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1. Introduction

This paper is concerned with the existence of solutions to the Volterra
integral equation

t

(1.1) u(t) + J a(t — s)A(s)(Bu(s))dsa f(¢), 0<t<T,
0

in a real Hilbert space H. Here a:[0, T]— R is a given kernel, A(t)

(te[0, T]) and B denote nonlinear maximal monotone (possibly multivalued)

operators in H, f maps [0, T] into H, and the integral is taken in the sense

of Bochner.

In the special case B =1 (identity), the existence, uniqueness and
asymptotic behavior (as T-— oo) of solutions of (1.1) was discussed by the
author [1-3]. Little is known, however, on the solvability of general nonlinear
equations of the form (1.1). Let us remark that by letting v(t) e Bu(t), equation
(1.1) formally reduces to

t
(1.2) B, v(t) + j a(t — s)A(s)v(s)dsa £ (¢), 0<t<T,

0
where B, = B~!. [Equation (1.2) has been studied by Barbu [6, 7] under the
assumption that A(-) is independent of r, and recently by Hokkanen [17],
who allows both 4 and B, to vary with t. As regards [17], we point out
that the domain of A(f) is required to be constant (for all ¢), and that a
technical condition (that also appears in [6, 7]) relating A(t) and B, is
used. (In particular, if A(t) and B, are linear, that condition is close to the
monotonicity of the composite mapping A(f)o By, V) Unlike [17], in the
current paper we allow the domain of A(f) to depend on r. No condition
relating A(f) and B is imposed. In addition, our approach is different from
the one in [17] (or [6, 7]), in the sense that a distinct approximation procedure
is employed.
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It is also worth mentioning that in the case when a = 1, (1.1) is formally
equivalent to a Cauchy problem for a doubly nonlinear evolution equation
of the type

(1.3) U + A (Bu(r)af,), O0<t<T,

where f,:[0, T]— H. This equation has recently been considered by
Kenmochi [19] and Kenmochi and Pawlow [20]. It is easy to see that (1.3)
can be rewritten as

(1.4) %Blu(t) + A@)v(t)2 £, (1), O<t<T,

where By = B™!, v(t)e Bu(t). Equation (1.4) arises as a model for a variety
of nonlinear diffusion problems (including free-boundary problems), and has
attracted a lot of attention. (See, e.g., [4,5, 8,9, 11, 14, 16, 18, 21, 22].)

From an abstract viewpoint, the present study is a direct attempt to
generalize to (1.1) the existence theory of Kenmochi and Pawlow [20]. Our
approach combines some of the techniques for evolution equations with
methods specific to the theory of abstract Volterra equations developed in
recent years (cf. e.g., [12, 13].)

The plan of the paper is as follows. In section 2 we recall for easy
reference some basic facts about maximal monotone operators and time-
dependent subdifferentials. The main existence result is stated and proved in
Sections 3 and 4, respectively. A uniqueness theorem is also included.
Finally, Section 5 discusses a model problem of physical interest, to which
our abstract theory can be applied.

2. Preliminaries

For further background and details of this section we refer the reader to
[10, 19, 20]. Throughout this paper H denotes a real Hilbert space with
scalar product (,) and norm |-|. # will stand for the space L*(0, T; H)
endowed with its usual inner product ¢, > and norm |-|. We will use the
symbols “—” and “—” to indicate the strong, and respectively, weak
convergence in H or ##. Let A be a sct-valued operator in H with domain
D(A) and range R(A4). We say that A is monotone if (y, — yy, X, — x;) =0,
for all y,e Ax;, i=1,2. A is called maximal monotone if it is monotone, and
R(I + AA) = H, VA > 0, where I stands for the identity on H. For a maximal
monotone A, one can define the resolvent J, =Ji = (I + A4)~ ', and the
Yosida approximation 4; = 2~ '(I —J,), VA > 0. Several properties of A4, J,,
and A, are presented next.

tt)
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Proposition 2.1. Let A be maximal monotone in H. Then:

(i) A is demiclosed, i.e., the graph of A is closed in H x H,,, where H,, denotes
H equipped with the weak topology.

(ii) J, is nonexpansive on H, while A, is maximal monotone and Lipschitz
continous on H with A~' as Lipschitz constant. Moreover A,xeAJ,x,
VxeH.

(i) If x; > x and A;x,—y as A— 07, then xe D(A) and ye Ax.

