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1. Introduction

In this paper we examine Volterra integral inclusions driven by m-accretive
operators and evolution inclusions driven by time dependent convex
subdifferentials. Problems of this form appear in the optimal control of dis-
tributed parameter systems (see Ahmed [1] and Papageorgiou [34]), in mathe-
matical physics (see Chang [11] and Shuzhong [42]) and in certain systems
monitored by partial differential equations (see Glashoff-Sprekels [18] and
Kiffe [23]). In fact in a companion paper to this [3], the authors will use
the results obtained in this article, to study the optimal control and relaxation
of systems governed by Volterra integral inclusions with time dependent control
constraints.

In the first part of the paper (section 3), we consider nonlinear Volterra
integral inclusions driven by an m-accretive operator. The interesting feature
of our equation is that the possibly multivalued m-accretive operator A(-)
appears behind the integral sign, which makes our results more general than
those of Papageorgiou [38], where the unbounded m-accretive operator is
outside the integral. Also our work extends those of Chuong [12], Lyapin
[25], Papageorgiou [30], [31] and Ragimkhanov [39], who studied integral
inclusions, but did not allow the presence of unbounded operators, which in
concrete applications model partial differential terms. Our approach in dealing
with these equations is to use a result of Crandall-Nohel [13], which under
mild hypotheses on the data, shows that the Volterra integral inclusion under
consideration is equivalent to a functional evolution inclusion. So our results
in this first part of the paper can also be viewed as new results about functional
evolution inclusions, extending earlier ones obtained by Aizicovici [2],
Avgerinos-Papageorgiou [7], Gutman [19], Mitidieri-Vrabie [26], Vrabie [43],
[44]. Finally our work extends to a multivalued setting that of Crandall-
Nohel [13].
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In the second part of the paper (section 5), we turn our attention to
inclusions where the maximal monotone operator is a convex subdifferential,
but we allow it to be time varying. Again our goal is to study Volterra
integral inclusions monitored by such operators, using as before an equivalent
functional-evolution inclusion. This approach leads us to extensions of recent
results by Papageorgiou [36], [37] (theorems 3.1). Also we extend an earlier
result by Attouch-Damlamian [5] (theorem 3.2), where the function involved
in the subdifferential is time independent and the multivalued perturbation is
convex-valued. Furthermore our work extends that of Moreau [27], who
studies the particular case where the function ¢(t,x) involved in the
subdifferential, is the indicator function of a time dependent closed convex set
and there are no multivalued perturbations. Problems of this form are impor-
tant in theoretical mechanics, mathematical economics and feedback control
systems (see Aubin-Cellina [6], chapters 5, 6; in that book those evolution
inclusions are called “differential variational inequalities”).

The first to consider evolutions involving time dependent convex
subdifferentials was Watanabe [46], who extended the work of Brezis [10]
(chapter III). Subsequently the work of Watanabe [46], was extended further
by Kenmochi [21], [22], Yamada [47], Yotsutani [48] and very recently by
Kubo [24]. In section 5, we use these works as our starting point and we
obtain results generalizing them. Finally our results in section 5 partially
extend those of Otani [29] (convex case) and Papageorgiou [33] (nonconvex
case), who didn’t have a functional term in their evolution inclusion; their
hypothesis on the integrand ¢(t, x) is more restrictive, but on the other hand
their growth hypothesis on the multivalued perturbation is more general.

2. Preliminaries

Let (2, 2) be a measurable and (X, ||-||) a real separable Banach space.
Throughout this paper we will be using the following notations: P, (X) =
{A < X: nonempty, closed, (convex)} and P, (X) = {4 € X: nonempty, (w-)
compact, (convex)}.

A multifunction F: Q — 2%\ {¥} is said to be “graph measurable” if and
only if GrF = {(w,x)eQ x X:xeF(w)} € 2 x B(X), with B(X) being the
Borel o-field of X. If F(-) has closed values in X (ie. F(w)e Py(X) for all
w € Q), then we say that F(-) is a measurable multifunction, if for all xe X
w - d(x, F(w)) = inf {|x — y|: y € F(w)} is measurable. Note that measurabil-
ity of closed valued multifunctions, implies graph measurability. The converse
is true if there exists a complete o-finite measure pu(-) on (2, 2). For further
details, we refer to the survey paper of Wagner [45].

For a multifunction F: Q — P,(X), we define Sf(1 < p < o0) to be the set
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of all L?(Q, X)-selectors of F(-), i.e. S} = {fe L@, X): f(w) e F(w) u-ae.}.
This set may be empty. It is nonempty if F(-) is measurable and w — |F(w)| =
sup {||x|: x € F(w)} belongs to LA7(L2). Recall that a subset B < L?(Q, X)
is decomposable, if for every triple (f,g, 4)e Bx Bx X2 we have that
¥af + xacg € B, with y, (resp. y4) being the characteristic function of 4 (resp.
of A°). Clearly S% is decomposable.

On P,(X) we can define a generalized metric, known in the literature as

the Hausdorff metric, by setting h(4, B) = max [sup d(a, B), sup d(b, A)] (recall
a4 beB

that d(a, B) = inf {|la — b||: b € B}; similarly for d(b, 4)). The metric space
(P;(X), h) is complete. We say that a sequence {4,},>, S P;(X) converges in
the Hausdorff metric (denoted by A,,—h>A), if h(A4,, A)—> 0 as n— o0.

Another mode of set convergence that we will need in the sequel, is the
so called “Kuratowski convergence of sets”. So let {4,},-; be a sequence of
nonempty subsets of X. We define

limA4,={xeX:x=s—limx,, x,€ 4,,n>1}
and

limA4,={xeX:x=s5—limx,,x, €A,,n; <n, < - <m<-},

(here s- indicates the strong topology on the Banach space X). It is clear
from the above definitions that we always have lim A4, < lim 4,. We say that
the A,’s converge to A in the Kuratowski sense (denoted by A,,EA) if and
only if lim A, = lim 4, = A.

If instead of lim 4,, we define w-lim 4, = {x € X: x = w-lim x,, x, € 4,,,
ny <n, <--<m<--} (here w- denotes the weak topology on X), then we
say that the A4,’s converge to A in the Kuratowski-Mosco sense (denoted by
Anﬂ» A) if and only if lim A, = w-lim A, = A. Using this mode of set con-
vergence, we can define a convergence for R-valued functions, which is in
general different from the pointwise convergence. So if {f,, f},»; S R%, we
say that f, 5 f, if and only if epi f,,ﬂ» epi f, where for a g € R, epi g denotes
its epigraph, i.e. epig = {(x, )€ X x R: g(x) < A}. For further details on this
subject, we refer to the book of Attouch [4] and the original paper of Mosco
[28].

