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1. Introduction

In this article we discuss the existence of nonzero solutions of the boundary
value problem

. |l7u|2”"zl7u> .
1.1 —pdiv| ————— ] = A (x, u) in Q
v P <¢tﬁﬁm I
(1.2) uz=0 in Q
(1.3) u=90 on 69,

where p > 1, £ is a bounded domain in R” (n = 2), Fu denotes the gradient
of u and 1 is a positive parameter. In the case p = 1, the equation (1.1) is
the mean curvature equation or the capillary surface equation. When f(x, u) =
u, the equation describes the free surface of a pendent drop filled with liquid
under gravitational field (c.f. R. Finn [8]). For the capillary surface equation,
radially symmetric solutions in the case when Q is a ball or entire space have
been investigated precisely. See e.g. [6] [12] [15]. Recently, many authors
([2] [10] [13] etc) have considered (1.1) for more general function f(x) and
investigated radially symmetric solutions. But when  is a general domain,
only few results concerning the problem (1.1) (1.2) (1.3) are obtained. See
Coffman-Ziemer [5]. Hence it seems to be worth considering the problem
(1.1) (1.2) (1.3), even though the equation (1.1) is not exactly the capillary
surface equation.
Solutions of (1.1) (1.3) correspond to critical points of the functional

(1.4) I,l[u]=J (/14 |Pul?? — l)dx—ij F(x, uydx
Q

Q

defined on the usual Sobolev space W,''?P(Q), where

Fww=f7ma&.
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In order to find out an unstable critical point of (1.4), there are two approaches
stated as in [1] [4] [14] etc. The one is to look for critical points of the
functional

J 1+ |Vu|*Pdx
~Ja

on the subset

{ue WJ"’(Q)U F(x, uydx = 1} .
Q

Such a critical point u satisfies the equation

_ ( [Pu|**~2puy
—pdiv| ———
1+ |Vul??

where p is a Lagrange multiplier. In the case when the principal part of the
equation is Laplacian or p-Laplacian and f(x, u) is homogeneous, the method
of stretching of u is valid. See Brezis-Nirenberg [4] and Guedda-Veron [9].
But we do not know the value of u in this case, and further, since the
functional is not homogeneous, it is impossible to stretch the Lagrange multi-
plier. The other is the method to use the mountain pass lemma for the
functional I,[u]. But it is not trivial to show that the functional I, satisfies
the Palais-Smale condition. Hence in this paper we show the existence of a
local minimizer of I,[u] in Section 2, and next give the proof to obtain an
unstable critical point by using the mountain pass lemma without Palais-Smale
condition and the monotone operator theory in Section 3.
Finally noting

|VulP as |Vu| — o0
JE+|Pu*? -1~
i {%IVuIZ"

>=uf(x,u) in Q,

as |Vu| -0,

we may consider I,[u] as a neutral type of the functionals

(1.5) Jiu] = J {|FulP — AF(x,u)}dx  for large |Vu|
Q
and
(1.6) J2[u] =J {5|Vul|®® — AF(x,u)}dx  for small |Fu].
o

The Euler equations of J! and J? are p-Laplace and 2p-Laplace equations
respectively. In Section 4, for simplicity in the case of f(x,u) = qu?™!, we
remark that the dependence of solutions of (1.1) (1.2) (1.3) on the parameter
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/ is very similar to that of solutions of the Euler equations of (1.5) and (1.6)
when |Fu| is large and small respectively.

Throughout this paper, we assume that the measure of Q is equal to 1
without loss of generality.

2. Existence of a local minimizer

In this section we find out a local minimizer of the functional

I,l[u]=j (/1 4+ |Pul?? — 1)dx—/lj F(x, uydx
2 Q

defined on the Sobolev space Wy!'?(£2) under appropriate conditions on f(x, u).
Here

Flx, u) = J fix, E)dé .

Throughout this paper, we put assumptions on f(x, £) as follows:

(A1) f; Q x R— R is continuous,
(A2) f(x,£)20 on £ x [0, ), f(x,£) =0 on 2 x (—c0,0],
(A3) there exists a constant g with 1 < g < np/(n — p) and the inequality

[, §) =d &7 + dy

holds on Q x [0, c0) with some positive constants d,, d,.