(iv) The operator of defined in # by (Lv)(t) = Av(t), a.e. on (0, T), Yve #
is maximal monotone, and (oZ,v)(t) = A,v(t), a.e. te(0, T), VA >0, Yve #.
(o is said to be the H# -extension of A.)

An important subclass of maximal monotone operators is that of
subdifferentials. Let y: H—> ] —o0, + 0] be a proper convex, lower semicon-
tinous (l.s.c.) function, with effective domain D(y) = {xe H: y(x) < +0}. Its
subdifferential 0y is defined by:

Y(x)={yeH: y(z) —¥(x) > (y,z — x) VzeDW¥)}.
Proposition 2.2, Let A = 0y, where : H— ]— o0, + o0] is proper, convex
and l.s.c. Then A is maximal monotone in H, with A, = 0y, (4 > 0), where

Va0 = inf (W) + |y = xIP/@A)}, xeH.

In addition, the following properties hold:
() V02 =y(J,2) + |z — J,;212/(24), VzeH, 4 >0,
and
Vi) Ty(2) as 410
@) If 2,10, and z,— z in H (as n > o), then
Y(z) <liminfy, (z,).
If also {0y, (z,)} is bounded in H, then
V5,2, — Y (2).

(i) If ve WY2(0, T: H) and ge L (0, T; H) satisfy v(t)e D(A), g(t)€ Av(t), a.e.
on (0, T), then t — Y (v(t)) is absolutely continous on [0, T and (d/dt)y(v(¢))

= '(t), g(t)), for a.a. te(0, T).
We now consider a family {¢';0<t< T} of proper, convex, Ls.c.

functions from H into [0, 4+ oo] satisfying:
(¢,) There exist constants ¢, > 0, ¢; = 0 such that
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¢'(z) = ¢,z — ¢, VzeH, Vte[0, T].
(p,) There exist functions ae W'2(0, T) and fe W' (0, T) such that for all
s, te[0, T], s <t, and ze D(¢®), there is ze D(¢p") satisfying:
|2 =z < Ja(t) — a1 + (¢°(2))'?)
?'(2) — ¢*(2) < |B() — B + ¢*(2)).

The following is a direct consequence of [19, Lemmas 1.2.1, 1.2.2, 1.5.2,
1.5.3] and [20, Lemmas 2.2, 2.3].

Proposition 2.3. Let conditions (¢,), (¢,) be satisfied. Then

(i) The function t— 0¢i(v(t)) is measurable for each 2e€(0,1] and ve
L0, T; H).

(i1) There is a constant c; >0 such that:

| Szl <lzl + i, 1004(2) < A71Q2|z] + ¢f)

Sfor all zeH, te[0, T] and Ae(0,1]. (Here J, = (I + 10¢p")~1).
(i) @%(z) = (c1/2)|z|* — ¢4, for all zeH, and all 0 < 1 < 1/(2¢,).

(iv) If z,eD(¢™), z,—~z in H and t,1t, as n— oo, then

¢'(z) < lim inf @' (z,).
(v) The functional ®: # — [0, + 0], defined by
T
d(v) = J @' (v(2)) dt, Yve H#
is proper, convex, and l.s.c. 1Its regularization ®,(A > 0) is given by:

T
D,(v) = J @4 (v(t)) dt, Yoe A, A >0.
0
In addition (0®,)(v)(t) = ¢ (v(t)), a.e. on (0, T), YveH, and v*edP(v)
(v, v* e H) iff v*(t)edp'(v(t), for a.a. te(0, T).
(vi) If ve W10, T; H) and A >0, then t — ¢4 (v(t)) is of bounded variation
on [0, T] and:

t

d
o o w@)dr, 0<s<t<T
.

ER) 040(0)) — P3(u() < j

N

In addition one has
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d
7 @5 (0(0) — (1), 39 (v(1))

(2.2) < o (011005 (1 + (@5 (®)))'?)
+ B0 + ¢4 (v()), a.e on (0, T).

3. Main result

We are primarily concerned with the existence of solutions to equation
(1.1) under the key assumption that A(t) = d¢*, 0 <t < T, where ¢': H—
[0, +0c0] is proper, convex, and ls.c. Besides (¢;) and (¢,) (see Section 2),
the following condition will be used:

(p3) For each te[0, T] and r >0, the level set {zeH: ¢'(z) <r} is
compact in H.