Now let Y, Z be Hausdorff-topological spaces. A multifunction G: Y —»
25\{} is said to be upper semicontinuous (u.s.c.) (resp. lower semicontinuous
(Ls.c), if for all U = Z open, F*(U)= {ye Y: F(y) = U} (resp. F-(U)={ye Y:
F(y)NU # ¢&}) is open in Y. If additional hypotheses are made on the spaces
Y, Z and on the multifunction G(-), then we can have other equivalent
definitions of upper and lower semicontinuity of G(-). For details we refer
to Delahaye-Denel [14].
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Let E be a real Banach space and let 4 be a set valued operator with
domain D(A). We say that A4 is “accretive”, if |x; — x,|| < |x; — x, +
Ay, —yo)|l for all A>0 and y,e Ax;,, i=1, 2. If in addition I + 14 is
surjective for each A >0, where I stands for the identity on X, then A4 is
called “m-accretive”. It is well known (see for example Vrabie [44], p. 38),
that if A is m-accretive, then —A generates a semigroup of nonexpansive
mappings S(t), ¢ >0 on D(4). The semigroup S(f) is said to be compact, if
for each t >0, S(t) is a compact operator.

Now let H be a Hilbert space with inner product denoted by (-, -). Let
¢:H-R=RU{+} be a proper, convex and lower semicontinuous (ls.c.)
function, with effective domain dom ¢ = {x € H: ¢(x) < v}. The class of all
such functions will be denoted by I'o(H). A function ¢ e I'y(H) is said to be
of compact type, if the subset {x e H: |x|*> + ¢(x) < 4} is compact for each
4>0. An important example of an m-accretive operator on H is the
subdifferential of a function in I,(H). So if ¢ e I',(H), its subdifferential is
defined by 04(x) = {y € H: ¢(z) — $(x) > (y,z — x) for all zedom ¢}. It can
be shown (see Brezis [10]), that 0¢(-) is m-accretive (equivalently maximal
monotone) on H.

If ¢ € I'y(H), one can also define the “regularization” ¢, of ¢ (4> 0) as

2
follows: ¢1(x)=inf{¢(y)+”lﬂin:yeH}. It is easy to check that ¢,(-)
4 >0 is convex and Fréchet differentiable. Furthermore ¢,(x) < ¢(x) for all
A>0 and all xe H and lim ¢,(x) = ¢(x) for all x e H.
A-0

3. Existence results

Throughout the rest of this paper, X denotes a real separable Banach
space of norm ||-|. Let T = [0, b] and consider the Volterra integral inclusion

(V) x(t) + f' k(t — s)(Ax(s) + F(s, x(s)))ds 3 g(t) 0<t<b
0

where A: D(4) € X - 2% is an m-accretive operator, F: T x X —2X\{(¥} is a
multivalued perturbation and k(-)e L*(T, R) = L*(T), g € L(T, X).

By a “strong solution” of (V), we understand a function x(-)e L}(T, X),
for which there exist w, e L'(T, X) such that w(t) € Ax(t) a.e., f(t) € F(t, x(t))
ae. on T and x(f) + k*(w + f)(t) = g(t) ae, on T. Here * denotes the opera-
tion of convolution.

As we already mentioned in the introduction, using a result of Crandall-
Nohel [13], we will transform (V) into a functional evolution inclusion. So
along with (V) we consider the following problem:
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P) x(t) + Ax(ty + F(t, x(t)) 2 G(x)(ty ae.on T
x(0) = x,

where x, € D(4) and G: C(T, D(4)) - L*(T, X).

By a “strong solution” of (P), we mean a function x(-)e WH(T, X)N
C(T, D(A4)) satisfying x(0) = x, and X(¢) + w(t) + f(t) = G(x)(¢) a.e. on T, with
w, fe LY(T, X) as above. Also by an “integral solution” of (P), we mean a
function x(-) e C(T, X) such that there exists fe LY(T, X), f(t) € F(t, x(1)) ae.,
with x(-) being an integral solution in the sense of Benilan [9] of x(t) + Ax(t) 3
G(x)(t) — f(t), x(0) = x,. Recall that if dim X < o0, then the notions of integral
and strong solution coincide. More generally, if X is a Hilbert space, f €
L3(T, X), G(x)(-) e L*(T, X) and A = 8¢ with ¢ € I';(H), then again integral and
strong solutions coincide. For details we refer to Brezis [10] (p. 72 and p. 82).

The result of Crandall-Nohel [13], that we will use to solve (V), is the
following:

Proposition 3.1. If k()€ AC(T, R), ke BV(T, R), k(0) = 1, g WV (T, X)
with g(0) e D(A) and x(-) is a strong solution of (V), then x(‘) is a strong
solution of (P), where

(1) GX)C)=h() +r=h(-) = rOQ)x(-) + r(-)xo — x* () (With x*F(t) =

Jt x(t — s)dr(s))
0

(i) h(r) = g()

(i) xo = g(0), )

(iv) r+a*xr=—a, a=k
Conversely if r(-)e BV(T,R), he L\(T, X), xo,€ D(A), G(-) is as in (i) above
and x(*) is a strong solution of (P), then x(-) is a strong solution of (V), where

(1) g() = xo + f h(s)ds,

0
(il a+axr=—r
t

@iy k@) =1+ J a(s)ds.
(4]

We are primarily interested in the existence of integral solutions of (V).
By an integral solution of (V), we mean a function x(')e C(T, X), which is
an integral solution of (P), with x, and G(-) given by (i) - (iv) of Proposition
3.1

We will start with a (local) existence theorem for the case where the
multivalued perturbation is nonconvex valued. So we need the following
hypotheses on the data:
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H(A): A: D(A) < X - 2% is an m-accretive operator such that — A generates a

compact semigroup S(t) on D(A).

H(F): F: T x D(4) - P;(X) is a multifunction such that
(1) F(-, ) is graph measurable,
(2) for every teT, F(t, ) is ls.c,

(3) for every B < D(A) bounded, there exists my(-) € L1(T) such that

sup |F(t, u)) = sup sup |yl < my(r) ae on T.
ueB ueB yeF(t,u)

H(k): ke AC(T, R), ke BV(T, R), k(0) = 1.

H(g): g€ W' (T, X), g(0) e D(A)

Theorem 3.2. Let H(A), H(F), H(k), H(g) be satisfied. Then there exists
by € (0, b] such that (V) has an integral solution on Ty = [0, b,]. Moreover, if
there exist o, e Li(T) such that |F(t, x)| < a(t) + B(t) | x| a.e. on T, then each
integral solution of (V) can be defined on T.

Proof. In view of the result of Crandall-Nohel above, we have to prove
the existence of local integral solution of inclusion (P), where x, = g(0) and
G() is as in the first part of proposition 3.1. Our proof uses some ideas of
Avgerinos-Papageorgiou [7], Mitidieri-Vrabie [26] and Papageorgiou [36].

Because of hypotheses H(F), H(k) and H(g), we can find ¢ >0, n e LL(T)
and b, €(0, b] such that

(1) sup {|F(t, u)l: ue D(A), |u — xoll <&} + IG@® <n@®)  ac. on (0, by)

and

t

2 I8(£)xo — Xoll + J nisyds <e,  te(0,bo]
0

Indeed note that for the constant function x(¢t) = u e D(A), we have
1GOOI < RO + lIr=hll= + [rO@)ull + 1r@l - lIxoll + (Ir@I + [Ir©)I) [lull .

So if lu— x4l < then |GW)®)| <c, + ||h(D)| = Hi(r) ae. with @m(-)e LL(T).
Here ¢, denotes a positive constant depending on ¢ Combining this with
hypothesis H(F) (3), we see that it suffices to choose 7(t) = mg, ,(t) + (1) to
have (1) on T. Then choose b, € (0, b] so that (2) holds. This is possible since
S(t)xo > x, as t —0*.