Under these assumptions (Al) (A2) (A3), it is well known that I, is a
C!-function on Wy'P(Q). For the proof, see e.g. [14, Appendix B]. Needless
to say, a local minimizer u in Wy ?(Q) of I, satisfies (1.1) (ie. the Euler
equation of I;) weakly.

Now we have

Theorem 2.1. In addition to the assumptions (Al) (A2) (A3), let us assume
q < 2p in (A3) and the following: »
(Ad4) There exists a constant r with 1 <r < 2p and the inequality

2.1) fx, &) zdg™

holds on Q x [0, &) with some constants d3 >0 and &, > 0.

Then there exists a positive constant A* such that, for any 0 < ) < A%,
there exists a non-negative, nonzero local minimizer u, of I, in W3 ?(Q), ie. a
weak solution of (1.1) (1.2) (1.3). Further it satisfies

Vil oo —0 as A—0.
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Proof. Since the norm

p
[Vull ooy = <JQ |Vu|pdx>

is equivalent to the usual Sobolev norm in W3 ?(Q) by Poincare’s inequality,
we adopt this norm as the one in W '?(Q). Note the function ¢(X) =./1 + X?
is convex. Putting X = |Fu|? and using Jensen’s inequality, we have

2
(2.2) J 1+ |Vul?Pdx = \/1 + <J IVuI"dx)
Q Q

for ue W'P(Q). Note that we assume meas(€2) = 1. Further, by the Poincare-
Sobolev inequality, we have

1/p
(2.3) f lu|dx §M1<f |l7u|"dx>
Q Q

and

2.4) ‘ f Iulqu§M2<f |Vu|pdx>q/p
Q o

for u e W-?(Q), where M, and M, are the Poincare-Sobolev constants. From
the assumption (A3) and the inequalities (2.3) (2.4), the inequality

(2.5) J |F(x, w)ldx < ¢ J (Jul + [ul)dx
Q Q

S cp(p + p9)

holds on the sphere ||Full;»q = p with some constants c;, ¢, > 0. Hence,
from (2.2) and (2.5), we have

(2.6) LIul2 1+ p* — 1 —c;Mp + p%)
on [[Vulsq = p. Putting p=p;, =1" in (2.6), we have
2.7 LIu] = /1 + 227 — 1 — ¢, (A% + A%%)

on |[Fullppo =p;. Noting 1 <g<2p and taking a constant « such that
0<a<1/2p—1), we have

2pa<a+1=Zqga+1.

Hence there exists a constant A* >0 such that the right hand of (2.7) is
positive for any 0 < A < A*. Namely I;[u] > 0 on |[Vu] s = p; for any 0 <
A< A%
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Now let us consider the infimum of I,[u] over the set B(p;)={ue
WoP(Q)| IV ull ooy < p;}. From the inequality (2.6), I, is lower bounded on
B(p;). Put

inf Lul=1"> —w0.
ue B(p;)
Let us take a nonzero function ¢(x)e C5(2)N B(p,) satisfying 0 < ¢(x) < &, in
Q, where &, is the constant stated in the assumption (A4). Then, from the
assumption (A4), the inequality
£¢(x)

F(x, eg) = S(x, )dE 2 cye"g(x)

0

holds on €2 for any 0 <e < 1 with some constant ¢y > 0. Further, it is clear
that e¢ belongs to B(p;) for 0 < e < 1. Putting u =¢&¢ in I,[u], we have

Leg] = J (/1 4+ e?|F$|?P — 1)ydx — 4 f F(x, eg)dx
Q Q

S

N =

sZPJ |V¢|2”dx—c3ls'j ¢ dx .
Q o

Noting r < 2p by the assumption (A4) and taking ¢ small, we see I,[e4] <O.
Hence I* < 0. Next let {u,} be a sequence in B(p,) such that

L[u]->1* asn-ow.

