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1. Introduction

In this paper we consider non-fuchsian linear systems, ie. systems of
ordinary linear differential equations of the kind

(1) X = A)X

where r > 2 is an integer, 4 € gl(n, C{t}), A(0)# 0, “’” = d/dt (by definition,
system (1) is called non-fuchsian, because it has a pole of order >2 at 0). In
the next section we make a brief review of some well-known facts about the
asymptotics and the analytic properties of the solutions of system (1) at 0
and define the Stokes’ multipliers and the monodromy operator which are
linear operators acting in the solution space of system (1).

Denote by M the field of holomorphic or meromorphic functions in the
neighbourhood of 0, with a single pole at 0. Denote by S = C a sector with
vertex at 0 and by K the extension of M obtained by adjoining all the
restrictions to S of the components of the solutions of system (1). The Galois’
group of system (1) is the group of automorphisms of the differential field Ky
which preserve the field M. One of the aims of this paper is to prove

Theorem 1.1. The Stokes’ multipliers and the monodromy operator of sys-
tem (1) belong to its Galois’ group.

Remark: In fact, we prove Theorem 1.1 not for system (1), but for system
(3) obtained from it by some holomorphic or fractionally meromorphic in ¢
linear transformation of the dependent variables X as described in Section 2.

This theorem was stated by prof. J.-P. Ramis, see [1], [2], who also gave
a sketch of the proof there. The proof is going to be published in a book. It
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is using the so-called resummation method which has also been applied in
the sketch of the proof of the finiteness of the limit cycles theorem announced
by prof. J. Ecalle, prof. J. Martinet, prof. R. Moussu and prof. J.-P. Ramis,
see [3]. An independent proof (for the non-resonant case) was given by prof.
Yu. S. I'yashenko and prof. A. G. Hovansky, see [4]; it is based on the
theory of the functional cochains developed by the first author. We list some
papers of prof. J. P. Ramis, ses Additional References, from which one can
derive the proof of Theorem 1.1 and many other results concerning non-
fuchsian equations and their differential Galois theory.

Naturally, the author of this paper does not claim any priority in proving
Theorem 1.1. His aim is to give an independent proof including the resonant
case and to show some results about the dependence of the angular type of
holomorphic functions of a given order in sectors on the angle. ‘Independent’
is relative, of course—the problem was stated to the author by prof. Yu. S.
I’'yashenko and the author is following the same scheme of reasoning in Section
3, C) as the one used in [4].

In Section 2 we expose briefly some well-known facts from the local
analytic theory of non-fuchsian linear systems. Section 3 is devoted to the
Stokes’ multipliers, to the differential field Kg and to the Galois’ group of
system (3) which is in some sense equivalent to system (1). In Section 4 we
describe the behaviour of the angular type of holomorphic functions in sectors
of a given order and formulate the generalised Phragmen-Lindeloff principle;
the proofs of two of the theorems are exposed in the Appendix. In Section
5 we prove Theorem 3.2 which is equivalent to Theorem 1.1. We don’t make
use of all the results in Section 4 in the proof of Theorem 3.2, but they are
closedly related to the problem of describing the behaviour of the solutions
of a non-fuchsian system.

2. Local normal forms and analytic theory of non-fuchsian linear systems
(brief review)

The local analytic theory of non-fuchsian linear systems is well exposed
in [5]. For the local normal forms we refer the reader to [6] and [7]. Non-
fuchsian systems from a more algebraic point of view are considered in [8]
and [9].

1) System (1) is called resonant if there are equal among the eigenvalues
of the matrix A(0). For any non-resonant (resonant) system (1) there exists
a formal change of variables

X - 00X (X — 0t X, me N)
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where the matrix Q is a formal Taylor power series of the variable ¢, det Q(0) #
0 (a formal Laurent power series of the variable t'™) which transforms system
(1) to the form

() X' =Dy + Dyt + -+ D, + C1?H)X

(3741}

Here =d/dt, T =t in the non-resonant and t = t'™ in the resonant case,
the matrices Dy, ..., D,_, are diagonal and the matrix C is in Jordan normal
form, the invariant spaces of the linear operators with matrices D, ..., D,_,,
C are embedded in each other according to the rule

InvDy>InvD,>--->InvD,_,>InC

Hence, the matrices Dy, ..., D,_,, C commute. In the non-resonant case

the diagonal entries of the matrix D, are exactly the eigenvalues of the matrix
A(0).
Any solution of the formal normal form (3) is of the kind

X = exp(diag (b;(1/7), ..., b,(1/7)) exp (C In 1)G,

where Ge GL(n,C) and by, ..., b, are polynomials of 1/t of power q — 1
without constant terms.

In the non-resonant case det Q(0) #0, g =r. In the resonant one, in
general, ¢ >r. In both cases the matrices diag (b,,..., 5,) and C commute.

2) In the normalizing transformation we can cut off the sufficiently large
powers of 7 and obtain a holomorphic (or fractionally meromorphic—in the
resonant case) transformation which transforms system (1) to the form

3) 19X" = (Do + D17+ + D,_p1972 + Ct4™1 + t9W(0)) X

where W e gl(n, C{z}).

System (3) is non-ramified and further we consider this system instead of
system (1). In [5] one can find an analytic presentation of the solution of
system (1) in the resonance ramified case.

3) The Stokes’ lines of system (3) in the non-resonant case are defined
as follows: put

b](l/T) = bj‘q_l/l'q_l + bj._z/fq_z + I bj’l/T
Then the Stokes’ lines are defined by
Re [(bj-1 — big-1)/1"'1=0, j#k

To each pair of polynomials (b;(1/7), b,(1/7)) there correspond exactly 2(g — 1)
such lines (in fact, what we call Stokes’ lines are rays beginning at 0). In
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the resonant case the Stokes’ lines are defined by
Re [(bj,s — b s)/t°]1 =0

where b;; = b, for I >s and b;  # b, ;. Therefore in the resonant case to
the pair (b;(1/7), b,(1/7)) there correspond exactly 2s Stokes’ lines where s < g —
1. The number s is called the level of the pair (b;, b;) and of the Stokes’
lines corresponding to it.

4) Consider a sufficiently narrow sector S with vertex at 0; ‘sufficiently
narrow’ means not containing two Stokes’ lines corresponding to one and the
same pair (b;, b,). Then there exists a holomorphic matrix-function H(7): S » S
having an asymptotic expansion at 0 as a formal Taylor series (or Laurent
series—in the resonant case) coinciding with the one of the normalizing trans-
formation, see 1), such that the general solution to system (3) admits the
presentation (for 7 € S)

) X = H(r) exp (diag (b,(1/7), ..., b(1/7)) exp (C In 7)G

with G € GL(n, C). Further, for the sake of simplicity, we consider only the
case G =1 =diag(l,...,1).

Remark: Further in the text we refer to (4) both as to an analytic
presentation of the solution and as to its asymptotics at 0; it should be clear
from the context which of the two is meant.

If the sector S does not contain any Stokes’ line corresponding to some
of the pairs (b;, b,), then the presentation (4) does not define a unique solution
to system (3). Really, suppose that system (3) is not resonant (in the resonant
case the reasoning is similar). Suppose that the sector S contains no Stokes’
line corresponding to the pair (b, b,). Let the solution X to system (3) have
the expansion (4) in S. Then the solution XV has the same expansion where

1 a ... 0
b1 ... 0
V=1. . . .
00 1

Here a = 0 and b € C is arbitrary, if Re (b; — b,) > 0 for t € S sufficiently small
and b =0, ae C is arbitrary in the opposite case. It is easy to see that the
multiplication by V to the right can be replaced by changing H(z); the new
matrix-function H(z) differs by exponentially small for t — 0 terms and hence,
has the same asymptotics at 0.