Let T, = [0, bo], K = {g € L'(Ty, X): ||lq(1)]| < n(t) ae. on T} and for g€ K
consider the following initial value problem

x(t) + Ax(t) > q(1), on T,

3)
x(0) = x,
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By [9], we know that (3) has a unique integral solution x(q)(-) € C(T,, X) and
we have

4) 1x(@)(2) — xoll < Ix(g) () — S(B)xoll + 1S()x0 — Xo

< 118(®)xo — xoll + f lq(s)llds

0

1

< [18@xo = xoll + J n(s)ds
0
Since K is uniformly integrable and by hypothesis H(4), —A generates a
compact semigroup, from a result of Baras [8], it follows that

D= {x(9)("): g€ K} = C(T, X)
is compact. Furthermore inequality (4) above implies
) ix(t) — xoll < ¢

for all x(-)e D and all te T,

Let L: D — P(L*(T;, X)) be defined by L(x) = S&uyy-r(.xy- Since G(-)
is continuous from C(T,, X) into L*(Ty, X) and F(t, -) is ls.c. (see hypothesis
H(F) (2)), we may use theorem 4.1 of Papageorgiou [32], to conclude that
L(-)is ls.c. Furthermore it is obvious that L(-) has decomposable values. So
we can apply Fryszkowski’s continuous selection theorem [17], to get A: D —
LY(T,, X) continuous such that A(x) e L(x) for every x e D. Hence we have

(6) —A(x}(t) + G(x)(t) € F(t, x(t)) ae. on T,

From (1), (5) and (6) above, we easily deduce that A(D) = K. Also the
continuity of 1(-) together with Mazur’s theorem yields that Q = conv A(D) is
a compact, convex subset of L'(T;, X). Since K is closed, convex and A(D) =
K, we have that Q < K. Define y:Q — L(T,, X) by y(q) = Ax(q)), g€ 0,
where we recall that x(gq)(-) is the integral solution of (3). Recall that g — x(g)
is continuous from L(T,, X) into C(Ty, X) (see e.g. Vrabie [44], corollary
2.3.1, p. 67), while by construction i: D < C(T,, X) - L(T;, X) is continu-
ous. Combining these two facts with the remark that A(x(q))e Q for each
g€ Q (since Q < K and consequently x(g) € D), we see that y maps Q continu-
ously into itself. So we can apply Schauder’s fixed point theorem, to get
q € Q such that y(q) = g, i.e. A(x(q)) = q. By (6) this means that g(t) = —f(t) +
G(x(9))(1) ae. on T, with f€Sk. gy Thus x(g)() is the desired (local)
integral solution of (V). If the sublinear growth condition of the second part
of the theorem is satisfied, then it is easy to see using Benilan’s definition of
integral solutions (see for example Vrabie [44], p. 32) and the definition of
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G(*) (see proposition 3.1), that ||x(¢){ satisfies a Gronwall type inequality on
T,. Consequently ||x(¢)|] is bounded on Ty, so that necessarily T, = T. Q.E.D.

Remarks. (i) If X is a finite dimensional Hilbert space, then every inte-
gral solution of (V) is automatically a strong solution. This is a consequence of
a result due to Benilan-Brezis, which can be found for example in Vrabie
[44] (theorem 1.9.1, p. 41).

(i) If X is a Hilbert space and A = d¢ with ¢ e I',(X) and of compact
type, g€ WLA(T, X) and |F(t, x)| < a(t) + B(t) ||| ae. with a(-), B(-) e L3(T),
then again every integral solution of (V) is a strong solution (see Brezis [10],
theorem 3, p. 72).

(i) An analogous existence theory can be developed for inclusions of
the form (V), with k(z — s) replaced by a general nonconvolution kernel k(z, s)
0 < s <t <b (see Crandall-Nohel [13], pp. 326-327 and Rennolet [40]). The
case where the kernel k is operator valued (i.e. takes values in #(X) = space
of linear, bounded operators on X), can be treated similarly.

(iv) If there is no multivalued perturbation (i.e. F =0), Crandall-Nohel
[13] proved the existence and uniqueness of an integral solution of (V) on T,
for an arbitrary m-accretive operator.

Our proof of theorem 3.2, also extends to the following class of functional
evolution inclusions
) —X(t) € Ax(t) + (Fx)(®), teT
(P7) _
x(0) = x,

We need the following hypothesis on F(-)

H(F),: F: C(T, D(A)) » P/(L'(X)) is a multifunction such that
(1) F(-) is graph measurable, ls.c. and has decomposable values

(2) for each B = C(T, D(A4)) bounded, there is an mg(+) € L1(T) such that
sup |F(x)(t)l = sup sup |yl < mg(1) aec.on T

xeB xeB ye F(x)(t)

(3) for every 0 < b’ < b and every x € C(T, D(4)), (Fx,)(t) = (Fx),(t) a.e.
te (0, b') where x,. denotes the restriction of x(-) on [0, b].

Then by using the same ideas as in the case of theorem 3.2 we obtain:

Theorem 3.3. Let hypotheses H(A), H(F), be satisfied and x,e D(A).
Then there exists by €(0,b] such that (P') has an integral solution on T, =

[0, by].
If in addition, there are constants a, > 0 such that

|F(x)] = sup {|vll.:ve F(x)} <a+ Blxl  for all xe C(T,D(4)),
then by, = b.
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Next we turn our attention to the convex case, i.e. we consider the Volterra
inclusion (V) with a convex perturbation F(t, x). As before we use the result
of Crandall-Nohel [13] (see proposition 3.1), to pass from (V) to the equivalent
evolution inclusion (P). To simplify our presentation, we will restrict ourselves
to a global existence result. The reader can easily furnish a local version,
following the steps of theorem 3.2. We will need the following hypothesis on
the multivalued perturbation F(¢, x).

H(F),: F: T x X - P(X) is a multifunction such that
(1) F(-, ) is graph measurable,
(2) for every te T, x— F(t, x) is us.c. from X into X, (here X, denote
the space X endowed with the weak topology),
() IF(t,x)| =sup {Iyll:ye F(t, x)} <o) + B(®)lIx|| ae. for some of),
() e Li(T).

Theorem 34. If X is reflexive and hypotheses H(A), H(F),, H(k), H(g)
hold, then (V) admits an integral solution on T.