Since [[Fu,l o) < p;, i€. bounded in Wy?(Q), there exists a subsequence {u, }
which converges weakly in W ?(Q) and strongly in L%(). Here we used the
fact that W, P(Q) is compactly imbedded in L%(), since 1 < q < np/(n — p).
Let u; = lim u, . Since

k=

[ Vil ooy S li,{n inf ”V“nk“u’(g) =0
o0

u, belongs to B(p;). The functional

f (/1 + [Pul?? — 1)dx
Q

is weakly lower semicontinuous, since a convex and lower semicontinuous
functional defined on a Banach space is weakly lower semicontinuous. For
the proof, see e.g. Dacorogna [7, Theorem 1.2 in Chap. 3]. Further, noting
that the functional

J F(x, uydx
Q
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is continuous in L%((2), we see that the functional I, is lower semicontinuous
in W'P(2). Thus we have
I* = lim Lilu, 12 Li[u,].
k—o0

Hence this limit function u; is a minimizer of I, in B(p;). On the other
hand, as is proved in the former part, I;[u] >0 on |[Fu|q = p, for any
0 <A< A* Since I* is negative, u, is an interior point of the set B(p;).
Namely u, is a local minimizer of the functional I,[u] in Wi'?(Q). Further,
since p; = 4*— 0 as 4 — 0, we have |Vu,| o —0as A—0. Since I;[u;] <0,
u, is nonzero. The nonnegativity of u, is proved in the following lemma.

Lemma 2.1. If u in W P(Q) satisfies (1.1) weakly, that is, the equality

“7u|2p—2

p ——
a /1 +|Vul?

holds for any ¢ € CJ(Q), then u(x) = 0 almost everywhere in .

(2.8) VuV g dx = 4 J f(x, u)g dx
Q

Proof. From the assumption (A3) and the Sobolev imbedding theorem,
it is easy to see that f(x,u) belongs to Wy P(2)* (= the adjoint space of
Wy-P(22)). Hence the equality (2.8) holds for any ¢e Wy ?(Q). Since f(x, u) =0
in Q,

|Vu|?p—2
| ——————Vubvdx =1 (x,updx <0
J‘Q1/1+|Vu|2p .Qf

holds for any v(x) <0 in Wy ?(Q). Putting v(x) = min{u(x), 0}, we have

V 2p-2
0 ;J‘ LVqu dx
Q

NG
|Pu|?P—2
= — _VuPvdx
J‘Q\Q‘ J 1+ |Pul??
|Pu|?P~2

+ -

o 1 + [Pl
LA S o

= — X = —_— x,
a /14 |Fv|?? o J1+Pv)?P

where Q7 = {x e Q|u(x) < 0}. Hence Vv =0 almost everywhere in Q. This
implies that u = 0 almost everywhere in Q.

VuVv dx

Theorem 2.2. Let the assumptions (A1)~ (A4) be satisfied. If 1 < q<p in
(A3), then there exists a nonnegative, nonzero global minimizer u, of I,, ie. a
weak solution of (1.1) (1.2) (1.3), for any A > 0.
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Further let us assume the following:
(A5) There exists a constant s with 1 <s which satisfies the inequality

(2.9) fx, 8 zd 8™ —ds on 2 x [0, 0)

with some constants d,, ds > 0.
Then this minimizer u, satisfies

1Pl oggy — 0 as A— o .

Proof. Noting the inequality (2.6), we see that I, is lower bounded in
WsP(Q) and I,[u] » oo as [|[Ful|q — . Taking notice of these facts, we

easily see that there exists a global minimizer. Since I*= min I,[u] <O,
ueWi-r(Q)

u, is nonzero. The nonnegativity of u; follows from Lemma 2.1. Consider
the infimum of |Vu|, under the constraint |luf e =1. Since 1<s<
np/(n — p), it is well-known that there exists a function ¥(x) in Wy ?(€2) which
attains the infimum under this constraint. Further by the maximum principle
for the p-Laplace operator, y(x) is positive in 2. For the proof, see Guedda-
Veron [9]. By the definition of , the equality

2.10) ( f |V¢|de>1/p=cp,s<f ra)”
Q Q

holds, where C, ; is the Poincare-Sobolev constant. For any given p > 0, put
v=pY/IV¥| - Then, from (2.10) we have [[Vvlq =p and [vlsg =
p/C, . Noting v =0 and using the assumption (AS) and Hdlder’s inequality,
we have

inf  I[u] = 1,[v]

| 7u "LP(Q):p

< '[ |PvlPdx — cMJ lvl*dx + csij |v]dx
Q Q Q

1/s
< f [PolPdx — cMJ lv|*dx + 051<J |v|sdx>
Q o o

S pP —cedp® + cqdp
with some positive constant c4, ¢s, ¢¢ and c,. Hence

(2.11) I* < inf (p? — ceAp® + c1Ap) .
p>0

1/(p—s)
14

Putting
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into (2.11), we have