As regards the operator B in (1.1) we assume that:
(b;) B =0j, where j: H—>]—o00, +00] is proper, convex and ls.c.
(b,}) There exists ¢, > 0 such that
(V5 = V1> X3 — Xq) = Co X, — X1 |*, Vy,€Bx;, i=1,2.
We now consider the Volterra integral equation (cf. (1.1))
3.1 u(t) + Jt a(t — s)0¢*(Bu(s))dsa f(t), 0<t<T,
0

where ¢' and B satisfy conditions (¢,)-(¢;), and (b,), (b,), respectively. The
following restrictions on a and f will be imposed throughout:

(a) aeW>1(0, T), a(0)=1,
(f) feW>(0, T; H), f(0)eD(B), Bf(0)nD(¢°) # 0.
Remark 3.1. The assumption «(0)=1 in (a) is made only for

simplicity. What we actually need is @(0) > 0. (Obviously, when a(0) > 0 one
may replace a by d = a(0)"*a and ¢' by a(0)¢' to obtain d(0) = 1.

Definition 3.2. A function u: [0, T]— H is called a solution to (3.1) if
ue Wt2(0, T; H), u(t)eD(B), a.e. on (0, T), and there exist ve L*(0, T; H),
weL*(0, T; H) such that v(f)e Bu(t)nD(é¢"), and w(t)ede'(v(t)), for a.a.
te(0, T), and u(t) + axw(t) = f(¢) for all te[0, T], where % denotes the

convolution <a*w(t) = ft a(t — s)w(s) ds).

0
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The main existence result is:

Theorem 3.3. Let conditions (¢,)-(¢3), (b;), (by), (@) and (f) hold. Then
equation (3.1) has at least one solution.

Remark 3.4. (i) Theorem 3.3 extends (with no essential change in the
proof) to equations of the form

u(t) + ax0¢'(Bu(t)) + bxu(t)2f (1), 0<t<T,

where be W1 (0, T).

(ii) Since T in Theorem 3.3 is arbitrary, it is easy to formulate an existence
result for equation (3.1) on [0, +o0]. In such a case, it would be of
interest to examine the asymptotic properties of solutions. We are going
to address this question in a forthcoming paper.

(iil) Theorem 3.3 can be regarded as a generalization of [20, Theorem 1.1].

We conclude this section with some remarks on the uniqueness of solutions
of (3.1). As is well-known, nonuniqueness may occur even in the case when
a =1 (and (3.1) formally reduces to an equation of the type (1.4).) See [14,
Section 5]. However, the uniqueness of solutions to (3.1) can easily be derived
at the expense of additional restrictions on ¢' and B. A sample result is the
following.

Theorem 3.5. Let the conditions of Theorem 3.3 be satisfied. In addition
assume that there exists neL*(0, T; R.) such that

(3.2 (25 — 24, x5y — xi) = —n()|xy —x3>,  te[0, T],

for all x;e D(B) with Bx;nD(0¢") # 9, and zi€0¢'(y}), vieBxi(i=1,2). Then
the solution u of equation (3.1) is uniquely determined.

Remark 3.6. Comparable uniqueness results for equation (1.2) may be
found in [17].

4. Proofs

We first summarize some properties of B that are going to play an
important role in the sequel.

Lemma 4.1 [20]. Let (b,), (b,) hold. Then
(i) B™! is everywhere defined and Lipschitz continous on H, and satisfies
(B™'zy — B 'zy,z, —z) > ¢,|B7 'z — B 2,12, Vzy,z,€eH.

(ii) (BMZ1 - B#zz, zy — z3) = ¢l + ,uc2)71|21 - 2212

k]
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for all z,,z,eH and p > 0.
(ili) (B, ™' is everywhere defined on H, and

(B) 'z=B 'z+uz, VzeH, u>0.

One of the key tools in the proof of our existence result is described
next. Let (a) be satisfied, and define the resolvent kernel k of a' by:

(4.1) k() + a k() = — d'(1),  tel0, TT.

It is easily seen that ke W% (0, T). Let ueW%2(0, T; H), wel?(0, T; H)
and fe W2(0, T; H) satisfy

4.2) u(t) + axw(t) = f(t), 0<t<T.
Applying the method of [12, Proposition 1] we are led to

Lemma 4.2. Let (a) hold, k be defined by (4.1), and fe W'2(0, T; H).
Then ue W:2(0, T; H) and weL*> (0, T; H) satisfy (4.2) if and only if

(1) () +w() + k=u'(t) = F (1), a.e. on (0, T),

4.3
@3 (i)  u(0) = u,,

where

(4.4) FO =@ +k«f'(t),  uo=f0).

