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Contiguity Relations for the Lauricella Functions

By

Mutsumi SAITO

(Hokkaido University, Japan)

1. Intreduction

Following Gelfand and his collaborators we consider an .«/-hypergeometric
system («/-HGS) M, with parameter « (cf. [G], [GGZ], [GZK1], [GZK?2],
[GKZ]). In [Sail] we defined b-functions for «7-HGS’s, and computed them
when the systems were normal in the sense to be defined later in §2. In this
paper we explain a method for deducing explicit contiguity relations of
hypergeometric functions (HGF’s) from the computation of b-functions.

Let us recall contiguity relations of the Gauss HGF

F(a, b; ¢c; x) = i M@’—H)xn

n=0 (C, n)n!
where

1, for n=0
(as n)=
a@@+ 1)--(a+n-1), for n>1.

We call a, b, ¢ parameters. The Gauss HGF’s F(a+ 1), F(b + 1) and F(c £ 1)
are said to be contiguous to F. Here F(a + 1) stands for F(a + 1, b; c; x),
etc. Since we have (x(d/dx)+ a)(a, n})x" = a(a + 1, n)x", we can easily find
the following relations:

(xi + a>F =aF(a+1),
dx

<xdi + b)F = bF(b + 1),

X

X

<xdi+c—1>F=(c—1)F(c—1),

which we call obvious contiguity relations. We also have mnonobvious
contiguity relations
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[x(l—x)d~bx+c~a F=(—aF(a-1),
dx

[x(l-x)d~ax+c—b F=(—-bFb-1),
dx
c[(l—x)i+c—a—b_F=(c—a)(c—-b)F(c+1),
dx

which are slightly more difficult to find. By these two kinds of relations we
obtain

[x(l—x)ic—bx+c~a]<xj+a>F=a(c—a—1)F,

X

I:x(l—x)i—ax+c~b}<xi+b>F=b(c—b—1)F,
d dx

X

|:(1—x)d+c~a—b—1}<xi+c—1>F=(c—a—1)(c—b—1)F.
dx dx

In [Sail], we have shown that the factors appearing in the right hand sides
ac—a—1),bc—b—1) and (c—a— l)(c—b—1) are understood to be
b-functions for an /-HGS. 1In this paper we show a process of obtaining
nonobvious contiguity relations for HGF’s whose associated «/-HGS’s are
normal. As examples we exhibit the process for the Barnes HGF F,_; and
the Lauricella function F.. Contiguity relations of HGF’s have been studied
by several people. The contiguity relations of the Lauricella function F; have
been obtained by Miller (cf. [M]). Sasaki has obtained the contiguity relations
for HGF’s whose associated .«7-HGS’s are attached to Grassmannian manifolds
(cf. [Sas]); these o/-HGS’s are normal (cf. [Sai2]). Takayama has shown an
algorithm to obtain contiguity relations for HGF’s, and presented the explicit
contiguity relation of Appell’s F, with respect to one of its parameters (cf. [T]).

Our process starts with obvious contiguity relations of a HGF of M
variables with »n parameters, and then we associate an «/-HGS on an affine
space of dimension M + n to the original HGF (cf. [KKM]). If this «/-HGS
is normal, then we know its b-functions (cf. [Sail]). Since we see that obvious
contiguity relations composed by nonobvious ones yield b-functions, knowing
b-functions is enough in principle for knowing mnonobvious contiguity
relations. In fact, when we rewrite b-functions in terms of differential operators
and expand them with respect to each corresponding variable, we can find
differential operators which give nonobvious contiguity relations. Finally we
restrict them on the original space to obtain nonobvious contiguity relations
for the original HGF.
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In §2, we review the notion of 2/-HGS’s and the results in [Sail]. In
§3, we treat the Barnes HGF ,F,_,, which is a very simple example, in order
to get used to the process. In §4, we treat the Lauricella function F; this
case is not so simple. In §5, we present the nonobvious contiguity relations
for the Lauricella function F, and the ones for the Lauricella function Fp
without proof.

Many other functions, such as all 14 two-variable complete series in the
Horn’s list (cf. [E]), satisfy the required conditions to follow the process above
and thus their nonobvious contiguity relations can be calculated by this
method.

The author is deeply grateful to Professor T. Sasaki for his fruitful
comments.

2. Review on /-HGS’s

In this section we review the notion of «/-HGS’s and the results in
[Sail]. Suppose we are given a set o ={y; =31  x;e€Z"= @', Ze,|
j=1,...,N} satisfying two conditions:

(1) The vectors yx,,...,xy generate the lattice Z".

(2) All the vectors x; lie on some affine hyperplane Y 7_ ¢;x;=1 in R",

where c;e Z.