In the non-resonant case the asymptotics (4) defines a unique solution to
system (3) if and only if the sector S contains for each pair (b;, b;) exactly
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one Stokes’ line corresponding to it, strictly inside itself. Such sectors are
called nice. In the resonant case we call nice a maximal sector that for each
of the pairs (b;, b,) contains no more than one Stokes’ line corresponding to
it. It is possible that some of the nice sectors contain Stokes’ lines
corresponding not to every such pair. In such sectors the asymptotic expan-
sion (4) defines infinitely many solutions the matrices H of which differ by
exponentially small for 7 — 0 terms.

3. The differential field K, the Stokes’ multipliers and the Galois’ group
of system (3)

A) We define the Stokes’ multipliers here. Consider the non-resonant
case first. Consider for any two overlapping nice sectors the solutions with
equal asymptotics (4) in them. Then these solutions are obtained from each
other by multiplying from the right by some constant non-degenerate matrix.

Let the solutions be W;, W,, defined on the sectors S;, S,. Then the
matrix V has units on the diagonal. It may have non-zero elements exactly
on those off-diagonal positions (j, k) for which Re (b,(1/7) — by(1/1)) < 0 for
1€ S8, NS, and 7t sufficiently small. Note that one of the sides of S, (contained
in §,) is a Stokes’ line corresponding to the pair (b, b,). This pair is said
to change dominance when 7 intersects the Stokes’ line. The matrix V is called
a Stokes’ multiplier. Given the sectors S,, S,, it is defined in a unique way.
The matrices H of the solutions W,, W,, see (4), differ in S, NS, by terms
which are O(exp (—c/|t|*"!), ¢ > 0 for 1 0.

Consider the resonant case. In this case the solutions W,, W, may not
be uniquely defined by the asymptotics (4) and, hence, the Stokes’ multiplier
V, too, see part 4) of Section 2. It may again contain non-zero entries exactly
on those off-diagonal positions (j, k), for which Re (b,(1/7) — b;(1/1)) <0 for
1€ 8,;NS, and |7} sufficiently small.

Fix the solution W,. We say that the Stokes’ multiplier V has minimal
support if it does not contain non-zero off-diagonal entries on those positions
(J, k), for which the pair (b;, b,) does not change dominance in S,. This
means that if V' has not minimal support, then the matrices H of the solutions
W,, W,, see (4), differ in S; NS, by terms which are O(exp (—1/|7|"), | < g — 1.
If V has minimal support, then the number [ is the minimal of the levels of
the pairs (b;, b,) corresponding to Stokes’ lines which are contained in S,\S;.

B) Theorem 3.1. Let Sy, S,, ... be a sequence of nice overlapping sectors
on the universal covering of C\O, their order corresponding to t encircling 0
anticlockwise. Let W{, W' be two different matrix solutions to system (3) with
the same asymptotics (4) in S;. Denote by W;, W, the solutions to system (3)
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with this asymptotics in S, obtained from W[, W{' by multiplying with the
Stokes’ multipliers with minimal support. Construct the pairs (Wy, Wy),
(Wy, W), ... in the same way. Then for m sufficiently large we have W, = W,

This theorem is proved in [5]. Here we give a sketch of the proof. W/
and W) differ in S; by terms which are O(e™"'). When we pass from S,
to S,, ie. from (W), W) to (W,, W), then the Stokes’ multipliers remove
those terms in (W], W) which correspond to pairs (b;, b,) having change of
dominance in S, (and they don’t introduce other exponentially small in S,
differences between W, and W, —this is the sense of the minimal support).
After sufficiently many steps W, and W,/ do not differ at all.

C) We expose this part in the same way as it is exposed in [4], omitting
the proofs. Suppose that a nice sector S is fixed (the choice of another sector
changes the Galois’ group of system (3) to a conjugate one, the conjugation
being done by the operator of analytic continuation). The Galois’ group
admits an exact n-dimensional representation. Its automorphisms induce a
transformation of the Cartesian power K§ — K¥%; this representation maps the
solution space of system (3) onto itself. We remind that we prefer to be
dealing with the non-ramified situation, i.e. with system (3) instead of system (1).

Let A be an arbitrary and B—a matrix with non-negative integer elements.
Put

B __ b;;:
A% =]]ay
1,J

(this is an analog of the usual multiindices). Then every element of the field
K has the form

(3) f=> aKzK/Z byzX

where the matrix K has non-negative integer elements with values in some
dependent on f finite set. Equation (3) allows us to replace differentiating
by algebraic operations.

Consider a basis Z of the solution space &% of system (3) (more precisely,
of its restriction to the sector S). Then there corresponds a linear operator
T, to the automorphism L — T;: Z — ZT, (we denote its matrix also by T).
We have

(6) Lf = Z (ZTL)KaK/Z (ZT,)*bg

This formula, however, does not allow to construct an automorphism
after any operator T;: & — %. If the representation (5) is not unique, then the
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element (6) will not be defined correctly. For the element (6) to be defined
correctly it is necessary and sufficient that the operator L should preserve the
relations in the differetial field Ky, i.e. if the equality

(7 Y axZ¥ =0
holds, then there must hold the equality
2 (ZT)ay=0

as well. In other words, the operator L preserves any algebraic equality
involving the components of the solutions to system (3).

Theorem 1.1 can be equivalently reformulated as follows:

Theorem 3.2. The Stokes’ multipliers and the monodromy operator preserve
the relations in the differential field K.

For the monodromy operator the theorem is trivial-—the analytic continu-
ation of the solutions preserves the relations. We prove Theorem 3.2 in Sec-
tion 5, after developing some necessary apparatus in Section 4.

Remark: Note that the changing of the sector § changes Ky to an
isomorphic differential field. Therefore we do not distinguish the fields Kj
corresponding to the different sectors S.

4. On the growth rate of holomorphic functions in sectors

A) In this section we consider functions defined on sectors in C of the
kind § = {ze Cla < arg z < b}, holomorphic inside and continuous on their
closure, and their growth rate for |z| - co. All the results are directly trans-
ferred to the case when |z| >0 by the change of variables z — 1/z.

The well-known Phragmen-Lindel6ff principle states that if a holomorphic
function is decreasing as exp (—c|z|*), ¢ > 0 for |z] - co uniformly in such a
sector, then its opening must be less than =n/a (for the precise formulation see
[10]). In this section we consider the growth rate of holomorphic functons
in sectors and its changing with the angle. We are going to examine the
behaviour of the angular type of functions of a given order. We don’t use
the notion of an order but the following definition:

A function f is said to belong to the class B,, if it is defined on a sector
of opening < n/o and there exist constants ¢ > 0, d > 0 such that the inequal-
ity |f| < ce® holds. Further we denote the sector by S = {z|la < argz <b,
b—a<mn/a}. For feB, put

pr(w) = inf {k € R|3c(k) > 0: | f(re*)| < c(k)e*",r > 0,a < w < b} .
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We call this number the angular type of f corresponding to the direction w. Put
A ={feB,lp/w)=0Vwe[a, b]}
Ay, ={feB,lp;(w) <0Vwe[ab]}
1, = {f€B.lps(®) <0V e[a,b]}
A, = {f€B,|—© < pp(w) < w0 Yo € [a, b]}
Example: For g = ¢*" we have
p,(@) = |s| cos (x arg z + arg s)

Note that g€ B, on any sector with vertex at O of its Riemann surface.

