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Asymptotic Behaviour of Solutions to Phase
Field Models with Constraints

By

Akio Ito and Nobuyuki KENMOCHI
(Chiba University, Japan)

Abstract. A phase field model with constraints is studied. The model is described
as a coupled system of nonlinear parabolic PDEs governed by the absolute tempera-
ture and the order parameter. One of the PDEs includes a maximal monotone
graph as a mathematical expression of a certain kind of constraints for the order
parameter. In this paper we restrict the space dimension to one, and investigate
the structure of the w-limit set of any solution of the model as time t — +oo.

1. Introduction

We consider a model for solid-liquid phase transitions of the following
form:

(L) [pW) + AW — U = ft, %) 0 @:=(0, +o0) x (=L, L),

(1.2) W, — kW, + &+ gw) = A(wu in @,

(1.3) Eedl,  mw) in Q,

(1.4) —uyt, —L) + nou(t, —L) = h_(t), u.t, L) + nou(t, L) = hy(t) for t>0,
(1.5) w,(t, —L)=w(,L)=0 fort>0,

(1.6) u(0, x) = uy(x), w(0, x) = wy(x) for xe(—L,L).

Here L > 0 is a positive number; « > 0 and ny, > 0 are constants; p(u) is an

increasing function of u, and A(w), A'(w) = Ed;vl(w), g(w) are C2-functions of w;
0, .+ is the subdifferential of the indicator function I, .+ of the interval
[0,, a*1 = R; f(t, x), hi(t), uo and w, are given data. We call this system
“Phase-Field Model with Constraints” and denote it by (PFC).

In the context of solid-liquid phase transitions, 6:= p(u) represents the
absolute temperature and w the order parameter which indicates the physical
situation of the system; the range of the order parameter w is assumed to be
a compact interval [o,, 6*], and w(t, x) = g, and w(t, x) = ¢* mean respectively



124 Akio ITo and Nobuyuki KENMOCHI

that the physical situation at (¢, x) is of pure solid and pure liquid, while
o, < w(t, x) < o* means that the physical situation at (¢, x) is mushy.

The system without term ¢ in (1.2) was earlier introduced as a thermody-
namically consistent model for phase transitions by Penrose & Fife [13] and
analytically studied by Zheng [15] and Sprekels & Zheng [14]. Recently,
system (1.1)-(1.6), which is derived from a class of free energy functionals
involving non-smooth terms, was discussed by Kenmochi & Niezgodka [9-117,
Blowey & Elliott [1] and Laurengot [12]. Also, for some related works we
refer to [2, 4-8].

The most important characteristic of our model is in the nonlinear term
¢ governed by (1.3). This term is called “constraints” for the order parameter
w. In fact, it allows the coexistence of the pure phase Q,(t):= {xe(—L,L);
w(t, x) = o*}, Q(t) :== {x e (—L, L); w(t, x) = 0,} and the mushy region Q,,(t) :=
{x e (=L, L); g, < w(t, x) < 6*} which have positive linear measures in the dy-
namical process.

In this paper we are interested in the large time behaviour of the solution
{u, w} of (PFC). Assuming that f(t, -) » 0 and h,(f) - h™ in appropriate senses
as t— +oo, we consider the stationary problem {(1.7), (1.8)}:

(1 7) _u;oxzo in (—LaL)a
' —u(—=L) + nou™(—L)=h*,  uP(L) +nou™(L) = b=,

—Kkwh + &2+ gWW®) — (W) =0 in (—L, L),
(1.8) £% € 0L, on(W™) in (=L, L),
we(—L)=wP(L)=0.

. . . h*
It is easy to see that u® is uniquely determined by (1.7) and 4®:= — on

Ro

[—L, L], while there are infinitely many solutions of (1.8) in general. By the

results established in [10, 11] we know that

(i) u(t) > u® weakly in H'(—L, L) as t - +o0,

(i) the w-limit set w(uy, wy):= {ze H'(—L, L); w(t,) >z in H'(—L,L) for
some t, with t,1 +o0} is non-empty, bounded and closed in H*(—L, L)
as well as connected in H*(—L, L), and any w-limit point w® is a solution
of (1.8).

As is easily seen from a simple example, in general, system (1.8) has a
continuum of solutions. Therefore, the above (i) and (ii) seem not enough as
information of large time behaviour of solutions.