We denote by L the subgroup in Z" consisting of those a=(a)}-,
satisfying Zj.v:lajxj =0. Let W= W, = Cl[uy,...,uy, Dq,...,Dy] denote the
Weyl algebra on V= C" where (u,,...,uy) is a coordinate system on V and
D;=0/0u; for j=1,...,N. We put Da:ﬂaj>oD§f—ﬂaj<0DJ-‘“f. For a
parameter o = (a;,...,d4,)€ C" we define an &/-HGS M, on V by

i=1 aeL

n N
Myi= WIE WY 1y — o) + 3, WO

Here 0, = u;D; and ) _, W[, denotes the left W-submodule of W consisting
of all sums ) w,[], with w,e W where only finitely many w, are not
zero. We denote by Q the Newton polyhedron, i.e., @ is the convex hull in
R" of the points y,,...,xy and by F the set of faces of Q of codimension
one. Let {s,...,s,} be the dual basis of {e,,...,e,}. For I'e#, we denote
by ¢r the linear form defining the hyperplane spanned by I” such that the
coefficients of @, are integers, that their greatest common divisor is one, and
that @ (x;)) >0 for all 1 <j<N. We denote by W[s] the noncommutative
ring C[sy,...,5,] ®¢ W where each s; is a central element, by M[s] the quotient
of W[s] divided by the left ideal generated by Z?’:l %:;i0; —si(i=1,...,n) and
O.(aeL). We denote by I; for 1 <j< N the left ideal of W[s] generated
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by Z?;lxij&j— s;i=1,...,n), O,(@eL) and D;, and by B, the kernel of the
natural morphism C[s] = C[sy,...,s,] = W{[s]/I; which sends 1 to the element
represented by 1. Any nonzero polynomial in B; is called a b-function with
respect to D;. We remark that b-functions in this sense are not b-functions
in a usual sense.

Proposition 2.1 [Sail]. For a polynomial b(s)e B; there exists an operator
Qe W such that b(a) = QD; in M, for all aeC".

Corollary 2.2 [Sail]. Suppose that there exists a polynomial b(s)e B; such
that b(x) # 0. Then the morphism multiplying D; from the right induces an
isomorphism M,_, = M,.

An «/-HGS M, is said to be normal when the following condition is
satisfied:

Rooxs+ "+ RooxINZ" =Zs o)1+ + Zs oy
The main result in [Sail] is the following:

Theorem 2.3 [Sail]. Let M, be a normal /-HGS. Then, for 1 <j <N,
the ideal B; of C[s] is generated by one element

or{x;)—1

bis)= I IT (orls9—h.

I'e#,or(xj)>0 k=0

3. The Barnes HGF F,_,

In this section we obtain nonobvious contiguity relations of the Barnes
HGF ,F,_; by our method. The simplicity of this example helps us to
understand the method. The Barnes HGF ,F,_, around the origin of C is
defined to be

l—[ (a;, n) x"
Z ZL (b, n) n!’

pr—l(ala-‘dap;bl’ L] p 1,x)

In order to define an .«/-HGS associated with F,_,, we use the idea of the
canonical system (cf. [KKM]). We have the following obvious- differential
contiguity relations for ,F,_;

($+a) Fooy =a; ,F,_i(a; + 1) (1<i<p),
(‘9+b1_ )ppl_(b )pp 1(bt*1) (ISISP—I)’
a f 1 1

&”F"‘lzﬂp lbp F,_y(a,+1,..,a,+ ;b +1,..,b,_ +1)
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where 9= x-0/0x. We call the differential operators appearing the left hand
sides of the above contiguity relations obvious contiguity operators. The set
of parameter shifts by the obvious contiguity operators will be a set /. In
order to consider the obvious contiguity operators as vector fields, we introduce

~

additional variables v Ua,s Upyse-nslp,_, and a new function F, ;=

ayr+eooYaps 1

o1 08t vfr gt T pprmtTl We then define the following operators:
E%:=v,,(9+4,) (I<i<p),
Epi=v,'(9+ %) (I<i<p-—1),
0
ay...ap-bi...bp—1.__
E1 p D1 §4 1'_Ua1”.vap.vb1'“ubp—1&

where 9, =v,,-0/0v, (1 <i<p)and 9, =v,,-0/0v,, (1 <i<p-—1).
Then the function pF »—1 satisfies

uioF o1 = @i Fps (I1<i<p),
G pFp—1 = (b = 1) ,F (I<i<p-—-1,
Eaipﬁp‘lzaipﬁpﬂ(ai'f‘l) (1<i<p),
Ebl.pfp_l=(b,-—1)p17p_1(bi_1) l<i<p-1),

ay...ap-by..bp-1 T
E Fo

a, - ad ~
= blippr_l(al +L.,a,+ ;b +1,.,b,_ 1 +1).
by

=

Hence the function ,F,_, is a solution of the system of differential equations
(9 —a)®=0 (1<i<p),
(F, —b;+1)D=0 (1<i<p-—-1),

(Ea1 w.. E» _ Eb; Eb E“1-~“p"’1-“b1’“)¢ =0.