(2.12) TF < — AP 4 o JUHP=N+L

pl(p—s)
- () <P _ 1> >0
p s

and cg is some positive constant. On the other hand, from (2.6) the inequality

(2.13) LIul 2 /14 p* — 1= cA(p + p%)

holds on |[Fulljsq = p. It is easy to check that the right hand in (2.13) is
monotone decreasing on the interval (0, (c,A/p)Y®~1)) for each fixed A > p/c,.
Hence, if a constant o is taken as 0 <a < 1/(p — 1), then the right hand in
(2.13) is monotone decreasing on (0, A%) for large 4. Thus, for each large A,
the inequality

(2.14) LIul = 1+ A2 — 1 — ¢, 2% + ™)

holds on the set B(A%) = {u e Wy P(Q)||Vul o < A*}. Moreover let us take
o >0 so small that 1 4+ g < p/(p — s). Then there exists a 4, >0 and the
inequality

215) ST+ 257 — 1 — ¢, (A% + A7) > —y AP0 4 ¢ JUm=9)+1

holds for 4 = 4,. Therefore, from (2.12) (2.14) (2.15), if A = 1,, then I* < I,[u]
on the set B(1%) = {ue Wy ?(Q)||Vul o < A*}. This shows that u, ¢ B(A%),
ie. |Vu;llpp > A% Hence we have

where

1Vusll oy > A* = 0 as 4 — oo .

3. The mountain pass lemma without P.-S. condition and the monotone operator
method

In order to find out the second critical point of I,, we introduce a further
assumption on f(x, &).
(A6) There exist constants y greather than p and £, > 0 such that the inequal-

1ty
4
(3.1) Jx,9Ezy JO S, m)dn

holds on @ x [£,, o).
Then we have
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Theorem 3.1. Let the assumptions (Al) (A2) (A3) (A6) be satisfied.
Further, if p <q <np/(n—p) in (A3), then there exists a positive constant A,
such that, for any 0 < A < A, there exists a non-negative, nonzero critical point
v, of I,, i.e. a weak solution of (1.1) (1.2) (1.3). Further, this critical point v,
satisfies '

1704l Lo @) = 0 as A—0.

Remark 3.1. Integrating the inequality (3.1) shows that there exist con-
stants dg, d; > 0 such that

(3.2) f(x, &) 2 de&™ — d,
holds on 2 x (0, o).

Remark 3.2. Let the constant g in (A.3) be greater than p and f(x, &)
be continuously differentiable in ¢ for each x. Now consider the following
assumption:

(A7) There exists a constant dg with dg > d,(p — 1) such that the inequality

)
L6z dyer?

holds on Q x [£,, ) for some constant &, > 0. Here d, is the constant
stated in (A3).

Then the assumptions (A3) and (A7) imply (A6).
In fact, from (A3), for any 6 > 0 there exists &; > 0 such that

G &) £ dy + )¢ for (x, &) e 2 x [, ).
Since, from (A7)

0
gfé(x, £ 2 dy£i-!

holds on 2 x [£,, ), we have

of s ds
gg(x,f)fgdsf lémf(X,é)

for xeQ and ¢ = &, = max (£,, &5). Hence the inequality

of
ot

holds for (x, &)e 2 x [&,, ). Now let us take ¢ > 0 sufficiently small and
¢, >0 so large that dg/(d, + ) — e > p — 1 holds. Putting

(3.3)

e+ z(14 %)
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dg

d, +96

y=1+ —&e>p

and integrating (3.3) over (&,, £), we have

g
f(x5 é)é - f(xa 54)54 g (y + 8) J f(x’ ﬂ)dﬂ
&a
for ¢ = £,. Noting the inequality in (A7), we easily see that there exists a
constant &5 > 0 such that

&s 4
VL f(x, n)dn ésL flx, n)dn

holds for (x, &) e Q x [&£5, ). Hence we have

¢ ¢
[, ¢z +8) | fix,mdnz VJ f(x, n)dn

ga 0

for (x, &) € 2 x [{5, ).
Thus, in this case the whole assumptions in Theorem 3.1 are satisfied
under (A1), (A2), (A3) and (A7)

In order to prove Theorem 3.1 we first recall the Ambrosetti-Rabinowitz
mountain pass lemma without Palais-Smale condition.