In this paper, further assuming that the function g(w) — A'(w)u™ is of the
N-shape (with respect to w) and has exactly three zeros, say (o_, {, and (.
with {,- < {y < {o+, We show that
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(iii) - the boundary values w®(— L), w°(L) and the number of the {,-points of
w* are constant on w(ug, Wo), Hm W (t)lp2—p 1y = [WTlL2-1, 1)
t—+oo

This observation seems new, and says in solid-liquid systems that the num-
ber of the connected components of the interface is invariant for time ¢ large
enough, and in this sense, a pattern of the pure phases Q.(t), 2,(t) and the
mushy region £,(t) is formed as time ¢ is large enough.

Notations. We use the following notations:

(-, *): the standard inner product in L*(—L, L);

L
a(v, z) = f vz dx  for v, ze H(—L,L);

H'(—L, Ly*: the dual space of H'(—L, L);
{*,*>: the duality pairing between H'(—L, Ly* and H'(—L, L);
ky A ky =min {k;, k,}, ky v k, = max {k, k,} .

2. Known results

Evolution problem (PFC) is discussed under the following assumptions

(A1)—(A4):

(A1) p is a maximal monotone graph in R x R whose domain D(p) and
range R(p) are open in R, p is locally bi-Lipschitz continuous as a
function from D(p) onto R(p) and there are constants 4, >0 and «
with 1 < a <2 such that

Aglry — 1l

TrrF 1 for all r, r, € D(p).
172

lp(ry) — plr2)l =
(A2) o, o* are constants with —oc <0, < 6* < +00, and «, n, are positive
constants.
(A3) 4 is a C3-function from R into itself.
(A4) g is a C2-function from R into itself.
Next, for the data f, h,, u, and w, we suppose that
(H1) fe WL2R,;L*(—L,L)NL*(R,; L*(—L, L)) such that

Suop |f|WL2(z,z+1;L2(—L,L)) < 403
t=>

(H2) hy e Wk*(R,) such that

Suop {hilwiogeeny + Ih_lwizge1y) < 00,
>
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and for some constant h®
h, — h° e L*R,);
hy(?)

0
such that

(H3) € D(p) for all t>0 and there are positive constants A, and A4’

p(r)(ngr — hy () = — A |r| — A] for all reD(p) and all t>0;
(H4) wuoe H'(—L, L) with p(u) € L*(—L, L), and w, € H*(—L, L) such that
Wox(—L) = wo (L) =0, O, < Wy < 0o* on[~L,L].
Remark 2.1. (1) From (1.3) it follows that the order parameter w satisfies
o, < w(t, x) < 0%, so that we may assume without loss of generality that the

functions 4 and g have compact supports.
(2) The typical examples of p and A are given by

1
pu)= —- for —o<u<0,
u
and
a
Aw) = _Towz +aw+a, for constants a, >0, a; and a, .

In this case, condition (H3) is automatically satisfied, if h, <0 on R,.

Now we give the variational formulation for (PFC). We say that a couple
of functions u and w is a solution of (PFC), if the following conditions (w1)—
(w3) are fulfilled:

(wl) For every finite T>0, ue L™, T; H'(—L, L)), p(u)e L*(0, T; L*(—L,
L)Nw*20, T; H'(—L,L)*) and weL®0, T; H'(—L, L)) N W20, T;
L*(—L, L)).

(w2) For all ze HY(—L, L) and for ae. t >0,

<p@)(8), 2> + (AW) (8), 2) + a(u(®), 2) + (rou(t, —L) — h_(t))z(— L)
+(nou(t, L) — h.()z(L) = (f(2), 2)

. .. d
and u(0) = u,, where the prime “’” denotes the derivative o

(w3) For all ze HY(—L, L) and for ae. t >0,

W'(®), 2) + ka(w(®), 2) + () + g(w(D)), 2) = (X (W(D)u(?), 2)

and w(0) = w,, where £ e L{,(R,; L*(—L, L)) is such that £ € oI}, ,u(W)
ae. in Q.
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Next we give the variational formulation for (1.8). We say that for a
given constant u®, a function v is a solution of P(s,, o*; u®), if ve H*(—L, L)
and

2.1) —KUy + 7+ g0) — A(0)u® =0 ae in (—L, L),
22) yeL*(—L,L), yedl, 1) ae in(—L,L),
(2.3) v (—L)=0v,(L)=0.

We recall some results on (PFC) established in [11].
Theorem 2.1 (cf. [11; Theorem 2.1, 2.2]). Under conditions (Al)y—(A4), (H1)-
hoo
(H4) and n—eD(p), problem (PFC) admits one and only one solution {u, w}
0

which satisfies the following (a)—(d):

(@) ueL®(R,; H'(—L, L)), we L°(R,; H¥(—L, L)) and w' € L°(R,; L*(—L, L)).

(b) u—u®eL?R,; H'(—L, L)) with u*° = }:1_ and w' e L*(R,; L*>(—L, L)).