The following evident lemma is true:

Lemma. 1) If f, ge B, and if py(w)> p,(w), then p;. ()= p,(w).
2) If feB,, g=e7, ceC, then py(w) = psw) + p,(®)
3) For any de C\0O we have p(w)= p;s(w).

Example: pg, .(0) = [sin | = max (sin 0, —sin w) = max (p,(w), pu(w)),
g=e“ h=e¢"

General remark: Most of the proofs in this paper are based on the
comparison of a function p,(w) with the function p,(w) for g = e, making
use of the lemma.

Theorem 4.1. There exists no function fe B, defined for {a <argz <b,
b —a < n/a} such that the following inequalities hold simultaneously:

pr(@) < pplw) <0, ps(b) < pplw) <0
for some w € (a, b).

Remark: Theorem 4.1 stays correct if we allow the equality p,(a) = —c0
or p(b) = —co or both (with p(w) > —o0).

Proof: 1° Without loss of generality we put « =2 (this can always be
achieved by the change of variables z — z¥*). Suppose that such a function
f exists. Then for argz =a and argz = b the estimation

lfl<Ce®”  4>0,C>0,
holds and on the ray argz = @ the estimation

e PP’ If] < De Pl
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holds, where D >0, 0 < p’ < p < g; the right inequality holds for all z with
arg z = @ and the left is satisfied by infinitely many z with argz = w and |z|
arbitrarily large.

Denote the rays argz=a, argz=ow, argz=>b by l,, I;, I, respectively;
the angles (ly, I,), (I;, I,)—by ¢, ¢,. Without loss of generality we put w = 0,
ie. the ray [, is the positive real semi-axis, and we assume that ¢, < /4,
¢, < m/4, see 5°

2° Consider the function

g= e—a2/4(s +p)e—sz2 +az

We make an estimation for |fg| and (making use of the decreasing of f and
g at oo) show that |fg| is maximal strictly inside S which contradicts the
maximum principle.

3° Here we define the functions hy, h, which estimate the growth rate
of |fg| for zel,, I,, I,, see 4°. For the function
ho(x) — e—a'z/4(s+p)e—(p+s)x2+a'x
we have

max hy = ho(a/2(s + p)) = 1

x=0
Consider the function

hl (X) — Ce—q(1+k2)xze—al/4(s +p)e—s(1—k2)x2 +aox

where k with [k| <1 is a real parameter. Then

max hy = hy(6/2(g(1 + k2) + s(1 — k2))) = Cel o6 +PIFToHblal1 k) +s(1-k2)]

x>0

For o sufficiently large (¢ > 0) and p < s < ¢ this value is smaller than 1,
because
1 N 1 <
4(s +p)  4g(l + k*) + s(1 — k?))

(this follows from —q(l + k*) —s(1 —k*)+s+p= —(qg —p) — (g — 5)k? < 0).

0

4° The functions hy, h; provide an estimation for the values of |fg|.
Really, for infinitely many z €/, with |z| arbitrarily large we have

| fgl > e~ @9z +olzlg=o%ats+p)

and for zel,, I, we have

|fg| < Ce—02/4(s+p)e—q(1+k2)xze—s(1—k2)x7- +ox
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where k =tan ¢, or k =tang,, x=Rez, kx=Imz | + k? = |z]%

Fix se(p,q. Fix o0,>0 such that for >0, the inequality
ho(6/2(s + p)) = 1> hy(x) holds for any x>0. Choose ¢ >0, so that
|f(6/2(s + p))| > e Po*6*tP?  Then

|f91(/2(s + p)) > ho(o/2(s + p)) = 1 > max hy = Jmax 1 /91
Consider a circumference ¢ of radius r > a/2(s + p) centered at 0 on which
| fg| is smaller than 1 (such a circumference exists, due to the rate of decreasing
of |fg| at co). Then the holomorphic function fg has a maximal module for
z=0/2(s + p) in the domain bounded by l,, I, and ¢ which contradicts the
maximum principle.

5° It remains to prove that we can assume ¢, <n/4 and ¢, < n/4.
Suppose that [, is not the bisector of the angle (I;,1,) (if it is, then there is
nothing to prove). Denote the bisector by I; and by w, the angle (I, [;),
wo =(a+b)2. Put —v=pgw,). If v<p, then we can consider the rays
(lo, I3, 1) instead of the rays (ly, l;,1,). Let v> p and let I; be internal for
the angle (ly, ;). Then we can consider the triple (I3, [, [,) instead of (I, 1, ,).
The angles (I;,1;) and (I, l,) are less than n/4. This completes the proof of
the theorem.

Corollary 4.1. There exists no function f e B, such that

pr@) <0,  pib)>0, psc)<O
where a <a' <b' <c¢' <b, b—a<nfa

The corollary follows from Theorem 4.1 if we multiply f by e for a
suitably chosen ¢ # 0.

Corollary 4.2. There exists no function fe B, such that pyw,)= —oo,
prlwy) > —o0; wg, @, €(a, b).

Really, suppose that w, < w;. If for some w, > w,; we have py(w,)=
—oo, then this would contradict Theorem 4.1, see the remarks after it. If
pslw,) > —oo, then there exists a function g = e, se C\0 such that psr(w)
and py(w) are such as shown on Fig. 1. It is easy to see that p,,-.(w) provides
a contradiction with Theorem 4.1.

B) Theorem 4.2. Let fe A, Then the number p,(w) is a continuous
function of the angle w.

Proof: 1° Continuity is a local property. Therefore we can consider
holomorphic functions defined on arbitrarily narrow sectors. Without loss of
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generality we prove the theorem for fe A; N A, which can be achieved by
multiplying f by " for a suitable ye C.

2° Suppose that py(w) is discontinous for w = w,. Note that py(w) is
bounded. Hence, there either exist two sequences {w;}, wf — wy, " > w,,
®; <y such that

prlf)=p*,  p)-op, pT#p”

or there exists lim py(w) for w — w, which is different from p,(w,). Suppose
that p* < p~ (in the opposite case the proof is similar). Consider the function
g = fe Pr@o DT where |q| = 1, arg (zq)* = =/2 for argz = w,, le. owy +
aargq=mn/2, r>0. Then pw,) =0 and p,(w) changes sign at least thrice
in the neighbourhood of w, for r sufficiently large. The graphs of p.(w) and
p,(®) are shown on Fig. 2A.

3° Suppose that for a’ < b’ < ¢’ we have p,(a’) <0, p,(b’) >0, p,(c’) <O,
la’ — ¢’| < m/a. This contradicts Corollary 4.1. If pya’)>0, p,(b') <0,
p,(c’) > 0, then there exists d' > ¢’ or d’ < a’ such that p,(d') < 0 which again
contradicts Corollary 4.1.

4°  Suppose now that p(w,) # lim,,_, p(w). Then for a suitable func-
tion h = e** we would have p;,(d') <0, ps(b’) >0, pp(c’) <O which leads to
a contradiction with Corollary 4.1. An example of the graphs of p (w) and
pu(w) is shown on Fig. 2B.

Denote by PC*[a, b] the class of functions defined on some closed interval
[a, b], b — a < w/a of the kind

F(o) = max(p,, (@), ..., p, (@), keN, g;=e"
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A function f:[a,b]— R is said to be approximated by functions of a
given class U if for any 6 > O there exists ge U such that
If—gll<é, ll=supl|

[a,b]

Given a class of functions we define its closure as the set of functions which
can be approximated by functions of the given class; naturally, all the functions
are assumed to be defined on one and the same closed interval. Denote by
PC*[a, b] the closure of the class PC*[a, b].

