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1. Introduction

Let H be a Hilbert space over the reals. We shall consider an ordinary
differential equation in H:

®) B+ A0 > £0),  t20,

together with the initial condition

(IC) BY?u(0) = B'?uj.

Here A is a nonlinear m-accretive operator in H and B is a nonnegative selfadjoint
operator in H.

Equations of the form (E) appear in various physical problems including the
propagation of long waves of small amplitude [3], the heat conduction involving
two temperatures [7] and soil mechanics [2] and are called pseudo-parabolic
equations (since they are parabolic equations when B =1I) or equations of
Sobolev type [12].

In the previous works, the authors have established the existence-uniqueness
theorem of strong solutions of the initial value problem for (E) under various con-
ditions on A and B:

i) D(B) € D(A) and B has the bounded inverse [13],

ii) D(B) = D(A) and B is not necessarily invertible [14],

iiiy D(A) = D(B) and B has the bounded inverse [8].

The purpose of this paper is to construct a result for (E), (IC) under the case

iv) B is not necessarily invertible (and no inclusion relation between D(A)

and D(B) is assumed),
and apply it to the initial-boundary value problem for some nonlinear partial
differential equations.

The pseudo-parabolic equation is investigated, in the abstract frame work,
by many authors under various conditions on 4 and B which are different from
ours [5], [6], [9], [11], [15] (and the references therein).
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2. Notation and a result

Let H be a real Hilbert space, the inner product and the norm in H denoted
by (-,-) and |- || respectively.

Let A be a nonlinear multivalued operator from H into itself. An operator
A: H — H with domain D(A4) = {u; Au # ¢} and range R(4) = U{Au;ue D(A)}
is said to be accretive if

(vi —va,uy —u2) >0 forevery vj e Au; (u;€ D(A),j=1,2).

An accretive operator A is said to be m-accretive if R(I+ A) = H. For each
integer n > O the Yosida approximation A, of an m-accretive operator A is defined
by

An=n(I—(I+nt4)™).

It is well known that A, is m-accretive on H and Lipschitz continuous with » as
Lipschitz constant. For brevity of notation, we shall denote (I -|—n‘1A)“1 by
JA. From the definition

(1) Aue AJ*u  forevery ue H.

We shall denote by @ the set of all lower semicontinuous (L.s.c.) convex
functions from H into (—oo,+0c0], not identically +oo0. For g € @, let D(p) =
{ue H;p(u) < +o0} and denote by d¢ the subdifferential of ¢:

op(u) = {& e H;p(u) — ¢(v) < (&,u —v) for every ve H}

with D(0p) = {ue H;dp(u) # ¢}. It is well known that d¢ is m-accretive in
H and D(0p) is dense in D(p). We refer to [1] and [4] for the properties of
m-accretive operators in a Hilbert space.

By AC([0, T}; H) we denote the space of all H-valued strongly absolutely
continuous functions on [0, T]. For other function spaces, we shall employ the
usual notation [10].

Definition 1. An H-valued function u(t) is called a strong solution of (E),
(IC) if
1) ueAC(p, T|;H) (V6> 0), () eD(B) ae.(0,T),
2) u(t)e D(A) ae. (0,T) and there exists a £(t) € Au(t) such that
du
B +&0)=f() ae (0,T),

3) BY?ye AC([0,T]; H) and B'2u(t) satisfies (IC).

@(t

Remark 1. If in addition Bue AC([0, T|; H) then

LB =B%w) e 0.1
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To establish the existence-uniqueness theorem for (E), (IC), we shall assume
the followings.
(A.1) A= 0¢, where p € @ and for every u e D(p)

o) = alul* —d  (a,d >0).

(A.2) For every &€ Au and n e Av (u,v € D(A4)) there exists a constant
d >0 such that

(€= nu—1) > dju—ol’

(A.3) B is a nonnegative selfadjoint operator in H.
(A.4) For every u,ve D(B) and integer n > 0

(Apu — Agv, B(u —v)) = 0.
Remark 2. Note that
(—nBu—v)) >0  forevery & e Au and n € Av (u,v € D(4A) N D(B))

implies (A.4) because
1
(Ant — Anv, B(u —v)) = ~ | BY2(Ayu — Ayv)|?

