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§1. Introduction

Let (¢, x) = (t, x4,...,x,) be the coordinates of C x C", where C is the
complex plane and C" is the n-dimensional complex space with the norm

Il = max, dxl).

Consider a singular system of nonlinear differential equations
(LY tdx/dt = g(t, x),

where ¢g(t, x} is an n-dimensional row vector function meromorphic on a
polydisk U centered at (¢, x) = (0, 0) and holomorphic on U\ {t =0}. The
least nonnegative integer o such that t“¢g(t, x) is holomorphic on U is called
the Poincaré rank of (1.1}). We study the problem of reducing system (1.1)
with ¢ > 0 and

t°g(t, X)i=0,x=0 =0

into a system solvable by quadrature by a suitable biholomorphic transforma-
tion.

Let A44,...,4, be the characteristic values of the Jacobian matrix
(0G/0x)(0, 0), where G = G(t, x) =1t°g(t, x}. We call these characteristic
values the characteristic exponents of system (1, 1). The condition that all
characteristic exponents of (1.1) are located on one side of a line in C passing
through the origin is called the Poincaré condition. The following theorem
under the condition is well known.

Malmgquist’s theorem ([7], [8], [9]). Suppose that the Poincaré condition
is satisfied. Then there exists a transformation x = @(t, y) which takes system
(1.1) into a linear system

tdy/dt = y diag(a,(t),...,a,(t)),
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where a,(t), 1 <i<n, is a polynomial in t~' of degree o:
a;(t) = At 77+ o,

and o@(t,y) is holomorphic on S xV, ScC being a sectorial domain
{teC; 0, <argt <0,,0<|t| <r}, V< C"being a polydisk centered at y = 0.
We remark that, although the Poincaré condition is a generic one, there
are many important systems which do not satisfy the condition such as the
Painlevé equations, the restrictions of the Garnier system on lines, and the
system for the spherical pendulum. As far as the author knows, the first who
studied the case where the Poincaré condition is completely violated is
M. Iwano ([2]). He considered a 2-system of Poincaré rank 1 of the form

(1.2) tdx/dt = x diag(u t ™1 + oy, — ot + o) + f(t, X)

where u; and u, are coprime positive integers, o, and o, are nonnegative real
numbers such that Re(u o, + u,0) >0 and f(t, x) is holomorphic at
(t, x) = (0, 0) with f(t, x) = O(]x|?), O being Landau’s symbol; and he showed
the existence of a transformation which changes system (1.2) into the system:

(1.3) tdy/dt = ydiag(u;t™* + o, — pat™ b + ).

After the work of M. Iwano, his idea was made use of in the study of
the Painlevé equations ([11], [12], [13], [15]), the assumption on «; and o,
was improved ([3], [10]), and many studies on this subject appeared, for
example, ([4], {5], [61, [12]). Among them, the author was most interested
in the article of M. Iwano ([4]) which investigated a 4-system with the
characteristic exponents ./ — 1, 1,0, — 1 in connection with the study of the
spherical pendulum. The purpose of this paper is to study an n-system of
which some of the characteristic exponents are on a line in C passing through
the origin and the others are located on one side of the line.

We now explain our problem. Set, for preassigned positive constants
9, 6, r, and 9§,

S, 0;r)={teC; 9 <argt <0, |t| <r},
D, 0;r,8)={(t, x)eC x C"; teS(6, 6; 1), |x| < 8},
and denote by (6, 8; r) the set of holomorphic functions from S(6, 4; r) into

C" admitting asymptotic expansions in powers of t as t >0, teS(9, 9;r). We
consider the system

(1.4) tdx;/dt = x;a;(t) + fi(t, x1,...,X,), 1<i<n,

or in vector expression,
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X tdx/dt = xA(t) + f(t, x),
A1) = diag(a, (0),...,a,(1)), = (f1,.... [0,

where
(i) a;(t) = 2;t7! + «; are linear functions in ¢! with coefficients in C such that

