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1. Introduction

In the paper we consider the life span of solutions of the Cauchy problem
for the nonlinear Klein-Gordon equation:

(1.1) 02— A+ Du=Fuu,u"), t>0, xeR"

(1.2) u(0, x) = eug(x), (0, x) = euy(x), xeR".

Here, ¢ is a small positive parameter and F is a C® function of u and its first and
second partial derivatives satisfying the following properties: For some p € N with
p=2,

(1.3) Fu, o', u") = O(|uf” + |u'|’ + |u"|P) near (u,u’,u”) = (0,0,0)

and F depends linearly on u”, where we denote by u’ the first derivatives of u
and by u” the second derivatives of u except d%u/dt2. From this property (1.3)
it follows that the equation (1.1) has the trivial solution u = 0. We are interested
in studying solutions of the equation (1.1) near the trivial solution.-

There are many results concerning the global existence and estimates of
existence time T, of the solution for (1.1)—(1.2). Klainerman [10] and Shatah
[18] showed, using totally different techniques, that when n>3 and p> 2,

: = oo for small g, that is, the solution exists globally in time for small &. In
order to prove the global existence of the solution for (1.1)-(1.2), in [10],
Klainerman used the invariant Sobolev space with respect to the generators of the
Lorentz group. On the other hand, in [18], Shatah extended Poincaré’s theory
of normal forms for the ordinary differential equations to the case of nonlinear
Klein-Gordon equations (earlier in {20] Simon used this kind of technique for the
construction of the wave operator, but he did not consider the Cauchy problem
with the initial data given at t=0). Hormander [8] refined Klainerman’s
technique to obtain new time decay estimates of solutions for inhomogeneous
linear Klein-Gordon equations (see also Bachelot [1], Sideris [19] and Georgiev
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[6]) and showed that when n = 2 and p = 2, lim,_,¢ ¢ log T, = co and that when
n=1,and p=2,lim, 0 &2T, = co. In [8], in addition, he presented two conjec-
tures that when n=2 and p=2, T, = o« for small ¢ and that when n=1 and
p =2, lim inf, &% log T, > 0. Recently his conjecture for n =2 was solved by
Ozawa, Tsutaya, and Tsutsumi [15] and [16] (for partial results on the H6rmander
conjecture of n = 2, see [7], [12], and [21]). They used the normal form technique
of Shatah [18] and the decay estimates due to Georgiev [6] in order to prove
that T, = oo for small ¢ when n =2 and p = 2. However, when n = 1, much is
not yet known about the global existence or the estimate of the life span of the
solution for (1.1)-(1.2). When n=1, it is known that there exist global sol-
utions for small ¢ if p > 4 (see [11] and [17]) or if p=3 and F is written as a
linear combination of some special cubic polynomials of u, v’ and u” (see [9]
and [14]).

We study here the lower estimate of the life span of the solution for (1.1)—
(1.2) with quadratic nonlinearlity in one space dimension when the nonlinearity
F does not depend on u”, that is, when (1.1) is a semilinear equation. Before
we state our main result in the present paper, we give several notations.

Notations. We put
5, = a/a,, 6x = 5/ax, L= xat + t@x, 0= (6,, 5x)

Let I' = (I});;l denote the generators of the Poincaré group (0;,0x,L). For a
multi-index o = (o, 02, a3), we put

r*=r{ryere.

For 1 <p < o, let L? denote the standard L? space on R. We define the
weighted Sobolev space H™* on R as follows:

H™ = {ve L% (1+x3)"*(1- 02" *ve L7}
with the norm
9]l gms = 11+ x2)72(1 = 820 12

We put H™ = H™. Let w = (1 —02)"/? and (p) = (14 p?)"/* for pe R. For.
fe#(R) and K € ¥'(R x R), we define their Fourier transforms by

70 = [ yax,

k(p,a) = [ [etm 0k (s, 2)dyez.
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For ke N, we define the norms by
lu@l = llu(z, )|z,
u(®)loo = llu(ts )l o
(el = 3 IO,
llu(®) |-t = Z[a]sk lo™' I u(®)]],
(Ol = 3 e T80 o
llully, T = sup;epo,r 1wk
[#ler = Supreiomxer(l+ 2+ |X)2 Y IT%u(t, )],
Mellle,r = uler + lulless,r + 10ulliis,7-

We give an elementary remark that (d;,dx,L) generates a Lie algebra with fol-
lowing commutation relations:

(1'4) [L’ at] = _ax’ [L, 6x] = _at, [an ax] =0.
We denote by C constants in the estimates, which may change from line to line.