Next we change variables from v, v, , Up,,...,0p, ,» X to ;= — v, ' (1 <i<p),
Uppi =0, (1 <1< p—1), uy,=0," v, vy -0, x s0 that E%(1 <i < p),
E, (1 <i<p—1), E%?br-1t gre transformed into D;(1 <i<p), D, (1 <
i <p—1), D,, respectively where D; = 0/0u;(1 <j < 2p). Hence the function

o p—1(uy,...,uy,) is a solution of the system of differential equations

(0i+02p+ai)¢=0 (ISISP),
Opri— 02y — b+ DO=0  (L<i<p—1),
(Dl'”Dp“—Dp-f-l”'DZp)gD:Oa

where 0; = u;D;(1 <j < 2p). We consider a complex affine space V of dimen-
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sion 2p on which (u,,...,u,,) gives a coordinate system. Since we have v, =
—ui ' (1<i<p), vp,=u,s;(1<i<p—1) and x=(=1Pu; ' u, U,y -ty
we see that the restriction of ,F,_; to the submanifold X of the complex

affine space V defined by u;= —1(1<i<p) and u,.;=1(1<i<p—1)is
oFp—1. From the above arguments we take {)x; = e;,....,%2p—1 = €2p— 15 X2p =
P e — P e, ,€Z? =@ ' Ze} as a set o/, and define an o/-HGS

M, and a W[s]-module M[s]. Let {s;,...,5;, ;} be the dual basis of
{e1,...,e5,-1}. As in [Sai2], we can calculate the set #; the set of associated
linear forms is

{orlleF} = {s;,s;+s,.;]1<i<p 1<j<p—1}.

At the same time as the calculation of the set &, we see that the vectors
x;j(1 <j < 2p) satisfy the normality condition. Tt is easy to see that the ideal
generated by all [],(/e L) is actually generated by only D, ---D, — D, ---D,

-

By the definition of b-functions, nonobvious contiguity operators can be
obtained by factorizing b-functions in the module M [s] by obvious contiguity
operators. Clearly the operators D, (1 <k <2p) are obvious contiguity
operators. By Proposition 2.1, there exist operators Q,e W[s] (1 <k <2p)
such that by(s) = Q, D, in the module M[s]. We first find such operators
0,(1 <k <2p), and next restrict them on X.

By Theorem 2.3, we have in the module M[s]
r—1
bi(s) = si n (s + Sp+i)
p
(1.k) = [I O+ 0,0) (<k<p),

byoaf®) = 1 G+ 5,0

(Lp+k) = f} 0,+0,.) (<k<p-—1),
(1.2p) banls) = [T 5= [16,+ 6,

because we have
0,4+ 0,,=s; 1<i<p),
0, — 05, =5,4; (I<i<p-1.

By expanding (1.k) on 6, for each k with 1 <k < 2p, we see that for k with
1<k<p
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r—1

b= (X [l10,4)077 + ﬂ Opsis

j=0 I<[1,pl,|I|=] iel

S

by (s Z( Y Iloesi+ e

Jj=0 I<[1,pl|I|=j iel i=1

Since D;--D,—D,,y--D;, =0, we have [[7. 6, =[], w][]’~,D,+; and
T17210,+i =117 tps: ][]~ Di. Hence we put

rp—1
Qk:: Z ( Z nepﬂ)ep " 1uk"’ n U, H Dp
j=0 I<[1,pl|I|=j iel 1<$l:p

r—1 .
Opiii= Z ( Z H9i)9ﬁli_1up+k+ H U; H D,

i=0 I<[1,pl|I=] iel

for k with 1 <k <p. We have thus proved the following theorem.

Theorem 3.1. In the module M[s], we have Q,D, = b, (s) for all k with
1<k<2p.
Although we have obtained nonobvious contiguity operators Q{1 <

k < 2p) for a W[s]-module M[s], we need to rewrite them in order to restrict
them on the submanifold X. We define

Q4(s):= Z z n (921; + Sp+i))(sk - HZp)p_j_luk

j=0 I<(1,pl|I|=j iel

#ue 1 D W <k<p),

i=1 1<l<p
ik

Qpek®= X (% Tl = 025y + 02ty

j=0 Ic[i,pllI|=j iel
p
+ 1w [l Dpee (U<k<p-1,

0= Y (T T 005w,

p
I<il,pl, | =] iel

p p—1
+ H U; H Dp+
i=1 i=1

Proposition 3.2. In the module M[s], we have Q.(s)D, = b.(s) for all k
with 1 <k <2p.
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Proof. Since s, =6, +0,,(1 <k <p) and s,., =0, — 0,,(1 <k <p),
the proposition is obvious by Theorem 3.1.

