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§1. Introduction

In this paper we shall study the nonlinear second order elliptic partial
differential equations (PDEs) with implicit obstacle.

Let @ < RY be a bounded domain with smooth boundary 0Q. For any
function u on Q, we define the nonlocal operatof M as the following;

Mu(x) = 1of {k(&) +ulx + I},

X+ e

where k() is a nonnegative and continuous function on (R*)¥ and ¢20
means Ee(R)Y.

We consider the following nonlinear elliptic PDE with implicit boundary
condition ;

(1.1) max{Lu—f,u—Mu} =0 in Q,

(1.2) max {u —g, u — Mu} =0 on 09,

where L is a linear second order elliptic operator of the form;
Lu = — a;u, ., + bju, + cu.

(Throughout this paper we use the usual summation convention on repeated
indices.) The problem (1.1)—(1.2) is associated with optimal impulse control
problems, whose state is governed by stochastic differential equations with
impulsive jumps and whose value function has k() as an impulsive cost. (For
the details, see A. Bensoussan-J. L. Lions [3].)

In general the equation (1.1) with u =g on 0Q has no solution because
we don’t know a priori whether g < Mu on 022 or not. So we put the implicit
obstacle in (1.2). (cf. B. Perthame [18] etc.)

From the view point of the impulse control, [3] treated the nondegenerate
diffusions and J. L. Menaldi [15] did the degenerate case. They characterized
the value function of impulse control problems as the maximum solution of
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the corresponding quasi-variational inequality (QVI) in some Sobolev spaces.
Using the notion of viscosity solutins by M. G. Crandall-P. L. Lions [7],
G. Barles [1] showed that the value function for deterministic impulse control
problems is a unique viscosity solution of the corresponding first order
Hamilton-Jacobi QVI in RY.

By an analytical treatment, B. Perthame [17] proved the existence and
uniqueness of solutions in the class W% *(2)n C(2) under the assumption that
(1.1) has a subsolution u satisfying u < g < Mu on 0Q. Moreover, B. Perthame
[18] remarked that the unique maximal subsolution of (1.1) with the usual
Dirichlet condition is a unique viscosity solution of the problem (1.1)—(1.2).
G. Barles [2] extended his results to the general Hamiltonian case and
obtained the existence and uniqueness of viscosity solutions of Hamilton-Jacobi
QVI as in M. G. Crandall-L. C. Evans-P. L. Lions [4] and M. G. Crandall-
P. L. Lions [7] etc. J. Yong [19] treated a system of Hamilton-Jacobi QVI
associated with switching and impulsive control problems in R".

Our main purpose here is to obtain the comparison principle and existence
of viscosity solutions of the problem (1.1)—(1.2) under the assumptioms weaker
than [18]. Although (1.2) is not the usual Dirichlet condition, we see in §3
and §4 that the problem (1.1)-(1.2) can be treated similarly to that.

Our plan of this paper is the following. In Section 2 we state our
assumptions and recall the definition of viscosity solutions to general PDEs
and the properties of the operator M. In order to take the boundary condition
(1.2) into account, we introduce the notion of strong viscosity solutions (see
M. G. Crandall-H. Ishii-P. L. Lions [6] Section 7). Section 3 is devoted to
the proof of the comparison principle of viscosity solutions. Our argument is
based upon H. Ishii-P. L. Lions [12]. In Section 4 we construct a strong
viscosity solution of the problem (1.1)—(1.2) by Perron’s method. Because of
the strongness, we observe easily that a strong viscosity solution satisfies (1.2)
for each point of 0€2 without the iterative process used in B. Hanouzet-
J. L. Joly [9] and [18].

Finally we refer to H. Ishii-S. Koike [10] and S. M. Lenhart-N. Yamada
[12], [13] for some problems and results related to ours.

§2. Preliminaries

In this section we shall state our assumptioms and shall recall the
definition of viscosity solutions of nonlinear elliptic PDEs and the properties
of the operator M. We make the following assumptions.

(A.1) Q< RV is a bounded domain with smooth boundary 98.
(A.2) There exists P: Q x (R")¥ - (R™)" satisfying
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x+ P(x, &)eQ  for any xeQ, ée(RT)Y,
P(x, &) =¢ if x+¢&eQ,
P(-, &) is continuous on Q for each ée(R*)V.