Lemma 3.1 [1]. Let I be a C!-function on a Banach space E. Suppose
there exist a neighborhood U of 0 in E and a constant o which satisfy the
following:

i) I{u] =« on the boundary of U,
i) I[0] < o,
ill) there exists a v¢ U satisfying Iv] < a.
Then, for the constant
u# = inf max I{w] (z o)
yel wey

where I' denotes the class of paths joining 0 to v, there exists a sequence {u;}
in E such that I{u;] - u and I'[y;]1—0 in E*.

Now we check the assumptions in Lemma 3.1 for the functional I, defined
on W P(Q). Note that we assume meas (2) = 1. Recall that the functional
I, satisfies the inequality

(2.6) LIul 2 /1 + p?? — 1 — ¢, Ap + p?)
on ||Pulp»q = p. Noting that
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Vitpr =1

as p—>0 and o©
c(p + p%)

respectively, we put

. «/1+p2”—1_«/1+p§"—1>0

Ay = SUp =
* p>0  Ca(p +p%) ca(po + p§)

>

where p, > 0 is a constant at which the maximum A, is attained. Then, from
(2.6) the inequality

G4 L[u] 2 (A, — Dea(po + p5)
holds on ||[Vu| e = po- Putting
(3.5) o = (4, — Ha(po + p§)

we have I;[u] Z a >0 on |Vul o = po for any 0 <4 < 4,. Clearly I,[0] =
0. Thus if 0 < A < 4,, then the assumptions i) and ii) are satisfied by taking
U = {ue Wy P(Q)||IVull o) < po}- Next let ¢ be a nonzero, nonnegative func-
tion in CP(22). From the inequality (3.2), we have

¢
F(Xaé)EL f(x,ﬂ)dﬂé%éy—dﬁ for £20.

Hence
L[ré] =J (/1 +r2P|P|*? — 1)dx — ij F(x, r¢p)dx
e 2
gﬂ’( j |V¢|pdx>_<“6 j ¢’dx>r7+</ld7 f ¢dx>r
Q Y Ja Q
- —0 as r— oo .

Thus I,[r¢] <O for large . This implies the assumption (iii). Hence, if 0 <
4 < Ay, applying Lemma 3.1 for the functional I, we can find out a sequence
{;} in Wy?(Q) such that I;[u;] > and I;[u;] >0 in W?(Q)*, where u is
a constant stated in Lemma 3.1.

For this sequence {u;}, we have the following.

Lemma 3.2. Let the hypotheses in Theorem 3.1 be satisfied and {u;} be
a sequence in Wi'P(Q) obtained in Lemma 3.1. Namely it satisfies Lw]l-u
and I3[u;] >0 in Wy P(Q)*. Then this sequence {u;} is bounded in Wg"?(Q).

Proof. By the assumptions, the equality

(3.6) J 1+ [Vu;?Pdx — xj F(x, u)dx = p+ 1 + o(1)
Q Q



92 Kimiaki NARUKAWA and Takashi Suzuki

holds. Further, by putting {; = I;[u;], the equality
. |Puy|*?~2 >
3.7 - dlv<"——~l7u~ — M, u)={
(3.7) p 1+|l7uj|2” f 1 ( 'j J
holds in the sense of Wg?(2)*. Hence we have
Pu dx—if 106wy dx = <G, )
P 2/1 + |Fu?® PO e

where { , ) denotes the duality between W P(Q)* and Wy'P(Q). Multiplying
p by (3.6) and then subtracting (3.8), we obtain

(3.8)

(3.9) A J {f(x, w)u; — pF(x, u;)}dx

1
< ——dx 4+ AJ (x, u)u; — pF(x, u;)}dx
PJQ /_1+|Vuj|2p Q{f iTYi J}
=plp+ 1) = <G u + o).
On the other hand, from the assumption (A6) the inequality

f fx,wudx 2y f F(x, uydx — dy
Q Q

holds for any u e Wy 'P(Q2) with some constant dy > 0. Hence we have

(3.10) j {f(x, w)u; — pF(x, w)}dx + dg = 9 J F(x, u)dx,
Q Q
where =y — p > 0 by the assumption. From (3.6), (3.9) and (3.10), we have