For f=Y77"BecCR,(DE;" Ze), we define operators xO,(p)
(1 <k<2p) in Wy = Cluz,. Ds,] by

xQu(B):= — Z ( Y I1 (02 + Bpsi)) (B — ezp)p_j_l

j=0 I<[1,pl,|I|=j iel

+u2p l_[ (02p_ﬁi) (1 Skgp)a

1<i<p
i#k

xQp+i(B):= Z (Y 1B =0:)Bper + 057"

j=0 I<[1,p)|Il=] iel

+ (= 1Dy, ] Bpeit0:) (A<k<p-1,

1<i<p
itk

XQZp B) Z ( Z H(ﬁl 0211)027] 1 2p

j=0 I<=[1,p)|I|=] iel
p—1

+ (— 1)17 H (ﬁp+i + 92p)'
i=1

Let a=—Y"  ae;+ 2P [ (b,s;— e, €CRL (D" Ze).
Theorem 3.3. We have contiguity relations
B(0) Fp—y = G xQul0 = 1), Fp-s(@ + 1) (1 <k <p),
byri(@)pFp1 =0k = DxQpus(@ — 2psidpFp-1bx — 1) (I<k<p-—-1,

a ...a
Zp((x)p p—1= _"1—!;XQ2p(a - XZp)
by b, ;
Fo-ilag +1,..,a,+1;b, +1,..,b, 1 + 1)
where

b= —a Tl bi—1-a) (<k<p),
by =[] e—1-a) (1<k<p—1),

boy(@) =(— 1 H

Proof. For all k with 1 <k <p, we have kafp_l(oc) = akpﬁp_l(oc — Xu)-
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Hence we have for all k with 1 <k <p
a Qrlor — Xk)pﬁp—l(a — 1) = aka(S)pr—1(O‘ — X
= Q) Dy, Fp-1(2)
= bi(s) -1 ()
= bk(“)pﬁp—l(a)'
Restricting the above equations on X, we obtain for all k with 1 <k <p
xQulo — Xk)akap—l(ak +1)= bk(“)pr—y

We can prove the other contiguity relations similarly.

4. The Lauricella function F,
The Lauricella function F. around the origin of C* is defined to be

Fe(a, by CpyoisCagy XioenasXpg)

.y @XEmGIEn 1

M
Riye,niar 20 ,-=1(Cj, nj)'nj!

where n = (n;,...,ny) is a multi-index. We have the following obvious
differential contiguity relations for F:
(191 + e+ ‘9M + a)FC = aFC(a + 1),
(% + -+ %y + b)F. =bF:(b+ 1),
($j+c¢;—DFc=(c;— DFclc; — 1) 1<j<M),
0 b
—Fe=ZTFatLbt Lot (1<j<M)
J J

where 9; = x;-0/0x; for 1 <j <M. As in §3, we introduce additional vari-

ables v,, vy, 0,,,...,U,,, and a new function Fo = Fc-vj-vp- v~ - o™, and
. -1, —1,.~1
then change variables from X,...,Xpp, Vg Ups Ugpsonns gy, 10 U; =10, Uy Vg, ™ X;
H __ -1 — . _ -1
(I<j<M), uyy=—v; uj=0,(1<j< M), u_pqy=—0, . Then the

function ﬁc(ul,...,uMH,u-l,...,u_(MH)) is a solution of the system of
differential equations

(Ores1— 0+ +a—b)P =0,

M+1 M
=1 j

J =1
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(DiD_; = Dprey D3y 1))@ =0 (1<j<M),

0 . .
where D; = P and 0; = u;D; (1 < |jl <M +1). We consider a complex affine

space V' of dimension 2M + 2 on which (uyq,...,u4 4, gives a coordinate
system. Since we have v, = —uyl, v, = —uly.y, v, =u_; (1<j<M)
and x; = (uu_;)/(upro1u_gre1y) (1 <j < M), we see that the restriction of F
to the submanifold X of the complex affine space V defined by u_ ;=1
(1<j<M) and upy,y=u_p=—11is F,. Since F, is a solution of
the system above, we take {y;=e;+ ey s ;= —€j+ ey ,€ZM"? =

M?Ze,|1 <j<M+1} as a set o, and consider a W[s]-module M[s]
associated with the set /. Let {s,...,5y4,} be the dual basis of
{e1,...,exr+2}. As in [Sai2], we can calculate the set & ; the set of associated
linear forms is

{oplI'e7F} = {%(SM”—% Yosi— Y s)lJ e[, M+ 1]}

jeJ jeJ’

where J' is the complement of J in [1, M + 1]. At the same time as the
calculation of the set #, we see that the vectors y.; (1 <j< M + 1) satisfy
the normality condition. Again as in [Sai2], we can check the ideal generated
by all [,(leL) is actually generated by only D;D_; — Dy, D_priy
1<j=<M).