+ (Anut — Ao, B(Ju — J40)) > 0.
Here we have used the selfadjointness of B, the indentity
) v=n"'4w+J (ve H)
and (}).

Theorem 1. Assume that (A.1) ~ (A.4) are satisfied. Then for every 0 <
T < +oo, f e W0, T; H) and ug € D(A) N D(B) there exists one and only one
strong solution u(t) of (E), (IC) such that

u,&(e Au) € I2(0, T; H),

Vi(du/dt) € L2(0, T; H), (t>0)
and

BY?*u,Bue AC([0, T]; H),  (d/dt)(B"*u),(d/dt)(Bu) € L*(0, T; H).

3. Proof of Theorem 1

1°. Uniqueness. From (A.2) and (A.3) uniqueness of solutions can be
obtained by the standard procedure.
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2°. Existence. Consider an approximate equation for (E):

(E) G+ 8)u+ am =10, 120,
together with
(IC,) 1, (0) = uo.

Here ' = d/dt and for each integer n > 0, A, is the Yosida approximation of A.
Since the mapping v +— (n~! + B)_lA,,v from H into H is Lipschitz continuous,
the theory of ordinary differential equations in Hilbert space yields that for every
0< T < +oo, feL*0,T;H) and integer n > 0 there exists a unique function
un(-) € C1([0, T); D(B)) which satisfies (E,) and (IC,). We shall prove that u,
converges to a solution u of (E), (IC) as n tends to infinity. To this end some a
priori estimates are necessary.

i) Taking the inner product of the both sides of (E,) by u,(tf) we have

B gl + 5 5 B o + (A0, 1a(2) = (10, (e

For simplicity, for a function v(t) € H we shall suppress a letter ¢t and denote by
v in several places below. Using the identity (f), (A.2) and (}) we can estimate
the terms in (3.1) as

1 1
(Anttn n) = = || Anttnl|” + (Auttn, T ttn) 2 ~ || Anitn]|” + | T,

and

1
() < 1115 Antn+ St

1 2, 1 2 A4 2
< -~ - n - n .
< (35 ) IR + 3 P+ £ )
Then we have

1d I
2ndi

< (55 e)1ror

1d

2
O +55

1 d
1B 017+ o At + 5 )

Here and in the sequel of this paper, by ¢ we denote various positive constants
independent of n in a certain interval [N,+o00) (N > 0). Integrating both sides
of this inequality over (0,t) and taking the assumptions on u,(0) and f(t) into
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account we see

(3.2) \/iﬁ lua(t)|| <c  for every te [0, T],
(3.3) |BY2u,(t)]| <c  for every te[0,T],
(3.4) % |Antin|p < ¢

and

(3.5) |JAu,|r < c.

Here |- | is the norm in L%(0, T;H).
ii) Since u, belongs to C!([0, T]; D(B)) for each integer n > 0

1
(36) (3+8)10)+ 4uin(0) = 5O
holds. Taking the inner product of the both sides of (3.6) by n~1u’(0) we have
1 2 1 21 11 2
250 + | 80| < 3150 - 4Ol +5| 2 40)
which implies
1 !
(3.7 -u,(0)|| <c
n
and
1 1/2,.1
(3.8) W B u,(0)|| <c.

iii)y For every te[0,T], h > 0 and integer n >0
69) (54 B) -+ H) ~ 0) + Apnle ) — () =1 ¢+ ) 70

holds. Taking the inner product of the both sides of (3.9) by B(un(t+h)—
u,(t)) and using (A.3) and (A.4) we have

(310) o B2+ ) — ua(O)] + 5 L Bt -+ B) - un(e)?

< (f(t+h) = £(2), B(un(t + h) — un(t))).
Dividing the both sides of (3.10) by k2, integrating it over (0,¢) and letting h
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tends to zero we have
1 2 2 ! 2 ‘ 2
;IIBl/zu;(t)ll + [|Bu,()II° < ¢ JO £ @)Idt + ¢ . || Buy, (1) "dt

1
+ [ Bu, (O)11” + (| B/, (0)]”

which implies

(3.11) |Bu,(t)| <c¢  for every te|0, T]
and
(3.12) %”Bl/zu;(t)ﬂ <c  forevery te[0,T].