(A.3) For the matrix (a;/(x)), there exists a nonnegative matrix (0:;(x)) such
that

(aij) = I(O-ij)(aij) with 0;;€ Wl'w(g) (i,j=1,...,N),
where ‘A is the transposed matrix of A.

(Ad) bew'>(@) (i=1,..,N).
(A.5) ceC(Q), c= A, on @ for some A, > 0.
(A.6) feC(Q).
(A7) keC((R)Y), k(&) = ko on (RT)Y for some k, > 0.
(A.8) geC(09Q).
We denote by o, and w, the modulus of continuity of ¢ and f, respectively.

Remark. The assumption (A.2) does not hold if we only suppose the
smoothness of 0€2. When Q is convex and regular, we can take P(x, ¢) as
the projection of & on (R*)*n(Q — {x}). (See A. Bensoussan-J. L. Lions [3]
and J. L. Menaldi [15].)

For any function u: Q — R, we define the function u*, u,: Q — RU{— o0,
+ o0} by

w*(x) = lim sup {u(y)|ye 2, |y — x| <7},

U, (x) = lim%nf{u(y)|ye§, ly — x| <r}.

It is ecasily seen that u, <u<u* on Q and that u* is upper
semi-continuous (u.s.c.) on © and that u, is lower semi-continuous (l.s.c.) on
Q. We observe that if u is w.s.c. (resp., L.s.c.) at xeQ then u(x) = u*(x) (resp.,
= u,(x)).

Let u be a real valued function defined on 2. For each xeQ, we set

T2 u(x) = {(p, X)eRY x S¥|u(y) < ulx) + (p, y — x>

1
+§<X(y—X), y—=x>+o(ly—x[’) as QEJ}—%X}

and



126 Katsuyuki IsHn

I3 ulx) = {(p, X)eRY x 8™ u(y) z u(x) + {p, y — x>

1
+§<X(y—X),y—x> + o(ly — x[|*) as Qay——m},

where S¥ denotes the set of all N x N real symmetric matrices and ¢-, - >
is Euclidian inner product in R¥. We denote by J>*u(x) and J* u(x)
the following sets;

T2 u(x) = {(p, X)e R® x S"F(x,» Pu» X,)€Q x RY x S¥

such that (p,, X,)eJ* " u(x,) and

(x> u(xy), Pus Xo) — (%, u(x), p, X) as n — +o0},
J*"ux) = {(p, X)eRY x S¥(x,, pp» X,)€R2 x RY x SV

such that (p,, X,)eJ* " u(x,) and

(x> u(x)s Pus X)) — (%, u(x), p, X) as n — +o0}.

We note that if ¢eC?(Q) and u — ¢ attains a local maximum (resp., local
minimum) at x,€€, then (Do (x,), D? @(xo)eJ> * u(x,) (resp., (Do (x,), D* @(x,))
eJ? " u(x,)).

Now we give the definition of viscosity solutions of the nonlinear
degenerate clliptic PDEs with implicit boundary condition;

@1 {max {F(x, u, Du, D*u), u — Mu} =0 in Q,

max{u —g,u — Mu} =0 on 0%,
where F is a continuous function on Q x R x RY x S" satisfying the degenerate
ellipticity condition;
Fx,r,p, X+ Y)< F(x,7, p, X) for all xeQ, reR,
peR¥, X, YeS" and Y= O.

Definition 2.1. Let u be a function defined on Q.
(1) u is a viscosity subsolution of (2.1) if u*(x) < oo on Q and

max {F(x, u*(x), p, X), u*(x) — Mu*(x)} <0

for all xeQ, (p, X)eJ* " u*(x). ~
(2) u is a viscosity supersolution of (2.1) if u,(x)> — o0 on Q and

max {F(x, u,(x), p, X), u,(x) — Mu,(x)} =20

for all xeQ, (p, X)ejz’_u*(x).
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(3) wu is a viscosity solution of (2.1} if u is a viscosity subsolution and
supersolution of (2.1).

The boundary condition (1.2) differs from the usual Dirichlet condition.
So we introduce the notion of strong viscosity solutions. (cf. M. G. Crandall-
H. Ishii-P. L. Lions [6] Section 7.)

