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The Rate of Convergence for Chemical
Interfacial Reaction Models
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Takeyuki NAGASAWA'
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1. Introduction

Recently Yamada and Yotsutani have studied interfacial chemical reaction
models from mathematical points of view [3,4]. Models are described by
parabolic systems with non-linear conditions.

We consider the following interfacial reaction model proposed by Kawano
and Nakashio [1], which has already been considered by Shinomiya in
[2]. Two chemical species U and V are contained between two parallel plates
and are separated by an interface parallel to plates (see Figure 1). They
stream in the region toward the tangential direction to the interface along,
say, a laminar stratified flow, which velocity is given by a(x) and b(x), and
diffuse toward the normal direction to the interface. The reaction between
U and V occurs on the interface. If m molecules of U and n molecules of
V produce one molecules of the product

(r.1) mU+nV —U,V,,

then the gradient on the interface of concentration u and v of U and V is
proportional to the probability u™v" of collision of molecules. Moreover we

x (for U)
U s — diffusion
------ ---interface - -----==r-------sooooo--o-oteooseeooiteeeoeooooooooo TEACHON ---o e - — ¢
v P —— diffusion ’
x (for V)

Figure 1: Chemical interfacial reaction
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impose no flux condition on the plates. Thus we obtain our problem

a(x)u, = u,, for (x, t)e(0, 1) x (0, ),
b(x)v, = vy, for (x, H)e(0, 1) x (0, c0),
u(l,)=0.(1,6=0 for te(0, o0),

(1.2) u (0, t) = k u™(0, )"0, 1) for te(0, o0),
v,(0, t) = k,u™(0, )v"(0, t) for te(0, o),
u(x, 0) = up(x) > 0 for xe(0, 1),
v(x, 0) = vy(x) =0 for xe(0, 1),

where k; are positive constants and m, n > 1. The functions a(x) and b(x)
are non-negative C*-functions on {0, 1] satisfying

a(x) >0 on [0,1), b(x)>0 on [0, 1).

When the flow is a laminar statified flow, a(x)= const.(1 — x?) and
b(x) = const.{1 — x?).

Yamada and Yotsutani [3, 4] treated more complicated system, and
established the unique global existence theorem. Their technique for the
unique global existence of the solutions is applicable to our system. Shinomiya
investigated the asymptotic behavior of the solutions.

Theorem 1.1. [2] If the initial data (uqy, vy} are non-negative and belong
to {L(0, 1)}, then there exists a non-negative unique global solution to (1.2)
in the class

(u, v)€{C([0, 00); L*(0, 1))n C((0, c0); H*(0, 1))n H}, (0, 005 HY(0, 1))
NC=([0, 1] x (0, 0))n L*((0, 1) x (0, o0))}?,
and it converges to a steady state:

(1.3) lu—u, ”Lw(o,n + [[v — v, ”L°°((),1) + [lu, ”Lm(o,l) + | l’x||L°°(0,1) —0

as t — oo,
where

1

u, =k, max {4, 0}/J adx,

0
1

v, =k, max {— 4, 0}/J b dx,

0

I I
A :k_f auodx——k—J‘ bv, dx.

140 240
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We note that our system has an invariance

1 (! 1t
(1.4) —J audx———f bvdx = A.
kl 0 k2 o]

The purpose of this article is to clarify the rate of convergence in the
weighted LP-topology. We choose a(x) and b(x) as weight functions for u
and v respectively, because the invariance (1.4) is related to the L'-norms with
such weights

The larger numbers of molecules m and n in the reaction (1.1) are, the
harder m plus n molecules collide at the same time. Hence it seems that the
rate of convergence goes down as m and n increase. We shall establish this
observation as follows:

Theorem 1.2. It holds that

1 1
J alu — ug|dx < Cp, (1), f blv — v, |dx < Cp, (1),

0 0

where
e~ MG () > 0) if A>0andn=1,
(t +1)"Y@=DO=Dl i A4S O andn> 1,
pi(t) =14 (¢ + 1)~ t/men=D if A=0,
[+ o= s c0andm> 1,
e M () > 0) if A<Oandm=1.

Indeed we can show the following theorems. Theorem 1.2 is a
consequence of them via Holder’s inequality.