Theorem 4.3. Consider the class U of functions which are p,(w) for some
Sunction g € A, where g is defined on some fixed sector a < arg z < b of opening
< nfa. Then U= PC*[a,b].

Theorem 44. PC*[a, b] can be equivalently defined as the class of
functions f which are ‘subsinusoidal’, i.e. continuous on [a,b] and such that if
for a function of the kind h = k sin (xew + d) we have

hiw,) = flo),  hlwy)=flw,), a<o, <w,<b
then f(w) < h(w) for any w e (w,, ®,).

Theorems 4.3 and 4.4 are proved in the Appendix. They are not used
in the proof of Theorem 1.1.

Remark: Note that the property to be subsinusoidal, see Theorem 4.4,
is similar to the property to be convex—the sinusoids play the role of the
lines. Note also that the sinusoids are meant to be of one and the same
period—2n/a.  Any two sinusoids of period 2n/a intersect each other no more
than once on any interval of length < m/a, similarly to the lines.
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Theorem 4.5. Suppose that the holomorphic functions fjeffu_ NA, j=
1, ..., k are defined on the overlapping sectors S;, S;(\S;,; # & with vertex at
0. Let g;:8;N8;41>C, g;=f;— fiv1, 9;€A4;5, f>a, j=1, ..., k—1. Let
the opening of S\U---US, be >mn/a. Then f;=0,j=1, ..., k.

This theorem is similar to the Phragmen-Lindeloff principle. Before prov-
ing it we shall state the Generalised Phragmen-Lindeloff Principle. It is proved
at the end of Section 5. Most of its proof is contained in the proof of
Proposition 4 in Section 5.

The Generalised Phragmen-Lindeloff Principle. Let the holomorphic func-
tions f; e /T;, fjéff;, Y >a, f;:S;— C where the sectors S; are as in Theorem
4.5. Let g;e /T,}_, a<y <P, g;=f;— fis1» 9;:8;N8;11 > C. Let the opening
of $;U--US, be >mnja. Then f;=0,j=1, ..., k.

Proof: 1° Let S; = {zla;<argz <b;}. Suppose that f;#0. It follows
from g,-e/f,,‘ , B> a that the functions pr(w) and p;  (w) coincide for we
[aj+1,b;], j=1, ..., k—1. Then the function plw) = p,(w) for we [a;, bl
j=1, ..., k is well defined and continuous on [a;, b,]. It takes negative
values only—this follows from fje,{,— .

2° Put d=min(b; —ay,.... b —a, ay — ay,..., a4 — ay_,, 7/20). The
graph of p(w) contains no more than a finite number of arcs of graphs of
functions of the kind C cos(aw + d) defined on intervals of length > §/2.
The graphs of the analytic continuations of these functions intersect [a,, b,]
in a finite number of points the set of which we denote by P, see Fig. 3.

3° Put g =e“”. Remember that py(@) =|C| cos (xw + arg C). We show
that it is possible to choose C in such a way that there should exist an
interval [a’, b'] < [ay, b ], b’ — a’ < §/2 such that p(w,) > p,(w,) for some w, €
(@, b"), p(w) < py(w) for o =a"—0 and for w =b"+ 0. This means that the
functon gf; (where f; is defined for w € (a’, b’); such a j exists, because b’ — a’ <
6/2) provides a contradiction with Corollary 4.1.

4° To choose the necessary C it is necessary and sufficient to require
that the number arg C 4 sm/2 does not belong to P (se Z) and then to vary
|C|, see Fig. 4. For the large values of |C| there exists an open set in [a, b]
on which p(w) > p,(w). Diminishing |C|, we diminish this open set until it
contains the necessary interval (a’,b’). The condition argC + sn/2¢ P
prevents from the following situation: for some value of |C| the intersection
of the graphs of p(w) and p,(w) is an arc of a sinusoid defined on an interval
of length > §/2. ’

We end this section by two theorems the first of which was suggested



342 Vladimir Kostov

\\

A V4 N -
) 7

\\\\ d \\\
\_\@(:7./ _
Ay

\\,/

\ J Fig. 5

\J

Fig. 4

by the author as a hypothesis and first proved by prof. J. Ecalle. We do
not make use of this proof here, but we admit that the confirmation of the
hypothesis stimulated the writing of this paper.

* Theorem 4.6. Let feB,, f:{a<argz<b}—C and let fe A;, B> o for
a <argz<b', a<a <b' <b, b—a<mn/a. Then feA; for a<argz<b
ande/T,,‘ for a<argz <b.

Proof: Obviously, f € By for a <argz <b. It is clear that (with respect
to B and not to «) we have py(w) <0 for we[a,a’JU[Y, b] and p(w) <O
for we(a’,b’). Suppose that py(w) =0 for we[a,a]U[b,b’]. Such a (con-
tinuous!) function cannot be subsinusoidal, see Fig. 5. The contradiction
obtained with Theorems 4.3 and 4.4. shows that we must have p, <0 (with
respect to ). Hence, fe Ay fora<argz<band fe /fﬂ‘ fora < argz < b.

Theorem 4.7. Let [:S— C be holomorphic inside and continuous and
bounded on the closure of the sector S={a<argz<bb—a<mn/a}. Let fe
A7 for argz = w, with prlwg) < 0. Then fe A7 in any proper subsector of
S (ie. for a’ <argz<b’', with arbitrary a <a' <b’ <b).

The proof is similar to the one of the previous theorem. We let the
reader do it oneself.

Remark: It is possible to obtain results similar to the ones obtained in
this section if one compares the growth rate of holomorphic functions in
sectors not with e™, but with 0¥ * gx*log’xloghlogx etc
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5. Proof of Theorem 3.2

A) We say that a Stokes’ multiplier is of level > s if it has non-zero
off-diagonal elements only on positions (j, k) corresponding to pairs (bj, b,) of
level >s, see Section 2, 3). We consider solutions to system (3) in nice
sectors. This means that all the Stokes’ multipliers of level ¢ — | have minimal
support.

Proposition 1. The Stokes’ multipliers of level ¢ — 1 preserve the relations
in the differential field K.

Proof: 1° Consider any two overlapping nice sectors S, S, and solutions
W,, W, with the same asymptotics (4) in them (for 7 — 0) connected with each
other by a Stokes’ multiplier of level g — 1: W, = W, V.

2° Present equality (7) in the form
®) Y. h(r)etV) = 0
j

where h; are holomorphic functons in the sector §; with power asymptotics
for T — 0; the powers, in general, need not to be integer because of the presence
of the factor exp (Cln 1), see (4); we can assume them to be positive. The
polynomials d;(1/7) are of power g — 1 and without a constant term.

3° Put d{l/1)=d; 4-,/t""" + -+ +d;/t. Separate the terms with equal
d; 41 in (8):

©) Y h(r)etai= =0

where h, € B,_, and all the d, ,_, are different. There exists a ray /= S, on
which all the d, ,,/t?"* have different real parts. Let d, ,-,/t*"" be the one
with greatest real part. It is easy to see that then h, (1) = O(e™"""") for some
¢ > 0, otherwise equality (9) is impossible. Hence, fzko € /fq‘_l (this can be easily
derived from Theorems 4.6 and 4.7). The sector S, is nice, i.e. of opening
> /(g — 1). Hence, ﬁko =0. Similarly we prove that h, =0 for all k.