(L.5) ImA,>0 if 1<i<p, Imi, ;=0 if 1<j<gq,
(p +g=mn) and
Ima;, =0, 1<i<gn,
and furthermore
(1.6) (k, Ay = A =ky iy + -+ kA, — Ay #0, 1<i<n,

for all k =(ky,....k,)eZ%, with |k| =2, where Z%, is the direct sum of n
copies of the set of all nonnegative rational integers Z, , and |k| =k, + --- + k,;
(i) There exists a positive constant x such that

(1.7) Ayt K0, >0, 1<j<gq;

(iii) f is holomorphic and bounded on D(, 8; r, &) with f = O(|x|*) and that
the coefficients f,(z) in th_e power series expansion of f(t, x) as f(t, x) =
Ys 2 iOx* are in (0, 0; 7). Here, for k= (ky,...,k,)e Z%,, x* stands for
xlil en xﬁ"‘

Set

t
(1.8) A1) =J Ait72dt = — it L, 1<i<n

e}

We say that 6 is a singular direction of A,(t) if
(1.9) cos (0 + arg 1,) = 0.

A half line passing through t =0 with argument 6 satisfying (1.9) is called a
singular line of A,(z).

We suppose moreover the following assumptions:
(A,) For each i with 1 <i<n, S, 0; r) contains one and only one singular
line of A,(t) and neither  nor 6 is a singular direction of A,(r).
(A,) For each i with 1 <i< p, the i-th entry of f is factored by x;.

We state our main theorem.

Theorem. Under the assumptions (A,) and (A,), there exists a unique vector
Sfunction u holomorphic and bounded on D(0, 8; v, &) with u(t, y) = O(|y|*) such
that a change of coordinates (t, x) > (t, y) of the form
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T: x=y+ult,y
reduces the system X to
' tdy/dt = yA(t),

provided that v and &' > 0 are sufficiently small. Here the coefficients u,(t) in
the power series expansion of u(t, y) as u(t, y) = zl K> 2 WD) y*are in £ (0, 0;r).

By virtue of the theorem, we can construct an n-parameter family of
solutions to the system X. In fact, since the general solution to the reduced
system X’ is

(1.10) y (5 C) = (1(t; Co)snnnu it C)),
yi(t; C) = Cie™ Ml l<i<n,

an n-parameter family of solutions to the original system Y is given by
x(t; C) = y(t; C) + ult, y(¢; C)).

Here C = (C,4,...,C,) is an arbitrary constant vector.
We use the following abbreviation:

S() =5, 8;1,  D(r,0)=D@,8;r,9),

since § and 6 are fixed hereafter.

§2. The construction of the formal transformation 7
Let
X tdx/dt = xA(t) + f(t, x)
be changed to a system of the form
2.1 tdy/dt = yA(t) + g(t, y),
by a change of coordinates (£, x) = (t, y) of the form
T: x=y+ulty).
We have, then,
(2.2) g(t, y) = — (t0u/0t + Lqu — f(t, y + w)(1, + du/dy) ™",

where 1, is an n-by-n unit matrix and L, is an operator associated with A
defined by

(2.3) (Lau) (1, y) = yA(@)ou(t, y)/0y — u(t, y)A(2).
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Therefore, in order that (2.1) is linearized by T, it is necessary and sufficient
that u satisfies the following sytem of partial differential equations:
(24) tou/ot + Lyu=f(t, y + u).
We want to obtain a formal solution to (2.4) of the form
(2.5) ult, ) = Y pys 0 (O

Substituting (2.5) to (2.4) and equating the coeflicients of like powers in y, we
have

(2.6) tdug/dr + uy [{(k, ) — A}t71 — {(k, &) — o;} ]
:Zfil'”ml"'uwll"'unvl”'unvlm
where the summation are taken with respect to [ = (I;,...,1l,)eZ%, with |I| > 2
such that
T TR o T R e L T 1=

and = (Uygy.. Uy Wy nVeZly, 1<i<l,. ., 1<j<1, fi= i fu)s
and further

,,,,,

by convention, J;; being Kronecker’s delta.