In the present paper, we consider the special case that F does not depend
on the second derivatives of u. Now we state the main theorem concerning the
lower estimate of life span of the solution for the Cauchy problem (1.1)—(1.2) with
F independent of u” under (1.3) with p =2, which implies to almost global
existence of the solution for the one dimensional semilinear case with quadratic
nonlinearity.

Main Theorem. Assume that F depends only on u, 0,u and Oxu and satisfies
F(u, 8y, 05u) = O(|uf* + |0.u|* + |0,ul*) near (u,d.u,d,u) = (0,0,0).

Let k> 11, ug € H=7k+6 4, ¢ H*6%+6  If we set, for the local solution u of
(1.1)—(1.2),

T, = sup{T > O; |||u/|l, r < o0},

then there exist three positive constants gy, A and B such that
1Ls T, > Aexp(Be™?)  for 0 <e<eé.
Here, constants ey, A and B depend only on k, ||uol|gesriss and ||u]| gerexss.

Remarks. (i) In fact, in the Main Theorem, the initial values u(0, x) and
0:u(0,x) do not neccesarily tend to O at the same order as ¢ — 0. That is, the
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following assumption is sufficient for the proof of .the Main Theorem:
[[4(0, x) || grsrass + 110:(0, %) || grssrss < &

(ii) The Main Theorem affirmatively answers the Hérmander second conjec-
ture for the semilinear case. But, our proof of the Main Theorem is not applicable
to the quasilinear case, that is, the case that F includes the second derivatives of u.

(iii) Yordanov [22] has recently proved that if F = (6,u)26xu + au® + bu? for
a,be R and the initial data satisfy a certain positivity condition, the solution
of (1.1)—(1.2) blows up in finite time and T, < A exp(Be~2) for some 4,B > 0.
Accordingly, the lower estimate (1.5) is in general optimal.

We give an outline of the proof of the Main theorem here. The crucial part
of proof is to establish a priori estimates of the solution for (1.1)—(1.2), with which
we extend the local solution for (1.1)—(1.2) to the desired time that we claim in the
Main Theorem. The unique existence of local solutions for (1.1)—(1.2) follows
from the standard contraction argument (see, e.g., [11] and [17]). The a priori
estimates of solutions obtained directly from the original equation (1.1) are not
useful enough to prove our result because the nonlinearity of (1.1) is quadratic.
Here, we use the argument of normal forms due to Shatah [18] to transform the
quadratic nonlinearity into the cubic one. Still, the cubic nonlinearity in the one
dimensional case does not lead to sufficient decay estimates if we use the usual
L? — L% estimate. Instead of the usual L? — L7 estimate, we use the decay
estimate for the inhomogeneous linear Klein-Gordon equation due to Georgiev
[6] to derive the good decay estimate of solutions. We will also use the argument
of normal forms in the present paper to establish not only the decay estimate
but also the energy estimate, since the known energy estimates are not applicable
to the proof of the Main Theorem. Therefore, our main task is to establish a
precise estimate of the cubic nonlinearity appearing in the normal form argu-
ment. For this purpose, by using a result concerning the Fourier multiplier
due to Coifman and Meyer (see Theorem 5 in [4]), we verify the regularity of
the quadratic integral operators which appears in the argument of normal
forms. The rest part of the proof of the Main Theorem proceeds almost in the
usual way.

The plan to prove the Main Theorem in the present paper is as follows.
In Section 2 we first get the proper transformation. Then we verify its
regularity and establish some inequalities which we will need in the next section.
In Section 3 we prove the Main Theorem.

In this paper we prove the above result only for the case that F is a quadratic
form because we can similarly prove the same result when F is a function of u
and its first derivatives and satisfies the condition (1.3) for p = 2.
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2. Ecxistence of the transformation and its regularity

In this section, following Shatah [18] (see also Simon [20]), we obtain the
transformation which converts F to cubic nonlinearity. Then we need to show
that the transformation is regular. The regularity is important to establish a
priori decay estimates and energy estimates of the solution for (1.1)-(1.2).