0

(©) u(t) > u® weakly in H'(—L,L) as t > +c0.

(d) Let w(ug, wo):={ve H(—L, L), w(t,) > v in H(—L, L) for some t, with
t,— +o0}. Then the set w(uy, wy) is non-empty, bounded and closed in
H*(—L,L) as well as connected in H'(—L,L). Moreover, any function
w® € w(ug, Wo) is a solution v of P(a,, o*; u®).

In [11; Theqrems 2.1, 2.2] the statements (c) and (d) are not explicitly
mentioned, but they were actually proved there.

3. Some lemmas

In this section we assume that (A3) and (A4) are fulfilled for the functions
A and g, and u® is a given constant.

In the study of the stationary problem P(g,, 0*; u®) we consider a triple
of u®, g and A such that the function

g™ w)i=gw) —AWu”, weR,

satisfies the following properties (ql), (q2):

(q1) The (algebraic) equation g(u®; w) = 0 has exactly three roots {,_, {0, {o+
with (- < {y < {y4; of course they depend upon u®™.

(q2) There are numbers {,_ and {,,, depending on u*®, such that

fo- <li- <lo<lis <lo+»

q'w”; ')<= %q(u‘”; -)> >0 on (—,{;)U(4, +0),
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q/(uoo; Cl i) = 0 5
qW”)<0  on ({;-,{14),

d2
q" > ')<= W‘l(u‘”; ')> <0 on (—,{),
q" w5 {o) =0,
q"w®; ) =0 on (g, +0).

As to the relationships between {,, o, and ¢* various cases are possible,
but we here suppose that

(3.1) g, <{o<o*.
This restriction does not exclude physically relevant cases in phase transitions.
We denote by G(u®; w) the primitive of g(u™; w) satisfying G(u™; {,) = 0, i.e.
G(u®; w) = '[ qu>; s)ds , weR,

and define by(u™) and b, (u*) by
(3.2) Bo() := max {G™; {o_), G™; {o1)} ,
(3.3 b, (™) := max {G(u™; {o— Vv 6,), GU™; (o1 A *)}.
It is clear by (3.1), (q1) and (q2) that
bo(u”) < b (u®) < 0.

In order to investigate the structure of the set of all solutions to
P(o,, 0% u®), denoted by S* we decompose S* into three disjoint classes S,,
So and Sy, ie.

(34) S* = Sc + So + S1 s

q@™; w)

Fig. 1
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where

(3.9) S.:= {v; v is a constant solution of P(ag,, o* u™)},

(3.6) So:={ve H*(—L, L), v is a non-constant solution of P(s,, o*; u™)
such that G(u™; v(—L)) > b,(u®)},

(3.7) S;:={ve H*(—L,L); v is a non-constant solution of P(q,, o*; u”)
such that G(u®; v(—L)) = b, ™)} ;

as will be shown below, G(u®; v(—L)) > b (u”) for any non-constant solution
v of P(o,, 6% u®), so that (3.4) holds.

In the rest of this section we assume that conditions (q1), (q2) and (3.1)
hold.

For the sake of simplicity, given a number b with

min Gu®; - ) <b <0,

we denote by n,(b) and 5_(b) the roots of G(u*; w) = b in the interval ({y, (o]
and [{,_, {o), respectively, if they exist. Note here that G(u®; w) =b has at
most two roots within [{,_, {o,1. In fact, if by(u®) < b < 0, then G(u*; w)=b
has exactly two roots 5. (b) with (o- <#_(b) < (o <ni(b) < {oi. Also, if
GW™; (o) # GW™; {p,.) and min Gu™; -) < b < by(u™), then G(u®; w)=>b has
only one root in [{y_, {o+]; when G(u®; {y,) > (resp. <) G(u™; {,_), the equa-
tion has a root n_(b) € [{o-, {o) (resp. #+(b) € (o, Lo+1])-

Lemma 3.1. Let v be any solution of P(c,, 0% u*) and b:= Gu>; v(—L)).
Then:
(i) GWw™®;v(x))=b for any xe[—L,L]. v.(x)=0if and only if Gu*; v(x)) =
b; hence G(u®;v(L)) =b.
(ii) If b=0, then v={, on [—L, L].

Gu®; w)

Lo- oun-0) Lo n+(0) o* Lo

o) [ ¥

b () A //
U

Fig. 2
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(iii) If v is non-constant on [—L, L], then
b (u*)<b<0.
(iv) If v is non-constant on [—L, L], then
n-)<v<n,b) on[-L,L].
Proof. Multiplying (2.1) by v, and integrating it over [ — L, x], we have

(3.8) —glvx(x)lz + G v(x))=b  for all xe[—L,L].