For each k with 1 <k<M + 1, we fix a permutation o, of the set
[1, M + 1] such that o, (1)=k When 1 <k <M, we assume o,(M + 1) =
M + 1. For all k and r with 1 <k, r <M + 1, we define I*:=[1, M + 1] —
{o:(1),...,00(r)}. For J < If, we denote by J' the complement of J in I*.

By Theorem 2.3, we have in the module M/[s]

b (s) = 272 H (Spr2 + Z S;— Z 5)

Je[1,M+11,Jok Py jel’
(2k) =[] @+2x0,+ ) 0.,
JeTE jer jel
b_i(s)y=2"2" n (a2t Zsj‘“zsj)
Jeil,M+1],Jsk jer’ P
(3k) =[] O+ 2 0;+ 2 0-),
JeIk jel jeJ’

for all k with 1 <k <M + 1, because we have
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O — 0 = s (I<k<M+1),
M+1
0;+0_) =sp+2-
=1

J

By expanding (2k) ((3k) respectively) on 0, (0_, respectively) for k with
1<k<M+1, we see that b(s)=(--)D,+d¥ (b_i(s)=(---)D_, +d* respectively)
where we define for k and r with 1 <k<M+1land 1<r<M
di==T] (X 6;+ > 0_).
JoIk jeJ jeJ’

Hence we need to find Qe W[s](Q", respectively) (1 <k < M + 1) such that
d¥ = Q;D, (d%=Q",D_, respectively) for the factorization of b,(s) (b_,(s)
respectively) by D, (D_, respectively). In order to describe d*, we define for
kand r with 1<k<M+1land 1 <r<M

JeIk jeJ jeJ’

and for k and r with 1 <k<M+1land 1<r<M-1

= ] Opprs1y + 0 g1y + Z 0; + Y 0_).
JeI ¥, jed jeJ’
Then we have for k and r with 1<k<M+1land 1<r<M—1
di= [ Oposny+20;+ Y 0)

Jerk, jeJ jeJ’

X (g—o'k(r+1) + Z Hj + Z H—j)

JjeJ Jjed’
= |1 O+ )01y ¥ Oporny + 0 gour) + Z 0; + Z 0_)
Iy ) JjeJ jel’
X (Z Gj + Z H_j)}
jeJ jel’
= Ay + efdy
where
A= B0 0 = By u DD
r rYor(r+1)Y —orr+1) — Pr¥or(r+ 1) —or(r+ )Mk Y — k>
2M-r—_1 P
k.
Bii= ) | > [1 Oyt 0-posny+ 2 0+ X 0-)
p=0 p distinct t=1 Jjede jeJi

3
Ji,0ees Jpel,. iy
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M-r_p—
X (Z HJ' + Z g“j)}(gok(r+ l)efak(rJr 1))2 P 1'
jede jed¢

We assume the sums for zero distinct subset to be one. We thus obtain for
kwithl<k<M+1

M—-1 r—1 M—1
di =Y ([] ehas+ (1 ehdy
r=1 i=1 i=1

Here we assume the products [ [Z1 e¥ (1 < k < M) for r =1 to be one. Since
A =0, 0+ 10 - e+ 1) = Uorr+ 14— oon+ 1) DiD -y, We have for k with [ <k <
M+1

M-1 r—1

#5= (Y (T] Bt ti-aeen
r=1 i=1

M-1

+ ( n elic)uak(M+1)u—ak(M+1)}DkD—k‘
i=1

Therefore if we define Q,, @ _,eW[s] (1 <k<M+1) by

2M -1
Y LY TS+ Y e
p=0 p distinet  t=1 jel; jed;
Jisen, Jpcll

M-1 r-1
+1{ Z (1—[ elf)BI:”ak(r+ DY-orr+ 1)

r=1 i=1

M-1

+( n elic)uo'k(Mﬁ' DU — g + lj}D—k¢

M- P
Q_y:= Z { Z H 20 + 20*1)}921‘4—1’ tu —k
p=0 pdistinct  t=1 jeJ, jeJi
i, Jpe If

M-1 r—1
+ { Z (H e?)Blf%k(wl)“—ak(rﬂ)

r=1 i=1

M~1

+ ([T eDtgprs t—sprr+ 1) Dis
i=1
then we have the following theorem.