First we obtain the transformation. Let the quadratic nonlinearity be
written as

(2.1) F(u, 8,u, 0xu) =a1u? + 2a,ud,u + a3 (9,u)”
+ 2byudyu + 2by0udyu + 1 (0,u)*

with real constants. Following Shatah [18], we introduce the new unknown
function v(t, x):

(22) v=u+ [ua Bll’ u] + [u) B127 atu] + [6:“, B?.l’ u] + [atua B227 atu]7

where each Bj; is thought of as a distribution and the representation of the
quadratic form is given by

(23) Bl = | 10)B(x = v, x = D@y,
After some calculations, we obtain
(2.4)  0xv =0yu+ [u, By, xu] + [Oxt4, B11,4] + [u, B1a, 0t2xu] + [Oxu, Bi2, &:u)
+ [0eu, B2, Oxu] + [0t2xu, Bsi1,u] + [0:u, By, afxu] + [afxu, B3, 0:u],
(2.5) 8,0 = d,u + [u, Byy, O] + [0, Byy, u] + [Bu, Bya, 8,1)
+ [u, Bi2, 0%u — ) + [0:u, Ba1, 0pt] + [02u — u, B2y, ul
+ [6su, Baa, 6§u —u] + [0*u — u, By, 6,u] + [u, B1z, F]
+ [F, Ba1,u] + [0su, By, F] + [F, B2, 01, '
(2.6) (82 — 82 + 1)v = F(u, d,u, 0xu)
+ [, —(20182 + 1)Byy + 2(8} — 1)(8% — 1)B12, 4]
+ [u, —(20102 + 1)Byz + 2(8} — 1)Ba1, 0,4)
+ [Bsu, — (20182 + 1)Ba; + 2(82 — 1)Bya, ]
+ [0u, —(20102 + 1)By, + 2By;, 0:u] + R,

where we put 81 By; = 3,Bij(y,z) and 0,B;; = 0,B;;(y,2) and R = R(u, ', u", afu)
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consists of terms of degree at least 3 as follows:

(2.7) R =[u, Byy, F| + [F, By1, u] + [0:u, B2y, F] + [F, B12, 0,4
+ [, B2, 8:F) + [0:F, B2y, u] + [0su, B2, &;F]
+ [0:F, By, 0:u] + 2[0su, B12, F] + 2[F, B2y, 0:u]
+2[0%u — u, By, F] + 2[F, By, 0>u — u] + 2[F, By, F).

We choose the distributions B;; so that all quadratic terms in (2.6) cancel out:

(2.8)  0=F(u, du, Ou) + [u, —(20102 + 1)Byy + 2(8} — 1)(05 — 1)Bxa, ]
+ [u, —(28102 + 1)Byy + 2(87 — 1)Bay, d:1)
+ [Biu, — (20102 + 1)Ba1 + 2(85 — 1)Bi, 4]
+ [0:u, — (20102 + 1)B2y + By, Opu].

Taking the Fourier transform of (2.8), we obtain by (2.1)

(29 Bu(pg) = % {—2(as + c1)p*q* + 2iazpq(p + q) + (2a1 + a3)pq
= 2c1(p* + %) — iaa(p + q) — (a1 + 2c1)},

(210)  Bulp.a) = o (420’ + 2bip(p +) — iba(p — 20) + b},

(2.11) Ba1(p,q) = Bua(a,p),

. 1 _
(2.12) By (p,q) = @{2(613 + ¢1)pg — 2iax(p+ q) — (2a1 + c1)},

where det = 4(p? + pq + ¢*) + 3. Formally, the function v given by the transfor-
mation (2.2) with (2.9)—(2.12) satisfies the following equation with cubic nonlinearity:

(2.13) (8% — 82 + 1)v = R(u,u',u", 87u).

We will next prove several lemmas and propositions concerning the regu-
larity of the transformation that we have now derived above. The first two
propositions are easy to prove (see [15]) and are given without proofs.

Proposition 2.1. Let K e L'(R x R). Then,
IS5 Ko gl < WKl gxmy | F 1o 9l e

where r~! =p~l 4+ q~! with 1 <p,q,r < o0.
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Proposition 2.2. For any multi-index o, we have

r*[f,K,q) = > Ca mallPf,y"2"K, I'g],
B+ <lal,0<m<|B],0<n<y)

" , L .
where Cg, .., are constants depending on multi-indices o, f,y and nonnegative
integers m,n.