Hence (i) holds.

Assume b =0. Note that the equation G(u”;w) =0 has exactly three
roots, say {,_, (o, {54+ with {5_ < {;. <{y <o+ <{,. Taking account of
(i), we see that one of the following three cases («), (8) and (y) holds:

@ v<{-on[-LL], (fv={ on[-L L], (») v={5, on [-L,L].

In case («) holds, q(u*;v) <0 and v, <0 on [—L,L]. Therefore v, (L)# 0
unless v={,_.. Also v={,_ is not a solution, since qu®;{,_) <0 and
0L, o4({>-) = R_. Hence () is excluded. The case (y) is similarly excluded,
too. Thus (f) must hold and (ii) is obtained.

Next, we show (iii) by contradiction. Clearly min G(u®; -) <b < 0. Also,
b # 0 by (ii), assuming v is non-constant. Since {,_ v Oy = (o= OF 0, (o1 A
0* = {o4+ or 0* and b (u°) = Gu™; {o- Vv a,) or G™; (o4 A o*), we have eight
possible cases regarding (,_ Vv 0, {o+ A 6* and b, (u*). Assuming that

b, () > b = min G(u>; *),
we consider for instance -
{o- VO, =0,, lor AO*={(4y, b, (u*) = Gu™; a,) .

In this case, the equation G(u®; w) = b has at most two roots 7,, 1, satisfying
{o <1y < Lo+ <1p; note that 1y = oy = n, if b=min GW™; -)(= Gu™; {o4)).
This implies v(—L)=#n, or n,, and on account of (i) there are x, € [—L, L)
and constant § > 0 such that

g, <v<n —9o on [x,, L)
or

c*>v>14,4+0 ~ on [x;,L).
Hence, for some constant §, > 0,

v, < —6; on [x,,L) or v,=9; on [x,,L),
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This implies that v,(L) # 0, which contradicts the boundary condition v,(L) = 0.
In any other cases of {,_ Vv g, {o+ A o* and b, (u*), we have a similar contra-
diction. Thus (iii) is obtained.

Finally we show (iv). Note from (iii) that b,(u®) < b <0, and the equation
G(u”; w) = b has at most four roots, say #.(b) and #.(b), in [o,, 0*] such that

f-(b)<n_(b),  n.(b) <7.(b)
0y V Lo <n_(b) <{o <7.(b) < {ou A ™.

We have by (i) the following three possibilities:

(39 v<f_()) on[-L,Lj7,
(3.10) v >, (b) on [—L, L]

and

(3.11) n-(b) <v< ny) on[-L,L].

In a way similar to that of the proof of (iii) we can show that (3.9) and (3.10)
are impossible. Accordingly (3.11) must be true.

It is well-known that (cf. Chafee & Infante [3]) the problem P(u®) without
constraints,

— K0y, + qu®;0) =0 in (—L,L).
v(—L)=0v (L) =0,

has exactly three constant solutions {,_, {4, o, and at most a finite number
of non-constant solutions; of course the number of non-constant solutions
depends upon u®. We define

§0 = {Vl, V2,..., I/p},

where Vi, V5, ..., V.

» are all non-constant solutions of P(u™) with

V(=L)< V(=L)< < V,(=L).

Lemma 3.2. (i) P(o,, 0*; u”) has exactly three constants solutions {,_ v o,,

C0+ A O-*’ Co; that iS, Sc = {CO— A4 0-*9 CO+ A 0-*5 CO} -
(ii) Let S, be the set defined by (3.6). Then S, is a finite set and S, = S,,.

Proof. Let ¢ be any constant with o, < ¢ < ¢* and assume that v=c
is a solution of P(o,, o* u®). Then Oli,, 44(c) + q(u™;¢) 0. First, assume
that g, <c <o* Then it follows that g(u®;c) =0, i.e. ¢ € {{o-, (o4, (o}, SinCE
0li,, . o4(c) = {0}. Hence c is equal to one of {,_ v a,, {, and {,, A o* Next,
assume ¢ =g, (resp. 0*). Then qu;c) >0 (resp. <0), so that {,. <c=
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0, < (o (resp. {o <c=0* <{y,). Hence c ={,_ v o, (resp. {o+ A ¥). Thus
we have seen that if v is a constant solution of P(g,, 6*; u®), then v is equal
to one of {,_ v gy, {4, {o+ A a*. Conversely, {,_ Vv o,, {, and (o, A o* are
constant solutions. Hence (i) is obtained.

We show (ii). Let v be any non-constant solution of P(c,, ¢*; u®) such
that b:= G(u™; v(—L)) > b,(u*). Then, by Lemma 3.1 (iv) we see that

n-by<v<ny ) on[-L,L].