Proof of Theorem 3.3. By assumption (f) and Lemma 4.1 (iii) we may
define

(4.5) o, = (B,) ™ uf,

where u, = f(0), and ufeBu,nD(¢®). For each A, u>0, we consider the
approximating equation

i
4.6) u, 0+ J a(t — s) 095 (Bu, ;(5))ds = f(1) + ug , — tho, 0<t<T

0
Inasmuch as 0¢% - B, is Lipschitz continous on H for each fixed ¢ with Lipschitz
constant independent of ¢ (cf. Proposition 2.1 (ii)), and the mapping
t = 094(B,z) is measurable on [0, T] for each fixed ze H (cf. Proposition 2.3
(i), a usual contraction mapping argument shows that (4.6) has a unique
solution u, ;e W"2(0, T; H).

Our aim is to obtain a number of a priori estimates involving u, ;, which
will enable us to pass to the limit as A|0 in (4.6) (with u fixed), and
subsequently let x| 0. Instead of using (4.6) we apply Lemma 4.2 and consider
the equivalent initial-value problem:
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(1), 2(t) + 095(B,u, (1) + kxu, ,(t) = F(t), a.e. on (0, T),

4.7)
(i) u,,(0) =uo,
where F is given by (4.4). Note that by (a), (f), (4.1), (44), one has
Few'(, T; H).
In what follows we will use c5, ¢,,---, etc. to denote various positive
constants that are independent of x and 4. We will also use inequalities of
the following sort frequently and without comment:

(e + V2 <X+ P2 x4+ ) <2067 + y7), xy < (1/Q2e)x? + (/)3
for x, y, e€(0, o). All estimates below are for 0 <t < T, 0 <1 <min {1, 1/
ey}, O<pu<eyt.

First form the inner-product of (4.7) (i) with (d/dt)B,u, ; and integrate
over (0, f). Noting (see Lemma 4.1 (ii)) that

d
<dt B,u, ;(1), “,’ul(t)> > ¢yl + pe,y) ™t |u,;’,1(t)|2,

and using (2.1), (2.2), (4.5), (4.7) (ii), and the definition of @9 (see Proposition
2.2), we obtain

(02/2)f |y, 2(9)1* ds + @5(B,u, 5(2))
0

' d
+ f <k*u,;,,1(s), zBuuu,l(s)> ds
s

0

t

(4.8) < @°(ud) + J

0

<F(S)a i Bu”u i(S)) ds
ds ’

+J o' () 1097 (Bu, () (1 + [95(B,uy,2(5))11/?) ds
(4]

+ f B () (1 + @3B, 1(5))) ds.
0

Remark that

jt <k*u;,l(s), ;SBM“u,A(S)> ds = (k*u,’l,l(t), B,u, ;(t)

4.9) )
- f (Bytty,3(5), k(O)uy 1(s) + K'suy 5(s)) ds,

0

while (cf. (4.4), (4.5))
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Jt <F(s), ;Bn“u,a(s)> ds = (F(1), B,u, ;1))
S

(4.10) 0 t

—(f"(0), ug) — J (F'(s), B,uy,;(s))ds.
Setting
(4.11) X0 = 05(B,u, 2(8)) — (Bu, ,;(t), F(t)

and using (4.9), (4.10) in (4.8) yields

(02/2)f |1, 1P ds + X, 5(0) < c3 + |k 5 (0] Bu, (1))

+ ) (B, 1(5), k(O)uy, 5(s) + k'xuy, 5(s)) ds — f (F'(s), B,u, ;(s))ds
(4.12) ‘: 0
+ | 12610038, a(DI (1 + [93(B, ()] ds
JO
+ | 1BOI( + ¢5(B,u,,(5))) ds.

Next observe that (4.11) and (iii) of Proposition 2.3 imply
4.13)  (e1/DIBLu, (07 — ¢ < @4 (B, 1(1)) < cu X, ,(0) + ¢5|F(O)” + cs.
We now seek to bound the right-hand side of (4.12), in terms of X, ,(¢) and

t
J lu, ;(s)|ds. We first have
0
t
ey (011 By u, 1(8)] < max |k|<J !u,i,i(S)ldS>|Buuu,l(t)|
’ 4]
(4.14) . ,
<¢ [J IM,Q,A(S)IdS} + cg|Byu, (017,
(4]

where cg is to be sufficiently small, in a sense to be precised later. Invoking
(4.13) in (4.14) implies

t 2

(4.15) lkxu, ()] 1B,u, (1) < co [J |“,;,A(S)|ds:| + c10X,4(8) + 11,
0

with a sufficiently small ¢,,.