J |7u|Pdx §j 1+ |Pu|*Pdx
e e

lj F(x,u))dx + p+ 14 o(1)
Q

A

IIA
SUICEEC I IO

J {fCx, w)u; — pF(x, w;)}dx + %dg +u+1+4+o0()
Q

1 A
(n+ 1)_5<Cj,uj>+5d9+#+ 1+ 0o(1)

A

1 i/p
(+ 1)+ EHCJ'HW(I)-;:(Q)* qujl”dx
Q

A
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Hence there exists a constant C > 0 such that
f [VulPdx < C
Q
is valid.

From Lemma 3.2 there exist v e W,"?(R2) and a subsequence of {u;}, still
denoted by {u;}, such that

(3.11) u;— v in L'(Q) for any 1 <r <np/(n—p),
(3.12) w;—>v  weakly in W?(Q),
(3.13) u;—> v almost everywhere .

Put

L[u] =f 1 4 |Fu|*?dx
Q
and

v 2p—-2
Alu] = L'[u] = —p div(—|—'i'-—_7u> ‘
J1+ [7ul?

Noting that the operator L is convex, we see that the operator 4 is monotone
and hemicontinuous. For the proof, see [11, Prop. 1.1 in Chap. 2]. From
(3.11) and the assumption (A3), using Proposition B.1 in Rabinowitz [14], we
see that

(3.14) flx,u;) > f(x,v)  in LY¥D(Q).

Since W ?(2) is imbedded continuously in L%Q), (3.14) implies that
fx,u)— f(x,0)  in WhP(Q)*.

Further

(3.15) -0 in WiPQ)*,

in the equation (3.7). Thus A[u;] converges to some y in Wy '?(2)*. Letting
j— oo in (3.7), we have

(3.16) 71— M 0)=0  in WIe(Q)*.

Now making use of the monotonicity method of Minty and Browder (c.f.
Lions [11]), we have

Lemma 3.3. Let y and v be the functions stated above. Then y = A[v]
holds.
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Proof. For any we W} P(Q), put
(3.17) X; = (A[u] — A[w], u;—w) .
Since A4 is monotone, X; 2 0. From (3.7), the equation
(3.18) AT, wd = A<S G ) + <G
holds. Substituting (3.18) into (3.17), we have
(3.19)  X; = ASf(x, wy), uy + <G u;> — <A[wd, wp — CALwl u; — w) .
Since {u;} is bounded in Wi-?(Q) and {;—0 in W -?(Q)*,
lim <{{;, u;» =0.

j=eo
Hence, taking notice of the equality (3.16), we have
lim X; = A(f(x, v), v) — {p, w) — CA[w], v —w)

Jj—=
=g —Alwl,v—w).
Therefore the inequality
(3.20) (x— A[wlv—w) 20
is valid. Putting w = v — tz in (3.20) for any z e W;"?(Q), we have
(3.21) t{y — A[v—1tz],z>=0.
By dividing (3.21) by ¢t > 0 and letting ¢ — 0, the inequality

r—A[v), 2> 20
holds for any z e Wy ?(Q). Hence y = A[v] is valid.

Proof of Theorem 3.1. We show that the limit function v given above,
which denotes by v,, is the required solution stated in Theorem 3.1. From
Lemma 3.3, it satisfies the equation

. IVUlZp—Z >
—pdiv{ ———=Vv | = M(x,v
P <«/1+|Vv|2" S )

in the sense of Wy '?(2)*. The nonnegativity of v, is shown in Lemma 2.1.
Hence we have only to show that this solution is nonzero and ||[Fv,| o) — ©
as 1 — 0. Since it is shown in the same way that the solution v, is nontrivial
for any 0 < 1 < ,, we only show that |[Fv,||psq — o as A—0. Let {u;} be
a sequence in Lemma 3.2 which converges to the solution v;. From (3.4)
and (3.5),
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(3.22) o = (Ay — A)c2(po + £3)