Theorem 1.3. Let A be nonzero. Then there exist 4> 0 and C > 0 such
that

1. ForA>0andn=1,

1 1
J a(u —u, ) dx < Ce ™™, J bv*dx < Ce™**,

0 0
2. For A>0andn>1,

1 1
J a( — ug)dx < C(t + 1)~ 1e=b, f bv? dx < C(p)(t + 1)~?/= D
0 0

(1 <p< ),
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3. ForA<OQOandm>1,
rf1
aw’dx < C(p)(t + 1)7?=1D (1 <p < ),
Jo
r
b(v — v, )2 dx < C(t + 1)~ Hm=1,
vo

4. For A<Qandm=1,

1 1

au’ dx < Ce™ %™, J b(v — v,)?dx < Ce ™.

o]

JO

Theorem 1.4. Let A=0 and m=n=1. Then there exists C >0 such
that

1
J (au? + bv?)dx < C(t + 1)~ 2.

0

Theorem 1.5. Let A =0 and mn > 1. Then there exists C > 0 such that

1
j (au + bv)dx < C(t + 1)~ Hemtn= D,
0

We shall prove Theorems 1.3-1.5 in §§2—4 respectively. The estimates of
Theorem 1.2 are partially the best possible. In §5 we shall mention their
sharpness. In the last section §6 we shall discuss the decay rate of derivatives
u, and v, in some weighted L?-space. The proofs shall be proceeded under
the assumption that (u, v) is a solution constructed by Theorem 1.1, but we
shall not use (1.3) taking account of the seif-contained argument.

2. Thecase 4 #0

In this section we prove Theorem 1.3. Without loss of generality we
may assume 4 > 0. We put

A=M— Yo,
where

2.1 M =2 max { | tllLeowo.1)x 0,000 10llLoqo,1yx0,0pF < -

We multiply both sides of the first equation of (1.2) by 1/(M — u), and integrate
by use of the boundary conditions. Combining the result and (1.4), we obtain

d ooyl k,u™(0, t)v"(0, t)
Ly W gy G OVERD
1()+L M—u T M—u0, 0

dt

]
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1 — —
fl(t)=J {a<M~ 4 logM —1>+ Ky bv}dx.
. yi pi Ak,

Remark that there exists C = C(M) > 1 such that

where

M —u M—u
Clu—u,))<———1o =~ — 1< Cu—uy)?
( ) yi g — (u— uy)

holds for 0 <u < M/2. The following is an immediate consequence of the
above identity.

Lemma 2.1. It holds that

t 1
f J u2dxdr < C.
0Jo

It is obvious from (1.3) that 1 < Cu™(0, ¢) for large t. For our purpose,
however, the following estimate is enough, which is easier to prove than (1.3).

Lemma 2.2. It holds that

1< C{u’"(O, 1)+ <j1 u? dx)l/z}.
0

Proof. By the first mean value theorem for integrals there exists
x(t)e[0, 1] such that

1 1

2.2) u(x(t), t)j adx = J au dx.
(4] 0

The inequality

u(x(®), ) =u, >0

holds because of (2.2), (1.4), and the non-negativity of v. On the other hand,
by virtue of (2.1)

1

u™(x(), ) <u™0, 1) + mJ

[

1 1/2
lu™ Yu,ldx < u™(0, 1) + C(J u? dx)

0

is valid. Thus we have proved the assertion. |

Let us define a function ¢, , (n > 1, 1 < p < c0) on [0, (M/2)"] by
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v? for n=1,
Co, -
@, p(0) = exp {'— v("_—f)/”} (v>0)
for n>1,
0 (v=20)

where c, , (n > 1) are determined so large that

0<v 29, ()< Coy(v) for0<v<

S

2.3)
M p
0 < g, ,0) for 0<v< 7)

TN

and ¢, , 7 as p /. We note that
24) V" @, 1(0) = €0y, 1(0),

where ¢ =2 for n=1, c=¢,(n—1) for n> 1. Here and in what follows
we interpret v *@, ,(v)|,—o =0 for n > 1 and k > 0. Multiplying the second
equation of (1.2) by ¢, ,(v), and integrating with respect to x, we obtain

d 1 1
2.5) EJ by, (v)dx + J @1 (V)03 dx + ckyu™(0, 9, ;1 (00, 1) =0,

0 0

1
where the constant ¢ is that of (2.4). Next we evaluate J be, ;(v)dx itself.
0

Lemma 2.3. It holds that

1
J b, (v)dx

o]

1

1
bo, 1 (v)dx J u? dx).