4° Apply the Stokes’ muitiplier V' to the left hand side of equality (9)
(remember that the functions ﬁk are expressed by the elements of the matrices
in the right hand side of (4)). This changes the functions i, to similar functons
hie€B,_, in S,. In S$;NS, h, and hy differ by terms which are O(e™""™)
for some ¢ > 0; this follows from the fact that V is a Stokes’ multiplier of
level ¢ — 1 and, hence, the matrices H(t) in the presentations (4) corresponding
to W, and W, differ in S,NS, by terms of order O(¢™™""). But then hj e
/T,;_l in S§;N8S,. I;,"EBq_z in S,. According to Theorem 4.6 and Corollary
4.2, hye A;_, in S, and, hence, h; =0 (because S, is of opening > m/(q — 1)).
This proves the proposition.
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B) Call a good sector of level (g —s), s=1, ..., ¢g— 1 any sector with
vertex at 0 of opening > m/(q — s) restricted by two Stokes’ lines and not
containing two different Stokes’ lines corresponding to one and the same pair
(bj, by) of level <(q —s) inside itself. All nice sectors are good sectors of
level ¢ — 1, the reverse may not be true.

Consider two good sectors of level (g —s)—S;, S,. We assume that
their intersection is restricted by two Stokes’ lines —I,, I,—of level (g — s)
corresponding to one and the same pair of polynomials (b;, b,) which we call
the special pair. Then S,NS§, does not contain more than one Stokes® line
corresponding to each pair (b;, b,) of level <(q —s). The coincidence of some
of the Stokes’ lines is of no importance for the further reasoning.

Remark: We assume that S, US, contains no more than one Stokes’ line
different from I, and [, corresponding to each pair of polynomials (b;, b;) of
level g — s except for the special one. It is allowed, however, that the lines
l,, 1, or one of them should correspond to two or more pairs of polynomials.

Consider coverings of §; and §, by good sectors of order g — 1: let the
sectors §', Sy, ..., S, cover §1 and let S, ..., §,, S" cover §2, each two
adjacent sectors being overlapping, SUS; U---US, = S,, S;U---Us,us" = S,,
see Fig. 6. ‘

Proposition 2. There exist solutions W', Wi, ..., Wi, W", j =1, 2 defined
in S, 8, ..., S,, S with one and the same asymptotics (4) in them. The
matrices H (see (4)) of the solutions (W, Wi,,), j=1, 2% k=1,...,v—1 differ
from each other by terms which are O(e™"""""), ¢ >0 in SN S, and so do
the matrices H corresponding to (W', Wi') and (W2, W") in S'NS, and S,NS"
respectively. The matrices H of the solutions (W', W), k=1, ..., v differ
from each other in S, by terms which are O(e*"™"), d > 0.
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Proof: 1° We take any solution with the asymptotics (4) in S’ for W'.
Let W! = W'V where V is a Stokes’ multiplier with minimal support. Put
V =V, V, where V, (resp. V;) is a Stokes’ multiplier contaning non-zero off-
diagonal elements only on positions corresponding to pairs of polynomials
" (bj, b) of level > q — s+ 1 (resp. of level <q —s). Such a decomposition is
always possible. If ¥, # I, then we change (W', W') to (W'V!, W!). Thus
the H-matrices of the new pair (W', W) differ in §'NS, by terms which are
O(e™™™™), ¢ > 0.

2° In the same way we construct W)', Wi, ..., W,'—constructing W}
we may have to change W,',, W,',, ..., W!, W'. After this we construct
in a similar way W”; similar means that in the decomposition V = V,V; the
off-diagonal non-zero elements of ¥V, (resp. of V) correspond to pairs (b;, by)
of level > q— s (resp. <q—s—1). This is connected with the fact that the
sector S, US, contains two different Stokes’ lines of level ¢ — s corresponding
to the special pair.

3° Let W!l=W"V(1<k<v). Put V=V°FV! where VV° contains non-
zero off-diagonal elements corresponding only to pairs (b;, b,) of level > ¢q —
s+ 1 and V! —to the special pair. Put W2= W"V° We let the reader
check oneself that the solutions W', W}, W2, 1 <k <v, W” constructed in
this way satisfy the conditions of the proposition.

Corollary. The solutions (W', W;?) are connected with each other by a
Stokes’ multiplier which has non-zero off-diagonal elements only on those positions
which correspond to the special pair (b;, b,) of level q — s.

This is a corollary not from Proposition 2 but from its proof—see 3°.

Proposition 3. For every Stokes’ multiplier V of level q — s there exist
the decompositions V = VoV, = V]V, where V, is a Stokes’ multiplier of level
q — s not containing non-zero off-diagonal elements corresponding to pairs of
polynomials of level > q — s and V), V| are Stokes’ multipliers of level > q —
s+ 1

Proof: A suitable ordering of the polynomials b; brings V to the following
block decomposition form (upper triangular, with units on the diagonal):

vt K2 ... K
o0 VLK
0 0 ... V

The off-diagonal elements of the blocks V° (the elements of the blocks K%)
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correspond to pairs (b;, by) of level g —s (of level > g — s+ 1). Hence, for
suitable blocks K9, K% we have

(vt 0 ... 0 I K& ... k)
o 10 2 e 0 0 I ... K,
L0 0 ... Vvjlo 0o .. I|
(1 K} ... K, vyt 0 ... 0]
|0 K% 0 V¥ ... 0
0 0 ... I 0 0 .. v

C) Proposition 4. The Stokes’ multipliers of level > q — s with minimal
support preserve the relations in the field Kj.

Proof: 1° We prove Proposition 4 by induction; for s =1 it coincides
with Proposition 1. It is easy to see that if the Stokes’ multipliers of level
>q — s+ 1 with minimal support preserve the relatons in the field Ky, then
so do all Stokes’ multipliers of level > g — s + 1.

2° Relation (7) can be written in the form

(10) Y hifr)ed 0 = 0
j

where d(1/t) =d; ,_;/t* '+ +d; ,_;/t*" and fzj are holomorphic functions
belonging to the class B,_;_;; the polynomials d; are supposed different. To
obtain equation (10) it is sufficient to express the left hand-side of equation
(7) by the right hand-side of the representation (4) and then to separate the
exponents of 1/z97%, ..., 1/r97* from the ones of 1797571, ..., 1/r. It is clear
that Ej €B, ;.

3° The functions ﬁj can be expressed by different solutions to system (3),
in different sectors (remember that the Stokes’ multipliers of level > g — s + 1
preserve the relations in the field Kg). Therefore we shall use the same indices
for them as we use for the solutions W. For example, in S’ and S, the
following equalities are true:

Z fl}(f)edj(l/r) =0 and Z ﬁjl,k(T)edj(l/r) -0
J J

4° We make an additional non-restrictive assumption: the sectors S$'\S,
and S”\S, contain no Stokes’ lines of level < g — 1 except [, [,, We admit
the situations S, < §’, S, = §” provided that S,, S, are good sectors. In this
case the Stokes’ multipliers W{'(W')™!, W2(W")™! are trivial.
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5° The functions ﬁjf, Ej{k, k=1, ..., v with j fixed in the intersections
of the neighbouring sectors differ by terms which are O(e™**""""). Choose a
ray [ = §'NS,; on which one of the exponents—e%°?—grows faster than the
others for 7—0. Then hj = 0(e™"™™) for tel, otherwise equality (7) is
impossible. But then hf = O(e™"™) for 1€ S’; this can easily be derived
from Corollary 4.2 and Theorems 4.6 and 4.7. Hence, b} , =---=h! , =
O(e—C”’/IrH‘S)‘

6° There exists a change of coordinates in S, US, y = 1®(t), where &(1)
increases or decreases for 7 — 0 slowlier than any power of |t|, @ #0 for
7 # 0 such that

1) the sectors §', S, ..., S,, §” are mapped onto curvilinear sectors S'*,

¥ ..., S¥ S§”* with vertex at O such that the tangent lines to the sides of
the sectors S'*, ..., §”* at 0 coincide with the ones of the sectors S/, ..., S”.