Proof. Thanks to proposition 3.1, we know that it suffices to establish
the existence of an integral solution for the equivalent inclusion (P). First
we will obtain an a priori bound for the trajectories of (P). So let x(-)e
C(T, X) be an integral solution of (P). Then we know that

x() = S@)xol < f IG(x)(s) — f(s)llds , fe S}?(~,x(v))
0

t

= X0 < 15®x + f (my(5) + () 1x]1(5) + o(5) + B(5) 1 (5) 1)
0

for some m,, m, e L1(T). Invoking Gronwall’s inequality, we get |x(t)| < M

for some M > 0. Set u(t)= a(t) + m,(t) + (my(t) + f() M and define K =

{ge LT, X): llq(0)|| < u(®) ae}. Then for geK, consider the evolution

equation

xX(t) + Ax(t) =3 q(t), teT
x(0) = x,

where recall that x, = g(0). This has a unique integral solution x(g)(-)e
C(T, X) and by H(A) it follows (see Baras [8]) that the map q— x(q)(-) is
continuous from K endowed with the relative weak L!(T, X)-topology into
C(T, X). Then let R:K — P (K) be the multifunction defined by R(q) =
Sé(x(q)(_))_;(,,x(q)(.)), where G(:) is given by propositior} 3.1, and F(s, x) =
F(t, pp(x)) with py(-) being the M-radial retraction and G = G(py). We claim
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that R(-) is us.c. on K with the relative weak L*(T, X)-topology, henceforth
denoted by K,,. Note that K, is a compact metric space, as a weakly compact
subset (cf. Diestel-Uhl [15], theorem 1, p. 101) of the separable Banach space
LY(T, X) (see Dunford-Schwartz [16], theorem 3, p. 434). So to establish the
upper semicontinuity of R(-), it suffices to show that Gr R is sequentially
closed in K,, x K,,. So let (g,, f,) € Gr R, n > 1 and assume that (q,, f,) = (¢, f)
as n— o in K, x K,. Then we have x(g),(')— x(¢g)(*) in C(T,X) and
G(x(g,)(")) > G(x(g)(*)) in LX(T, X), since G(-) is continuous. Also invoking
theorem 3.1 of [32] we have

f(t) e o w-lim { f,(t)},», < conv w-lim [G(x(q,)) (1) — F(t, x(q,)(1))]  ae.

< G(x(q)(t)) — conv w-lim F(t, x(q,)(t))  ae.
But from the definition of F(-, ') and hypothesis H(F), (2), we have
w-im F(1, x(q,) (1) € F(5, x(9)(1))  ae.

= f(t) e G(x(q)()) — F(t, x(9)())  ae

By the Kakutani-KyFan fixed point theorem, we now get § € R(4). Then
x(4)(+) solves (P) (and hence (V) too) with F(t,x) and G. An easy estimate
as in the beginning of the proof, gives us that [|x(§)(t)| < M for all te T=
F(t, x(@)(1) = Ft, x(@ () and G(x(@)(") = G(x(9))()=x(g)(-) is the desired
integral solution of (V). Q.E.D.

4. Properties of the solution set

The first result of this section shows that every solution of a convexified
Volterra inclusion can be approximated arbitrarily close in the L*-norm, by
a solution of a nonconvex related problem, provided that we strengthen the
conditions on the orientor field F(t, x). Such a result is known in the literature
as a “relaxation theorem”. From the theory of differential inclusions, we know
that lower semicontinuity or even continuity of F(t, -) is not enough to guaran-
tee a relaxation (density) result. There is a nice two dimensional
counterexampie due to Pliss (see Aubin-Cellina [6]), illustrating this. So we
will need a stronger hypothesis on F(:, *).

Let H(A), H(k), H(g) be satisfied. In addition assume:

H(F);: F: T x X - P;(X) is a multifunction satisfying
(1) for every xe X, t — F(t, x) is measurable,




Multivalued Volterra Equations 285

Q) h(F(@, x), F(t, y)) <0@)|x — y|l| ae., with 6(-) e LL(T)

B) IF ) <o)+ Ol ae with a(-), f(-) e LL(T).

Note that H(F); is stronger than H(F);, so that by theorem 3.2, equation
(V) has at least one global integral solution. Let S be the set of integral
solutions of (V) and S, the set of integral solutions of the same equation with
F(t, x) replaced by conv F(t, x).

Theorem 4.1. If X is reflexive and hypotheses H(A), H(F);, H(k), H(g)
hold, then S, =S, where the closure is taken in C(T, X).

Proof. Again we exploit the equivalence between (V) and (P) established
in Proposition 3.1. Let x(-)€S,; then by definition, there exists f(-)e
St Fe-.x(y Such that

X(1) + Ax(t) > G(x)(1) — f(z)
x(0) = xo = 9(0).

Let W(y) = G(3)(*) — Sk(.y» Y(1)€ C(T, X). Clearly W(y) is closed and
decomposable. Also conv W(y) = G(»)(*) — Se Fe-.p(y (see Hiai-Umegaki
[20]). Furthermore recall that the map u: L1(T, X) = C(T, X), which to each
pe LY(T, X) assigns the unique solution of y(f) + Ay(t) 3 p(t), te T, y(0) = x,
is weakly-strongly continuous (cf. Baras [8]). So given & > 0, there exists U,
a symmetric weak neighborhood of the origin in L(T, X) such that if G(x)(-) —
fC)—=pi(-)e U, then |x — x|, <e& with x; = u(p,). Invoking theorem 4.1
of [35], we know that we can choose p, € W(x) = G(x)(*) — S(..x)- Then
p1=G(x)— f; with f,eS}. ., By a straightforward applicaton of
Aumann’s selection theorem (see Wagner [45]), we can find f, € Sp(. ., such
that  d(f,(2), F(t, x,(e))) = [ f1(t) — f2(#)] ae, where x;=u(p,). Set p,=
G(x;) — f, and x, = u(p,). From the properties of the integral solution, we
have:

ft

lx1(8) = %@ < | 1Ipi(s) — p2(s)ilds

v O
< | IGx)s) — G(xy)(s)lds + J If1(s) = fa(s)llds
JO 0
< tV(S) llx — x1ll.,ds + Jt h(E(s, x(s)), F(s, x4(s)))ds
< | () + 0 Ix = xy [l ods

JOo

— | 60 1x — x, .ds

JO0
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where y(-)e LY(T) (in fact y(t) = [r(0)] + var (r: [0, t])) and hence beLL(T)
0(r) = |r(0)] + var (: [0, ]) + 6(t). So we have:

umm—waSefémﬁ

0
This implies that [x,(t) — x| < [|x,(8) — x, O + %) —x@) < ¢ Jr (s)ds +
0

t
&= s(J O(s)ds + 1). Suppose we have chosen py, ..., p, € L*(T, X) such that

0
(1) X, = u(py) Pr+1 = G(X) — fesr Jfen € S}r(-,xk(-))

and for every 1T

@ fwmﬂm—mwm

0

T s@(t) <J’tA )k—l
< | ——— 0(s)ds dt, k=1 2,...,n—1
L(k—l)! 0 R

(note that p, = G(x) — f; as above). Then once again from the properties of
integral solutions, we have

1% +1 () — %0 < L 1P+1(8) — pu(s)ll ds

g, ([, o
P t . k
= E(L 0(5)ds> .

Hence from the triangle inequality we get

L= A LAY .
3) X +1(8) = x(O)] <& 3 ﬁ(J 9(S)dS> <eexp [|6],

0

As before, by Aumann’s selection theorem, we can find f,.; € Sk . ()
such that

I fus1() = £ON = d(£,(0), F(5, x,(1))  ae.
< h(F(t, x,_1 (1)), F(t, x,(t))) a.c.
< 0@ lixp—, (6) — x, (0 ae.

Set p,1 = G(x,) — f,+1- We have for every 1€ T:
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Jr 1Pa+1(8) — pa(®)lldr < f 1G(xa)(8) = Gx, ) (@)t + j 0t) l|x, -1 (1) — x, (1) | dt

0 0

< J 00 101 (1) — X0 dt

0

T e . t n—1
nge(t)(L 0(s)ds> dr .

