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1. Introduction

Let K be a differential field of characteristic 0 and U be a universal
extension of K. In what follows, unless otherwise stated, differential field
extensions of K concerned will be assumed to be finitely generated, hence
have U as a universal extension. For a differential field extension L of K
by C, we denote the field of constants of L.

Let R be a differential field extension of K. We say that R depends
rationally on arbitrary constants over K if there exists a differential field
extension E of K such that E and R are free over K and the equality
ER = ECgg holds.

Recent discussions on Painlevé’s first transcendent motivate the following

(cf. [9], [10], [11]).

Definition. A differential field extension R of K is called a Painlevé-
Umemura (PU-) extension of K if there exists a finite chain of differential field
extensions of K:K=Ryc R, c---<R, such that R,=R and R,, /R,
depends rationally on arbitrary constants for each i. For instance, liouville
extensions, or more widely, H-extensions defined in [4] are PU-extensions.

The aim of this note is to prove the following.

Theorem. Suppose that a differential field extension R of K is contained
in a certain PU-extension of K. Then R is itself a PU-extension of K.

2. Invariant subfields

Let F be a field of characteristic 0 and ¢ be an indeterminate over F. By
F[[t]] we denote the ring of formal power series in ¢t with coefficients from
F. Every ring homomorphism ¢ of F to F[[t]] is always assumed to assign
the unity to the unity. Let 2 be a set of such isomorphisms. For a subfield
E of F with ZE < E[[t]], by E* we denote the set of all ¢ in E that are
left invariant under every isomorphism in X. This set is a subfield of E. (cf.
Kolchin [2, pp. 86-88].)
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Lemma 1. Let E be a subfield of F with E c E[[t]]. Then F* and
E are linearly disjoint over E*.

Proof. Suppose a finite number of elements f; of F* to be linearly depen-
dent over E. There exists a nontrivial linear combination of the f; over E
which vanishes. Among such linear combinations pick up the shortest one,
say Y e f; =0, where the e; are nonzero elements of E. We may assume
e; = 1 for some i. Applying o € Z, through subtraction, ) (¢; — oe;)f; = 0. By
our assumption on the sum, the coefficients of the linear combination must
be all zero. It thus follows every e; lies in EZ. This is our assertion.

Lemma 2. Let E be a subfield of F. Suppose F = EF%. Then any inter-
mediate field H between E and F satisfying XH < H[[t]] has the property
H = EH">

Proof. We know that F* and H are linearly disjoint over H*. Hence
EF* and H are also linearly disjoint over EH?® since H* « EH* < H. Let h
bein H. If h¢ EH*, then h¢ EF*. This contradicts the assumption F = EFZ.
Thus H < EH?, therefore H = EH?.

Lemma 3. Let I be a subfield of F and E, J be intermediate fields between
I and F. Suppose that E and J are linearly disjoint over I, XE < E[[t]] and
E* =1. Then every isomorphism in X can be extended to an isomorphism of
JE to JE[[t]] which is trivial on J and in this sense (JE)* = J holds.

Proof. Clearly J = (JE)*. To show the converse relation let x be an
element of (JE)*. It has the expression

Z a;x;
X = ,
> b;y;

where the a; and the b; are in E, the x; and the y; are in J, and )’ b;y; #0. We
may assume without losing generality that the x; are linearly independent over
I therefore J and b; =y; =1 for some j. Among such expressions pick one
such that the occurrence of nonzero b; is the minimum in number. Applying
oe X, we have

x Y (a;—oa)x;— Y (b; — ab;)y; =0.

The minimality implies b; = ob; and then a; = oa; by the linear independence
of the x;. This completes the proof.

The results apply to the proof of the following known fact: Let L be a
differential field extension of K and M be a differential field extension of
L. Assume M < LC,;. Then M =LCy. In fact let ¢ =exptD, where D
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denotes the differentiation of M, and 2 = {¢}. By Lemma 2 (LCy)* = Cy
and Lemma 1 implies our assertion.