Theorem 4.1. In the module M[s], we have Q,D, = b, (s) for all k with
1<|kl<M+1

We replace e, B, etc. by operators in the subalgebra Wy[s]:= C[s] ®¢
Cluy,...,up, Dy,...,Dy] in order to restrict them on X. We define for k and
rwithl<k<Mand 1 <r<M—1
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e’,‘(s) = Hk or(r+1) T Z eﬂk(J)

JeI.% j=1

1
2 ~(Spaz t Z Sonty T Z Sj = S+ 1) = 2, S))s
ji=1 jeJ’

and for r with 1 <r<M —1

e’l‘\l+1(s):_ l_[ (200M+1(r+1) + Z H_l 0'M+1(r+ 1) — Z Sj)’

JeIfy! jeIt Jjel’
and for k and r with 1 <k<Mand 1 <r<M-—1
2M -r—q P P+l 1
o= 3 1 5 (-F bt s
j=1

p=0 p distinct t=1
Ji,ndpel Xy

r+1
+ )5+ Z Sonh = Sj)>

Jjele jeJi

" 1
X (eokw v 2 Oy + E(SM+2
j=1

+ s Z Sonh) ™ Satr+1) — D Sﬂ)}

jeJe j=1 jeJi
M-y py—
X ((eak(r+ 1)~ Sorr+ 1))06k(r+ 1))2 Pt
and for r with 1 <r<M—1
2M-r—1 P
B =y { Y  Jl=Ys+ X 6)
p=0 pdistinet =1 jeJi jerM !

Jien, Jpo I

X (= Sopgorotn) ¥ 20000y — 2 S5+ 2 0)]

jelt jeIM !

2M—r.- -1
X ((90M+1(r+ 1) 7 Soararlrt 1))90M+1(r+ 1)) P

We define for k with 1 <k <M

Mg » 1
Ri(s):= Y, { Y n<*9k+2(SM+2+Sk

p=90 p distinct " t=1

Jlseees Jp<If

P

jeJe jed;

2M—1 p 1
R_i(s):= ) { > n<‘“0k+2(3M+2+5k

p=0 p distinct " t=1

Jise,Jpe It
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+ Y s ), Sj>}(9k_sk)2M_p_1a

jeds Jedi

2M—1

Run@= L1 % e 2s+ze

pdistinct t=1 jel;
Ji,Jpe[1,M]

1M+2 2M —p—1
(-Forirs)
j=1

and

2M—1

R_r+1)(8) Z { ) lj ZS+29)}

p distinct t jeli
Ji, o dp<[1,M]
M M+2
2M —p—1
X(—= Y 0;—sysr+- D 5) .
ji=1 2 j=1

We define for k with 1 <k <M +1

M-1 r—1

04 (s):= Ry(s)uy + { Z (H e?(s))BI:(s)uak(r+1)u—o'k(r+ i)

r=1

+( n )uak(M+1)u—ak(M+1)}D k>

erl

0_1(9):=R_y(s)u_y +{ Z l—[ S))B (S)u Usr v+ HU = (r + 1)

H S))uok(M+ l)u—ak(M+1)}Dk

Proposition 4.2. (1) All operators R,(s), R_,(s), ef(s) and Bi(s) (1 <k <
M+ 1,1<r<M—1) belong to the algebra Wy[s].
(2) In the module M[s], we have Q,(s)D, = b,(s) for all k with 1 < k| <M + 1.

Proof. Since we have 0, —0_, =5, (1 <k<M+1)and Y 2" (0, +0_)
= s5,/.., the proposition is obvious by Theorem 4.1.

For feC® (R % Ze), we define operators R,(f), R_.(f), B(f) and
B I<k<M+1,1<r<M-—1) in Wy=Cluy,...,uy, D,,...,Dy] by
plugging the values s; = s;(f) (1 <j< M +2) in R,(s), R_(s), Bi(s) and ef(s)
respectively. We define operators Q. (f)eWy (1 <lk|<M+1) for =
ZM+2 ﬁ e; by
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M-1r-1

xQi(B):= Ry (Buy + { Z H ¥(B)BY( B+ 1)

,,_.

l:[ B Oc—B)  (L<k<M),

x@-x(B):=R_,(B) + { 21 H e (p) Bk(ﬁ)uak(r+1)

+ l—[ EPID,  (1<k<M),

M-1r-1

xOm+1(F):i= — Ry 1(B) — { Z n e (B BM+1(ﬁ)uaM+1(r+1)

_ 1 ”
+ 1_[1 @?Hl(ﬁ)”aMH(MH)}( Y 0; — E M2 — Busr + ), ﬁi)>,
i= i=1 i=1
M-1r—

XQ~(M+1)(ﬁ)3: _R—(M+1)(:8) { 21 n eM+1 BM+1(ﬁ)uG‘M+l(r+1)

- 1M+2

H PN By, a4 10} (— Z 0; +* Z By).