We next state the key lemma to deriving the decay estimate of u through
- the normal form (2.13).

Lemma 2.1. Let a and b be 0 or 1, and let m and n be arbitrary nonnegative
integers. Then the integral kernels B;; satisfy

1+ y?)*(1 + 22)°w;%w;2y"z"By(y, z) € L'(R x R).

Proof. We verify here only the statement for By, Let Ky, =

0 %w;2y"z"Byy(y,z). We first prove that Kp,e (5 W**(Rx R). Note

that ‘
det=4(p* +pg+4q°) +3 = %(<p>2 +<{@)?)
= 3 pXa>,
det* > C,(<p>* +<>™)
> CpY?! for 0<I<2k,

05¢p>7%| < Cikpy ™ < Cilpy 72,
A 1 . 4
|B11| = 3ot |cpq? + dpq(p + q) + (a polynomial of degree 2)|
< X,

N 1
|0pB11| = a—(it—2|4c(p2q3 + 2pg*) + (a polynomial of degree 4)|

< CKp> +4) < C{pX),

a 1 ;
|0x0, By | = o |a polynomial of degree (2! +2 — k — 1))

< Cip < CrikpXXe  for k+122.
From these inequalities, it follows that
1050, mn(p, @)| = 10,0,<P>™<a>™*0;'03B11 (p, 9)|
< Gy K™

Therefore Kmp € (50" *(R x R).
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Now we see that (1 + y2)*™'(1 4 z2)"*'K,,4(y,2) is in L*(R x R), since we
have

1+ y3)** (1 + 22" Kna(3, 2)

1
(2m)?

J Je"‘wz’u = 80)*(1 = )" Rynn(p, 9)dpdyg.

Thus (14 y*)*(1 + z2)°Kpmn € LY(R x R). [

The following lemma is used to prove the next proposition which we will
need in order to obtain the energy estimate of u through the normal form (2.13).
We give it without proof (see Proposition 4.1 in [2], Theorem 5 in [4]).

Lemma 2.2. Let

(2.14) 10;,01K (p, @)] < Ciy(p* + 4>~
for all i and je N such that 0<i+j<1. Then

IS K gl < Cpall fllLellgl s

where r =p~1 +q7 1 p,g>1 and r < 0.

The following proposition plays an important role when we derive the
energy estimate through the normal form (2.13).

Proposition 2,3. Let k be an integer larger than or equal to 4. For
f.g€ #(R), we have the following inequalities:

L5 Buss gllle < U Nelglisy + 1f Ty llglle)s

I[fs B2, 9llle < CUIfNelglpeszy + 1 I lgllice-1)s
ILfs B, 9l < CUI f w1191y + 1S sz l191li)
IS, B22, gl < CUU M Nio-1191sg + 1 Tz l9lleo)s

where we denote by |[s] the largest integer that is not larger than s. Here the
constants appearing in these inequalities do not depend on f and g.

Proof. We prove here only the first inequality for By, since we can prove

the others similarly. -
Let |o| <k. We have by Proposition 2.2

I'*[f,Bu,g] = ZC;,)',m,n[rﬂfvymanllvryg]'
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Therefore we have

(2.15) IT*(f, Bu,glll < C Y IIFPf,y™z"Buy, I

We first consider the case that m = n =0 in the right hand side. We set K; as
follows: ,

2.2
5~ Dpq
K| =——
1= det’
> _pa(p+4q)
K; = det ’

_ (a polynomial of degree 2)
- det

>

3
so that
ﬁu = dKl + eK2 + K3

for some constants d and e. Since K; satisfies (2.14), we have

ITAF 1T g

2.16 I'’f, K3, I'gll| < c{ ®
219 WIS g gl
We remark that
(2.17) [, Kolx) = [ R (0, 0 (p)d(adpda,
(2.18) 8t (p) = inf ().
By (2.17) and (2.18), we have
(2.19) [F%f,Ky1, g = —[02T%f, Kop, 9]

= —[0xI"’f, K11,0xI""g]

= —[rﬂfa K207a£ryg]a
(2.20) [I?f,K3, I"g] = —il0.I"f, Kyt + Koz, ]

= —i[I"*f, K + K11,0,Ig],

where we define K;; by

> _P'g
Kij = a .