So we have obtained p,,, € L'(T, X) and thus x,., = u(p,,+,)- Therefore we
have completed the induction and defined a sequence {p,},»; < L*(T, X) such
that (1) and (2) are satisfied. From (2), we deduce that {p,},., is a convergent
sequence in LY(T, X). So p,>p in LY(T, X)= x, = u(p,) > % = u(p) in C(T, X)
and we also have f,(f)> f(t) ae. in X. Because of hypothesis H(F), (2),
f() elim F(t, x,()) = F(1, %(#)) a.e. Thus X € S and so by passing to the limit
as n— oo in (3), we get || — x|, < eexp ||(9||1. Since ¢ > 0 was arbitrary, we
deduce that S, =S, the closure taken in C(T, X). But S, is closed (see the

remark below). So S=S5.. QED.

Remark. Under the more general hypotheses of theorem 3.4, it follows
that the set of integral solutions for the convex problem is compact in C(T, X).
The proof of this useful fact goes as follows: Note that S, < u(K), with K
defined in the proof of theorem 3.2. The latter is compact in C(T, X) (see
Baras [8]). So it suffices to show that S, is closed in C(T, X). Let {x,},5; S
S;, x,—x in C(T, X). Then by definition we have x, = u(p,), p, = G(x,) — f,»
Jn €8Sk %y Note that since by hypothesis H(F), (2), F(t, *) is strongly-weakly
u.s.c., E(t) =conv U F(t, x,(t)) € P,i.(X) and E(-) is measurable. Hence S} is

n>1

weakly compact in L'(T, X) and so {f,},>, is relatively sequentially weakly
compact in L'(T, X). Thus we may assume that f, 5 f in LY(T, X)= f(t) e
conv w-lim {f£,(t)},»; < tonv w-lim F(¢, x,(t)) < F(z, x(t)) a.e. (see theorem 3.1 of
[32]). So feSk. .y and for p= G(x) — f, u(p) = x € S, =S, is closed, hence
compact in C(T, X).

In the next theorem, we examine the dependence of the solution set on
the multivalued perturbation F(z, x). We restrict our attention to the convex
case. We will need the following auxiliary result:

Lemma 4.2. Let X be a reflexive Banach space and let F: T x X — P;(X)
be measurable in t and Hausdorff continuous (h-continuous) in x. If v: T — X is
measurable, then (t, x) — p(t, x) = proj (v(t); F(t, x)) is a Caratheodory map.

Proof. Fix xeX. Then Grp(-,x)={(t yeT x X:|v@t)— y| =d),
F(t, x))}. Note that because of our hypothesis on F(t, x), t — d(v(t); F(t, x)) is
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measurable = (t, y) — |o(t) — yl| — d(v(t), F(t, x}) is a Caratheodory function,
thus jointly measurable = Gr p(-, x) € B(T) x B(X)=p(-, x) is ZL(T) x B(X)-

measurable, where #(T) is the Lebesgue completion of the Borel o-field B(T).
Also if x,— x=F(t, x,,)—h>F(t, x) and so from theorem 3.33, p. 322 in
Attouch [4], it follows that proj (u(t); F(t, x,)) = proj (v(t); F(t, x)) = p(t, x,,) >
p(t, x)=p(t, -) is continuous. Thus p(-, -) is a Caratheodory map, as claimed.
Q.E.D.

Consider the following sequence of Volterra integral inclusions:

t

V), x(t) + J k(t — s)(Ax(s) + F,(s, x(s)))ds 2 g(1) teT
0

along with (V). We will need the following hypothesis on the sequence of

orientor fields F,(t,x) n> 1.

H(F),: F,, F: T x X - P;(X) are multifunctions such that for every n>1
(1) for every x € X, t - F,(¢t, x) is measurable,
(2) h(F,(t x), F,(t, y)) < 0(t) lIx — yl ae. with 0(:) e Li(T),
(3) for almost all te T and all x e X, F,(t, x)iF(t, X) as n— oo,
@ |F(tx)| <a@) + @) x| ae with a(-), B(-)e Li(T).

Let S,, S be the solution sets of (V), and (V) respectively. Note that S,
S are nonempty as soon as H(A), H(k), H(g) are satisfied (cf. Theorem 3.2).

Theorem 4.3. If X is reflexive and hypotheses H(A), H(F),, H(k), H(g)
hold, then S,, S € P(C(T, X)) and S,>S as n— .

Proof. Let x(-)eS. Then passing to the equivalent functional-evolution
inclusion (see proposition 3.1), we have

x(t) + Ax(t) 2 G(x)} (1) — f(®)
x(0) = xo = g(0)

with fe Sk «.p- Set m,(t) = proj (f(t); F(t, x,(t))) and v,(t, z) = proj (m,(1);
F/(t,z)). Note that m,(-) is measurable and v,(-, ) is a Caratheodory function
(cf. Lemma 4.2). Also observe that m,(f) = v,(t, x(1)).

Next consider the following functional-evolution inclusion

xn(t) + Axn(t) 3 G(xn)(t) - Un(t7 xn(t)) teT
xn(O) = Xo

From theorem 3.2, we know that the above multivalued Cauchy problem has
an integral solution x,(-)e C(T,X). Clearly x,(-}eS,, n>=1. Using the
properties of integral solutions, we have:



Multivalued Volterra Equations 289

t t

1G(x,)(s) — G(x)(s)llds + J loals, x,()) — f(s)lds

0 0

() = x(@) < f

< J ()" 1%u(s) — x(s)ll o ds + J [vals, xa(s)) — vals, x(s)) | ds

0 0
¥ f . x(5) = SO ds
where 3(t) = [r(0)] + var (: [0, £]). Note that
1465, X(5)) — 035 Xy (D = dmy(5), Fols, %,9)
< (E(s, %(6)), Fs 52(5))
<0156 - X0 ae
and ey(s, x(5) — [ < h(E(s, x(6)), Fs x(5))) >0 as n— o0 (cf. hypothesis

H(F), (3)). Thus given ¢ >0, we can find ny(e) > 1 such that for n > n,, we
have

t

xa(0) = x @)l < & + J 0s) Ix4(8) = x()lods . OC)=() +0().
Applying Gronwall’s inequality, we get
Ixu0) = x()] <eexp [0, n=ne=x,—>x in C(T,X).
Therefore we have established that
4) Sclims§,
Next let x, €8, n>1 and assume x,—x in C(T, X). We have:
X,(t) + Ax,(t) 2 G(x,)(t) — £, (1), teT
x,(0) = x
with f, € S}r"(,,x"(.)). Because of hypotheses H(F), ((2) and (3)), we have
E,(t, x,(0)) 5 F(z, x(t)), so that by theorem 4.4 of [32], Sk .. ()= Ske.x()-
Also in view of H(F), (4), {f,}.s: is relatively sequentially weakly compact.