Definition 2.2. Let u be a function defined on Q.
(1) u is a strong viscosity subsolution of (2.1) if u is a viscosity subsolution of
(2.1) and u satisfies

max {u*(x) — g(x), u*(x) — Mu*(x)} £0  for all xeoQ.

(2) u is a strong viscosity supersolution of (2.1} if u is a viscosity supersolution
of (2.1) and u satisfies

max {u, (x) — g(x), u,(x) — Mu,(x)} =20  for all xedQ.

(3) u is a strong viscosity solution of (2.1) if u is a strong viscosity subsolution
and supersolution of (2.1).

Remark. 1t is casily seen that if the strong viscosity solution u of (2.1)
is continuous on , then u satisfies the boundary condition for all xedQ.

We recall the properties of the operator M. In what follows we denote
by USC(Q) (resp., LSC(Q)) the set of all u.s.c. (resp., L.s.c.) functions on Q.

Proposition 2.3. Suppose (A.1), (A2) and (A7) hold. Let u,v be real
valued functions defined on Q. Then the following properties hold.
(1) (Monotonicity) If u<v on Q, then Mu < Mv on Q.
(2) (Concavity) M(tu + (1 — t)o) = tMu + (1 — )My for all te[0, 1].
3 M@+ i)=Mu+ A for all LeR.
(4) If ueLSC(Q), then MueLSC(Q).
(5) If ueUSC(Q), then MueUSC(Q).
(6) (Continuity) ||Mu — Mv| ¢ —0 as ||lu — vlcg — 0.

Proof. From the definition of M, (1) ~ (3) are trivial.

(4) We take {x,},v <=, xeQ so that x,»>x (n— +00). The condition
ue LSC(Q) implies that, for each x,, there exists &, = 0 such that

X+ &€Q, Mulx,) = k(&) + u(x, + &,).

Since {,},n 18 bounded, by taking a subsequence, if neccesary, we may suppose
that ¢, > >0 (n— + o) such that x + Q. Hence we have
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liminf Mu(x,) = lim k(C,) + liminfu(x, + ¢,)
2 k(&) + ulx +¢)
2 Mu(x),
that is, Mue LSC(Q).

(5) We take {x,},oy = Q and xeQ as in the proof of (4) and fix £ = 0 such
that x + ¢€Q. Then we have by (A.2),

Mu(x,) < k(P(x,, &) + u(x, + P(x,, ¢)).

Thus we get

limfup Mu(x,) = lil;n k(P(x,, &) + limﬁup u(x, + P(x,, &)

S k(@) + ulx + &)

Taking infimum with respect to ¢ =0 satisfying x + ¢€Q, MueUSC(Q) is
proved.
(6) The definition of the operator M implies that for any u, ve C(Q),

sup| inf {k(&) + u(x + &} — inf (k&) + v(x + O} | < sup[u() ~ v()].

xe 2 X +:§E.f§ x+& xe(2

Therefore we have the continuity of M. W

§3. Comparison principle of viscosity solutions

In this section we shall prove the comparison principle of strong viscosity
solutions of the problem (1.1)—(1.2).

Theorem 3.1. Assume (A.1)(A8). Let u,v be a strong viscosity
subsolution, supersolution, respectively, of (1.1)~(1.2). Then u* <v, on Q.

Since the problem (1.1)-(1.2) has the implicit obstacle Mu, we need some
perturbation of strong viscosity subsolution to prove Theorem 3.1. (cf.
H. Ishii-P. L. Lions [11] V.1.) Moreover the existence of certain derivatives
plays an important role. So we prepare the following lemmas.

Lemma 3.2. Let ue USC(Q) be a strong viscosity subsolution of (1.1)—(1.2)
and let C=max{(| flc@a)/ 40> |9llcoay +1. Then for each meN, u, =
(1 —1/myu — C/m is a strong viscosity subsolution of
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max {Lu,, — f, u,, — Mu,,} +% =0 in 0,
m

(3.1),,
max {u,, — g, u,, — Mu,,} +2=0 on 09,
m

where o =min {1, ko}.
Proof. First, we note that w= — C on Q satisfies
max {Lw — f, w — Mw} <max {— 4,C—f, —k} < —«a in Q,
max {w—g,w— Mw} <max{—C—g, —k} < —«a on 09,