Note that, by (4,), fx(t) vanish identically for k; = 0.

We can uniquely determine u,e.o/(6, 8;r), |x|>2 so that they satisfy
(2.6) with uy = 0 for k; =0, 1 < i < p, by making use of the following lemma.

Lemma 2.1. (Hukuhara) For preassigned constants 6., 6, and r > 0, we
consider a differential equation of the form:

tdu/dt = uc(t) + f (1),
where c(t) is a linear function in t~* and fes/(0,,6,;7). Suppose that
t

S(6,, 0,; ¥) contains one and only one singular line of C(t) = j et~ 1dt and

[e o]
neither 0, nor 6, is a singular direction of C(t), then the equation has a unique
solution ue s/ (8,, 0,;r).

Therefore we can construct a formal transformation T given by
xX=y =+ Z|K|22 uk(t)yk
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§3. Sketch of the proof of Theorem

3.1 Truncated systems for the formal power series Y u,(£)y*.
Recalling the assumption (4,), we write X as

tdx* jdt = xT (AT () + F*(t, x™, x¥)),
tdx*® /dt = x* A*(t) + f*(t, x*, x*),
where
XU = (Xg,00 %), XF = (X000 X,),
AT (t) = diag(a,(1),...,q,(t), A*(t) = diag(a,+(1),...,a,(?)),
fr=Unent) *=Uprtsofi)s
F* =diag(x{ " f1,....x,  f,).

Let Y u,(t)y* be the formal power series constructed in §2 and write the change
of coordinates T as follows:

xt=yt(A, + diag®)), uT =1 Uy, u),
x* =y 4 ut, ut = (U, ),

where y*© = (y1,..., 1) V¥ =pr10005 V)
Set, for each N > 1,

3B.0"* Upn(t, y) = diag(ugy),

and set, for each N > 2,
(B.1)* upa(t, ) =y*+ Y uF(y”,
2<|k|<N
where
uha =0+ Y uf @)
1<{k|<N

w, =Wi-qo.. 0)9"-’up,k*(0,...,0,;,0,.‘.,0))’

U = (Upt 1 koeees U )
Then, in order that a change of coordinates (¢, x) — (¢, y) of the form
3.2)" xT =y (Ut y) + 27 (¢, y)),

(3.2)* x* =ufy(t, y) + 0*(t, y),



Normalization of a Nonlinear n-System 587

where @* = diag(e{,...,¢, ), transforms the system X into the system X', it
is necessary and sufficient that the vector function ¢ =(¢™, ¢*) satisfies the
following system of partial differential equations:

(3.3 top* /ot + yT AT (9™ [0y = fim(t V. @),
(G4 10@* /0t + L g0y (L, ¥, 9),
where ¢ = (¢f,....,) and
3H* Jon(t, v, @) = — tdugy, /0t — y ™ AT (1) Ougly/Oy™
+ (ugyy + @ F (6, T (Ugyy + ©7), uiyy + ¢%),
(3.4)* fiat, y, @) = — toufly, /0t — L pufy

+ 4@y (Upy + @7), ufiy + 0%).
Put fiy; = (fixp, fi¥)- Then we can verify
Lemma 3.1. There exist positive constants Cy and M such that
(3.5) | fim(@ v, O < Cyly™*1;
(3.6) fin (& v, 0) = fim (& v, I < Myl + Lol + WD e — ¥,

hold for (t, y)eD{(ry, 6y) and |@|, || < py, provided ry, oy, and py >0 are
sufficiently small.