By assumption, we have o, < n_(b) < #.(b) < o¥, so that y=0. This implies
that v is a non-constant solution of P(u®), hence ve S,. ¢

Lemma 3.3 (cf. Chafee & Infante [3]). For each b with by(u™) < b <0,

define
14+(b) dv
I1(b) .= s
( ) J‘,,_(b) {G(uoo; U) _ b}1/2

Then 1(b) is continuous and strictly decreasing with respect to b € (by(u™), 0), and
2n
1imIb=—,—\/——, lim I()= +o0.
AN

Lemma 34. Let v be a non-constant solution of P(a,, 0% u*) and b:=
Gu®; v(—L)). Also, let (x,x,) be any connected component of the set {x e
[—L,L]; vx)#0}. Then v(x,)=n_(b) or n.(b). Furthermore, if v(x,)=
n-(b) (resp. n.(b)), then

(3.12) v(x,) =n4(b) (resp. n-(b)), v, >0 (resp. v, <0) on (x,x;),

(313) Dx(xl) = Ux(xz) = 0 s
(3.14) Xy — X, = (g)m 1(b),

and there is a unique point xo with x,; < xo < x, such that

ap\112 o\ 12
(3.15) v(xo) =6 s v.(xg) = <%) (resp. —<72b> ) .

Proof. We see (3.13) and v(x,) =#n_(b) or n.(b) by Lemma 3.1 (i). As-
sume v(x,)=#n_(b). Then it follows that v is increasing on (x;, x,), so that
(3.12) holds. Besides from (3.8) we see that

()/ o)
2) {Gw;v(x))—b}2
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whence

K 1/2 (*x, v, d
"1_"2’@ j G, v — 2™

12 [re® o \112
N <§> J oy LG5 0) — b2 N <§> 16).

Thus (3.14) holds. Finally, by (3.12) and (3.13) there is a unique point x, in
(%1, x5) such that v(x,) = {,. Since G(u™; v(x,)) = 0, we have ——glv,c(xo)l2 =b.

Hence (3.15) holds. ¢

4. Structure of the solution set S*

In this section we study the structure of S* =S, + S, + S;. The sets S,
and S, have been investigated in Lemma 3.2, so we study below the structure
of S;. In order to do so we introduce the notion of the principal parts of
the soluton to P(u™).

Throughout this section, assume that (ql), (q2) and (3.1) are fulfilled, and
let by(u®) and b (u*) be as the numbers defined by (3.2) and (3.3), respectively,
and use the same notations for #.(b), etc., as in the previous section.

Lemma 4.1. Suppose that by(u®) < b < 0. Then there exists a unique pair
of a bounded interval (xb, x%) with x> < 0 < x% and a function v® € C*([x?, x2])
such that

4.1) —Kkv2, + qu®;v?) =0  in (x%,x8),
@2) PO =Ly, 020)= (%?)m

with

(4.3) P>0 on (xb,x%), oA(xb)=v.(x2)=0.

In this case, we have

(44 (X2 =n_(b),  v¥(x%)=n,(b)
and
4.5) Xt —xb = (g)m 1b).

Proof. Consider the Cauchy problem to find a function p = p(x) € C*(R)
such that
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(4.6) —KPyx + qu;p)=0 in R,
—2b\'2

@) PO=lo, p0)= (7) :

From the general theory of ODEs we see that problem (4.6)-(4.7) has one
and only one global solution p. Now, let (x_, x,) be the maximal interval in
R such that x_ <0< x, and p, >0 on (x_, x,). Then, multiplying (4.6) by
p. and integrating it over [0, x) or (x, 0], we have by (4.7)

4.8) —gp,c(x)2 + G, p(x))=b for all xe(x_, x,).

From (4.8) and assumption b,(u®) < b < 0 it follows immediately that —co <
x_<0<x; <+ and

px-)=n-(b),  plxs)=mn.(0),  pux_)=pilx:)=0.
Moreover, just as in the proof of Lemma 3.4,

K 1/2
Xy — X_ =<§> I(h) < 40 .

Thus the interval (x?, x2) := (x_, x..) and the function v® := p satisfy (4.1)—(4.5).
It is easy to see that such a pair is uniquely determined.

For each b with by(u®) < b < 0, let v* € C*([x?, x%]) be the function con-
structed in Lemma 4.1, and define #° € C*([x%, X5]) by

Xt =-x2, xt=-xb
and
?°(x) = v’(—x)  for xe[xt,x%].