322 Kazunori MoRriyaMa, Satoshi TONEGAWA and Yoshio TsuTsumIr

Since Kao, K11, Koz and their sums satisfy (2.14), we have from (2.19) and (2.20)

(10271, IT7gll,
051 |, l18x g,
|21 | l182 7 g,
162 #f (|| 7g]
1051 |10xT" g o

ITPA11163T 7 gl o,

(2.21) IT2f, Ky, ]|} < C3

|0xT%f 1| T4,
81| |10.I"g|,
@2 s, Ko, 1)) s o 1/ el0Tl
10" fI11T79]oo,
”Fﬂflllaxryg'w‘
Now we note that at least one of the following six cases always holds:
(@) 1Bl +2<klyl < [k/2], (d) 1Bl +2 <[k/2], ]| <k,
b)) Bl+1<kyl+1<[k/2], (e) IBI+1<[k/2,ly|+1<Kk,
(©) 1Bl <kl +2 < [k/2), ) 18l <[k/2], 7| +2 <k

Accordingly, from (2.16), (2.21) and (2.22) we obtain

(2.23) > N2 Bu, gl < CULANelglsz + 1f lgyzllgl) (Il < k).

Bl+1y <ol

We next consider the case that m=1 and n=0. We set K; as follows:

> _ pa(pg* +24°)
Ky=—7"——""
det
o (a polynomial of degree 4)
’ det? ’

so that 7
yBu1 = i0,B11 = dK4 + Ks

for some constant d. It is easy to see that K4 and K s satisfy the same inequalities
as K, and K;, respectively. Thus we have

@24 D NP, yBu, gl < CUIAlelglyy + 1 lgsaliglhi) (ol < B).
B+

Similarly, we can obtain the same inequality when m =0 and n= 1.



Quadratic Semilinear Klein-Gordon Equation 323

We finally consider the case that m+n>2. In this case we have by
induction

(ymZ"Bu)A = i'”*"@l',"agﬁu

__ (a polynomial of degree 2™ +2 —m —n)
det2m+n . ’

which satisfies (2.14). Therefore, we have

225) Y P, y"2"Bu, gl < €IS lelglpyy + 1S lasallgll) (el < k).

18I+l < o
Combining inequalities (2.15), (2.23), (2.24) and (2.25), we obtain the desired
inequality. |

We conclude this section by proving the following proposition.

Proposition 24. If f,ge #(R), then

(2.26) 10:f ot < CIl SNl
(2.27) I falle < Q1A elglsz + 1f T llghe)s

(2.28) 1l < COLS Niwrlaliyzyen + 1 lpraeallglligm),
(2.29) | | fali < CIf lelgle-

Here the constants appearing in these inequalities do not depend on f and g.

Proof. We first prove (2:26). From the relations (1.4), we have

r“g,=o.0"+ Y Cjrt.
A<l

Therefore we have

o™ 0. f || < o™ 0l *fl| + C Y o ' I%f]
18] <o
<|ref+c > |15y
1B<lel
<Clflle  for o <k

Summing up this over |af < k, we obtain (2.26).
We next prove (2.27). Note that

(2.30) r'(fg)= >, CpI’fI.
1B < el
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Holder’s inequality and the fact that only one term of (2.30) will have deriva-
tives I'# and I'” of order greater than [k/2] in the right hand side prove this
inequality.

Finally we prove (2.28). We note that

lo (Dl = 1 folga = sup  (faro).

peH! lpf51=1

Since we have

(f9,9) = (£,90) < |f |1 |90z
< 1A W= Il opsce @1

we obtain

lo™' (/)| < o™ f il

From the fact that only one term will have derivatives I'”* and I'” of order
greater than [k/2] in the right hand side of (2.30), it follows that

Il fallemt

<C| X 17l 3 Wglwe + D 1Tl Y o™ 7]
|Bl<k Iyl <{k/2] 1B <[k/2] B
< CUlI Mo119lprape1 + 1S N1 19l o-1)-

The inequality (2.29) is obtained similarly as (2.27). |

3. Proof of the Main Theorem

In this section we describe the proof of the Main Theorem. The proof
consists of the classical local existence theorem and a priori estimates of the
solution. We divide our proof into the following four steps:

Step 1. Local existence

Proposition 3.1. Given the initial data up € H*(R), u; € H'(R) and a positive
constant &, there exist a finite time interval [0, T| with T > 0 and a unique solution
u(t,x) of (1.1)-(1.2) with n=1 and (2.1) such that

ue (2\ ci(o, T); H*).
=0

T depends only on |uol|g2, ||u1]lg, € and F. In addition, if upe H™ 1, u; e
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H™ ™1 for an integer m with m > 2, then the above solution u satisfies
(3.1) I'u,8,I"*u, 0. u e C(0, T]; L?)
for any multi-indices a with jo| <m — 1.

The proof of Proposition 3.1 is standard and will be omitted here (see, e.g., [11]
and [17]). '

Setp 2. A priori decay estimate

In this step we show the a priori decay estimate of the solution to (1.1)—
(1.2) with (2.1). The following time decay estimate due to Georgiev [6] is
essential.

Lemma 3.1. Let u(t,x) be a solution of the inhomogeneous linear Klein-
Gordon equation:

(@2 - +u=f(t,x), t>0 xeR.
Then we have

(14 ¢+ x)Ju(e, %)| < CZ > sup ()L +s+ YN (5 3| 2y
=0 MS:;SE(Ot)

+ cZ 3+ 19D (DT (0, )l 2k

j=0 |o|<4
where {goj};io is a Littlewood-Paley partition of unity, ie.,

0
Z(oj(s):1,320;(pjeC8°(R),(0j20 for all j=0;
j=0

supp ¢; = [2/71,2/*1]  for j = 1,supp ¢y N [0, 0) = [0,2].

Now we combine this lemma with Propositions 2.1, 2.2 and Lemma 2.1 so
that the following decay estimate will be derived.

Lemma 3.2. Assume that the solution u of (1.1)~(1.2) with (2.1) exists on
[0,T] with T >0. Then u satisfies

uler < Cle+ llulli r +1og2+ T)(ulllE 7 + llulllf )]
if ¢ is sufficiently small. Here, C depends only on k, ||uo|| gesruss and ||ug]] gessiss-

Proof. We first evaluate the solution v of (2.13) before estimating u. We
note that the following commutation relation holds:

2 —02+1,I'=0.
t X
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It follows from (2.13) and Lemma 3.1 that

(3.2) (1 + ¢ + |x) 2| M, x)|

o0

<3S sup g9l +5+ YDTR(s, )l 2,
7=0 (2] =<35€(09)

4

£33+ ) 1D T00, Yl e,
‘ Jj=0 m=0
£33 I+ ) (D300, )l

=0 |A<3

If u(0,-) € H*7%+6 3,4(0,-) e H*6k+8 we easily see by (2.2), (2.5), Propositions
2.1, 2.2 and Lemma 2.1 that for small ¢,

o 4
33) 33T+ Iy e (y)ar v, M,
j=0 m=0
+ZZH 1+|y|)3/2¢,(|y|)r°‘“atu(o,y)nu <Ce o <k
j=0 (4| <3

We next estimate R. We evaluate only the eleventh term on the right
hand side of (2.7), since the rest terms of (2.7) are 51m11ar1y estimated.
By Proposition 2.2, we have ' ~

(3:4) (1 + s+ x| T**[05u — u, Baa, F|

<C > | +s+ X (@%u—u),y"z By, I'F|
IBl-+I< o+ ]
0<m<|Bl,0<n<y
<C > U +s+ D’ F (02— u), ) w; " 2" By, 0’ TF]|.
[Bl+[7] <|at+A]

0<m<|p,0<n<y

Noting that

L+ sl < C(1+ s [2)(1+ o — )

(3.5) y

L+ s+ x| < C4+s+ )21+ s+ [2)Y2(1 + |x = yP) (A + |x — 2,
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for s > 0, we obtain by (3.4), Proposition 2.1 and Lemma 2.1

(3.6)
l(1+s+ IxI)I""‘“[a,fu —u, By, F]||

<C Y |1 +s+ )0 P02 — u)| |1+ s+ |x]) /> T F)