For any fixed ¢ e C2(£2), we suppose u, — ¢ attains a local maximum at
xo€£. Then we have

1
(o) — @(x0) = (1 - )u(xe) _ % ~ olxo)

m

3 <1 - 1>{u(xo> - <’"co<xo) +—C—>}
m m—1 m— 1

and obtain that u — ((m/m — 1)¢ + C/(m — 1)) attains a local maximum at
xo€£. Hence using the fact that u is a viscosity subsolution of (1.1), we get

m m
(3.2) max {_ — aij(xo)ﬁoxix,-(xo) + ———bi(x0) P, (x0)
m—1 m—1
+ c(xo)ulxo) = fxo), ulxo) — M”(Xo)} <0.
By (3.2) we have
m m
(3.3) - vaij(xo)(px,-xj(xo) +— bi(xo)q’xi(xo) + c(xo)ulxg) — flxo) = 0,
m—1 m—1

3.4) u(xo) — Mu(xo) =0
Thus multiplying (3.3) by 1 — 1/m and subtracting C/m from (3.3), we obtain

— j(X0) Pxix,(X0) + bi(X0) @, (Xo) + € (x0)Up(xo) —flxo) £ — —,

and by a similar calculation and using (A.7) and Proposition 2.3 (2), (3), we get

U(q) — Mty (o) = (1 - l)u(xo) _C_ M{(l - l>u<xo) - 9}
m m m m
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§<1—l>u@&—JW{<l-l>u@&—]~0}
m m m

1— l>u(x0) — (1 — l>Mu(x0) — @
m m m

Thus we obtain
max { — (X0} P, (Xo) + bilx0) @, (x0) + €(Xo)t(x0) — (o),
(o) = Mity (50} = = i {29C + f(xp). ko).

It is easily verified that

1
max {u,, — g, t, — Mu,} £ — —min {C + g, ky} < ~ % on 00
m m

Hence the proof is completed. W

Lemma 3.3. Let ue USC(Q) and ve LSC(Q) and let (x,, y)e Q x Q be a
local maximum point of the function (x,y)— u(x) —v(y) — (1/2¢8)|x — y|>.
Then there exist X,, Y,eS™ such that

A7)
e\—1I 1

3<1 0> (Xs 0 >
-7 <
e\o 1)=\0 -Y

<1(xs - ys): X.e)E j2!+u(xs)a (l(xs - ys): Ye>e jz’_v(ys)v
€ &

lIA

and

where I denotes the identity matrix.

This is proved in M. G. Crandali-H. Ishii [5] Example 1, so we omit the
proof.

Proof of Theorem 3.1. We may assume that u is u.s.c. and v is Ls.c.
on Q, because if otherwise, we replace u, v with u*, v,,, respectively.

Let C be the same constant as in Lemma 3.2. For each meN, the
function u,, = (1 — 1/m)u — C/m is a strong viscosity subsolution of (3.1),. To
prove the comparison principle, it is sufficient to show maxgs (u,, — v) <0 for
all m = 1 because we obtain the desired result by letting m — +o0. To the
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contrary, we suppose maxg (u,,, — v) = 0 >0 for some my, =1 and shall get
a contradiction. Then there exist ze Q2 such that 8 = u,, (z) — v(z).

Case 1. ze0f.
In this case we have
MAX (g (2) — G(2), tho(2) — Mito(2)} £ — —,
mg
max {v(z) — g(z), v(z) — Mv(z)} 2 0.

When v(z) — g(z) 2 0, we obtain a contradiction easily. In the case wv(z)
— Mo(z) 2 0 we can find £, = 0 such that

z+¢.eQ and Muo(z) = k(&) + v(z + &).

Hence we get

0 < K(E) + tng(z + &) — K(E) — v(z + &) — mi
0

<0- "

My

s

which is a contradiction.

Case 2. zefd.