We note that the inequality

(3.7) lfin @ v, @l < Myl + @)@l + CylyN !

for (t, y)e D(ry, 6y) and || < py, is derived from (3.5) and (3.6).
Define e,(t) and e} (t) by

ei(t)zla 1Sl—<—p’

t
e*(t) = exp [j aj(t)t_ldt] =exp[— A;t7 " + a;logt], 1<j<qg,

[ve]

and set
e(t) = (e4(t),...,e,(t), ef(t),...,ex (1),
E(t) = diag(e(t),...,e,(t), eX(D),...,ex(?)).
Moreover define y* by
@* = y* diag(ef(1),..., ek (t)).
Then ¢ is the solution to (3.3)5 and (3.3)% if and only if ¥ =y (¢, y(1)) =
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Wt y©), ¥*(t, y(t))) satisfies the following system :

(3-8)y tdy/dt = fi(t, y(O), YE@)E@®) ™",
where y(t) is the general solution to X’ and
l//+ — (P+.

Furthermore (3.8)y is equivalent to the system of integral equations:

(39w Ylto, ¥°) = Jf[m(t, y(@, y(t, yO)EM)E@® 't dt,

where y() is the solution to ¥’ with y° = y(t,) and y is a path of integration
joining t = 0 to t = t, which will be specified later.

3.2. Fundamental lemma.
We now state the lemma which plays an important role in proving the

covergence of Y u,(1)y*.

Fundamental lemma. Suppose that the assumptions given in Theorem
hold. Then, for each N > N, the system (3.8)y possesses one and only one
solution W = Yxi(t, ¥) = Win(t, ¥), Uiy (t, )  holomorphic and bounded on
D(ry, On) such that the i-th entry W, of Y satisfies

(3.10) Vit ) = O(Iy[" He(071),  1<i<mn,

provided that ry, 6y >0 are sufficiently small, N, being specified later, and
eyrslt) = €50, 1<) < 4.

Note that, if this lemma holds, ¢ = (¢*, @*) is also holomorphic and
bounded on D(ry, §y) with ¢ = O(]y|¥*!). By this lemma, we can prove the
convergence of Zu,(f)y*. Indeed, for each N > Ny, let ¥y (t, ¥) = Wy (6 ),
Yt ¥)) be the unique solution to (3.8)y. and set

et y) = Uit ¥) + ot v),

(p*N(ty y) = uﬁV](ts y) + go[ﬂj\l](ta y),

where @y, = Yy and oy, = Yy diag(et,...,e}). Then, since @y, = (Pt ¥),
@i(t, ) is a solution of (3.3)y and (3.3)%, a change of coordinates (z, x) — (¢, y)
of the form

xt =y*diagle Nt ), xF=o*
takes the system X into the system X'. We see that ¢ = (™", ¢*") does

not depend on N. We can assume that both the constants ry and Jy are
monotone decreasing in N. For any N' and N with N' > N > N,
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(“[N'] - u[N]) + Orno

where uy; = (ugy, Ufyy), is a solution to the systems (3.3)y and (3.3)f on
D(ry:, 6y/), of order O(]y|N*1). From the uniqueness assertion in Fundamental
lemma, it follows that

@ = (U — ) + O
which implies that ¢" is independent of N. Now put
¢ =0, 1’ =1y, & =0y,
Then ¢ is holomorphic and bounded on D(r, §') and we see that
@t Y) = X< @Y = 0(1yI" ),

for each N > N, which yields the convergence of Y u,(t)y*.
Therefore we have only to prove the fundamental lemma.

§4. Determination of sectorial domain & and path of integration y

To prove the fundamental lemma, we have to define a sectorial domain
& in the t-plane and a path of integration y joining t =0 to t = t, in &. For
this purpose, we begin by determining Q with n/4 < Q < n/2.

Take x so that (1.7) holds and fix it. For the x thus determined, set

Vi = Apsjt Koy, 1<j<qg.