0

1
< C(J @1z dx +u™(0, 1) @, ; (000, 1)) + f

0 0

Proof. First we remark

1

@n,1(0) < 0,1 (0(0, 1)) + J | @, 1(0)0| dx

0
1

= 05,1 (00, 1)) + Cf 07" @y, 1 (0) vy| dx

0

1 1
< 9,1 (000, 1)) + BJ P, 1 (V) dx + Cj @n,1 (V)03 dx,

0 0
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where we use (2.4) and (2.3) for n > 1. This estimate yields

1

fl b, (v)dx < C fl @n,1(v)dx < C<¢n,1(v(0, ) + J

0 0 0

@1 (0) 03 dX> :
In consequence of Lemma 2.2 we have
1 1/2
(pn,l(v(oa t)) S C{um(oa t) (pn,l(u(oa t)) + q’n,l(v(o’ t))(J‘ uazc dx) }
0
On the other hand we get

1/2 1/2

@1 (000, 1)) < C < J

]

(pn,l(v)dx + f |(pr,|,1(v) led'x>
0

< C{jl b, 1(v)dx + <Jl bq’n,l(v)dx)l/z(J‘l @1 (V)03 dX)m},
0 0 0

where we use (2.4) and (2.3) for n > 1 again. This yields

1 1/2
on1 000, t))( f 22 dx)

1 1 1 1
Sef bqon,l(v)dx+C<J bqo,,,l(v)dxf uﬁdx-i—f qo,’,’,l(v)vﬁdx)

0 0 0 0

]

It follows from this lemma and (2.5) that

d 1 1 1 1
EJ b, (v)dx + AZJ‘ b, (v)dx < CJ b(p,,,l(v)dxf u2 dx,
0

0 0 0

which gives

1
J bo, (v)dx < Ce™ %!

0

with helps of Lemma 2.1 and Gronwall’s lemma. For n =1, we have the
weighted L?-estimate of v.
Since ¢, ;(v) is convex on [0, M /2], Jensen’s inequality

1 1 1 1
¢"’1<J bvdx/j bdx)sJ‘ b(p,,,l(v)dx/f bdx
0 0 0 0

holds, which implies
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Ce ™22 (n=1),

J bvdx < Cp,(t) = {C(t + 1) Uen=1) (n>1).

0
Let x(t) be the same as in (2.2). By virtue of (1.4) we have

u(x(®), ) —u, =k, Jl bv dx / k, Jl a dx.

0 0

Therefore it holds that

1 M — M — 1
f a< - u—log ~u—1>dstJ a(u — u,)? dx
A A

0 0

1
f |u,|dx
0

1 2

sCJla|u(x(t), ) —uy|*dx + CJ‘ dx

0 0

1 U2
e[+ sl
0 (M — u)?

by (2.1). Hence there exists A, > 0 such that

1
%gl(t) + A8 < CJ b(v + v¥)dx < Cp,(t),

0

which gives the decay estimate of &, (z).
We consider the case p > 1. Since ¢, , is convex on [0, (M/2)"], we can

1 1
apply Jensen’s inequality to w"”’(f bvPdx / j bdx). Moreover @, ,(vF) <

0 0

¢,,1(v) because of ¢, ,>c, ;. Therefore we get

1 L
¢n,p<j bv"dx/f bdx) < Ce %2,
0 0

It follows

1
f bv?dx < C(p)(t + 1)~ P/*~ 1),
0

Now we complete the proof of Theorem 1.3. O

3. Thecase A=0,m=n=1

Now we devote ourselves to the proof of Theorem 14. In a similar
manner to obtain (2.5), we have
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1d ! 2 2 2 2
G1) o a0+ | (w4 o) de+ k0, Do(0, )+ kpu(0, 00,0 =0,
0

where

1

&,(t) = f (au® + bv*)dx.
0

If &,(ty) = 0 for some t;, >0, then u=0v = 0 for t > t, by the uniqueness
of solutions. Thus we may assume &,(t) >0 for all ¢t = 0.
The following is the key lemma to obtain the decay estimate.