Sp= !im L[]

j—o

= lim {[ /1 + [Pul*? — 1)dx — AJ F(x, uj)dx}
Q P

j—o

. |Pu|?P J
< lim j ———t—dx — A | F(x,u)dx; .
j*ao{ 9,/1+|Vuj|2" el !
Further, from (3.8), (3.11), (3.12) and (3.15), we have

2
[Vu;|“P

—  _dx =12 x, uu; dx + <, u;
p 2 1 T |l7uj|21’ _[Qf( ]) 'j < J 1>
—>lj flx, v;)v; dx
2

(3.23)

as j— oo. Substituting (3.23) into (3.22) and noting

J F(x,u)dx 20  for any ue Wy ?(Q),
Q

we see
1
(3.24) o< i{—f f(x,v)v, dx — lim f F(x, uj)dx}
Ple o Jo
y)
=< —j Sx, v;)v; dx .
Ple :
From the assumption (A3), the inequality
(3.25) f fx,v)v, dx £(d, + dZ)J |v;1%dx + d,
o Q

holds. Hence, from (3.24) and (3.25),

A
a (= (4 — Aecalpo + p§)) = I—){(dl +d,) f lva*dx + dz}
Q
is valid. Therefore the inequality

p(Ay, — Aea(py + pd) d,
3.26 1dx > —
(3.26) L"’" 2T+ ) d, + 4,

holds. Noting that 4, and p, are positive constants not depending on A, we
see that the right hand of (3.26) tends to oo as 4 goes to 0. Hence we have
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0l Loy = © as A—0. Using Sobolev’s inequality, we complete the proof
of Theorem 3.1.

In contradistinction to Theorem 2.2, we have

Theorem 3.2. Let the assumptions (Al), (A2), (A6) be satisfied. If (A3)
holds for some q > 2p and d, = 0, then there exists a nonzero and nonnegative
critical point v, for any A > 0. Moreover, if the inequalities (3.1) and (3.2) with
y=¢q, d; =0 hold on 2 x (0, 00) besides these conditions, then v, satisfies

||Vvlllu(g,f>0 as A— 0.
Proof. Noting that the inequality
LI 2 T+ p% — 1 —cydp
holds on |[Full;»q = p instead of (2.6) and that

J1+p7—1

— as p—-0,
cp*

we easily obtain a critical point of I, for any 4> 0 in the same way as the
proof of Theorem 3.1. Now we show that [|Fv,|l1sq — 0 as A — oo under the
given assumptions. Let ¢ be the function stated in checking the assumption
(iii) in Lemma 3.1 for I,. Namely, ¢ € CF(Q), ¢ =0 and ¢ # 0. Further let
us take R > 0 so large that I,[R¢] < 0. Put

I'={ye C([0, 1T; W5 ?(2))ly(0) = 0, y(1) = R¢} .

For each A >0, u; denotes the u stated in Lemma 3.1 for the functional
I,. Then.

(3.27) u; = inf max I,[w] £ max I[rd].

yel wey O0=<r=R

From (A3), (3.2),

(3.28) IL[r¢] = J (/1 +r*?|Fg|?? — 1)dx — 4 J F(x, rg)dx
Q 2

= <J |l7¢|"dx>r"~ ﬁl(f ¢ dx)r"
Q q Q

Ar? — Bir?,

where

A=j \Vo|Pdx, B=‘—iff\¢qu.
Q q

Q
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The right hand of (3.28) attains the maximum

/ g
(1 _ Q>A<p_A_>" “ p)ll—p/(q—p)
q qB

1/(a—p)
o = E r A~ Wa-p)
qB

at

Hence, from (3.27) and (3.28)

p pA p/ta—p) B B
. <[|1—-—=]Al— Apla—p
(6:29) Ha = < q) <qB>

holds. Thus

u,—»0 as 41— 0.
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Let {u;} be the sequence stated in Lemma 3.2 which satisfies (3.11) ~(3.13).

Namely,

Il[uj] > His
T weakly in W'?(2) and strongly in LY(Q).