Here we have used (3.7), (3.8) and the identity Bu/,(0) = —n~'u/(0) — 4,u,(0) + £(0).
From (3.11) and the assumption ug € D(B) we also have

(3.13) |[Bun(t)|| < ¢  forevery te [0, T].

iv) Taking the inner product of the both sides of (E,) by u(t) and
integrating it over (0,¢) we have

MK
0

—n un(t)
Here ¢, is defined by ¢,(v) = (2n) "] Au0|* + ¢(J4v) (ve H) and we have used
the fact (A,v(t),v'(t)) = (d/dt)g,(v(t)) ([4], Lemme 3.3). In order to get the
boundedness of |(1/y/n)u,|; we can estimate the right hand side of this equality
as

2 t t
it +j 1B (0P de + g, (un(t)) = pa(ti0) + j (£(0), ul(0))de.
0 0

[ 7011000 = (0,10 = (100 0) = [ (7m0
SISO 5 Awin) + 20| + 17O ol

+ [0 & Aveato + g0
0 n

According to (A.1) the first term of the right hand side of this inequality can be
estimated from above by

1
17O < ol + 2SI + 5 150 + el )1

1
‘ - Apuy, + J,fu,,

3 (35 1m0 ) + (S ) LSO +

= 2 Oulun(t)) + el SO + .



Degenerate Abstract Differential Equations of Sobolev Type 221

Combining them we get by (3.4) and (3.5)

[l

n

2 t
1
dt + j B0, (1) 2dt + = g (ua(t))
n 0 2

T 1
<c+ Jo I f’(t)uH - Antin(t) + J,:‘u,,(z)Hd:

[4 "2 4 T 2 T A 2
et (Gl s [ 1A +c | 15t <

From this inequality and taking ¢(J4v) < ¢,(v) (ve H) into account, we see

(3.14) |JAu,(t)| <c  for every te [0, T,
(3.15) Ll <e
| Vi,
and
(3.16) |BY2 | < c.

v) Taking the inner product of the both sides of (3.9) by t(u,(t + h) — u,(t)),
(t > 0) we have

1d 1
i Ve (un(t + ) — un()])> - 7 ln(t + ) — un(t)||?

b o VB un(t+ 1) — ()P~ 3 1B an(t 4 ) — ()]
+ t(Antn(t + h) — Antin(t), un(t + h) — un(2))

=t(f(t+h) — f(2), un(t + h) — uu(t)).

Dividing the both sides of this equality by h?, integrating it over (0,T) and
letting h tends to zero, we see using (), (A.2), (3.15) and (3.16) that

(3.17) |Vtul|r < c.
vi) From (E,) and the estimates (3.11) and (3.15) we finally obtain

1
(3.18) | Apttn| 7 = ’f —Bu,—-u| <c
B
and
(3.19) lun|p < c.

Here in (3.19) we have used (3.5), (3.18) and the identity (f).
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From these estimates obtained in the steps i) ~ vi) it follows that a
subsequence (denoted again by u,) can be extracted from {u,} such that as
n— 400,

Uy — U in L2(0, T; H) weakly,

1

;u; -0 in L2(0, T; H),

Viul — V' in L2(0, T; H) weakly,

B2y, — B'/%y in L*(0, T; H) weakly star,
- Bu, — Bu in L*(0, T; H) weakly star,

BY%! — (BY?u)  in L*(0, T; H) weakly,

Bu! — (Bu)’ in L*(0, T; H) weakly star,

and
Anup — €& in L2(0, T; H) weakly.

Note that (Bu)'(t) = Bu/(t) holds ae. (0,T) by means of Remark 1.
Now passing to the limit in (E,) as n — 40 we see

B%(t) ) =f()  ae (0,T).

Thus for concluding the proof, we need only to show that &(¢) € dp(u(t)) for a.a.

te(0,T) and B'2u(t) satisfies (IC).
For every integer m,n > 0 we have

(50 = 5t = ) 55 1B = )+ it = At = ) =0
We see from (3.15) and (3.19) that

JT(l u _1 u',um—un>dt’ < c(—1—+—1—>

o\m ™ n" vm  /n

and from (A.2) and (3.18) that

t t 1
J (Amttm — Aptiy, Uy — ty)dt = J (Amum — Aptin, — Amtty — l Anun) dt
0 0 m n

t
+ J (Apmthy — Apty, J,‘n“um - J,fu,,)dt
0

1 1 t )
> - C(ﬁ*';) + L T up — J2un| dt.
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Hence combining them we have

%IIBI/Z(um(t) — ()| + dj; lim(£) — ()2t < c(% + %)

which follows

(3.20) up —u in L*(0, T; H) strongly
and
(3.21) B?u, — B2y in C([0, T]; H) strongly.