We note that the function u,,,(x) — |x — z|* — v(x) takes the maximum 6
and z is a unique maximum point of this function. For each ¢ > 0 we define
the function @ on Q x 2 by

1
D(x, ) = thyo(x) — Ix — z[* —v(y) — 2% 2

and let (x,, y)eQ x £ be a maximum point of @. We observe that the
inequality @(z, z) < ®(x,, y,} implies that

(35) umo(z) - U(Z) é umo(z) - U(Z) + i|xe - y£|2 § umo(xa) - lxs - Z|4 - U(ys)'

Since the functions u,, and — v are bounded above, we have, from (3.5),
|x, — y,| >0 as ¢ > 0. By the compactness of 2 we see that x,, y, —ZeQ
for a suitable sequence {¢,} tending to 0. Using (3.5) and the semi-continuity
of u,, and v, we get 0 <u, (2) — |z —z|* — v(2). Hence we have z =z and
X,, ¥,z (6—0) because z is a unique maximum point of the function
Uy (X) — |x — z|* — v(x). Moreover we obtain
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e>0

(3.6) Uy (2) — v(2) £ liminf u,, (x,) — lim sup v(y,)

<lim sup Upo (X)) — lim ionf v(y,)

< Uy, (2) — v(2).
Thus we have
li?l ionf Uy (X5) — lir?ﬁs(}lp v(y,) = lir?ﬁsoup Upyo (X)) — h?}, %)nf v(y,).

This equality implies

0< lin;Sélp U (X,) — h?l %)nf U (Xs) = h?l %)nf v(y,) — lir?_’s(yp v(y,) = 0.
Therefore we get
3.7 11_{% UpoXs) = U (z) and lglg v(y,) = v(2).
It is easily seen that by (3.5) and (3.7)
|2

—0 as ¢—0.

: |
‘x [
28 & yS

As x,, y.—>z€Q (¢—0), we have x,, y,€Q for small ¢>0. Then by
Lemma 3.3 there exist X,, Y,e SV satisfying

(38) <l(xa - ye)a Xs>ej2’+(umo(‘xa) - lxe - 2\4)9
&
(3.9) (l(xg - ), YS>GJ_2" v(¥e)s
&
and
3(1 0> <XS 0> 3<I —I)
(3.10) _ < <7 _
e\0O 1 0o —-Y e\—1 1

Furthermore, (3.8) implies
1 -
(;(xe - ys) + 4|xa - Z1z(xs - Z): Xe + Zs>€ J2’+(umo(xe))9

where Z, =4|x, —z|*1 + 8(x,—2) ®(x, —2z) and Z,—» O as ¢—0. Hence
using the facts that u,, is a strong viscosity subsolution of (3.1),, and that v
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is a strong viscosity supersolution of (1.1)—(1.2), we have the following
inequalities ;

3.11) max { — e {fo(x)o(x) (X, + Z)}
¥ bi(xs){é(xg,i )+ 4, — 2P, — z»}
)05 — (5 g6 — Mum(xs)} <
612 max {— ({00900 )+ b0 (5 = 1o

+ c(o(ve) — f (), v(y) — M v(yg)} 2 0.

We divide our consideration into two cases.
(I) The case v(y,) — Mv(y,) =0 in (3.12).
(3.11) implies u,, (x,) — Mu,, (x,) £ —a/m,. Thus we get

0 < 1t (x,) — () — 1%, — 2[* < Muy, (x.) — Mo(y) — — — |x, — z[*.
My

From Proposition 2.3 (4), (5), sending ¢ - 0, we have

0 < lim sup Mu,,,(x,) — lim inf Mu(y,) — &

Mo
o
< Mu, (z2) — Mv(z) — —.
Mo
As in Case 1, we get a contradiction.
(II) —tr{'o(y)o(y) Yo} + bi(yo) (x,i — yed /e + c)o(y) — f(v) 2 0

in (3.12).
By (3.11) we have

—tr {IO'(XE)U(Xs)(Xg + Zs)} + bi(xs){i(xa,i - ys,i) + 4|x£ - Z‘Z(Xs,i - Zi)}

Fee) (%) — f(x) < —
mg

Therefore noting from (3.10) that
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tr{fo(x)o(x) X} — tr {'o(y)oly,) ¥}
3
=t {{o(x) — o)) (a(x) — a(¥))},

and using (A.3), (A.4) and (A.5) we obtain

m‘w\-/

€ (Xt (Xe) — €y )u(y,) £ — tr{!(a(x)) — a(3)) (a(x,) — o ()}

+ tr{fo(x,)o(x,) Z,}

1
+ E(bi(xa) - bi(ya))(xe - ys)
—4x, — lebi(xs)(xz,i —z)