So, by passing to a subsequence if necessary, we may assume that f, 5 f in
LY(T, X). For every qe L™(T, X*)= LY(T, X)* we have

{q, fuy =sup {{g,v):vE Sf?,,p,x,,(-))} =O0si o0 g, [ < Osi) )
since S}"(.,xn(.))iS}(,,x(.n (here <-, -)> denote the duality brackets for the pair
(LT, X), L*(T, X*))). So  f€Sh.p=f0eFtx() ae, feL(TX)
Now note that x, = u(p,), p, = G(x,) — f, and p,—> p = G(x)— f in L(T, X).
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Since u(-) is weakly-strongly continuous, u(p,) — u(p) in C(T, X)=x = u(p) =
xeS. So we have proved that

) limS,cS

Combining (4) and (5), we deduce that S, S. But by H(A), H(F), and
Baras [8], S, and S are included in a compact subset of C(T, X) and S,
S € P,(C(T, X)) (see the remark following theorem 4.1). Now recall that on
compact metric spaces, Kuratowski and Hausdorff convergence of sets coin-
cide. Hence S, S in C(T, X). Q.E.D.

5. Time-dependent subdifferentials

In this section, we turn our attention to the second class of problems
that we will be considering in this paper. These are Volterra integral inclu-
sions monitored by time varying convex subdifferentials. As before our
approach is based on the study of an equivalent functional-evolution inclu-
sion. This way we obtain two new existence results, extending earlier ones
existing in the literature, as we indicated in the introduction. Also we present
a relaxation theorem and a convergence result analogous to theorem 4.3. Our
starting point is the very recent work of Kubo [24], who extended earlier
important works on the subject by Attouch-Damlamian [5], Watanabe [46],
Kenmochi [21], [22], Yamada [47] and Yotsutani [48]. It should be
mentioned that the work of Yamada [47] is the first important contribution
in the theory of evolution equations with subdifferentials, after the work of
Watanabe [46]. In that paper Yamada [47] gave an interesting application
to P.D.E’s. The works of Yotsutani [48] and Kubo [24] are improvements
of this fundamental work of Yamada [47].

So let T = [0, b] and H be a separable Hilbert space. Let ¢(¢, ") te T be
a family of proper, convex, ls.c. functions on H, with values in R = RU {+o0}.
Assume that (see Kubo [24]):

H©):
(1) There is a constant ¢ > 0 such that ¢(t,z) + ¢c|jz| + c>0forall ze H
and te T,
(2) There is a function je W' !(T; H) such that t— ¢(t, j(t)) belongs to
LY(T),
(3) For each ze H and 0 < 4 < 1, the function t — ¢,(t, z) is of bounded

t
. . d
variation on T and satisfies @,(t, z) — @,(s, 2) < f d—m(r, z)dz, for all
s dt
0<s<t<h,
(4) For each m >0, there are constants cl,e[0,1), ¢2>0 and two
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functions pl, p2 e LY(T) such that for all ze H with ||z|| <m and
al 0<i<1

d
PR emll0B(t, N7 + pm(®) + pn(D9:(t, 2)

+ ca(.(t, 2))? ae. on T.

Note (cf. Kubo [24], section 5) that H(¢) contains as special cases the assump-
tions used by Watanabe [46], Kenmochi [21], [22] and Yotsutani [47].
Consider the initial-value problem

x(t) + 0¢(¢, x(1)) 2 p(t) ae.on T
(E)
x(0) = xo
where x, € H and p € L*(T, H).

A strong solution of (E) is a function x € W»*(T, H), with x(0) = x, and
such that x(f) e dom ¢(¢, ) a.e. on T and p(t) — x(t) € dé(¢, x(t)) a.e. Exploiting
the monotonicity of the subdifferential, it is easily verified that if x,(-), x,(*)
denote strong solutions of (E) corresponding to p,, p, respectively, then

t

1 lx:(0) — %, < J Ipi(s) — pa(s)llds,  teT

0

In particular inequality (1) above implies that (E) has at most one strong
solution. The following existence result for (E) has recently been established
by Kubo [24] (theorem 2).

Theorem 5.1. Let assumption H(¢) be satisfied. Then for each x,€
dom ¢(0, *) and p € L*(T, H), problem (E) has a unique strong solution x(:) such
that t — §(t, x(t)) is of bounded variation on T.

Remark. From Kubo [24] (see subsections 3.2 and 3.3), it follows that
under the hypotheses of theorem 5.1, the solution x(-) of (E) satisfies

(2) ”x”Lz(T,H) <M, lp(t, x() < M
where M = M(|[xol + |¢(0, xo)| + || pllL2) is a locally bounded function.
Now we are ready to consider the following multivalued Cauchy problem:

) {X(t) + 04(t, x(t)) + F(t, x(t)) 50  ae.on T

x(0) = x,

We will need the following hypothesis on F(t, x):
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H(F)s: F: T x H— P;(H) is a multifunction such that
(1) F(-, ') is graph measurable,
(2) for every te T, x — F(t, x) is ls.c,
(3) for every B < H bounded, there exists y5(-) € L3 such that

sup {|F(t, x)|: x € B} < (1) a.e..

By a “strong solution” of (E);, we mean a function xe W"*(T, H)
satisfying x(0) = x, and such that there exist n, fe L*T, H) with x(t)e
dom d4(t, ), n(t) € dg(t, x(t)) ae., f(t)e F(t, x(t)) ae. and X(t) +n() + f(t) =0
a.e.

We are now in a position to prove an existence theorem for (E),, which
extends theorem 3.1 of Papageorgiou [36] and theorem 3.1 in Papageorgiou

[37].

Theorem 5.2. If hypotheses H(¢) and H(F)s hold, ¢(t, -) is of compact
type and x, € dom ¢(0, *), then there exists by e (0,b] such that (E); has a
strong solution x(-) on T, = [0, by] with the property that t — §(t, x(t)) is of
bounded variation on T.

In addition, if instead of H(F)s (3) we have the following sublinear growth
condition,

(3 |F(t, x)] <o) + BO) x| ae with o), B(-) e LI(T)
then by = b (i.e. the strong solution exists globally).

Proof. Let ¢ >0 be fixed and set B={ye H: |y — x| <¢}. Then from
hypothesis H(F); (3), we know that there exists ¥z = € L3(T) such that

sup {|F(t, y)l: y € B} < y(t) ae.on T
Let X(-) be the unique solution of
x(0) + 0¢(t, X(t)) 0  ae.
X(0) = x,
(cf. theorem 5.1). Choose b, € (0, b] such that

t

[ X(8) — xoll + J Y(s)ds < e te Ty = [0, by] .

0

This is always possible, inasmuch as x(+) is continuous and ¥(-) e L3(T) < Li(T).
Let W = {pe LX(T, H): ||p(t)]l < y(1) a.e.}. For pe W consider the follow-
ing Cauchy problem:

X(t) + O¢(t, x(1)) 2 p(t) a.e. on T,
x(0) = xq
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By theorem 5.1, the above initial value problem has a unique strong solution
x(p)(+). We then have:

t

Ix(p)(®) — X < J Ip(s)llds = [ x(p) (&) — Xoll

0

< Ix(p)(&) = XOIl + %(5) — xoll

< 1X(0) = xoll +J Ip(s)lds

< IX(0) — xoll +f Y(s)ds

<e te[0,by].

So if K = {x(p)(*): pe W}, then from the above inequality, we have that for
all x(-)e K and all te Ty, ||x(t) — xoll <e.
Next we will show that K is an equicontinuous subset of C(T,, H). Indeed
for any x(-)e K, we have
v

[x(') = x@ < J IX(s)llds < X[ =)' 0<t<t'<by.

t

But since W is L3(T, H)-bounded, from inequalities (2) in this section, we know
that ||%|, <M, with M >0 independent of x(-)e W. Hence K is
equicontinuous.