In the following, we will continue to make use of (4.13) repeatedly, and
without comment. We have
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k(O)J (B, (), g 5(5))ds < Ik(0)|J | B,uy 2 ()] |, 1(5)] ds
(4.16) ? 0

t

t
< J lug ()P ds + ¢y5 J X,1(8)ds + cq4,

0 0

where c;, is small enough. Similarly,

t
f (Buuu,l(s), k'*”,;,i(s))ds < Hk/”Ll(O,T) ”Buuu,l”Lz(O,t;H) ”“L,A”Lz(o,t;m
0

4.17) , l
<5 j lu, 1(S)*ds + ¢y J X, () ds + ¢y,
0

0

with a sufficiently small c,s.
t

We now consider J (F'(s), Byu,, ;(s))ds. By (a), (f) and (4.4), it follows

0
that F'eL'(0, T; H). Also note that (4.13) implies |B,u, ()] <cyg+
(1/2) X, ,(t). We consequently deduce that:

t

- Jt (F'(s), Byuy,a(s))ds < J (c1g + (1/2) X, 4(8)) [ F'(5) ds
0 0

(4.18) .
< cCyo +J 0,(s) X, 1(s)ds,

0

where 0,(t) = (1/2)|F'(¢)}, 0,€L'(0, T).
We next see that

(4.19) f BN + 3B,y (9 ds < 20 + f ' 0,(5) X ,(5)ds,
0

0

where 0,(t) = const |B (£)|, 6, L0, T) (cf. (¢,)).
It remains to estimate

J o ()] [09% (Bt s (M (1 + [93(B, 1y, 5(5)1 %) ds.
By (4.7) (i) one has
1005(Buty ;O S TF ()] + Juy 1(9)] + Tkxug (), 0<s<t

We successively obtain

(4.20) J o ()IF($) (L + [@3(B,u,,s(5))]') ds

0
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t

1/2
<6yt 1[3%7]( |F| o |L2(0,T)|:f Qoi(Bp“p,z(s))dS—J

0

t

<€y + Co3 J X, .(s)ds,
0

and

J o/ ()] 1243, 1) (1 + [@5 (B, 2()]"?) ds

4.21) . )
< 024J |u,'u(3)|2 ds + J 493(5)X”J(s)ds + ¢y,
0 0
where ¢,, is small enough and 0,(t) = const |a/(1)|*, 85 L' (0, T) (cf. (¢,)). We
finally have

J () w9 1+ [@3(B,, 1917 ds

0

t t
< 26 j o ()17 ds + c25 J. [k 4 (s)1* ds
0 0

4.22) )
+ Cag J lOCI(S)|2 Q’i(Bu”ﬂ,x(S))dS

0

t N 14
< Cy9 J |u,",l(s)|2ds + j 04(5) X, () ds + c30,

0 0

where ¢, is sufficiently small and 6,(t) = const |/ (1)|*, 0,€L}(0, T).
By combining (4.12), and (4.15)—(4.22), we get

t

(c2/2) jt g, 2 ($)1*ds + X, 5(0) < ¢31 + C9|:J |1y, 2(5)] dS]Z

0 0

(4.23)

1

lu, ()% ds + JI 0(s) X, 1(s) ds,

+ C10Xu,/1(t) + €33 J'
0

(4]
where

C32 = Cyz T Cy5 + Caq + Cao,

4
0() = 13 + C16 + €23+ 2, 0:(1); 0 L0, T; R,).

i=1
It is now clear that c;,, ¢;5, Ca4, €20 and c¢;, can be chosen so small that

(4.24) Cap < Cy/2, Cio < L.
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Employing (4.24) in (4.23) yields

t
C33 J |“L,A(5)|2d5 + 34X ,,4(0)
~Jo

(4.25) . ) .
<cs3 + cglij Iu,’l,l(s)lds:| +J 0(s) X, .(s) ds.

o]