3. Rational dependence

Let K be a differential field of characteristic 0 and R be a differential
field extension of K. Denote by IT(R) the set of all intermediate differential
fields between K and R that depend rationally on arbitrary constants over
K. According to the last sentence in the previous section, the element P of
this set is characterized by the property that there exists a differential field
extension E of K such that P and E are free over K and the compositum
EP is generated by constants over E. We shall here prove that this set has
the maximum element in the inclusion order and discuss its fundamental prop-
erty. At the end of this section a proof of the Theorem will be given.

Proposition 1. For P € ITy(R) there is a differential field E of K such that
R and E are free over K and EP = ECpgp.

Proof. By definition there is a differential field extension F of K such
that P and F are free over K and FP/F is generated by constants. According
to the following lemma there is a differential field extension Q of P such that
FR and Q are free and differentially isomorphic over P. As E we may take
the image of F.

Lemma 4. There is a differential field extension S of K such that R and
S are free and differentially isomorphic over K.

Proof. Let L denote the algebraic closure of K in R. Then R/K is
regular. The quotient field (R ®, R) of the differential domain R®R is
expressible as the compositum of two differential fields R®; 1 and 1 ®,R.
Identifying the former with R and denoting the latter by S, we have the
desired conclusion.

Proposition 2. The set IIx(R) has the maximum element.

Proof. Let P and Q be in IIx(R). Then there is a differential field
extension E of K such that R and E are free over K and EP/E is generated
by constants. Since Q € IIz(ER) also holds there exists a differential field
extension F of K such that ER and F are free over K and FQ/F is generated
by constants. Hence EFPQ/EF is generated by constants, therefore PQ ¢
IT(R).

In the sequel this maximum element of ITx(R) will be denoted Py(R).

Proposition 3. Let E be a differential field extension of K for which R
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and E are free over K. Then EP e II(ER) for any PeIIx(R) and RNQ e
IIx(R) for any Q€ ITz(ER).

Proof. Assume P € ITy(R). Since PII((ER), by Proposition 1, there exists
a differential field extension F of K such that ER and F are free over K and
FP/F is generated by constants. This shows that EFP/EF is generated by
constants, therefore EP € II;(ER). Assume next Q € ITz(ER) and let P = QNR.
Then we have a differential field F of E such that ER and F are free over
E and FQ/F, hence FP/F, is generated by constants. This completes the proof.

Proposition 4. Let P e IIx(R) and o be a differential isomorphism of R
into U. Then oP € Il x(aR).

Proof. Take a differential field extension E of K such that R and E are
free over K and EP/E is generated by constants. It is known that there
exists an extension T of ¢ which is a differential isomorphism of ER into
U. Clearly 1R = oR and tE are free over tK = oK. Since EP/E is generated
by constants it follows that t(E)o(P)/tE is generated by constants as well. This
completes the proof.

Proposition 5. Let E be a differential field extension of K which is free
from R over K. Then R and Pgy(ER) are linearly disjoint over Py(R). In
particular

P(ER) = EP¢(R), P¢(R) = RN P(ER).

Proof. Now suppose that nonzero elements (a;);<;<, of R are linearly
dependent over Py(ER). Let L denote the algebraic closure of K in R and
@ be the set of all differential field extension of L from which R is free over
L. For each A€ ® by n(A) we denote the dimension of the P, (AR)-vector
space generated by the g;. There is an Fe @ with n=n(F) being the
minimum. We may suppose that the elements (a;);<;<, constitute the base
for the vector space generated by the a;. Any other element a = g; has the
expression

a= i; X;a;, x; € Pg(FR).

Let M denote the algebraic closure of L in F. The quotient field {(F @, F ®)
MR is considered as a differential subfield of U, and written F,F,R, where
F, stands for F®,1 and F, stands for 1®y,F. The mappings o;: F - F;
defined by

agxX)=x®1, 0,(x)=1@x

are differential isomorphisms over M. These are also regarded as differential
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isomorphisms of FR into F, F,R over MR. Applying o; to the above equality,
through subtracting, we have

n
Zl (0,x; — 03x)a; = 0.
i=

Since the elements x; are all contained in Pp(FR), by Proposition 4, it follows
o;x; € Pp(FiR),
whence
01X; — 0,%; € Ppp (F1F,R).