Now we will show that for each t e T, the set {y(t): y € K} is relatively
compact in H. Note that for every y e K and every te T,

ly® < IXle + 191, = M,

while from (2) in this section, ¢(t, y(t)) < M with M independent of ye K. So
finally we have

Iy@I* + ¢, (1) < M3 + M =M, .

Since ¢(t, ) is of compact type (cf. hypothesis H(g)), we conclude that {y(t):
y € K} is relatively compact in H for every t e T,. Invoking the Arzela-Ascoli
theorem, we deduce that K is relatively compact in C(Ty, H). So by Mazur’s
theorem K = conv K is compact too. Define R: K- P,(L'(T,, H)) by R(x) =
Ske.x(y- Clearly R(K) = W. As in Papageorgiou [36] (p. 292) (see also the
proof of theorem 3.2) we can show that R(-) is ls.c. Apply Fryszkowski’s
selection theorem [17], to get u: K — W continuous such that u(x) e R(x) for
all xe K. For each ye K consider the following Cauchy problem
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X(t) + og(t, x(t)) 3 —u(y)(©) ae. on T
x(0) = x,

Since u(y) e W, this has a unique solution x(y)(-) belonging to K. So the
map s(y) = x(y)(+) maps K into itself. Since p(-) is continuous, it is clear
that s(-) is continuous too. So applying Schauder’s fixed point theorem, we
get x € K such that s(x) = x. Let u(x)(-) = f(*) e L*(T, H) and f{(t) € F(z, x(¢))
ae. ie. feSk. .y Also X(t) + 0g(t, x(t)) + f(t)30 ae. on Ty, x(0) = xo; ie.
x(-) solves (E),.

If we assume the sublinear growth condition H(F)s (3'), we have for a
solution y(-) of (E); (recall x(-) denotes the solution of x(1) + 241, X()) 3 0 ace.
on To; x(0) = xo)

Iy = xoll < 1 ¥(&) — X(@I + 1X() — xol

< IX(0) — xoll + f If(s)llds, fe SIZ;'(',y(')) ,
0 ,

< IX(2) = xoll + L (@(s) + b(s) [ y(s)ll)ds .

Invoking Gronwall’s inequality, we get | y(t)| < M3, M; >0, for all te T,
with M; depending on [|Xll., [IXoll, lzlly, A1}, only. Set F(t, x) = F(t, pag, (%),
with p,, (-) being the Mj-radial retraction. Clearly F(-, -) has the same mea-
surability and continuity properties as F(-, -). In addition LF(t, x)| < a(t) +
B(OM, = (1) ae. with Y(-)e L3(T). Replace ¥(-) by () in the definition
of W and consider the sets K and K as in the first part of the proof.
Reasoning as before with F instead of F, we get a solution y(-) for (E), with
F(-, ") instead of F(-,-). It is easy to check that |y(t)] <M; teT=
F(t, y(t)) = F(t, y(t))= y(*) is a strong solution of (E),. Q.ED.

Remark. A comparison of theorem 5.2, with theorem 3.1 of Papageorgiou
[36], [37], shows that our hypotheses are weaker. Instead of Watanabe’s
[46] and Yotsutani’s [47] hypotheses on ¢(t, x), which were used in [36] and
[37] respectively, we have used the more general one by Kubo [24]. Also
our restrictions on F(-,-) are weaker than the corresponding ones in [36]
and [37].

We can have a “convex” version of this existence result extending
this way the corresponding “convex” results of Papageorgiou [36], [37]. The
hypothesis on F(-, ‘) is now the following:

H(F)s: F: T x H— P;(H) is a multifunction such that
(1) for every x e H, t — F(t, x) is measurable,
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(2) for every te T, x — F(t, x) is us.c. from H into H,,
(3) for every B < H bounded, there exists y,(-) e L2 such that

sup {|F(t, x)|: x € B} < yg(t) a.e.

Theorem 5.3. If hypotheses H(¢) and H(F)s hold, ¢(t, ) is of compact
type (t€ T) and x, € dom ¢(0, ), then there exists by € T, such that (E), has a
strong solution x(-) on T, =[O0, by] with the property that t — ¢(t, x(t)) is of
bounded variation on T

In addition, if |F(t, x)| < a(t) + B(&) | x| a.e. with a(-), B(-) € L2, then b, = b.

Proof. Since the proof is analogous to that of theorem 5.2, we will only
present a sketch of it. So let B< H be as in the proof of theorem 5.2 and
let X(-) be the unique strong solution of the evolution equation X(f)+
0o(t, x(t)) 30 a.e., X(0) = x,. As in the proof of theorem 5.2 choose b, < b so

t
that |X(t) — xo| +J Yg(s)ds <e teT,. Let W< LT, H) be defined as be-
0

fore and for g e W consider y(t) + 0g(t, y(t)) 3 q(t) a.e., y(0) = x,. Let 0(q)(*)
be unique solution of this initial value problem. Consider the multifunction
L: W — 221D defined by L(q) = Sy Let s,(-) be simple functions such
that [|s,(t) — x5l < ¢ and s,(t) - 6(q)(t) a.e. Then because of hypothesis H(F)q
(1), t—=F(t,s,(t)) n=>1 has an L*(T, H)-selector f,(-). By passing to a
subsequence if necessary, we may assume that f, - f in L2(T, H). Because
of hypothesis H(F)s (2), we have w-lim F(t, s,(t) < F(t, 0(q)(t)) ae.=f(t)e
F(t,0(g)(1) ae.= L(q) # & for all ge W. In fact it is easy to see that L(g) e
P, (W). Also exploiting the weak to strong continuity of the map 6(-) (see
for example Papageorgiou [37]) and using theorem 3.1 of [32], we can see
that L(-) is ws.c. from W, into itself (here W, denotes the set W with the
relative weak L?(T, H)-topology). Apply the Kakutani-KyFan fixed point the-
orem to get g, € L(q,). Then 6(q,)() is the desired solution of (E); on T,. As
before it becomes global, if |F(t, x)| satisfies the sublinear growth condition.

Q.E.D.

Now we will use theorems 5.2 and 5.3 to study the following Volterra
integral inclusion:

V), x(t) + Jl k(t — s)(0d(s, x(s)) + F(s, x(s)))ds 3 ¢g(t) , teT

V]
with ke LY(T), ge C(T, H), ¢: T x H-> R and F: T x H— 2"

By a “strong solution” of (V);, we mean a function x(-) € W' (T, H), for
which there exist w, f e L*(T, H), w(t) € dé(t, x(t)) a.e., f(t)e F(t, x(t)) ae. and
ut) + bx(w+ f)(t) =¢g(t) for all te T (here = stands for the operation of
convolution).
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As we did with problem (V), we relate problem (V); to the following
functional-evolution inclusion:

{J'c(t) + 0¢(t, x(t)) + F(t, x(t)) 2 G(x)(t) ae.onT
x(0) = Xq

where x, € H and G: C(T, H)— L*(T, H).

(E),

By a “strong solution” of (E),, we mean a function x(-)e W'*(T, H)
satisfying x(0) = x, and %(t) + w(t) + f(t) = G(x)(t) a.e., where w, f e L*(T, H)
and w(t) € 0g(t, x(t)) ae, f(t)e F(t, x(t)) ae.