We choose an integer N, > 2 so that

No> gz, v/ g, ol

and we fix it.
Then define the quantities @', Q”, 2%, and Q* by

4.1y tan Q' = Z[Imax {1&5 1} + [max {le;" |} max {x, 1} + 1
<i<p <i<p
+ min {|;]}]/ min {|n;]},
1<i<p 1<i<p
@.1y tan Q" = [ max {|¥} + 3k +4) max {[aF|}
1<j<gq 1<j=gq

+ min {v;}]/ min {v;},
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@.n"* tan Q% = 2[112?;(‘1 {ET] 188} + Jmax {le"1, lo¥ |} max {x, 1}

1<i<p 1<i<p

+ 1+ min {n;}]/ min {n;},

4.1)* tan Q* =4[1max (&7 1,185} + max {|a], ot}
=j=q 1S1$q
1<i<p 1<i<p
+ max {v;}1/(min {v;} — max {v}/No),
where

&' =Reky, ny=1ImA;, o =y l<i<p,

¥ =Redy,j af =0,y 1<j<gq
We determine Q by
4.2) Q =max {Q', Q", Q", Q*}.
Note that
4.3) tan Q > 1.

We pass to define a sectorial domain &.

By the assumption (A4;), S(r) contains a half line argt = /2.

Let £ and 7 be half lines starting from the origin defined by {t; arg ¢ = 6}
and {t; argt = 0}, respectively. Then we denote by #(6, 0; r) the domain in
the t-plane bounded by ¢, 7 and the curve

(44 m_{r if |0 —n/2|<n/2-Q
' ~rlcosO/cos Q] if m/2—Q<|0—n/2|<nm—2¢

where 0 = argt, ¢ > 0 being a small constant.
We divide & into three parts:

FLr=Fn{t;|largt —n/2| <7/2 — Q},
Ly =Fn{t; —n/2 <argt < 2},
F=Fn{t;n—Q<argt <argt <3rn/2}.

For a given t,e ¥, we define, in &, a path y joining t =0 to t = t, which
generally consists of two paths y’ and y”.

(i) When ¢, is in &, y consists of only y’. The coordinate ¢, on y’, is
parametrized by 7 as follows:

4.5) tty '=t4+a—./—1be", 1€[0, +0),
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where

(4.6) tot=a—/—1b,  t,=1(0).

(i) When t, is in &, (or &3), y consists of two paths y” and y’. The
coordinate t, on y”, is parametrized by # as follows:

4.7) £(6) = (|to/cos Oo) cos e~ 12,
for Oe[b,, 2] (or Oel[n — Q, 0,]) respectively, where
4.8) 6, = argt,.

Then t(2) (or t(x — Q)) is in %;. The coordinate t on y’ is defined by the
same way as (4.5), where the starting point is £(Q) (or t(z — Q)).
Then we can verify

Lemma 4.1. We can choose a sufficiently small positive constant v in such
a way that

(i) When tye Sy, then y < %y,
(iiy When tye ¥, then y < &.

§5. The stability of the domain & which is a deformation of D

We define a domain 2 = 92(r, §) = 2(0, 0; r, §) in the (t, y)-space by

(5.1 D ={{t, peC x C*; teF(r), |y < dd(1)},
where
(52) a0 = {(cos Q) .‘ on %,

|cos B)* on ¥, U5,

with § = argt.

We note that the domain Z(r, d) is equivalent to the domain D(r, 6),
namely, for given r and 0 > 0, we can choose constants r' and ¢’ > 0 so that
2(r', §') < D(r, 6), and conversely, for given # and &' > 0, we can take constants
r and 6 > 0 so that D(r, §) = 2(, §).

We now give some properties for 2.

Lemma 5.1. (Stability of 2). Let (to, y°)e2(r, 8) and let y(t) be the
solution to ' with y(t,) = y°, then (t, y(t))e 2(r, §) for every tey, provided that
r and & > 0 are sufficiently small.

In order to prove lemma 5.1, we use the following lemma.