By our assumption we see the (q;);<;<, are linearly independent over
Py p,(F1F,R). This implies ¢, x; = 0,x;, whence x; € MR, and € Py, (MR). (See
Sublemma (25.5) in [10]) We must show x; € Pg(R). To this end let N be
a Galois extension of L including M. Since N and R are linearly disjoint
over L, every automorphism ¢ of N/L is regarded as a differential
automorphism of NR/R. By Proposition 4, we see ox; € Py(NR). From the
equality

i (xi hd O-Xi)ai = 0
=1

we find that x; = gx; for each o, hence x; € R, using Lemma 3. This completes
the proof.

Proposition 6. Let S be a differential field extension of R. Set Ry =S, =
K and for each i > 1

R;= PR,-_I(R), N Ps,«,l(s) .
Then for any i, R and S; are linearly disjoint over R,.

Proof. The proof proceeds by induction on i. In case i =0, it is trivial.
Let us first show the assertion in case i =1. Let M denote the algebraic
closure of K in S and take E to be a differential field extension of M such
that S and E are linearly disjoint over M and ES, = ECgg. Then ER; = ECgp.
Since ER and Cgg are linearly disjoint over Cgpg, it follows that ER and
ES, = ER,Cgg are linearly disjoint over ER,. By the way, MR and E are
linearly disjoint over M, whence MR and ES, are linearly disjoint over MR,.
We also know that R and MR, are linearly disjoint over R,, since R, includes
the algebraic closure of K in R. By this we conclude that R and ES, are
linearly disjoint over R;. Now assume i is positive and the assertion in case
i— 1 holds validly. Since R and S;_; are linearly disjoint over R,_;, by
Proposition 5, R and Ps,_ (S;_;R) are linearly disjoint over R; = Pg,_ (R). By
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the fact obtained just above, noting S;_; = §;_;R = §, we have §;_;R and S;
are linearly disjoint over Ps_ (S;_;R). These verify the assertion in case i.

Proof of Theorem. By hypothesis there exists a PU-extension S of K
containing R. As above we can construct the differential subfields of R and S:

R;=Pg,_(R), S;=Ps,_(S) (i=1) Ry=5,=K.

According to the above proposition R; = RN S;. Since S = §,, for some integer
m it follows that R,,= RNS, which shows that R is a PU-extension of K.

References

[1] Buium, A., Differential function fields and moduli of algebraic varieties, Lecture Notes in
Math., 1226, Springer, Berlin, 1986.

[2] Kolchin, E. R., Differential algebra and algebraic groups, Academic Press, New York, 1973.

[3] Matsuda, M., First order algebraic differential equations, Lecture Notes in Math., 804,
Springer, Berlin, 1980.

[4] Nishioka, K., A class of transcendental functions containing elementary and elliptic ones,
Osaka J. Math., 22 (1985), 743~753.

5] , A note on the transcendency of Panilevé’s first transcendent, Nagoya Math. J,,
109 (1988), 63-67.

[6] , General solutions depending algebraically on arbitrary constants, Nagoya Math.
J., 113 (1989), 1-6.

[7] , Differential algebraic function fields depending rationally on arbitrary constants,

Nagoya Math. J., 113 (1989), 173-179.

[8] Painlevé, P., Lecons de Stockholm, (Euvres de P. Painlevé I, 199-818, Editions du C.N.RSS.,
Paris, 1972.

[9] Umemura, H, On the irreducibility of the first differential equation of Painlevé, Algebraic
Geometry and Commutative Algebra in honor of Masayosi NAGATA, Kinokuniya, Tokyo,
1987, 771-789.

[10] , Second proof of the irreducibility of the first differential equation of Painleve,
Nagoya Math. J., 117 (1990), 125-171.

[11] , Birational automorphism groups and differential equations, Nagoya Math. J., 119
(1990), 1-80.

nuna adresso:

Faculty of Environmental Information
5322 Endoh, Fujisawa 252

Japan

(Ricevita la 11-an de oktobro, 1991)