The following extension of proposition 3.1 is obvious.

Proposition 5.4. If ke AC(T), ke BV(T), k(0) = 1, g W (T, H) and x(-)
is a strong solution of (V),, then x() is a strong solution of (E),, where

(i) GXx)() = h(t) + r=h(t) — r(0)x(t) + r(t)xe — x *F(2)

3) (x *F(f) = jt x(t — s)dr(s))
0

(i) k@) =401, (iil)) xo = g(0), iv) r+axr=—a, a=k

Conversely, if re BV(T), he L*(T, H), xo € H, G(*) is as above and x(-) is a
strong solution of (E),, then x(-) is also a strong solution of (V),, where

t

() g(t)=xo+Jh(s)dS, ) atarr—
0

)

t

(i) k@ =1+ j a(s)ds
4]
Now we can state our first existence result for the Volterra integral inclu-
sion (V);.

Theorem 5.5. If hypotheses H(¢$) and H(F)s hold, ¢(t, ) is of compact
type (te T) and ke AC(T), k(0) =1, k e BV(T), g € WY2(T, H), g(0) € dom (0, -)
then there exists by e (0,b] such that (V), admits a strong solution on T, =
[0, bo].

In addition, if |F(t, x)| < alt) + B(t) | x| ae. with a(-), B(-)e Li(T), then
by =b.

Proof. In view of proposition 5.4, we have that (V); is equivalent to
(E),, with x, and G(-) given by (3) (i) — (iv). Then combine the proof of
theorem 5.2, with the proof of theorem 3.2, to deduce the existence of a strong
solution for (V),. Note that G(-) takes values in L?*(T, H), since h=ge
L*(T, H) and G: C(T, H) - L*(T, H) is continuous. So when |F(t, x)| satisfies
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the sublinear growth condition, we can still use Gronwall’s inequality. Remark
only that [|G(x)(t) — G(y)®) < (r©O)] + var (: [0, (1)) 1x — ¥l zeo,m.m for all x,
ye C(T,H) and all te T. Q.ED.

Remark. Theorem 5.2 is a special case of theorem 5.5, corresponding to
k=1, g(t) = x4 in (V),.

In a completely analogous manner, using theorems 5.3 and 3.3 we can
prove a “convex” version of the above result.

Theorem 5.6. If hypotheses H(@) and H(F)s hold, ¢(t, ) is of compact
type and in addition ke AC(T), k(0) =1, ke BV(T), ge WY*(T, H) and g(0) €
dom ¢(0, -), then there exists by € (0, b] such that equation (V); has a strong
solution on Ty.

If in addition |F(t, x)| < a(t) + B(®)||x| a.e. with «(-), B(-) € L2, then by, = b.

Consider next the “convexified” version of (V)

t

A% x(t) + J k(t — s)(0p(s, x(s)) + conv F(s, x(s)))ds 2 g(t) , teT
0

Denote the solution set of (V), by S and that of (V)] by S.. Employing the

technique of the proof of theorem 4.1, we get the following relaxation result.

Theorem 5.7. If hypotheses H(¢) and H(F); hold, ¢(t, -) is of compact
type and in addition ke AC(T), k(0)=1, ke BV(T), ge WY*(T, H), g(0)e
dom ¢(0, *), then S, is nonempty, compact in C(T,H) and S, =S, the closure
taken in C(T, H).

The last result of this section is a stability theorem for equation (V),.
Consider the following sequence of Volterra integral inclusions

t

i x,(t) + J k(t — $)(08,(s, X,(5)) + F.(s, x,(s)))ds 5 g(r), teT
0

along with (V);. We assume that the hypotheses of theorem 5.6 are in force.

In addition we need the following hypotheses:

H(#);: ¢ Tx H->R=RU{+w}, n>1 are functions such that
(1) for every t e T, {#,(t, )}ns1 S Io(H) and is equi-compact, i.e. for each
AeR, | ) {xeH: ||x|* + 4,(t x) < A} is relatively compact in H,

n>1

(2) hypotheses H(¢,) (1) and (4) hold uniformly in n > 1, hypothesis H(g,)
(3) holds and r,(t) + A, [x[|1* < $,(t, X) < r,(t) + 4, ||x||* a.e. n =1 with
ry, rp,€ LA(T), 4;, A, >0,

3) dlt, ) St ) ae
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H(F);: F,, F: T x H— P;(H), n>1 are multifunctions such that
1) for every xe H, t - F,(t, x) is measurable

2) for every te T, x — F,(t, x) is us.c. from H into H,,

3) if x, > x, w-lim F,(t, x,) < F(t, x),

4) |F,(t, x)| < a(t) + @) |x|| a.e. with «(-), B(-) e L3(T).

Theorem 5.8. Let H(¢), H($),, H(F), be satisfied. Also assume that k
AC(T), k(0)=1 ke B(V(T), ge Wh(T, H), g(0) e dom ¢(©0, ). If x,(') n>1
are solutions of (V)i, then there exists a subsequence x, () such that x, — x
in C(T, H) as k — oo, where x() is a solution of (V),.

(
(
(
(

Proof. Note that the existence of x,(:) e C(T, H), n > 1 is guaranteed by
theorem 5.5. Again we consider the equivalent function-evolution inclusion.
From the proof of theorem 5.2, we know that {x,},., is relatively compact
in C(T, H). So by passing to a subsequence if necessary, we may assume that
x,— x in C(T, H). By definition we have

Xa(t) + 0gy(t, (1)) + £u(1) 2 Glx,) (1) ae.
%,(0) = xo

with G and x, given by proposition 5.4 and with f, € Si . . .. Because of
hypothesis H(F), (4), we may assume that f, > f in L3(T, H). So combining
theorem 3.1 of [32] and hypothesis H(F), (3), we get that f(¢)econv w-
lim F,(t, x,(t)) € F(t, x(1)) ae.=f€Sh. ., Also %, >% in L*T,H) and

G(x,) > G(x) in LY(T, H). Note that —x%, — f, + G(x,) € 0D,(x,) <<Dn(x) =

b
j é,(t, x(0))dt if ¢,(-, x(+)) e LN(T), +x otherwise). But from hypothesis
0

H(¢), and theorem 3.1 of Salvadori [41], we have &, > & (where @ is defined
in the same way as &, with ¢,(t, x) replaced by ¢(t, x)). So 6(15,,ﬂ> 0D =
—X — f+ G(x) € 0DP(x)=X(t) + 0¢(t, x(t)) + f(t) 2 G(x)(t) ae., x(0)=xy=x(")
solves (V),. Q.ED.

Remark. 1f S, = the solution set_of (V)7 and S = the solution set of (V),,
we have proved that [im S, = S and () S, is compact in C(T, H). It will be

n>1
interesting to know if under appropriate additional hypotheses on the data,
we can have SniS. ,

Finally note that our work in this section covers the case where d¢(t, x) =
N(x)gq (the normal cone to K(t) at x; see Aubin-Cellina [6]), with t —» K(¢)
being Hausdorff Lipschitz. This problem has important applications in theo-
retical mechanics (see Moreau [27]) and in mathematical economics and con-
trol theory (see Aubin-Cellina [6], chapter 5; in [6] K(t) = K, ie. is time
independent).
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