn=1 pn=1
Here T}, T5, ... are defined in a similar manner to Section 2. Of course G satisfies the integral

equation

AN

N N
+ Y N IRG+ Y T, JEG

mu=1 pn=1

12



Then it can be proved that G(x,y, z, €) is analytic in ¢,
G(z,y,z,¢) =2V NI + Z G,(x,y, 2)e”,
v=1

and G, (z,y, z) is a polynomial in z,y, z of the form

Gu(z,y,2) = > Gy ziy? k.

i+2j+k=2v

We note that it can be proved inductively that

‘]MGV = (y2 - ZQ)M Z GZkalyQJZ

i+2j+k=2v

keeping in mind that

v 2 o\l iv2 k 1= 2\j K
/Y(Y _ )iy okgy = 5/ ta (t + 22) 2Kt
| 0

z|
2\1+1 Zj J 1 ()2 2\m  k+2(j—m)
_ I 4 _ m J—m
) <m>l+m+1m(y S)" '

m=0

L o

= 5(?4

Therefore, putting K = J¥G, we have
Theorem 3 The relativistic Darboux kernel K is of the form
K(.T, Y, =z, 6) = (y2 - ZQ)N<1 + Z Kl/(x7 Y, Z)ey)u
v=1

in which K, is a homogeneous polynomaial in x,y, z of the form

K,,(x,y,z) = Z Kij xly%z

i+2j+k=2v

The power series is convergent for |e| < §/M?, where |z| + |y| < M, |z| < |y| and § is a
positive constant.

Neglecting the terms of order €2, we approximate the equation of (Q) as

Viyy — Vaw = €(aooyVy — Ve + 2NagV).

2N +1
W = exp(—e(zjffvﬂsc2 + 2042)V satisfies
4N(N - 2) anpo
Wy — Wi = 2 4+ — )W,
vy (H+€((2N+1>2I+4y>> )
where
AN — 1 2N 2(N —-1) (AN — 1)(2N +5) A4

)= _6<3(2N +1)  6(2N +1)(2N +3) Io)'
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Neglecting the terms of order €? again, we get the problem
(@) Wyy — Wee = kW
Wily=o = Wyly=o = 2V Nlg(x).

Inversely if W is a solution of (Q) then v = ny_x = IV, V = exp(e (QNHQ; + a00y2)) Y,
satisfies

2k
Vyy — Vg = (? + €anoy)vy — SN £t + 2¢(N — k)agov +
2 2
apo e“agnk
4 2 2 U0 N2 00 Tv.
A ((Ggo — (e + S n
Hence n = IVV is an exact solution of the equation
2N 4N
(*) Nzz — Nyy + (7 + ano)ﬁy - IN + 1€$77x =
N apo (12 N
— 4 2 2 200 SN2 27700 In.
gy — (g n—e——1n
If Kk > 0(& agy > —WJ&NH) S A< WAO) then the solution formula for

(@) is

Wiz,y) = 2N [ Ly /nla? = (€= 0))ole)ds
and the approximate kernel is

N
2+

o a? 4+ D0y)
2N +1 4 )

G (2,9, 2,€) = 2V Ny (\/k(y? — 22)) exp(e( y
If kK < 0, we replace Iy by Jy. Thus we have

Theorem 4 The relativistic Darboux kernel is approximated by K* given in the following

manner. If A; < —%AO, then

Y
K*x,y,2,¢) = 2Nl [ Yy 1dYn_1... [ YdYI(\/k(Y?2 - 22)) x

N
X exp(e(zN m 1x2 +aY?));

_ 4(N—1)(2N+3)
_[f Al = —WAO, then

@ S N' € X OéZ2
K (l‘,y,Z,E) Z/ _Z Z m(y —Z )ke(2N+1 2+ );
(2N
If Ay > —M(N)%Ao, then Iy s replaced by Jy. Here a = (2N+1)(1 + (22%:53)%)7“ —

Ce(2N-D L N-DEND) A
\3eNT1) T 6@NT1)(2N13) Ao

T4y
n(xay) = /x—y Ka(xvyvf -, 6)¢(£)d£

satisfies the equation (&), which is congruent with (rEPD) modulo O(€?).

) and for any smooth ¢ the function

14
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