Then in virtue of (3.20) and demiclosedness of 4, we see u(t) € D(A) and &(¢) €
Au(t) for a.a. t€ (0, T). Finally B'/2u(t) satisfies (IC) by means of (3.21). This
completes the proof of Theorem 1.

4. Application

We shall apply Theorem 1 to the initial-boundary value problem for some
nonlinear partial differential equations.

Let © be a bounded domain in RN with smooth boundary 6. We shall
denote 4 the Laplacian in RN and 8/0n the outward normal derivative at <.

Example 1. Consider an initial-boundary value problem

~AaL(;t’—t-)~+ (I — Du(x,t) = f(x,1) in 2x(0,T),
(+) 5—“%2 e —Bu(x, 1)), 'a% (@%—0) =0 on 3@ x(0,T),
(=) u(x, 1) 1o = (—4)"2uo(x) in Q.

Here xe 2,te€(0,T), 0 < T < +o0 and f is an m-accretive operator in R such
that D(f) is dense in R. (Then there exists a ls.c. convex function j: R —
(—o0,+0] such that j# +o0 and 9j =g, [1].)

Let B= —4g = —4 with D(B) = {u e H*(Q); (0u/dn)|;q = 0}, then B is a
nonnegative selfadjoint operator in H = L?(Q). Let p: L>(Q) — (—o0,+00] be
a function defined by

0

o) — { %L(]u(x)lz + Vu(x)P)dx + J jwds it ue HY(Q), j(u) € L'(62)
+00 otherwise.

Then it is well known [1] that de(u) = (I — 4)u, u e D(0p), where D(dp) =
{ue H¥(Q); ou/one —P(u) a.e. 3Q2}. Set A= 0dp. We denote Aq=1—0dp=
I- A
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Then applying Theorem 1 to (*x) we have the following.

Theorem 2. Assumej(u)>0a.e.ondRQ. Then forevery feW"2(0, T; L*(Q))
and uy € D(A) N D(B) there exists a unique function u(x,t) which satisfies (x) such
that

W (- Aue 20, T;IH@), Vid e L0, T;LA(Q))

and
(=4p)*u, —Ague AC([0, T]; L3(Q)),
%((—Ag)l/zu), %(—Agu) e L2(0, T; L*(Q)).

Proof. (A.1), (A.2) and (A.3) are clear. Then in order to apply Theorem 1
we only show that (A.4) holds. For every u,v e D(A) N D(B), we have

(Au— Av,B(u —v))y
= L{(I — dg)u(x) — (I — 44)v(x) H{—4p(u(x) — v(x)) }dx
= J IV (u(x) — v(x))|*dx + J Aqu(x)Agu(x)dx + J Aqv(x)Agv(x)dx
Q Q Q
_ J Aqu(x) Ago(x)dx — J Aav() Agu(x)dx
Q Q
> J IV (u(x) — v(x))|*dx > 0,
Q

which means (A.4) by taking Remark 2 into account.

Example 2. Let e(x) be an element of L®(Q) such that e(x) > 0 a.e. in Q.
Consider an initial-boundary value problem

e(x)a—u((,;—’tl—l— (I — Du(x,t) = f(x,t) in 2x (0,T),

() 95‘(53‘"—‘2 e — Blu(x, 1) on 82 x (0,T),
Vex)u(x, t)],_o = ve(x)uo(x) in Q.

Let Bu = e(x)u with D(B) = L*(Q) = H and let ¢ : L*(2) — (—o0,+0] be
a function defined as in Example 1. Set A = dp. Then B is a (bounded) non-
negative selfadjoint operator in L*(Q) and 4 = I — 4 with D(4) = {u e H*(Q);
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Ou/0n € —p(u) a.e. 02} is an m-accretive operator in L?(22) which satisfies (A.1)
and (A.2). Then Theorem 1 is applicable to (¥x). Note that, in this case, the
assumption (A.4) is not necessary because |BY/2ul|; < c implies |Bu! | < c.
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