592 Toshiyuki KOITABASHI

Lemma 5.2. Let y(t) be the function given in lemma 5.1. Then, for tey
with toe Sy, the pull back y,(t) of y; by (4.5) satisfy

5.3y dlog |y @¥*t/dr < -1,

(5.3) dlog ij-‘(r)l"’“/dr < —3v;/4,
and

(5.3)" dlog|y; @)N*HeF(x) ™ |/der < — 1,
(5.3)* dlog [y¥@)N* e (x) " /dr < — v,

for all i,j, h with 1 <i<p, 1 <j, h<gq, and for every N > N, where y;" = y;,
L<i<p yf =y 1 <i<q

It should be remarked that, by (5.3) and (5.3)", |y;(7)|, 1 <i<n, are
monotone decreasing functions with respect to 1.

Proof of lemma 5.1.
Let us suppose that (t,, y°) = (to, y(to)) €.
(I) In case that trye%,; Clearly we have

i@ <y:0) < odi(t), 1<i<mn,

since |y;(t)| is monotone decreasing in 7.
(I) In case that t, = %, (or &5); Noting that we have

EF cos Byt + 1 cos B, tan Blty| 7, 1<i<p,
VN p+l<i<n,

Re [4:t(0)" '] = {

”

on y” and
C, = y;(0,)e* " (9,) ™%, 1<i<n,
where C;, 1 <i < n, are arbitrary constants in (1.10), we have the inequalities :

V(O] = 1y:(Bo) e @™ 1(6) e~ H O™ 1(0)|

_ {‘yi(eon (Ic0s 01/]cos B |y emesstolroltanto—tnd) | < j < p,
|y:(Bo)| (Icos 01/|cos Oo])™, p+l<i<n,
< 8d,(1), I<i<n
Thus we have proved Lemma 5.1. Q.E.D.

In order to prove Lemma 5.2, we make use of the following lemma.
Lemma 5.3. We have
(5.4) la/b| < 1/tan 2 < 1,
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(5.5 b > (tan Q sin ¢)/r > tan Q,

(5.6) kb > tan Q

for any toe .

The proof of this Lemma is omitted (see Proposition 2 in [15]).
We now procced to prove Lemma 35.2.

Proof of lemma 5.2. We prove only (5.3)", because the others are shown
in a stmilar way.
For any i and j with 1 <i<p, 1 <j<g, let

wr() =y @ e ()
Then
dlogw™ (t)/dt = {[(N + DA — A¥] + [(N + Doy — oFJe}e ™2
On the other hand, we have
—t72dt)dv = (1 — /— 1 kbe")
from (4.5). Consequently, we have
dlog|w™ (z)l/dr = dRe [log w* (1)]/dz
= Re[dlogw* (t)/dt - dt/dr]
= —Re {[((N + DA} — 25 + (N + Do —a¥)(z + a — /— 1 be") 1]
x (1 — \/jibke’“)}.
So, it is sufficient to prove the following inequalities;
Re {[((N + DA} — 25 + (N + Do — a¥)(x + a — /— 1 be) 1]
x (1 - \/—‘lbke"’)} > 1
or equivalently,
(5.7) (N + Dyxb3e3 + [(N + D& — EF + (N + Do — af)k — 1]b%e*™
+ (N + Dnir(t + a)*be™ + (N + 1)&7 — & — 1)(z + a)®
+ (N + Do" — o¥)(t + a) > 0.
Denote by A(r) the function in 7
(N + Dnxb3e® + [(N + DET — EF + (N + Do — a¥)x — 1]b%e™
+((N+ D& =& =Dz +a’ + (N + Doy — o) (r + a).
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Since the left-hand side on (5.7) is equal to A(z) + (N + Dn;x(t + a)®be*, we
have only to show (z) >0 for t > 0. Let

A =3 .o U,"
be the power series expansions in T of AU(r). Then,
(5.8)
Wy = (N + Db + [(N +)E7 — &F + (N + Dot — a¥)x — 1]b2
+((N + 1)¢&" = & — Da?> + (N + Yo" — a¥)a,
(5.9
Ay =3(N + Dne?b® + 2[(N + D& — &F + (N + Doyt — a¥)x — 1]xb?
+2((N + )& =& — Da+ (N + Do — a¥),
(5.10)
Uy = (9N + Dyix®b> + 4[(N + D& — & + (N + Doyt — o)k — 1]x2b2
+2((N + D& — & = 1j/2y,
and, for m > 3,
(5.11) A, = {3™(N + Dn;™"1D3
+2"[(N 4+ DET = & +((N + Vo™ — o) — 1]c"b*} /m!.