2) each one of the sectors $'*, ... contains a (true) subsector of smaller
radius—S'**, ...—and of opening > nf(g — 1) (with vertex at 0), each two
adjacent subsectors being overlapping.

3) the function ﬁ,fo(‘c(y)) belongs to the class A, N A, for some o >q — s,
y € §*¥*,

7° The existence of such a change of coordinates is proved in 9°-15°.
Now we show that E}OEO. Really, letg —s+r>a=q—s+r—1,reN It
follows from the construction of the solutions W', Wi, ..., W!, W”", see the
proof of Proposition 2, that there exists x4 € N such that the sector $'** U S¥*U
~-USk* is of opening > n/(q—s+r—1) and all the differences W' — Wi,
oy WE— WL, (defined on S**NST*, ..., S¥* NSF*) are O(e M), 0 <
e <1,¢®>0. This follows from the fact that when we construct the solutions
W', Wt, ..., W} we use the Stokes’ multipliers with minimal support; for
every pair of polynomials (b;, b;) of level g — sy < g — 1 the first Stokes’ line
in §,N§, corresponding to it (when we move from I, to I,, see Fig. 6) does
not introduce a difference between W' and W', or between W’ and W}
(which is O(e™¢""°)) but only the second such line does. Hence, it follows
from k) e A; NA, that hl ;€ A, NA,, ..., hi ,e A7 N A, (there exists > a
such that fzj’o — ki ed;, ..., 3{),”_1 - fz}o,u € A;). Tt follows from Theorem
4.5 that fzjfo =0, ..., ﬁ}o,” =0. Similarly we prove that i/ =0 for all j. But
then hjf «=0,k=1,...,vas well. This follows from the fact that the Stokes’
multipliers of level > g — s+ 1 preserve the relations in Kj.

8° In a similar way we prove that ﬁﬁk =0, k=1, ..., v, fz]f’ =0. Itis
essential in the proof that all the Stokes’ lines of level < g — s inside S; NS,
are ‘ignored’, i.e. they don’t participate with non-zero off-diagonal elements in
the Stokes’ multipliers connecting the solutions W', Wi, W2, ..., W}!, W2,
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W”. The estimation for the rate of decreasing for 17— 0 of the difference
h?, — h?, ., is the same as for h}, — h},,,, due to Proposition 3. Note that
in the block decomposition of the Stokes’ multiplier V, see the proof of Proposi-
tion 3, the blocks Ej and IZj are or are not 0 simultaneously. These blocks
correspond to one and the same pair of polynomials. Proposition 4 follows

from the fact that EﬁkEO, k=1, ..., v, fljf’z .

9° Tt remains to prove that the change of coordinates described in 7°
really exists. Put o =sup {0 € R|3IC>0,d > 0: |k (1)| < Ce™™,tel}. The
restriction of Ifz]fol to | is a real-valued function~h. We show in 10°-15° that
it is possible to construct a holomorphic in S;US, function ¥(r) with the
properties:

i) Y()#0 VreS§ US,\0

i) lim,,q |z|¥/|¥(7)] is O for s >0 and o for s <0

iii) d(tyV*(x))/dr #0 in §,US,\0

iv) Put y, = lim sup,, h(z)/e” ¥, Then 0 <y, < .

v) ¥ =y|(1 +o(1)) for t > 0. In other words, argyy -0 for t—0, 7€
S,U§,.

vi) the function ©y**(7) is real for e l; without loss of generality we
assume [ to be the positive semi-axis. We also suppose the negative semi-axis
not to belong to §1U§2.

The necessary function ®(7) is in fact ¥ Y% Really, it follows from i),
i), iii) that the function t®(z) is a coordinate in S, US,\0 (it might be necessary
to diminish the radius of the sectors). It follows from iv) that p; (0) = —y,
with respect to «. Making use of Corollary 4.2, we conclude that in the new
variable y we have fz}oe A7 NA,. Tt follows from v) that the sectors S'*, ...,
S”* satisfy 1) and 2), see 6°.

10° Put g(1) = —log h(r)|7|%, g: R* — R; if h(zy) = 0, then we put g(t,) =
co. The function g(r) is bounded from below on any finite interval and
lim,_, |g|'|t|* = o0 Vs >0. This follows from the definition of the number
o. We prefer to construct the function  in the map z = 1/r. The image in
this map of S, US, is a sector S (without some compact set) of opening < 2.

11° We can assume g to be positive (g cannot take negative values for
arbitrarily large |z|, otherwise h will not be decreasing). Either inf,., g(z)
increases slowlier or inf,_, g(z) decreases slowlier than any power of |z
for |zg| = co; this follows from the definition of the number o« If
0 < lim inf,,,, g(z) = y, < oo, then we put ¥ = y,/2. Let liminf,_, g(z) =0
(the case lim infy., g(z) = co is treated in 14°). Then we put

v = i Cifiz —
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where a <0, (a¢ S), C, >0, 0 <k, < 1/207109; the sequence {k;} is decreasing
and tends to 0. The condition k, < 1/2¢%199 implies that

arg (C,/(z — af") e [—n/4, n/4] Vze S

Hence, all the partial sums and the sum of y (provided that it exists) have
no zeros in S. The symbol 1/(z — a)f denotes the sheat of a multivalued
function taking real positive values for z real positive; k; need not to be
rational. If the numbers k;, tend to O very fast, then the arguments of the
terms of the series tend to 0 very fast. We choose the constants C;, k; in
such a way that Y(z)|z < g(z) and there exist infinitely many points z,, z,,
...—> oo such that y(z,) > g(z,)/2. This provides property iv); vi) is checked
directly.

12° We prove here that the derivative of the function zy* does not
vanish in S\K for some compact set K; this implies iii). For this it is sufficient
to prove that D = zdy/dz + oy does not vanish there. But

D= Z D, D, = (aC, — Cik)/(z — a) + aCky/(z — a)™!
=1

If ky < o, |alk; < 1, k; < 1/2299%D then for |z| > 2|a| the module of the second
term in D, is much smaller than the module of the first one whose argument
is close to O for [ large; hence, for such k;, and z the arguments of all D,
belong to [—n/4, n/4] and D does not vanish in S\K. This proves iii); i) is
proved in the same way. For |z| —» co the argument of D is influenced stronger
by the arguments of the D, with larger ! because they decrease slowlier But
their argument is as closer to 0 as larger [ is. Hence, for |z| - o0 arg Y — 0.
This proves v). Property ii) follows from the form of .

13° Let’s construct y itself. Let zo> 1. Put min,_, g(z) =m,. Put
Yo =Yi Cf(z — af. Choose 0 < k; « min (1/2'°*, a, 1/|a|), C; > 0 such that
there exists z; > z4: g(z,) < 2¢(z;) < 29(z,), g(z) > Yy (z2) for z=2]|al,
¥,(2lal) < my/2; note that the functions 1/(z — a)** are monotonously decreasing
for ze R, z > 2|al.

In the same way we construct ¥,: 3z, >z, + 1, g(z,) < 2¥,(2,) < 29g(z,),
g(2) > ¥, (2)Vz = 2lal, ¥, (2]al) < my/2 + my/4, k, < min (1/21°2, &, 1/|a]), C, > 0
etc. The choice of the constants C,, k; is possible due to the slow rate of
decreasing of inf,_, g(z) for z, — co.