Let a—zy (—cj+ Dej+(b— )eMH—I—(Zj.”:lcj—a—b—M)eM“e
C R, (BT Zey. '

Theorem 4.3. We have contiguity relations
b
b Fe = 2 30ue — wFela+ Lb+ 1L+ 1) (1<k<M),
Ck
byt i) Fe = axQurs1(® — xu4 ) Fcla + 1),
@ Fe = (e — DyQ (e — x - Fcle, — 1) 1<k<M),
b_ o1y @ Fc =bx0 a4 1500 — ¥ e+ 1) Felb + 1)
where

b= I X (=1—a

J<[1,M}, Jsk jeJ’
(Y (;—D-b1 (1<k<M),

jeJ'

byryi(@) = n (Z(Cj_l)_a)7

Je[1,M] jeJ’
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b= [l [(Xe-D-a

Je[1,M], sk  jeJ

X (Y (¢;—1)—b)] l<k<M),

jeJ
b~(M+1)(“)= H (Z(Cj_l)_b)-
J<[1,M] jeJ

Proof. For k with 1<k<M, we have D,Fq(a) = (ab/c)Fe(e — 1)
Hence we have for k with 1 <k <M

b ~ b ~
o Ol — x) Fele — ) = % Qu(s)Fela — x)

Cr k
= Qk(S)Dkﬁc(“)
= bk(s)ﬁc(“)
= bk(“)ﬁc(“)-
Restricting the aboe equations on X, we obtain for all k with 1 <k <M
ab
c—kXQk(cx —x)Fcla+1,b+1, ¢, + 1) =b(0)Fc.

We can prove the other contiguity relations similarly.

5. The Lauricella functions F, and Fy

The associated .o«/-HGS’s to the Lauricella functions F, and Fjy are the
same with different parameters. Since the calculation of obtaining nonobvious
contiguity relations for F, or Fg is very similar to the one for F., we present
only the associated «/-HGS to F,, the set {¢ |I'e#}, the nonobvious
contiguity relations for F,, and the ones for Fy.

The Lauricella function F, around the origin of CM is defined to be
Faola, byy...ibars CrsensCoars Xiseoos Xpg)

_ Z (Cl, Zj\il nj) j‘u=1 (bj’ nj) ﬁ X"

Je

PTR TY ) j-w=1 (cj ny) - ny! j=1
The associated o/-HGS to F, of M variables is

M
O+ Y Oy + @)@ =0,
=1

J



The Lauricella Functions 53
Ousj— Oopr;— G+ 1)@=0 (1<j< M),
(DoDj— Dy4jDay+ )@ =0 (I<j<M).
We then have
Spp S+ sy+; (1 <j< M) }

SO+ZSM+j (J <=1, M])

jeJ

{<pr|F€9’}={

By Theorem 2.3, we have

by(s) = n (50 + Z SM+j)9

J<[,M] je
bi(s) = sk + Sar+s) (I<k<M),
brsk(®) = (e +Spe) T1 o+ D sas)) (I1<k<M),
J<[1,M],J5k e
baoa+i(s) = s, 1—[ (so + Z Sy +j) (I1<k<M).
J=(1, M1 k¢J jeJ

For each k with 1 <k<M, we fix a permutation g, such that
6, (1)=k. We put g(i) =i(1 <i<M). For all k and r with 0 < k < M and
1 <r < M, we define I*:=[1, M] — {a(1),....,0,(r)}, and we set I13:=[1, M].
For J < I* we denote by J' the complement of J in I¥.

We define for f8 =zizfo pieic @7, Ce;

&P = 11 R8sty T+ Y %+ Brusoerny T 2 Prsi)s

Jer.ky jel. %4 JjeJ
2M~-r-1-.1 P
Bljl,r(ﬁ):: Z { Z H Buroe+rn + 2%+ + z Ba+j
p=0 pdistinct  t=1 Jel:

Ji,..Jp LKy

+ Y '9,')(2 Bu+jt Zk 3)}

jel Xy Jjede jel ¥y
M-r—1_
X ((Sprrny T+ ﬁM+o‘k(r+ A ‘90k(r+ 1))2 P,
2M 1 » M
Colf):= - X Y I s+ X 9)
p=0 p distinct t=1 jel; j=1

Ji,..Jps1,M]
M -
_1_
X (BO - Z ‘9]) p’
j=1

and
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05(B):= Co(B) +

gMI

E L BB (6er ~ B

[\

n:ﬁ

ﬁ) Xar(Sy — Bu)-

Here the product []iZ, Le9(p) for r =0 is assumed to be one. For k with
1 <k <M we define

QkA(ﬁ)3= — (e + Barr — B + xi( .;1 '9j — Bo)-

We define for k with 1 <k< M

J5B:= 11 Bo+ Bux + X Bus))s

Jerk jeJ
g’é(ﬁ):: qu (Bo + ZJ ﬁM+j)s

()= Z 5 n(ﬁo+zﬁm]

pdistinct  t= jedt
Tseurs Jp& I’f

X (B + 902,
ke it 2M 1 1
g/O(ﬁ)z z Z H ﬂO + Z ﬂM+] p- s
p=0 pdistinct = jeJe
i, dpc Ik