We can see that
(5.12) A, >0, m > 0.

In fact, we have (5.12) for m = 0:
Wy > kb’ {(N + Dy — |(N + DEF = & + (N + Doyt — o) — 1]/(xcb)

— (N + D& = &F — 1]a?/(xb®) — (N + Doy" — aF||a/(kb?)]}

> kb (tan Q)7 {(N + Dy tan Q — |(N + D)EF — EF + (N + Do — a¥)ic — 1]
— (N + D& = &F =1 = [(N + Doy™ —aF[}

> kb (N + 1) (tan Q)" {n tan Q — (1| + |EF] + (|0 | + |oaF e + 1)
— (& +1EF + D) = (o™ | + 1oF])}

>0,

by using (5.4), (5.5) and (5.6).
In a similar way we show (5.12) for m=1,2 and m >3 as

A, = 3x?b*(tan Q) {(N + 1)n,; tan Q
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— (N + D& = &F + (N + Do —a¥)r — 1]
— (N + D& =& =1 = |(N + Doy — oF[}
> (N + 1)3x2b3(tan Q)™ {n; tan Q — (|&" | + [EF| + (| + o )ic + 1]
— (&I + 1) = (o™ [ + oD}
>0,
A, > 933 (tan Q)" H{(N + D)n; tan Q
— (N + )& = &F + (N + Do —af)re — 1]
— (N + D& —&F —1]}/2!
> 9(N + Dib3 (tan Q)™ {n, tan Q — (I&7 ] + [EF] + (|| + JoF ) + 1)
—(I& T+ 1&F 1+ D}/2!
> 0,
A, > 3"((N + 1)x™ b (tan Q)™ {n, tan Q
— (& T+ 1&F + (o™ | + o )i + 1)} /m!.
> 0.

Thus we have obtained (5.12), which yields (5.3)". Q.E.D.

§6. Proof of Fundamental lemma
6.1. In this part, we show the following lemma.

Lemma 6.1. Let y(t) be the general solution to the reduced system
X'. Then we can find a positive constant Jy depending on N so that we have
the inequality

(6.1) j YOI e, el ™M del < Tyly(o)l¥ ™ ei(to)

1<j<mn,
for any toe F(r), r > 0 being sufficiently small, and N > N.
Proof. Let toe%; and let
wilt) =y (" ey,

for any i with 1 <i<n. Then we see that w;(t) satisfy

(6.2) dlog |wi()] > v/(/219) |¢| " |de],
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where
v= min {1, 3v;/4}.

Indeed, by the inequalities in Lemma 5.2, we have
dlog |w;(®)|/|dt| = dlog |wi(t)|/dt - dr/|d1|
= dlog |w;(7)|/dt(—|dz/dt])
> v|dt/dt|,
and we have
(6.3) tllde/dt] > (/21071
because
the left hand side of (6.3)
= [(z + a)* + b*e**]Y2(1 + k?b?e* ) 1/2
> [b2e2*] 2 (2K ) 12 = (/2 1)L,

Now, by (6.2), we have

J Iwi()[£]~ | dt]

y

< 2KV_IJ |w;(£)]d log |w;(¢)]
y

= 2Kv_1f d|w;(0)]
y

< 2rv T Hwilto)l,

and hence we obtain (6.1).
Next let toe ¥, or &5. Then we have, on )",

(@) = |t,|/cos O, cos O ¥ 1.