For |z| = 2|a| we have ¥, =Y., C,/(3a). We require that |y|(2|al) <
(1 —27%)m,. It follows from here that the constants C,; are bounded and tend
to 0. It is easy to prove the convergence of the series for ¥, for its derivative
and for d(zyy'*)/dz. This completes the construction of the function y in the
case when inf,_, g(z) tends to 0.

z<zg
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14> Let now liminf,  g(z)=oc0. Put G(z)=1/g(z). Then G is
bounded and supy., G(z) =0 slowlier than any power of |z,|; this follows
from the definition of the number a. Put F =y ?,

F=

1}

P, P1=C1/(Z“a)kl

M8

1

(the constants in the right hand-side have the same meaning as before). Put
Fo=P;+ -+ P. Let max,,,, G(z) =G(z,). Choose C,>0, 0<k,«
min (o, 1/a, |al, 1/)al, 1/2'°')  such that F,(z,) = G(z,), F,(2lal) < 2G(z,).
max,, ,, (G — Fy) = (G — F)(zy) < G(z4)/2, z, > 25+ 1. Then similarly we
choose C,, k, such that F,(z,) = G(z,), F,(2]a]) <2G(zy) + 2(G — F,)(z;) <
3G(zo), max, ;) (G — F5) = (G — F3)(z,) < (G — F1)(2,)/2 < G(20)/4, 2, > 2z, +
1 etc. It is clear that F, > G for z <z, Fy(z,) <4G(z,), s <k; this follows
from the fact that the functions 1/(z — a)** are monotonous for z > 2|a|. But
then F(z,) < 2G(z,), F(z) = G(z)Vz = 2]al.

15° The properties i)—vi) for the function y can be checked similarly to
the case when liminf,_, g(z) =0, see 10°~13° and we prefer to let the reader
check them oneself. This completes the proof of the proposition.

Proof of the Generalised Phragmen-Lindeldff Principle: There exists a
change of coordinates in §,U---US, which maps the sectors S; onto some
curvilinear sectors S¥ with vertex at 0 and which have the same tangent lines
to their sides at 0 as the sectors S,; the sectors S} contain some true sectors
of smaller radius S}* which are overlapping again. After this change of coor-
dinates the functions f; belong to the class /T;l NA, for some a; >0 and
satisfy all the other conditions of Theorem 4.5 in the sectors S¥*; hence, they
are 0. The construction of this change of coordinates is described in 9°-15°
of the proof of Proposition 4.

Appendix. Proof of Theorems 4.3 and 4.4

The proofs of Theorems 4.3 and 4.4 follow from the lemmas formulated
below. If the reader is reluctant to read the whole Appendix, he might read
the lemmas and then pass onto the end of the Appendix where we explain
how to derive the proofs of the theorems from the lemmas. For the sake of
simplicity we put o« =1 which leads to no loss of generality.

We use the notaton PC for the class of functions whose graphs consist
of a finite number of arcs of the kind y = k cos (w + d), de R. Hence, PC*
PC. The latter arcs are called sinusoids. Note that they always in this section
have one and the same period —2n. We remind the notation ||| = SUP. 5 |-
The reader should be careful in reading the proofs of the lemmas as we use
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the notation (-, -) both to denote a point in R? and an open interval in
R. The definition of a subsinusoidal function is given in Theorem 4.4.

Lemma 1. Let the function f:[a,b] > R, b — a < n be continuous and let
there exist points a < W, < w; < W, < b such that f(wy) <0, f(w,) >0, f(w,) <
0. Then the function f does not belong to PC*[a,b].

Proof: 1° Suppose that for any 6 >0 there exists ge PC* such that
|f+gll <6. Then we have |f(w,) — g(w,)| <d. Put

h = g(w,) cos (0 — (wy + @2)/2)/cos (0, — (©o + @,)/2)

Note that h > 0 for w e [wy, w,]. Then there exists an arc of a sinusoid &
which is a part of the graph of g(w) such that &N graph (k)2 (w,, h(w,)).
Either for v = w; — 0 or for o = w; + 0 the sinusoid & is above or on the
graph of h (if the point (@, i{w,)) is common for two such arcs of the graph
of g, then at least one of them lies above or on the graph of h; this is easy
to prove using the definition of the class PC™, see Fig. 7).

2° Let & be above or on the graph of h for w = w; + 0. Then the first
intersection point a® of the analytic continuation of & to the right with the
w-axis is to the right or coincides with the first one for the analytic continua-
tion to the right of the graph of h (denoted by b°). Hence, for w e (w,, b]
this continuation is strictly above the continuation of graph (h) or coincides
with it. This follows from w, —wy,<=n If & is defined for we [, w"],
o' €la, ], 0" € (w,, b], then there exists another arc of sinusoid—4& —defined
for welw”, "], ®” e(w”,b] which belongs to the graph of g, & Na" =
(0", g(@w")). The first intersection point of the analytic continuation of & to
the right with the w-axis is strictly to the right of a, and, hence, to the right
of b,. This means that & is strictly above the graph of h; this again follows
from the definition of the class PC* and from w, — w, < 7.
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3° If the graph of g contains more arcs of sinusoids to the right of &,
then using the same arguments we show that these arcs lie above the graph
of h. But

[h(@;) — fl@y)| = [h(w,)] = | flo,)]]cos (@, — wy)l/Icos (0 — (o + @,)/2)]
which is greater than § for § sufficiently small. This proves the lemma.

Lemma 2. Suppose that the function f:[a,b] - R, b — a < is continuous
and there exist points a < wy <, < w, < b and a function h =k sin (w + d),
k, d € R such that f(we) < h{wy), flw,) > Mw,), f(w,) < h(w,). Then the func-
tion f does not belong to PC*[a,b].

This lemma follows from Lemma 1 applied to the function f—h. We
use the stability of PC*[a, b] under the addition of a sinusoid.

Lemma 3. Let the function f:[a,b] - R, b — a < 7 be continuous. Then
f can be approximated by functions of the class PC.

The proof consists in using the uniform continuity of f and the fact that
through any two points not lying on a vertical line there passes exactly one
sinusoid (b — a < n). We divide [a, b] into intervals of length §/2, 0 < 6 < n/4
such that the variation of f in each of them is <¢ &> 0. The function f
is bounded. Consider the set of functions G = {ksin(w + d); k,de R}. There
exists ko > 0 such that if two points of the graph of f are connected by an
arc of a function ge G and the difference between the w-coordinates of the
points is < &, then this arc is the graph of a monotonous function or of a
function with |k| <k,. The set GN{|k| <k,} is a set of functions with
uniformly restricted derivatives on [a, b]. If the points (w, y;), (®,, ¥,) belong
to the graph of f, |w, — w,| < J, then |y, — y;| < ¢ and one can easily estimate
the variation of the arc of a sinusoid connecting these two points. We let
the reader complete the proof oneself.

Lemma 4. The class PC*[a, bl contains only continuous functions.

The proof is similar to the one of Theorem 4.2. If the function fe
PC*[a, b] is not continuous, then there exists a function h = k sin (w + d) such
that the function f — g e PC*[a, b] changes sign at least thrice on [a, b], see
Fig. 2 (remember that b — a < n). This contradicts Lemma 1.

We say that a function f admits a special approximation with functions
of the class PC[a, b] (or PC*[a, b]) if for any & > 0 there exists g € PC[aq, b]
(or g € PC*[a, b]) such that | f — g| < & and all the ends of arcs of sinusoids
comprising the graph of the function g belong to the graph of f as well.
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Lemma 5. If a real function defined on [a,b] is continuous and

subsinusoidal, then it admits a special approximation with functions of the class
PC*[a, b].