For fixed t, and 0 < s <, (4.25) implies

t 2 s
(4.26) C34X,,5(5) < ¢ + CQ[J lu, 4(7)] dr} + f O(t) X, (1) dr,
0 0
Applying Gronwall’s inequality to (4.26) we infer that
t 2
4.27) X, 1) <c3s [1 + I:J. |u,;,,1(r){dt] } 0<t<T
0

From (4.25) and (4.27) it follows that
t t 2
(4.28) J lu;, ;(s)1* ds < ¢3¢ |:1 + [ Iu,’l,,l(s)|ds] ]
0 0
This inequality is completely similar to (2.29) in [13, p. 714]. Arguing as in
[13], we sce that (4.28) leads to

(4.29) 2] < 35,

(where | - | denotes the #-norm; # = L?(0, T; H)).
Together, (4.27) and (4.29) imply

(4.30) X, (1) < css.
Finally, from (4.13) and (4.30) we get
(4.31) | Bty ()] + @3B, u, (1) < c30.

On account of (4.29)-(4.31) we can now pass to the limit in (4.7) as 4|0 (with
p fixed) and then let pu]0. Since the procedure follows that of [20,
pp. 1195-96], we only sketch it.

Using the compactness assumption (¢3), Proposition 2.1 (ii), Proposition
2.2 (i), (ii), and Lemma 4.1 (ii), in conjunction with (4.29)+(4.31), we conclude
that there exist a sequence 4,0 (as n— o), and a function u,e W2(0, T; H)
such that

(1) Uy 1y = Uy in C([0, T]; H),
432) (i) up 5, — U, in #,

’
iy An {154
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(iii) B,u, ;, — B,u,, in C([0, T]; H).
In addition, one has
(4.33) @1+ (]l + @' (B (0) < caor 0<1<T,

where ¢4, is independent of u.
Invoking (4.32) (i) in (4.7) (i) implies

(4.34) 0%, (Bu, 5, (1)) —F(t) — u,(t) — kxu,(t), in .

In view of Proposition (2.1) (iii) and Proposition (2.3) (v), it follows from (4.32)
(iii) and (4.34) that

(4.35) F(t) — u,(t) — k*u,(t)e 0¢'(B,u,(®)), a.e. on (0, T).
Writing (4.7) with 1 = 4, and letting 4, |0 now yields, by (4.32) (ii), (4.35)
(i) u,(t) + 09'(B,u,(t)) + k+u,(t)> F(t), a.e. on (0, 7),
(i) u,(0) =uo,,

where u, satisfies (4.33).
It remains to let x| 0 in (4.36). By virtue of (4.33), (¢5), Proposition 2.1
and Lemma 4.1, we can again find a sequence u, |0 (as n— co) such that

(4.36)

(1) uyn_)us in C([Oa T]: H):
(4.37) (i) u,, —u', in A,
(i) B, u, — v, weakly in s and weakly-star in L° (0, T; H),

where ue W2(0, T; H), veL®(0, T; H) and v(t)eBu(t), a.e. on (0, T). In
particular, (4.36) (ii), (4.37) (i), and Lemma 4.1 (iii) yield

(4.38) u(0) = ugq-
Also, (4.37) (ii) leads to
4.39) F(t) — kxu, (t) — u,, (1) —w, in i,

where w(t) = F(t) — u'(t) — k=u'(t), a.e. te(0, T). Calling on (4.36) (i), (4.37)
(iil) and (4.39), we see that we only need to show that (cf. Proposition 2.3 (v))

(4.40) we oD (v).
Let ge # with ¢'(q(t))e L*(0, T), i.e., ge D(®) (cf. Proposition (2.3) (v)). By
(4.35), (4.36) (i), (4.37) (i) and (4.39) it is easily verified that

4.41) D(q) — @) = lim {F —u, —kxu, , q— B, u,>,
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where <, ) denotes the inner product in #. Employing (b,), Proposition (2.2)
(i), (iii), and (4.37) we deduce that

lim Cu,, By, =  @(T)) — j ((0) = <, v,
and consequently

(4.42) lim {F — u,,q—B,, U, > =<{F—~u,q—0v).

n— w0

Let us now check that
(4.43) lim <k*u,’ln, q— B, u, >=<kxu', q—v).

Since it is obvious that {k*u, ,q> — {k*u', q¢), as n— co, we only have to
prove (cf. (4.43))

Cksu', vy,

i) =

(4.44) lim <kxu! , B

Remarking that (ke W1(0, T))
kxu,, (1) = k(t)ug,,,, — k(O)u, (1) + K'xu, (1),
we obtain
(4.45)
Ck*uy,, B, u, > = <k()“mW,BW ) — k() <u,,, B, u, > + {k'su, , B, u,>.