Lemma 3.1. It holds that

(€,1))¥* < C{ fl (U2 + v¥)dx + u?(0, )v(0, 1) + u(0, £)v*(0, t)}.
0

1
Proof. We prove the estimate for J au? dx instead of &,(t). We get
1 0
the estimate for J bv?’dx in a similar manner. It is easy to see that
0

1 ) 1 1/2 1 1/2
J auzdst{uz(O, t)+(j uzdx> <J uidx) }
0 0 0
1 1/2 1 1 1/2
<f auzdx> sC{f audx+(J ufdx) }
0 0 0

Therefore we have

and

1 3/2
(J auzdx> SCU + 1, + 13+ 1),

0

where
1

I, = u?(0, t)J au dx,

0

1 1 12/ 1 1/2
Iz=j audx(j uzdx> (j uidx) ,
0 0 0
1 1/2 ‘
I3=u2(0,t)<j uﬁdx) ,
0
1 1/2 1
I4=<J uzdx> J uzdx.
0 0
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First we estimate I,. It follows from (1.4) with 4 =0 that

1 r1 1 1/2
J audx = C bvdeC{v(O, t)+<J vidx) }
0 Jo 0

On the other hand it holds that

r1 1 Y2 7 1 12
(3.2) u?(0, 1) < C{ au®dx + <J au® dx) (J u? dx) }
v O 0 (4

Hence we have

1 1 12
I, < C{uZ(O, (0, 1) + j au® dx(f v? dx)

0 0

1 1/2 1 1/2 1 1/2
+ <J au’® dx) <J u? dx> <f v2 dx) }
0 o 0

< s(J‘l au* dx>3/2 + C{uZ(O, H)v(0, 1) + jl (u2 + v2) dx},

0 0

where we use the L*-estimate (2.1).
By use of

7/ 1 ) 1/2 1 1/2 1 1/2
(J uzdx> < C{(f auzdx> + (J uidx) },
0 0 0

I, is evaluated as follows:

1 1/2 1 1/2 1 1/2 1 1/2
12$C<J auzdx> {(J auzdx> +<J uidx) }(J‘ uﬁdx)
0 0 0 0
1 3/2 1
_<_8<J auzdx> +Cf u? dx.
0 0

Estimates (2.1) and (3.2) yield

1 32 1
I3+I4£8<f auzdx> +CJ u2 dx.
0 0

It follows from this lemma and (3.1) that
d
— (&, (1 -1/2 >
dt( 2(t) c

for some ¢ > 0, which gives Theorem 1.4.
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4. The case A =0, mn>1

We are concerned with the proof of Theorem 1.5. We multiply the first
equation of (1.2) by ¢4+, 1(u), where @,., () is the same as in
§2. Integration with respect to x yields

d 1 1
‘f APy sy, (W) dx + J‘ On, 1 (W) U2 dx
dt J, 0

+ Cpan1(m +n— Dkyu™"(0, )0"(0, )@y (10, 1)) = 0.

1
J APy 4 n1(WU(x, ty))dx =0 for some t, > 0 implies u = v =0 for ¢t > ¢, with

Y 1
help of (1.4) with A = 0. Therefore we may assume j APy p 1 (U(x, 1))dx >0

for all t > 0. Let us define sets F; on (0, «0) by 0

Fi={t>0;u0, 1) <00, 1)},
Fy={t>0;u(0, ) >0, 1)}

In the same manner as in the proof of Lemma 2.3, if teF,, then

1

J‘l a¢m+n,1(u(x’ t))dx S C<¢m+n,1(u(09 t)) + J

0 0

Prem (WU dX>

< C<u_"(07 t)vn(()’ t)q0m+n,1(u(07 t)) + Jl (prlrll+n,1(u)u.>26 dx)

0

holds. Therefore we get a differential inequality

d 1
4.1 i log J AP 4,1 (W dXx < — A3 xp, (1)
0

for some A; > 0. Here yp, is the characteristic function of F;. (4.1) implies

1 t
‘[ a(pm-l-n,l(u)dx S Cexp{_ j’3 J\ XF;(T)dT}

0 0

for some C > 0.
This estimate and Jensen’s inequality imply

1 1 '
(pmﬂ,l(J (mdx/f adx>£Cexp{—/13j xFl(r)dr}.
0 0 0

In a similar way we have



526 Takeyuki NAGASAWA

1 1 ¢
(pm+",1<J bvdx/f bdx> < Cexp{—— %J XFz(r)dt}.
0 0 0

Since
t
J‘ (XF], + XFz)dT = t)
0
we have
1 1 1 1
q)m+,,,1<J audx/J adx)mm”,l(J‘ bvdx/J bdx) < Ce s,
(4] 0 0 4]
Recalling (1.4) with 4 = 0, we obtain Theorem 1.5. O