We then say that v® and ©° are the principal parts of solutions to P(u®). With
this terminology Lemma 3.4 is mentioned as follows. Let v be any solution
of P(a,, 0% u*) and put b:= G(u”; v(—L)). Then any non-constant part of v
coincides with a translation of the principal part v® or °.

Regarding the structure of S; we have the following theorem.

Theorem 4.1. Suppose that (A3), (Ad), (q1), (q2) and (3.1) hold, and further
that

4.9) bo(u™) < b (™) =: b

and

K 1/2
(4.10) <§> 1) <2L.
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Then:

(1) P(o,, 0*; u™) has at least one non-constant solution v with G(u™; v(—L)) = b,
ie. S, # . ; '

(2) Let v be any non-constant solution with b = G(u®; v(— L)), namely, ve S;.
Then there is a partition

4.11 —L<xl<xi<x?<x(i<--<xl<xk<L
L < Xg < XL < Xg L < Xg

of the interval [—L, L] such that

K\
4.12) x§_=x,’f+<§> I(b), k=1,2, ..., 1,
_and one of the following (4.13) and (4.14) holds:
(v=n-() on [-L,xi],
v=0"(x2 —xL+-) on (xi,xk),
v="n.(b) on [xg xi],
v="0°(x" — x}? +-) on (x3,x3),
(4.13) LU= n-(b) on [xz, x3],

b P(x —xL +°) on (xi,xk)  if lis even,
T lob(x® —xb4+) on (xl,xk)  if lis odd,

b= n_(b) on [xg, L] if 1is even,
L 1) on [xk, L} i lis odd,
(v=n,() on [—L,x}],

v="70"(X2 —x; +°) on (xi,xz),
v=n_(b) on [xg,xi],

v=0"(2 —xi +°) on (xi,xR),

(4.14) Jo=mn.b) on [xk, xi],

. (xb —xL +) on (x},xk) i lis even,
oo(x% —xL +) on (xL,xk) if lis odd,

v

n.(b) on [xk, L] if 1is even,
n_(b) on [xk, L] if lis odd.

-
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a-*
/i N\ /i 0\
3 4
—L Xk xi Xr XL L *
Oy
Fig. 3

(3) Let v be a function defined by (4.13) or (4.14) with (4.11) and (4.12). Then
v is a solution of P(o,, 6% u®), that is, veS,.

Proof. By (4.9), we have n_(b) = o, or .(b) = ¢*. Without loss of gener-
ality we may assume that 5.(b) = 0*. Consider now the function

) 12
(x> +L+x) for er:—L, —L+<—) I(b)) ,

2
K\ 12
o* for xe |:—L + <§> I(b), L:| ,

which is well-defined by (4.10) and (4.12). Then, since o, <n_(b) <{p <
n+(b) = o*, q(u”; 6*) <0 and R, =0l ,(c*), it follows that v is a solution
of P(o,, 0% u®). Thus (1) is obtained.

Let v be any non-constant solution with b = G(u®; v(—L)) of P(o,, 0*; u%),
and let (x,x%), k=1, 2, ..., I, be all of the connected components of the

set {xe[—L,L]; v(x)#0} in [—L,L]. Then it follows from Lemma 3.4
1/2 1/2
that x& — x¥ = (g) I(b) for all k, [ is a positive integer with l<g> I(b) < 2L,

and moreover (4.13) or (4.14) with (4.11) and (4.12) holds. ¢

v(x) =

Corollary to Theorem 4.1. Under the same assumptions as in Theorem
4.1, let v be any non-constant solution of P(o,,c*; u®) with b = G(u®; v(—L)).
Then there exists an positive integer | such that

|vx|iz(—L,L) = lluxllz,z(x’_’,xk) .

In this case, the number of all points x e [—L, L] with v(x)={, is L

Remark 4.1. (i) In Theorem 4.1, if b, (u®) = G(u™; 6*) > G(u™; {o- V 0,),
then

(4.15) —L=x}, xk=x}, Xxp=xi,....

in (4.13) and



Phase Field Models with Constraints 137

(4.16) xk=xi, xi=xi,....
in (4.14). If b,(u®) = G(u®; 0,) > Gu™; {o+ A o*), then (4.16) and (4.15) hold
in (4.13) and (4.14), respectively.

(i) From the construction of the principal parts v® and o° it is easily
seen that any non-constant solution v of P(u™) has expression (4.13) or (4.14)
with a partition (4.11) satisfying (4.12) and

— 51 12 2 _ .3 3 _ .4 =
—L=x;, Xg = X, Xg = XL, XR=XL, «ons xg = L.

K

In thi , 1
n this case (2

)1/2 I(b) = 2L for b= G(u™; v(—L)).

1/2
(i) If (g) I(b) > 2L, then there is no non-constant solution v with

b= Gw™; v(—L)) of P(o,, 0*;u™).