Proof: 1° It follows from Lemma 3 that for any 0 < é < /4 there exists
a function g e PC such that | f —g|| <3/4. Denote by a,, ..., a, the ends
of the arcs of sinusoids comprising the graph of g. Consider one of the arcs
d, the graph of the restriction of g to [a;, ¢;,,]. There exist two possible cases:

1) g(a)) — f(a;) and g(a;.,) — f(a;1,) have the same sign or one of them
is 0

2) they have different signs.

2° In case 2) we replace the arc 6 by two arcs as follows: there exists
@' € (@), a;.,) such that g(a') = f(@'). Let g(a;) — f(a) > 0, g(a;s) — f(aj4;) < O
(the opposite case is treated similarly) We replace 6 by ¢ Ué” where ¢’ is
the restriction of ¢ to [a;, 4;,,] and " is the arc of a sinusoid defined on
[a’, aj+1] connecting the points (a’, g(a')) and (a;4,, f(a;41)). On [a;,a’] the
difference |f —g| does not change. For we[a’, aq;,,] the difference
(6" — 6)(w)| is greatest for w =a;,; and, hence, less than &/4 because
6"(aj4+1) = f(a;4+,1). Thus for we[a’, a;4,]

If—gl<|f—6|+1|6—8"|<d8/4+6/4=6/2<$

3° Consider case 1). Let the ends of & be the points (a;, b;), (a;11, b;+1).
Consider the arc of a sinusoid &” connecting the points (g;,b;) and
(@41, f(aj+1)). Then 6" NG is the point (g;, b;). The difference |b — b”| where
(a,b)€ G, (a,b") € 6" is greatest for a = a;,,. Hence, for any a € [a;, a;,,] and

(a,b)e b, (a, b”)e 6" we have
[b” — f(@)| <|b” — bl + |b — f(a)| < 6/4 + 6/4 = §/2

Let now in a similar way 6° be the arc of a sinusoid connecting the points
(a;, f(a;)) and (444, f(a;4,)). The difference [b° — b”| where (a, b°) e 6°,
(a,b”) € ¢ is greatest for a = a;,, and we know that | fla;)) — b;| < é/4. Hence,

| — fla)] < [b° — b"| + |b” — fla)| < 6/4 + /2 <

Thus, uniting cases 1) and 2), we are able for any function f € PC*[a, b] and
for any 0 > 0 to construct a function g € PC such that ||f —g| <.

4° Tt remains to show that g e PC*[q, b]. If this is not true, then some
pair of arcs AC, BD of the graph of g have analytic continuations which
look like it is shown on Fig. 8. The arc AB is below these continuations
and the graph of f is below or on AB. This means that the approximation
is not special. The lemma is proved.
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Fig. 8.

Call a special sequence (approximating the function g) a sequence of
functions g; e PC*[a, b] which are special approximations of g and such that
if D; denotes the set of the ends of arcs of sinusoids building the graph of
gj, then D;c D;,,, j=1,2, ...

Lemma 6. Any function f € PC*[a, b] can be approximated by a special
sequence.

Proof: We replace the sequence {g;} (in case that it is not special) by
a sequence {g]} where the set of the ends of arcs of sinusoids comprising the
graph of g9 is D,UD,U---UD;. g is subsinusoidal (according to Lemma
2). Hence, the newly built sequence (which is special) provides a not worse
approximation than the initial one. We leave the details for the reader.

Lemma 7. For every function g€ PC* [a, b] there exists a function f e A,
such that g = p (o).

Proof: 1° Let a=1 (this assumption is non-restrictive). Put S =
{a<argz<b,b—a<mn}. Itis sufficient to prove the lemma for fe A7 N A4,
which can always be achieved by multiplying f by a decreasing in the sector
exponent. This means that the function g takes negative values only.

2° Consider a decreasing sequence of numbers k; > 1, k;— 1. Choose a
decreasing sequence of numbers g >0, ¢ — 0 such that |k, — k;|[g(w)] > ¢;
Vw e [a, b]. Tt follows from Lemma 5 that for each of the functions k;g(w)
there exists a function g;(w) € PC*[a, b] such that [(9; — kj9)(w)| < e;/2. This
implies that

1) Voe[a, b] the sequence {g;(w)} is strictly monotonously increasing

2) lim;,, gw) =g(w) Vwe[a, b], the convergence being uniform in
[a, b]

3) there exist functions F;=1/g;Y % p; e, q;eN, p;,=
min (1, 1/[¢; ) such that g; = pr(@) (see the lemma in Section 4 and the
definition of the class PC*[a, b]). The exponents e%<* are decreasing in S.

3° The necessary function f is constructed as a sum of the kind
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f:ZCJ.Fj
ji=1

where 0 < C; < 1/277'. Tt follows from the definition of the functions F; that
this series and the series of its derivatives are uniformly convergent in S.
Hence, this series is convergent to a holomorphic in the sector S function.

4° Put C; =1. Further by K; we denote a circle of radius r; centered
at 0. Each F; is a finite sum of exponents and VYw € [a, b] Pr,,, (@) > pp ().
Hence, there exists K; and a constant D, >0 such that Ywe[a, b] 3z°
arg z° = w, 2° € K, NS, |F,(2°)| > D, e |, Choose 0 < C, < 1/2 such that
Vo € [a,b] we would have |C,F,(z°)| <|F,(z°)|/4. There exist D, >0 and
K,, ry>r;+1 such that Voe[a b]Izt:argz! =w, z'e(K,\K;)NS,
|(F, + C,F,)(z")] > Dzepr1+c2p2(m)IZ‘I = Dzeppz(w)lz‘l > Dleppl(w)lzll‘

5° Choose 0<Cy<1/4 such that VYwel[a,b] we would have

IC3Fa(2%)] < [FL(°))/8, |C3F3(zY)| < |(Fy + C,F,)(z)|/4. There exist Dy >0,
K;, r3>r, + 1 such that Vo € [a, b]3z% € (K;\K,) NS, arg z2 = o,

|(F, + C,F, + C3F3)(zz)| > D3ePFl+C2F2+C3F3(w)|22|
> D, efrircrr @)
> D efr @il et
Finally we would have that Vo e [a,b]3{z’}, |z/| > c0 such that |f(z/)>
(Dy/2)ePriran@=l for  je NUO, k<j+ 1. This means that VYoe

[a, blps(@) > pg (@), k=1, 2, .... On the other hand-side it is checked di-
rectly that

00

< Y (Cj/q;)q;e* = const e#
ji=1

] q;
If1<| Y Cifa; Y, e
s=1 s=1

ie. pr(w) < g(w). Hence, py(w) = g(w).

Lemma 8. Let fePC'[a,b]. Then f is Lipschitz on every interval
[a,b'], a<a <b <b.

We shall not prove the lemma in full detal. Let the lemma be not
true. Then there exists F € A, such that f = pg(w) and the function f is not
Lipschitz at some point. Then there exists a functon G = e** such that the
function pp; provides a contradiction with Theorem 4.1. Examples of the
possible graphs of f and pg are shown on Fig. 9.

Proof of Theorem 4.3 and 4.4: 1t follows from Theorems 4.1 and 4.2
that any function of the class

U={f:[a,b]l]->Rb—a<nfu|f =ppw), FeA,}
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Fig. 9

is subsinusoidal and continuous. It follows from Lemmas 1 and 2 that any
function f € PC*[a, b] is subsinusoidal and from Lemma 4—that it is continu-
ous. It follows from Lemmas 3 and 5 that any subsinusoidal continuous
function defined on [a, b] belongs to PC*[a, b]. This together with Lemma
8 proves Theorem 4.4. Theorem 4.3 follows now from Lemma 7.
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