+ 1) = f ) — —

my

K
éi‘xs'_ys|2 +K|xe_Z’2 +K|X£‘ZS
&

+ wf()xs - ys‘) - mi
0

Here and hereafter K denotes a positive constant depending only on known
constants. Moreover we have

)"00 é lo(umo(xs) - U(ys) - lxe - Zl4)
é C(xs) (umo('xs) - U(ys))
= C(xs)umo(xe) - C(ys)v(ys) - U(ya) (c(xs) - c(ys))

é ixs_ys,'z+K|x£_Z!2+K|xs_Z|3+wf(]xs—ye|)

® | X

) el — elxy)
My

<E _ 2 K L2 K _ 3 _
= 8|x£ ye' + |xs ZI + |xa Zl +wf(|xs ys')

o
+ ch(lxs - y£|) )
My
because — v is bounded above. Letting ¢ » 0, we obtain a contradiction.
Thus we conclude that maxgs (u,, — v} < 0 for all m = 1. Letting m —» + oo,
we complete the proof. W



Impulse Control Problems 135

§4. Existence of viscosity solutions

In this section we shall show that a strong viscosity solution of (1.1) can
be constructed by Perron’s method.

Theorem 4.1. Assume (A.1)-(A.8). Furthermore, assume (A.9) or (A.10)
holds ;

(A9)  (a;(x)) = pul on Q for some p >0,
(A.10) (a;(x)) = 0 on Q and

bi(x)vi(x) <0 on I = {xedQ|a;(x)v;(x)v;(x) =0},

where I denotes the identity matrix and v(x) = (v{(X),...,vy(x)) is the outward
unit normal to Q at xe0Q.

Then there exists a unique strong viscosity solution ue C(Q) of the problem
(1.1)—(1.2), which is a unique viscosity solution of (1.1) satisfying (1.2).

Before proving Theorem 4.1, we show the existence of strong viscosity
supersolution of (1.1)—(1.2).

Lemma 4.2. Assume (A.1), (A.3), (A4), (A.5), (A.6) and (A.8). If (A.9) or
(A.10) holds, there exists a viscosity solution iie C(Q) of

{Lu—sz in Q,

4.1
@) u=gyg on 0Q.

Proof. First of all, we remark that the comparison principle of viscosity
solutions of (4.1) holds. (See H. Ishii-P. L. Lions [11] Theorem 1.2} In the
case where (A.9) holds, there exists a solution #e W2P(Q)nC(Q) (n < p < + o)
of (4.1) satisfying # =g on 0Q by D. Gilbarg-N. S. Trudinger [8] Corollary
9.18. Hence it is also a unique viscosity solution of (4.1) satisfying u =g on
09Q. (See P. L. Lions [14] Theorem 1.2)

In the case where (A.10) holds, we apply the barrier construction argument
in A. O. Oleinik-E. V. Radkevic [16] Theorem 1.5.2. (cf. H. Ishii-S. Koike [10]
Proposition 4.3 and S. M. Lenhart-N. Yamada [12] Theorem 2.2) Let
YeCHR)NC(Q) be a function such that ¥ =g on 0Q. We consider the
following degenerate linear elliptic PDE;

Lw—f{=0 in Q
4.2) { vt s
w=20 on 08,

where f = Vs, — bibs, — ¢ + f. Then for each zedf, there exist a
neighborhood ¥, of z and a local barrier {,e C*(2n¥)nC(Q2nV,) satisfying
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CZ(Z)—O,

{,z0 on QnV,
¢

CZ%T on 2ndl,

L, —f=0 in QnV,

where C is a constant depending on laillcs 1b:llc@s Icle@s | fllc@)s
‘|¢“C(é), ”DlpHLw(_rzp HDZ‘//HLw(Qy Hence setting

min {Cz(x), C} for xel],
o

¢

Jo

{(x) = inf {{,(x)|z€ 002},

L(x) =

otherwise,

we observe that fzeC(Q) is a viscosity supersolution of (4.2) and thus { is
u.s.c and is a viscosity supersolution of (4.2) such that { =0 on Q. In the
same way we can construct a viscosity subsolution {’ of (4.2) satisfying (" =0
on 02. Hence by Perron’s method there exists a viscosity solution we C(Q)
of (4.2) satisfying w =0 on 0Q. Therefore i =w +  is a viscosity solution
of (4.1) satislying u =g on 0Q. Indeed, for any ¢eC?(), suppose i — ¢
attains a local maximum at x,€£. Since w— (¢ — ) attains a local
maximum at x,eQ, we get :