Clearly k(t)uy,,, — k(t)u(0), strongly in #. This in conjunction with (4.37)
(iii) and (4.38) implies

(4.46) hm k(- )ug, s Bty > = <k(-)u(0), v).

By (4.37) (i), (ili) we also have

(4.47) k(0)<u, , B, 1, > —> k(0)<u, v)  (n —> o0).

Hn ﬂn

Inasmuch as k'su, — k'su, strongly in #, we finally infer that

(4.48) <k'su,, B, u, > — {k'su, v) (n —> o).

On account of (4.45)-(4.48) we now arrive at (4.44). It follows that (4.43)
also holds. Using (4.42), (4.43) in (4.41) yields

D(g) — D) = <w, g —v),
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which, according to the definition of a subdifferential, is equivalent to (4.40).

The passage to the limit in (4.7) (equivalently, (4.6)) is now completed. We
conclude that the functions ue W20, T; H), ve L* (0, T; H) with v(t)e Bu(t),
a.e., and weL*(0, T; H), with w(t)edo'(v(t)), a.e., satisfy (4.3). By Lemma
4.2 this means that u is a solution of (3.1) in the sense of Definition 3.2. The
proof is closed.

Proof of Theorem 3.5. Let u, and u, be two solutions of (3.1) (cf.
Definition 3.2), and p(t) = u;(t) — u,(¢), 0 <t < T. Invoking Lemma 4.2, it is
easily seen that

(i) P8+ wi(t) — wy(t) + k=p'(t) = 0, a.e. te(0, T),
@  pO)=0,

where w;(f) € 09 (v;(t)), vi(t)e Buy(t), a.e. on (0, T), i =1,2. Multiplying (4.49)
(i) by p(¢) and making use of condition (3.2) leads to:

(4.49)

(1/2) % P < (&) IpO)I* — (kO)p(t) + k' p(1), p(t)).
This implies
(4.50) (1/2)%|p(t)|2 < () + k@D p@ + (K [*[pl @) @)
Integrate (4.50) over (0, 7) and use (4.49) (ii) to find

PO < 2J (n(s) + [k p(s)*ds + ”k/”L‘(O,T)j |p(s)I* ds,

or equivalently

t
(4.51) Ip@)* < J ni(s)pGs)Pds, 0<t<T,

0
where 51(t) = 2(n(@) + [k(O)) + | &'l 0.7y 11 €L (0, T; R,). An application
of Gronwall’s inequality to (4.51) yields p =0, i.e., u; = u,, and the proof is
complete.

5. An example

In this section we suggest a special heat flow model to which our previous
theory applies. - This can be regarded as a generalization of the discussion in
[2, Section 5] and [15, Section 4]. See also [7, Section 4].

" Consider a homogenous bar of unit length of a material with memory,
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and let u(t, x), e(t, x), g(t, x) and r(t, x) denote respectively the temperature,
internal energy, heat flux, and external heat supply at time t and position
x0<t<T, 0<x<1). For simplicity let the history of u be prescribed as
zero for t <0, 0 <x <1. We assume that e and g are given by:

t

e(t, x} = bog(ul(t, x)) + J ot — 9)g(u(s, x))ds,

(5.1)

t

q(ta X) = aO“x(t: X) + J\ '))(t - S)ux(s> X)dS,
0
where 0<t<T,0<x<1,a,>0, by >0, while §,y: R, >R and g: R—> R
are sufficiently smooth functions. The energy balance equation takes the form
e, = —q,+r If also u(0, x) =uy(x) (0<x<1) is the initial temperature
distribution, then (5.1) leads to:

) d
(1) &[bog(”)+5*g(“)] :aouxx_'y*uxx+r,
62
i) u, x) =uy(x),
where 0<t<T7T,0<x<1.
To (5.2) we add the following boundary conditions at x =0 and x =1,
expressing the presence of thermostatic controls at the ends of the rod:

mo(t) < ult, 0) < ny(t) 0<t<T)
53) ue(t, 07) < go(mo(1)) if u(t, 0) = mq(1)
u,(t, 07) = go(uft, 0)) if my(t) < u(t, 0) < ny(t)
u(t, 0%) > go(no(2)) if u(t, 0) = ny(z)
and
my(t) <ult, 1) < n(r) 0<t<T)
54) —u.(t, 17) < g (mq () if ult, 1) = m(t)

—ut, 17) =g, (u( 1) if m () <u(t, 1) <n ()
—u,(t, 17) = g, (n,(0) if u(t, 1) =ny(t)
Here m;, n; (i = 0, 1) are real functions on [0, T] such that
m;, n,e Wh2(0, T); m; < n on [0, T7,
o) 0 [my(0), n,(0)],

while g;: R— R (i = 0, 1) satisfies
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(5.6) g; is continous and nondecreasing on R, with g;(0) = 0.