Since I, is weakly lower semicontinuous in Wy ?(Q), the inequality

(3.30) w, = Lv,]= J (/14 |Pv;)?? — Ddx — 4 j F(x, v;)dx
Q Q

holds. From the assumption that

4
fx,&Ezy L S, n)dn

holds on @ x (0, ), we have

(3.31) J F(x, vl)dxélj‘ flx, v,)v; dx .
Q YJe

Further, since v, satisfies the equality

) VU |2p—2
—p d1v<ﬁl7m> = AM(x,0;),

“717/1121)
3.32) pJ‘ — _dx =14 X, U;)v; dx
( o LT ITo Qf( L

holds. From (3.30), (3.31) and (3.32),
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Py

A
(3.33) mz | 1+ [Pl — 1dx — ;f J(x, 0,)v, dx
Q

v e

¢ 2
p |Vv,|*P
= | ST+ = ax =2 | 2% 4y
e g VJe 1+ |Pu,)*P

n

Vv, |?
1+ a|VFv,) dx —

Il M D 1,
Jo /1 + [Pu, |

where « =1 — p/q. Recall that we assume meas (Q)=1. Note 12 <a <1,
since g > 2p. Since the function (1 + «X?)/\/1 + X? is convex when 1/2 <
o < 1, from Jensen’s inequality we have

1+« [Pv,|Pdx |?
(3.34) f \/;:Ll:l'_hdxg e .
2y/1+17vl \/1+<j |Vv,1|"dx)
Q

Putting
P;=j Vv, |Pdx,
Q
we have
1+ ap?
(3.35) ]

—F——= 1=y

V1+p3 ’

from (3.33) and (3.34). Since 1/2 <a < 1, the left hand of (3.35) is positive
for p; #0. Hence, letting 1 — oo, we have p, > 0. This completes the proof
of Theorem 3.2.

4. A remark on the case f(x,u) = qu?™!, 1 < g < np/(n — p)

In this section we give a slight remark for the case f(x,u) =qu??!, 1<
g < np/(n — p). Since we consider only nonnegative solutions, the values of
f(x, u) for u < 0 are irrelevant and we may put f(x, u) = glu/ 2ufor u £0. As
is noted in the introduction, the functional I, is approximated by

4.1) J}[u]=J IVvlpdx—lJ |u|?dx
Q Q

and

4.2) JZ[u] =%JQ|Vu]2”dx—lfQ|u|qu,
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when |Vu| is large and small respectively. By finding out a minimizer w of
¥ ull ooy Oon the sphere |lullpqq = 1, we easily obtain a solution of

—pdiv (|[FwP"2Pw) =kqwi™! in Q
4.3)
w=0 on 09,

where k is a Lagrange multiplier. After stretching the Lagrange multiplier,
ie. by putting w, = (4/x)* 9w, we obtain a solution of (4.3) in which k is
replaced with A. This shows that there exists a solution w, of (4.3) with k = 4
for any A > 0, which tends to O (resp. to ) as 4 —0 and to oo (resp. to 0)
as A—> o0 when g <p (resp. p<gq). As for the functional (4.2), the conse-
quences in which p is replaced with 2p hold justly. Roughly speaking, if (4.1)
and (4.2) approximate I, properly, solutions u; of (1.1} (1.2) (1.3) ought to
depend on A like as solutions for (4.1) and (4.2) do when |Fu,| is large and
small in some sense respectively. The corollary in the following suggests the
fact stated above implicitly.

Corollary 4.1. Let f(x,u) = qui™', 1 < q < np/(n — p), in the equation (1.1).
Then the following holds.

1) If 1 <q < p, then there exists a nonzero solution u, of (1.1) (1.2) (1.3)
for any A >0 which satisfies

and
1V ull g — o0 as A— oo .

i) If p<q <2p, then there exists a constant A, >0 and there exists at
least two nonzero solutions u,;, v; of (1.1) (1.2) (1.3) for any 0 < A < A, which

satisfy

”Vul”l}’(!)) -0 and ”VU},”LP(Q) — 0

as A—0.
iiiy If q > 2p, then there exists a nonzero solution v, of (1.1) (1.2) (1.3)
for any A > 0 which satisfies

“VUAHLP(Q)_) a0 as /1—)0
and
1703l Loy = O as A— .

It is easy to see that the function f(x, &) = qé%! satisfies the corresponding
assumptions in Theorem 2.1, 2.2, 3.1 or 3.2 in each case. Hence the result
follows simply.
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