— a;5(xo) {Q’x,-xj(xo) - ‘//xixj(xo)} + bi(xo) { @, (x0) — Y, (Xo) }
+ ¢(xo)w(xo) — [ (xo) < 0.
The definition of f implies that
— 43(X0) @u,x,(Xo0) + bi(X0) @, (X0) + c(xo) {W(x0) + ¥ (x0)} — f(x0) £ 0.

Thus u is a viscosity subsolution of (4.1). We can show similarly that u is
a viscosity supersolution of (4.1). Hence we have obtained the result. W

By Lemma 4.2, it is easily seen that u is a strong viscosity supersolution
of the problem (1.1)—(1.2). Next we show that Perron’s method can be used
for (1.1)—(1.2).

Proposition 4.3. We define the set S and the function u as follows,

S={v:Q—> R|v is a sirong viscosity subsolution of (1.1)—(1.2)},
u(x) = sup {v(x)|veS}  (xeQ).
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Then the following properties hold.

(P.1) ues.

(P.2) If veS is not a strong viscosity supersolution of (1.1), then there exists
weS such that v(y) < w(y) for some yeQ.

Proof. We note that S # @ because, for the same constant C as in
Lemma 3.2, u= — CeS. Moreover the function # in Lemma 4.2 is a strong
viscosity supersolution of (1.1)—(1.2). Thus by the definition of u and Theorem
3.1 we observe that u <u < on Q.

Now, we shall prove (P.1) holds. Suppose that for peC?(Q), u* — ¢
attains a local maximum at x,€ . Without loss of generality, we may assume

u*(Xo) — @(x) =0, w*(x)—e@(x)=0 in
and
uw*(x) — @(x) £ —|{x —xo/*  in B(x,, r) for some r > 0.
Then there exists {x,},.v  B(xq, r) such that
x, —> xo and wu*(x,) — ¢(x,) — 0.

Because of the definition of u, there exists {u,},.n€S satisfying

1
u;f(xn) - (p(xn) > u*(xn) - qo(xn) - ;5
up (x) — () £ — |x = xo[*  on B(xg, 7).

Let y,e B(xq, r) be such that

ur(yy) — o) = max_ (uf(x) — o(x)).

xe B(xq,r)n 2

Thus we get

1
M*(Xn) - q)(xn) - ; < “;k(xn) - (p(xn) g uf(yn) - qo(yn)
§ u*(yn) - ('D(yn) é - |yn - X0|4.

Therefore we have y, — x, and

lim w*(v) = 1M o(,) = o(xe) = u*(xo)

n—+ow

Since u, is a strong viscosity subsolution of (1.1)—(1.2), we obtain
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max {_ aij(yn)q)x,»xj(yn) + bi(yn)q)xi(yn) + C(yn)u:‘(yn)

Remarking that u, <u on Q and Proposition 2.3 (5), we have
lim sup Mu(y,) < lim sup Mu*(y,) < Mu*(x,)

and sending n — + o0, we get

max { — 4;5(X0) Px,x,;(Xo0) + bi(X0) @y, (x0)
+ c(xo)u*(xo) — f(Xo), u*(xo) — Mu*(xo)} < 0.
As to the boundary condition (1.2), u<u on Q and #eC(Q) imply

u* —g =0 on 0Q2. Moreover, by the definition of u and Proposition 2.1 (1)
we get

v¥ — Mu* < v* — Mv* <0 on 02 for veSs,

since v* — Mv* <0 on 0Q. Thus we have max {u* — g, u* — Mu*} <0 on
0€2. Hence ueS.