5. Sharpness of estimates
We comment on the sharpness of estimates in Theorem 1.2.
Theorem 5.1. We assume that the initial data (uy, v,) satisfy
(1o, bo)e {H2(0, )}2, a” ?ug5e L*(0, 1), b~ ?v5 e L*(0, 1),
uo(0) = ky ug(0)v5(0), v5(0) = k,ug(0)v5(0),
ug(1) = 0, vp(1) = 0,

Uy = 0,09 =>0,u,=>0,05 >0, uy #0, vy #0.

(5.1)

Then there exists a constant C > 1 such that the solution constructed by Theorem
1.1 has estimates

1
C‘lﬁl(t)gj audx < Cp,(t) ifA<O,
(4]

1
C™15,(0) Sj bvdx < Cp,(t) if A>0,

0

where functions p;(t) (j = 1, 2) are given in Theorem 1.2, and

o (t)—{pl(t) if either A <0 and m > 1,0r A =0,
P e t(I>0)  if  A<Oad m=1,
. p,(t) if either A>0 and n>1, or A =0,
pa(t) = i .

e (1> 0) if A>0and n=1.

To prove the theorem, we give a result of non-negativity of u, and u,
under (5.1).
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Lemma 5.1. We assume (5.1). Then it holds that u.(x, t) > 0, v.(x, t) > 0,
for all t > 0.

Proof. We multiply both sides of the first equation of (1.2) by {(u,)_}?u,,

where (u,)_ = —min{u,, 0}. Recalling u,(0,#) >0 by virtue of the non-
negativity of u and v, we have
1 d

b o | e | atw) e =o

0

via the integration with respect to x.

Under (5.1) the solution (1, v) belongs to {C([0, T]; H*(0, 1))nH*(0, T;
H'(0, 1))}* for any T >0 ([2]-[4]), in particular (u,)_eC ([0, T]; L*(0, 1)).
Consequently we have u, > 0 by the integration of the above relation with
respect to . The assertion on v, is also valid for a similar reason. O

Proof of Theorem 5.1. Tt is enough to show the estimates from below,
1

and we give its proof for f audx only. We integrate the first equation in
0

(1.2) with respect to x. By virtue of Lemma 5.1 and (2.1) if 4 <0, (1.4) if
A = 0, we obtain

d 1 1 P
— | audx = — k;u™(0, )v"(0, 1) > — C(J audx) ,
r

where ° °

_{m ifA <0,
P=Vm+n  ifa=o

This implies the assertion. O

6. A decay estimate for derivatives

We assume the existence of a non-negative C!-function o(x) on [0, 1]
satisfying

(6.1) g(x)>0on [0, 1) and 6'(x) <0 on [0, 1],

6.2) lim —“1(")”(") and lim bl(x)”(x)
J a(f)dé j b()d¢

X X

(f a(é)d€> <f b(é)dé)

6.3 -F ‘4 sup > <C
(63) x:[?ﬁ, a(x)o(x) xe[o,p1) b(x)o(x)

exist and are finite,
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For example, if a(x) and b(x) satisfy
C 1l -xf<alx)<Cl — xy,
C Ml —xf*<b(x)<C —x)

around x = 1 for some k; > 0, then o(x) = 1 — x satisfies our assumptions.
Then

a(x) = x<a(é)0(§)/ a(ﬂ)drl>d€j a(¢)d¢

v O & X

and

B(x) = x<b(€)0(é)/ b(n)dn>df f b(e)de

JO & x

are non-negative C2-functions on [0, 1]. The aim in this section is to show
the following theorem.

Theorem 6.1. We have

Cp3n(t) if A>0,
1
f i + fd)dx < { Com@p(e)  if A=0,
0
Cpi™(@) if A <0,

where functions p;(t) and p;(t) (j=1,2) are given in Theorems 12 and 5.1
respectively.