Bl+y| <k+3
0<|Bl<[k/2]+1

+C Z llew?(2u — w)|||(1 + s+ |x|) T"F|,

|BI-+17| <k+3
0<lyl<[k/2]+2

< Clu,[zk/2]+5,T(”u”k+6,T + 10wl is6,7)
<Cllulllzy for 0<s<T,la| <k
Similarly we obtain
3
(3.7) (1 +s+ [x|)T***[F, B, F]|| < Clutliges,r([#lless,r + 10llirsr)
<Cllulfler for 0<s<T,|of <k

Since we have

o0

sup ¢;(s) <Clog(2+T)
j=0 SE(O,T)

for T > 0, inequalities (3.2), (3.3), (3.6) and (3.7) yield
(38)  (L+t+[x)"Ar"u(t,%)| < Cle +log(2 + T)(llulli - + llulll 1))

for 0<t<T, |¢f <k

We next obtain the estimate of u through (2.2) and (3.8). We evaluate
only the last term on the right hand side of (2.2) here, since the rest terms are
similarly estimated. Using Propositions 2.1, 2.2, Lemma 2.1 and the Sobolev
imbedding theorem, we have

(3.9) (1+t+ |x|)*|I*[0.u, Bz, 0:d]|

<C z |(1+t+ |x|)1/2[a)21’ﬁ6,u,m;zcoz‘zy”'z"Bzz,wZF”atu“w

B+ <k
0o<m<|f|,0<n<|y|

<C Y (1 +t+ ) P Poul, x 3 0 7ol
|81 <[k/2) lrl<k
< Clulyoar X O, 0™ T3]l
Irl<k
< Clulyjgssrlivllirar,  for 0<e<T,la| <Kk,
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where we have used (3.5). Thus, combining (2.2), (3.8) and (3.9), we obtain the
desired time decay estimate. |

Step 3. A priori energy estimate

In this step, we show the following lemma concerning the a priori energy
estimate of the solution to (1.1)—(1.2) with (2.1).

Lemma 3.3. Assume that the solution u of (1.1)—(1.2) with (2.1) exists on
[0,T] with T >0. Then u satisfies for sufficiently small ¢

[u(@)lliys + 106(0)llirs ‘
< Cle+ llullie 7 + llwllir + log(t + T)(lulliir + lullli ), €0, T].
Here, C depends only on k, ||ug|| gurress and |Jur]] gessiss-

Proof. We first evaluate v as in the proof of the decay estimate.
We apply I'* to (2.2) and multiply the resulting equation by 6, to
obtain

Ir=uel+ lar (o)) < (L) + Jors() + || 1reRelas).

Summing up this inequality over |«| < k+ 6, we have

(1) 1ol + 1000110 5 €(IoOere + 1060 + || 1RO o).

where we have used the fact that there exists a positive constant C independent
of v such that

CT (Iolkrs + 100llers) < lollers + Y 16T%0] < C(llolps + 190]l14s)-
) lor| <k+6

We first estimate ||R||,,s. We note that
0.F = —2byu® — 2byudsu + 2(a1 — c1)udsu + 2a10;udyu + 2by (d,u)?
+ 2byudu + 2a,ud}u + 2a30,ud: u + 2b20,u0% u + 2b,0,udu
+ 2c16tu6§u + 2byuF + 2by0,uF + 2c10,uF

and that
(3.11) IFOlli+s < C(llu(®)lss + ll0() 16 14(t) | /2445
(3.12) IF(@)l < Clu()]3,1,
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(313)  N0F(®)llirsar < CUMOirs + 108 ers) (400 216 + 18(8) fes2140);

(3.14) 10F(8) 1y < C(0) sz + 11D i),

which are derived from (2.27)—(2.29). We can now obtain || - ||,,¢ estimates for
all terms of (2.7) by Proposition 2.3, (2.26) and (3.11)~(3.14). We have, for example,

(3.15) [|[05u — u, B2, F]() ks
< C(||(d2u — ) () lkr6.0-1 1F O /2113 + |(63u — ) (O /21131 F Ol ess,01)
< Cl11() s + 108 16140 31155
(3.16) [0, B, OF)(O) s
< C|[(@rta(t) ]| 16,001 10eF (0) 1t 2143 + 106 (E) g 2143110 F (8) | 46,0-1)
< C(Iu(®) ks + 1980 i s) (4 Gepias + 120 eyaraa);
(3.17) I[F, B2, F1(t)llk46 < CUIFOllks6001 1 F(O)lje/243
< C(u(®)lrs + 10801 6)|4(0) 214