BY(f):= z 5 n<zﬁM+,+29

pdistinct  t=1 jeJ; Jj#*k
J1yeens JI;CIl

M M-1
— Z '9,-)2 -l
j=1

We define for k with 1 <k< M

x 0
Qi +i(B):= (f3(B) + 13" (B) (B — 80) + BG(B) ——

0y,
M-2r—-1 0
+ Z ]_—I ak(r+1)(ﬁak(r+1) ga'k(erl))i
r=1 i= a k

0

+ l_[ e{"(ﬂ)xak(M)(ﬁa'k(M) ﬂk(M))a
i=1 Xk

Sk (B):= (g6(B) + 95 (B) (B — 9)%ic + BE(B) (I + Bar+d)
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+y 'H B BB s 1,
X (= i+ 1) + Borer+ 1) (% + Bar+sd)

+ n ef (B X gpan(— Fopirny + Baworn) (I + Bano)-

Here the products [[:Z1ef(B) (1 <k < M) for r = 1 are assumed to be one.

Let acA:——aeo—ZJ L ”+2J e — Deggy e

Theorem 5.1 For all k with 1 <k < M, we have contiguity relations
an(OCA — xo)Fala+ 1) = H (—a+ Z (Cj — D)F,,
Jel1,M] JeJ
biQit(eg — 1 Falby + 1) = bi(by — ¢ + 1)F 4,
(e = DQir+iles — ta+)Falex — 1)
=(—b—1 ] (—a+)(c—1)F,

Je[1,M],J3k jeJ

ab
— 0904 — Yo+ Fala+ L, b+ 1, ¢, + 1)

Ck
=-b [l (-a+}(-1)F.

J<[1,M]—{k} JjeJ
The Lauricella function Fy around the origin of CM is defined to be

Fg(ay,...,ay, by, bM’ C5 XqseenrXpg)

5 n )[4 (0 1) I

— M J'
ny,..nm 20 (C 21 1 J) j=1nj! i=1

For k and r and j with 1<k<M, 1<r<M -1, 1<j<M or k=0,
0<r<M-—-1,1<j<M, we define

efB(ﬁ)z: H (z(ﬁﬂk("r 1y ‘gcrk(r+ 1)) + Zk (ﬁj - ‘91‘)

Jerk, Jjel 51

+ ﬁM+ak(r+1) + Z ﬁM+j))
jeJ

2M-r-1-1

B(p):= 2 { z lg[ Bar+are+1) + 2(Boe+ 1 — e+ 1)

p=0 p distinct t=1
J1yeees Jpelk
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+ 2 B+ 2 Bi=9)

JjeJe jel Xy

X (Z Br+j+ Z B; — l9j))}

JjeJt jel, %,
X (Bor+ 1) T Brtvorer+ 1y — ot 1))

M-r-1_
X (ﬂak(r+ 1) — l9zrk(r+ 1)))2 p’

Conll) = Mz T I et L
o
x (B - f (8, — 9>,
fa;(m::zp_go_ Z 6t Tt a
YRR
9= Mz DN (R SEY Y

15 Jp e If

X (B — 92" T,

2M -1

P
Bis(f):= ). Y 1Y Buss+ X (B~
p=0 deis}in:::tlkt=1 JjeJt J*k

X (Bo — Z (B; — 9))>" et
We define

QB(F):= ConlP) + ZH 2(8)B% ()

M-

]._I lB(ﬁ) P

i=0 M

axr+l

and for k with 1<k< M

M M
0 (B):= (Brri — I)xi + (;1 8+ Bo — ';1 B>

wak(B)= = (f5B) + fo5(B) %) + Bn(B)xi (% — Bo)




The Lauricella Functions 57
M-2r-1

+ X 1 ea®Bis(B)x(S — B -

r=1 i=1 axak(r+1)

+ n eis(B)x (% — By

5xak<M)
Su+i(B):=— (g6(B) + gop(B)I) + Bl (B)xi (3 — Br — Brr+n)
M-2r—1
+ 3 T1 lBBD55— B~ B 5

r=1 i=1

axak(r+ 1)

+ T1 Byl + o — > )

i=1 axak(M)

Here the products ]—L o ex(B) for r =0 and th B 1 <k<M)forr=1
are assumed to be one.

Let ap=(c—1—Y" a)eo — Y10, ae; + Y10 (@, — b)eyss.
Theorem 5.2. For all k with 1 <k < M, We have contiguity relations

(c — 1)Q8(ag — xo)Felc — 1) = l_[ (C_I_ij—zaj)Flb

J<[1,M] jeJ jet’

a.b
L g — x)Fyla, + 1, b+ 1, ¢ + 1) = a, b, F,
¢

b Ox+1(0p — Kar+i)Fy(by + 1)
=—b ] c—l—Zb——Z a;)Fg,
Je[1,M1, Jok et jel’

4050 (05 — Yamr+1) Fala, + 1)

= —q H (C—I—ij—ZaF

Je[1,M],k¢J Jjed jeJ’
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