Before we shall prove the theorem, we need some estimates for u(0, t)
and v(0, t). Let us define g;(x) (i = 1, 2) by

g = =7 = R
| aae | b@ae

X X

Lemma 6.1. For any ¢ > 0 there exist C > 0 and T > 0 such that if A <0
andk>1,0or A=0and k > 1, then

1
u?(0, t) < Cp3*(t) + sj quidx  for t>T,
0
andif A>0andk >1,0or A=0and k > 1, then

1

020, t) < Cp3*(t) + ¢ J qg,vidx  for t>T

0
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Proof. We prove the former estimate only. First we see the case k > 1:

1/2 k 1/2 2
u? 0, 1) < C{(J udx> + f u"_llux|dx}
0 0
1 2k 1 1
< C{(J‘ audx) + j auz"_zdxf qlufdx}.
0 0 0

Here we use the fact a(0) > 0 and ¢,(0) > 0. Theorem 1.2 and the estimate

1auzk—zdx< Clull¥*3p,6) —0 as t— o0 for k=3/2,
o T CpF*()—0 as t— oo for 1 <k<3/2

yield the assertion.
When A <0Qand k =1,

1/2 2 1/2
u?(0,1) < C{(J udx) + J ulux|dx}
0 0
1 2 1 1
C{(J audx) —I—J auzdx}+ej quzdx
0 0 0

holds by Schwarz’s inequality. Theorem 1.3 gives the desired estimate. ]

IA

Corollary. For any & > 0 there exist C > 0 and T > 0 such that

1

Cp%”(t)—f—sj‘ q,v2dx if A>0,
0
1

u?™(0, H)v*"(0, 1) <} Cpi™(1)p3"(t) + ¢ J (q,u? + quvi)dx  if A=0,
0
1

Cpf’”(t)—i—sj q u?dx if A<0
0

is valid for t > T.

Proof. Since u, ve L*((0, 1) x (0, o0)), estimates for 4 # 0 follows from
Lemma 6.1 directly. If 4 =0, then the assertion is derived from the fact
P;(t) — Pz(t) and u2m02n < u2(m+n) + U2(m+n). D

Proof of the Theorem 6.1. By the first equation of (1.2) and the boundary
condition on u,(1, t) we have

1

uz(x, t) = — Zj a(Qu,(&, Hu (&, ndé.

X

Then we get
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1 1 1
J quuidx = —2 ql(x)dXJ a(@Qu,(&, u(&, 1)d¢
0 JO x
ri &
=2 a(é)ut(é9 t)”x(éﬁ t)ux(é: t)df \[ ql(x) dx
JO 0
1
(64) =-2 {a(utxux + utuxx) + uuqy J‘l a(é)dé}dx
JvO x

<

——fi—f auZdx —
dt J,

_dj
Todt ),

1

1
f {2aau? + (u2),0} dx
0

1
auZdx + k2u?(0, t)v*"(0, t)a(0).

The last inequality is derived from the boundary condition on u,(0, ) and

(6.1). In a similar way we have
d 1 1
(6.5) X f Bridx + J q,v% dx < k2u*™(0, t)v**(0, t)a(0).
0 0
Assumptions (6.2) and (6.3) imply oa(x) < Cq.(x) and f(x) < Cq,(x).

Consequently (6.4), (6.5) and Corollary yield the differential inequality

Cp2(1) if4>0,
1 1
dit J (au? + Prd)dx + /14J (w? + pridx < CpP™(t)p3"(t) ifA=0,
0 4]
Cp2™(1) ifA<0

for some 4, >0, C>0 and t > T. The assertion of Theorem 6.1 is given by
the integration. OJ

Remark. While this paper was in the hand of the referee, Professor
Yotsutani kindly pointed out that the estimates of Theorem 1.2 can be
improved. Due to him, we have decay estimates of [u(-, t) =t [|L=,1) and
[0(-, t) — vy llpwo,1, With the dominant function p(z) = C min{p,(t), p,(1)},
where pj(t) are given in Theorem 1.2. The proof is in an improved procedure
of this paper, in particular Lemma 2.3 and Lemma 3.1. It will be published
anywhere by names: lida, M., Y. Yamada and S. Yotsutani. The author is
grateful to Professor Yotsutani for his helpful information.
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