Noting |dt| is a decreasing or increasing function in @ = argt corresponding
to toe S, or ¥y respectively, we have

|dt| = 7 |dt/dO|dO
1 |ty/cos ©y|dO

Il

and
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|t|”t|dt| = 7 |cos ©|71dO.

We have, hence,
J |t|_1|dt|<IJ |cos @7 1dO
b v

8o
J |cos @ 1d@ < n/min {sin ¢, cos 2}

Q

0o
J |cos @7 1d® < n/min {sin ¢, cos 2}

n— 02

for @e[O,, Q] or [r — Q, O,] respectively. We have, then,
J {t|"dt} < L
”

for some positive constant L. Noting that, on y”,
|y: (O] < 1yi(to)|di(1)/di(to) < Lilyi(to)l,
for a suitable positive constant L, we have
j i)l 2]~ || SJ LY™H wilto) 1217 1]
Y b
< LY7! Liwi(to)|
Therefore if we choose Jy such that
Jy> 2 b+ LYTUL,

then we have (6.1).

6.2. In this part, we complete the proof of fundamental lemma.

First of all, we define the family of functions % by

F ={y: 9 —> C"; the i-th entry y; of ¢ is holomorphic and

bounded on & and |y,| < Kyly|¥*tles |, 1<i<n}

597

Q.E.D.

where 9 = 9(ry, 6y) and Ky is a positive constant depending on N which
will be specified later. It is evident that & is non-empty and convex, and
further closed and normal with respect to the topology of uniform convergence
on every compact subset of 2. Next we define an operator 4 acting on & .
Let (ty, y°) be a point in £ and let y(f) be the solution to X’ satisfying

the initial condition y(t,) = y°. We set
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(6.4) Plto, y°) = me(t, YO, Y&, yO)E@)E®) ™'t dt
b

and define an operator  from & into % by

(6.5) Yt y) — P, y).

This is well-defined. Indeed, first, we can take ry, dy and py so small that
(¢, y(8), Y (¢, y(£))E(f)) is in the domain of definition of fy, for every te F(ry),
where y(¢) is the solution to £’ with y(to) = y°, toe #(ry), |¥°| < 6y and Y e F.

Next let e #, then, by (3.7) and (6.1), we have

|ilto, yO)l < J | fim (& y(0), YO E@®) let)™ [ [¢]™" ||

"
< | IM(yl + WENIWE] + CylyI¥* Tles el dt|
Jy

»
< | IM(Iyl + WEDKyIyY ™ + CylyN " le | 1e] ™ de]
Jy

< | MOy + 200Ky + CyllyM e M1t dt]

vy

< [M(Oy + 2o Ky + CxlIxly(t)l™ Heilto) ™',

and hence we obtain
|Pilto, YO < Kyly(o)V Helte) ™,  1<i<n,
provided that éy and py is choosen so small that
M@y +2p0)Jy<1/2

and that we set Ky =2CyJy. Furthermore we can verify that ¥ is
holomorphic and bounded on 2. so, ¥(ty, y°)e#, and hence 7 (F)c Z. It
is evident, moreover, that 7 is continuous on & by (3.6). Thus we sec that
g admits a fixed point by virtue of the Schauder-Tihonov fixed point theorem,
which shows the existence of Yy in Fundamental lemma.

We now prove the uniqueness of yy.

Let ! and 2 be two solutions satisfying the lemma and put

IV — lpl . 1/12.
Then ' is holomorphic and bounded on 2 and |y/| = O(|y["*"'le; '),

1<i<n
We define a positive constant H by
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H=inf{H >0; |y;| < H'ly"" e/, (¢, y)eD, 1<i<n).

Then we have
li(to, ¥y°)I < j M(Iy| + 16" +YDEDN W E] e M [e] ™t de|

< J My + 2p0HIyI" e M [t dt|
v

< MOy + 2p8) HI y|y(to)N " Hei(to) ™!
<27 HIy(to) N elto) M, 1<i<n,

by (3.6), and hence, by the definition of H, we have H =0. Thus we have
shown the lemma. Q.E.D.
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