The rest terms on the right hand side of (2.7) are estimated in the same way as
above. Since the following inequality is valid:

1+1t+ x|

1/2
I"a
B )

sup | *u(t, x)| < sup<
xeR xeR

1
= msug(l + e+ ) 2 e, x)|

1
S T Prencd, MO Ix) 2| u(t, )|
xeRte|0, )

for t e [0, T], we have

1
3.18 ut), < ———u for te {0, T).
(3.18) MOl < 0, T]
Combining (3.15)—(3.18), we obtain
IROlrs <~ sz + 124lleys 1) (4P ras r + 1o raa z)
k6 = T k+6,T k+6,T)\%l[k/2 46,1 (k/2)+4,T
C 3 4
< < (llBr+ulllr)  for te o, T].

—
+

t
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Therefore we have

T
(3-19) L IR(®) 16t < € log(1 + T)(llullfer + il )-

We next show the relation between the || - ||, s-norms of u and v to evaluate
through the estimate of v. We apply Propositions 2.3 and 2.4 to (2.2), (2.4) and
(2.5) to obtain

(320)  [o()llns + 1000y
< (@) llvs + 198(D)lle4s
+ C(lu(®) s + 1080l s6) ([(O) /212 + |“(t)|[2k/2]+1),
(3.21)  [ju(@)llgys + 10u(t)lliss
< o) lless + 100(2)llxrs
+ C(1u(®)llrs + 190 1) (0 /a2 + 140 feyr0)
< (o) llrs + 1000 lers + Clullle 7 + ”lum?c,T)a

for te[0,T). By (3.20), we easily see that

(3.22) [9(0)llis6 + (00(0) |14 < Ce
for small e.

The inequalities (3.10), (3.19), (3.21) and (3.22) yield the desired energy
estimate. - |

Step 4. The proof of the Main Theorem concluded

Consequently, we have from Lemmas 3.2 and 3.3

(3:23)  lullr < Cle+ lulllc 7 + Nelle 7+ 1og(2 + T) (Ul 7 + il 7))

provided that the solution u exists on the interval [0, 7] with T' > 0 and that ¢ is
sufficiently small, say, ¢ < &y < 1. In what follows, we denote by C the constant
appearing in (3.23).
Now we are in a position to conclude the proof of the Main Theorem.
Let A and B be positive numbers to be chosen appropriately later and let

T =sup{T € (0, T.); lllullly,r < Ae}.
We suppose that
(3.24) ¢’ log(2 + T*) < B.
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Then we have, noting (3.1) and (3.23), that
(3.25) llulll 7 < Cle + A% + A% + log(2 + T)(4’&* + 4**)]
< C[1 4+ A%(1 4 Ae)e + A*B(1 + Ae)le,

for all Te[0,T,*). Now we choose two positive constants 4 and B such that

A-2C
Then (3.25) implies that
Nall r < = 4e
kT 2

for all Te[0,T,) provided that

A—2A4°BC-2C }
I

&< mm{s" 24%(A+ A’BC + C

But then, it follows from the definition of T.* that T, = T,. This fact combined
with Proposition 3.1 enables us to extend the solution u(t) beyond t = T;, which
is a contradiction to the definition of T,. Therefore (3.24) does not hold, so we
have

T, > T* >exp(Be ™) -2 > %exp(Be'z)

B 1/2
e min{sz, (@) } = &Q.

This completes the proof of the Main Theorem. ]

provided that

Concluding remark. After submitting this paper for publication, the
authors knew two papers [13] and [5], which are concerned with the problem
in this paper. In [13] Lindblad and Sogge have studied the global existence
or almost global existence of solution to the nonlinear Klein-Gordon equation
for small initial data, when the nonlinear function F is dependent only on u
but F is not necessarily smooth. In [5] Delort has given the lower bound of
the life span, that is,

T, > ce*|log ¢|®

for (1.1)=(1.2) with n = 1, when the equation (1.1) is quadratically semilinear and
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F satisfies the unit condition introduced by Kosecki.[12]. But the initial data
considered in [5] are less regular than in this paper.
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