Next, we suppose veS is not a strong viscosity supersolution of
(1.1)~(1.2). Then there exists x,€Q and f > 0 such that

(4.3) max {“ aij(XO)Xij + bi(xo)p; + C(XO)D*(XO) — f(xo),
U*(XO) - MU*(XO)} é - ﬁ
for some (p, X)e J* “v,(x,) if xo€,

4.4) max {v,(xo) — g(Xo), V4(x0) — Mu,(x)} < — B if x,€00,

We consider the following two cases.
(I) The case (43). We can find @eC?*(Q) satisfying Do(x,) =p and
D?*p(xo) = X and fix it. Furthermore, we may assume that

D4(X0) = @(Xo), 4(X) Z () + |x — Xo|*  (x€B(xo, 1))

for some r > 0.
We claim v,(xo) <u(xo). If otherwise, v,(xo) = it(x,) and u(x) — @(x)
-attains its minimum at x,. Therefore we get

max { — a;5(X0) P, (Xo0) + bi(x0) @, (x0) + c(x0)u(x0)
— f(xq), ulxo) — M’Z(Xo)} 20,

because ue C(2) is a strong viscosity supersolution of (1.1)—(1.2). This is a
contradiction.
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Thus there exists §; > 0 such that
U, (xo) + 04 < u(x) for xeB(xq, 9;).

Using (A.3), (A.4), (A.5), (A.6), the continuity of ¢ and the lower semi-continuity
of Mv,, we have, for 0 <°6 <min {r, 5, 1}/2,

Max {~ (00, () + BiX) 9 () + () {9(x) + 5]
— f(x), p(x) + 6* — Mv,(x)} <0 for xeB(x,, 29).
Hence ¢(x) + 6* is a viscosity subsolution of
max {Lu — f,u — Mv,} =0 in B(x,, 29).
We define
max {@(x) + 6%, v(x)} for xeB(x,, 0),
w(x) = .

v(x) otherwise.

We note that if § <|x — x| £ 26, then v,(x) 2 @(x) + 6* and by Muv(x) <
Mw(x) on Q, we get

max {w* — g, w¥ — Mw*} <0  on Q.

Therefore by the similar argument to the proof of (P.1) we can observe that
weS. Since 0= v,(xo) — @(xo) = lim,oinf {v(x) — @(x)||x — xo| <5, x€Q},
there exists ye B(x,, 6) such that ¢(y) + 6* > v(y).

(I) The case (44). We may assume that infzv > —oo. Because, if
otherwise, there exists a point yeQ such that v(y) <u. Thus u is a desired
function.

(4.4) implies
0, (Xo) < min {g(xo), Muy(xo)} — .

So we can find 6, > 0 such that
1 .
0, (%0) + 5 B < min {g(x), Mv,(x)} in B(xg, 6o).

Hence by the barrier argument there exist 0 < &, < J, and {e€ C*(B(x,, £,) N 2)

NC(B(xo, &) NQ) satisfying

1
{(x0) = vy (xo) + ) B,

{<g in  B(xg, &)N 0L,

{ < M, in  B(xg, &) NQ,



140 Katsuyuki IsHI

L{—f<0 in  B(xg, &0)N 2,

{ <infv on JB(x,, &) N Q.

We define

wix) = {max {L(x), v(x)} for xeB(x,, &) N2,
v(x) otherwise.

Noting v, (x) = {(x) if |x — x| = &, for 0 <’¢; < &y, we observe we S as in (I).
By the definition of {, we obtain

1
Dy(Xo) + 5 B = Llxo) = W (Xo) > 0, (x0)-

Thus we can find yeQ such that v(y) < w(y). B
Now, we can prove Theorem 4.1.

Proof of Theorem 4.1. Let u be as in Proposition 4.3. Then the
assertions (P.1) and (P.2) in Proposition 4.3 imply that u is a viscosity sub-and
supersolution in the strong sense. Therefore by Theorem 3.1 we have u* < u,
on Q. Then combining this inequality with u, <u <u*, we obtain
u, =u=u* on Q and ue C(Q). Moreover u satisfies the boundary condition
(1.2) for each xedQ. Using Theorem 3.1 again, we get the uniqueness of
strong viscosity solutions. Thus the proof is completed. W

Remark. Of course, we can extend Theorems 3.1 and 4.1 to Hamilton-
Jacobi-Bellman equation with impulse control
max {sup{L'u — f"},u—Mu} =0 in Q,
veV
{max{u—g,u—Mu}zo on 0Q.
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