Next let ¢: [0, T] - R be the solution of by (a(t) + (6*0)(t) = — §(t)/b,, and
define

t

(5.7) a(t) = (K(1)/bo) + o+ K(1), K(1) = a — f y(s)ds,

0

(58) [ )=, -)/bo) + oxITt, -),

t

I'(t, x) = byg(up(x)) + j r(s, x)ds.

¢

Then (5.2)—(5.4) is formally equivalent to
(5.9 gw) —axu,, = f 0<t<T, 0<x<1,

where u satisfies (5.3), (5.4) and a, f are given by (5.7), (5.8) respectively. This

can further be rewritten as a Volterra equation of the form (3.1) in the Hilbert
t

space H = L*(0, 1). Asin [2], let G,(t) = J gi(s)ds (0<t<T),i=0,1, and
0
introduce the proper convex, Ls.c. functional ¢': H — [0, + o] by

(1/2) |zl + Go(z(0) + Gy (z(1)), i zed(r),
+ oo otherwise

(5.10) ¢'(z) = {

where
A1) = {ze WH2(0, 1): my(t) < z(0) < no(¢), my () < z(1) < ny(t)}.

In view of (5.5), (5.6) it is easily seen that the functions ¢’ given by (5.10) for
all te[0, T] satisfy (¢,) and (@;). Moreover, by [15, Lemma 2], condition
(¢,) also holds. Finally, invoking Lemma 5 in [15], we conclude that
0¢'(z) = — z,,, in the distributional sense on (0, 1), where D(0¢") consists of
all ze W22(0, 1) satisfying (5.3), (5.4) with z(0), z,(0*), and z(1), z,(1 ") in place
of u(t, 0), u.(t,0"), and u(t, 1), u.(t, 17), respectively. The above remarks
show that (5.9) together with the boundary conditions (5.3), (5.4) reduces to
the following integral equation in H:

t

(5.11) Gu(t) +J a(t — 8)0@*(u(s))ds>f (1),  te[0, T],

o]
where §(z)(x) = g(z(x)), a.e. xe(0.1), VzeH, and f()(x) = f(t, x)(te[0, T],
xe(0, 1)), provided that appropiate restrictions are imposed on ¢ and

f. Equation (5.11) is essentially of the form (1.2) and can be rewritten as (3.1)
with B =g 1.
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Our aim is to apply now Theorem 3.3 to obtain an exitence result for
(5.11). We only need to make some technical assumptions on 4, y, r, u, and
g to ensure that (a), (f), (b;) and (b,) are satisfied. Specifically, we assume

(5.12) Sew>10, T), yeW" (0, T),

(5.13) re WH1(0, T; L*(0, 1)),

(5.14) uoe W20, 1),

(5.15) g: R — R is continous, nondecreasing, ¢g(0) =0 and

(9(2) — g(x1))(x2 — x1) 2 clg(xy) —g(x)I?,  Vxy, x,€R,

for some ¢ > 0.

If B=§ ! and q, f, ¢' are defined by (5.7), (5.8) and (5.10), respectively, it is
easily verified that conditions (5.12)—(5.15) in conjunction with (5.5), (5.6) imply
(@), (f), (by) and (b,). Note that although a(0) = a,/b,, which may be different
from 1, this case can be reduced to a(0) = 1; see Remark 3.1.

The following is a direct consequence of Theorem 3.3.

Theorem 5.1. Let (5.5), (5.6), (5.12)—~(5.15) be satisfied. Then the Volterra
equation (5.11) (or equivalently the heat flow problem (5.2)—(5.4)) has at least
one solution ue L* (0, T; L*(0, 1)), such that guye W*2(0, T; L2(0, 1)), uft, -)e
w220, 1), a.e. on (0, T), and u,,€L*(0, T; L*(0, 1)).
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