According to Theorem 4.1 and Remark 4.1 the solution set S* of
P(o,, o*;u™) has a finite number of connected components and is able to be
written as their direct sum:

3 p lo _
4.17) S* = kZ‘l S.(k) + Z So(i) + l; {$;:() + S;(0},

where

Sc(l) = {CO— Vv O'*} ) Sc(2) = {€0+ A O'*} ’ Sc(3) = {CO} ;
i, is the smallest integer of all i with 1 <i<p such that Gu®; V,(—L)) >
b(u®) and So(i) = {V;} for i, <i<p; l, is the largest integer of all I such

1/2 —
that l(;) I(b,(u*)) < 2L, and for each I=1, 2, ..., l,, §;(I) (resp. $;(I))

is the set of all non-constant solutions v with b:= G(u*; v(—L)) = b, (u™) of
P(o,, o*; u®) having expression (4.13) (resp. (4.14)) for partition (4.11) with
(4.12). Tt is easy to see that S.(k} (k=1,2,3), So(i) (i =1ip,ip+ 1,...,p), S:(I)
and S,() I=1,2,...,1,) are connected and mutually disjoint in H'(—L, L).
1/2 _

Remark 4.2. 1If I, (g> I(b(u™)) = 2L, then S;(l,) and §,(l;) are single-

tons consisting of solutions to P(u®). Also, if
bo(u®) < b, (u”), G(u®; (o Vv a,) > (tesp. <) G™; o4 A 0¥),

then S,(1), S;(1) and §,(2) (resp. S;(2)) are singletons.

5. o-limit set w(uy, wy)

In this section we consider the w-limit set w(ugy, w,y) of the order parameter
w as t - +oo.
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(oo}

Theorem 5.1. Suppose that (A1)—(A4), (H1)-(H4), (q1), (q2), }:Te D(p) and
0
(3.1) hold. Further suppose that
(5.1) by(u”) = by(u™)

Then the w-limit set w(uy, wo) is a singleton {w*}, and therefore the order
parameter w(t) converges to w® in H(—L,L) as t > +00. Moreover, unless
© is constant on [—L, L], w* is a solution of P(u®).

Proof. Under (5.1), assume that S; # (J. Let veS;. Then b:= Gu>;
1/2
v(—L)) = by(u®). But, by Lemmas 3.3 and 3.4, we have 2L > (g) I(b) =

w

+c0, which is a contradiction. Thus S; = J must hold, and $* = §, + S, is
a finite set by Lemma 3.2. Besides, by Theorem 2.1 (d), w(uy, w,) = S*, so
that w(uy, w,) is a singleton {w*} with w®e S, or §,. O

The above theorem says that under (5.1) the behaviour of any order
parameter w has no influence of the constraints g, < w(t, x) < ¢*, when ¢ is
large enough.

0

Theorem 5.2. Suppose that (Al)-(A4), (H1)-(H4), (q1), (q2), :— € D(p) and
0

(3.1) hold. Further suppose that
(5.2) bo(u®) < by(u™®) (< 0).

Then, for the w-limit set w(uy, w,), there are the following two possibilities (1)
and (2
(1) (ug, wo) is a singleton {w®}. In this case, the order parameter w(t)
converges to w* in H'(—L, L) as t » +o. Moreover, if G(u®; w°(—L)) >
b, (u™) and w® is non-constant on [—L, L], then w™ is a solution of P(u®).
(2) (ug, wo) contains a continuum of solutions to P(o,, 6*u®). In this case,
the following statements (el)—(ed) hold:
(e1) Gu™; v(—L)) = Gu™; v(L)) = b (u®) for all ve w(ugy, wy).
(€2) The boundary values v(—L) and v(L) are independent of the choice
of ve w(ug, w), and they are in {n_(b,(u™)), n+(b, (™))}
(€3) For the order parameter w(t) it holds that

lim (wo(O)|p2-r,1) = 10xlL2-1,1
t—>+owo

and

lim '[L G(u™; w(t, x))dx = JL G(u™; v(x))dx
L

t=>+ow —L

Sor all ve w(ugy, wy).
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(e4) The number of all points xe[—L, L] with v(x)={, is finite and
independent of the choice of ve w(uy, Wp).

Proof. Suppose that w(uy, wy) contains more than one element. Then
by the connectedness of w(ug, wp) in H'(—L, L) and (4.17), w(u,, w,) contains
a continuum of solutions to P(g,, o* u®) and there exists a positive integer
I such that

(53) o(ug, wo) = S1(1) or o(ug, wo) = S;(1) .
This together with the corollary to Theorem 4.1 proves (el), (€2), (e4) and that
(5.4 loxlra-r,ny = Hodlpae, ey for all ve o(ug, wp),

where b:= G(u”; v(—L)) = b,(u®). Since (5.4) implies that |v,|; 2, , is con-
stant on w(ug, wy), it follows from global estimates (a) of Theorem 2.1 that

(5.5) hm (we(®)|p2-r,) = ”Uxb|L2(x2,xg) .

t—=>+oo

Now we use the convergence result

(5.6) lim {g|wx(t)lfz(_L,L) + JL G(u™; w(t, x))ds}

t=+w

L

K
=§|vx|£2(—L,L)+J G(u™; v(x))dx .
L

for all ve w(ugy, wy);

the proof of (5.6) is found in [11; section 6]. Combining (5.6) with (5.5), we
obtain (e3). ¢

According to Theorem 5.2 (e3)—(e4), under condition (5.2), the number of
points x with w(t, x) = {, does not change for large time t. In such a sense,
the number of the connected components of the interface is constant for large
time ¢; in other words, a pattern of phases is formed for large time t. As
some numerical experiences show, there is actually a process in which w(u,, wy)
is a continuum of solutions of P(c,, 6*;u®). This can be explained as follows.
In general, for the order parameter w we see that w, e L(R,; L*(—L, L)), but
w, ¢ L'(R,; L*(—L, L)), so that the point x(t)e [—L, L] with w(t, x(t)) = {,
may oscillate as ¢ — +o0.

Remark 5.1. 1In this paper, g(u®; -) is supposed to be defined on the whole
real line R and to satisfy (q1) and (q2). But, as is easily checked, we have
the same results as Theorems 4.1, 5.1 and 5.2, as long as q(u®; -) is a function
defined on an open interval ({,, {*) such that
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lim gu®; w) = —o0, lim g(u®; -) = +0,
wl iy wiex

(y <o, <o*<(*

and (ql) is satisfied as well as the following (q2)":
(g2 There are numbers {;_ and {,,, depending on %, such that

(o <lo- <8y <lo < iy <low <%,
q@?;)>0  on ({4 i-)U+, 0%,
g 84)=0,
qg'@s)<0  on ({i-, i),
q"W®; ) <0 on (o),
q"™; () =0,
q"w®;)=0  on ({o,¥).

In the case where {, = 0, and {* = o*, there are actually no constraints in
the formulation of our problem.

Example 5.1. Consider the case where
3 1 2
gw)=w’—w, l(w)=—§w .

Then, for constants u® < 0 and o,, o* with o, <0 < ¢*, we see that q(u™; w) =
0 has three roots —(1 — u®)'2, 0, (1 —u®)*2, and (ql), (q2) are fulfilled. It
is easy to check that (5.1) holds if

1—062Ao* <u® <0,
while (5.2) otherwise.

Example 5.2. Consider the case where
1
gw)=w+w, Aw) = —EWZ )

Then, for constrants u® < —1 and o,, ¢* with ¢, <0 <o* we see that
g(u®; w) = 0 has three roots —(—u® — )2, 0, (—u® — 1)*2. Also, (q1) and
(q2) are fulfilled if u* < —1, while gq(u®; w) =0 has exactly one root 0 and
G(u®; w) is strictly convex if —1 <u® <0. In the latter case of u®, problem
P(o,, o*; u®) has a unique solution 0, and the order parameter w(f) converges
to 0 in HY(—L,L) as t - +oo0. In the former case of u®, we have both of
possibilities (5.1) and (5.2).
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Example 5.3. We consider, for instance, a mean-field model for the Ising
ferromagnet (cf. [13]), which is of the form:

(‘5_%‘”2) — = f,x) in Q:=(0, +o0) x (=L, L),

and

w .
— W+ az + agwu=0 m Q,

w,+;cwx,,+allog1_w

where a,, ay, a, are positive constants and a, is a constant. Under similar
initial and boundary conditions to (1.4)—(1.6), this system has a unique global
solution {u, w} (cf. [8, 11, 12]) and the corresponding stationary problem is
of the form

+v .
—KUy, + ay log1 U—azv+a3+aouu°°=0 in (—L, L)
with homogeneous Neumann boundary condition, where u® := lim,_, . u(t, x)
(= const. < 0). Since the nonlinear term

1+v
qu™; v) == a, log 1=~ a,v + az + agou®

satisfies (q1) and (q2) with {, =g, = —1 and {* = ¢* = 1, we can extensively
apply Theorem 5.1 and conclude that the stationary problem has at most a
finite number of solutions and the function w(t) converges in H(—L, L) to
one of them as t — +o0.
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