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§1. Introduction

Let E be an infinite dimensional Banach space with a norm |-|; and let
2% be the phase space satisfying the fundamental axioms introduced by Hale
and Kato [3] (cf. [5,8]). If x:(— 0,0+ a)—>E, 0<a< oo, then for any
te(— oo, 0 + a) we define x,: (— 00, 0] > E by x,(0) = x(t + 0), — 0 <0 <0.

The purpose of this paper is to show Kneser type theorems for the
functional differential equation (FDE) with infinite delay in a Banach space
(for brevity, CP (1.1) or CP (f, g, ¢))

(LY % = f(t, x,), X, = QEB,

under the condition that f: [g, ¢ + a] x %B(¢, r) > E is uniformly continuous
(cf. [2]), where B(o, r):= (e B¢ — Yy <r}.

Kneser type theorems for ordinary differential equations (ODEs) in Banach
spaces have been shown by Szufla [15] and Kubiaczyk [7], etc.. For FDEs
with infinite delay in finite dimensional space, Kaminogo [4] has proved
Kneser’s theorem. Recently, the basic theorems on the existence of solutions
and the uniqueness of solutions for CP (1.1) in Banach spaces have been
developed by Shin [9, 10, 11, 12, 13].

In this paper we shall prove Kneser type theorems for CP (1.1) in a
Banach space by using a property (Theorem 2.2) on Kuratowski’s measure of
noncompactness. In particular, the results given in [10, Theorem 3.1 and 12,
Theorem 2.4] are, in some sense, contained in our existence theorem (Theorem
4.3).

§2. A property of the a-measure of noncompactness

In this section, we shall consider a property on Kuratowski’s measure of
noncompactness (for brevity, a-measure). Let Y be a Banach space with a
norm |- |y. For a bounded set Q of Y the a-measure of Q is defined as follows:
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() = inf {d > 0|Q has a finite cover of diameter < d}.

For properties of the a-measure refer to [1, 6]. Henceforth, we will use the
same notation «(-) for the a-measure of noncompactness in any Banach
space. We denote by N the set of all positive integers. To prove the main
theorem in this section, we need the following result which is well known (cf.
[6, Theorem 1.4.17).

Lemma 2.1. If {A,} is a family of nonempty bounded subsets of Banach
space Y such that A,., = A, for every neN and «(A,)—0 as n— o, then

( ClA, is nonempty and compact, where Cl A stands for the closure of A.
n=1

Using the above result, we can obtain the main result in this section,
which plays an essential role in showing Kneser type theorems for CP (1.1).

Theorem 2.2. Let {S,} be a family of nonempty bounded subsets of Banach
space Y such that S,., < S, for every neN. If the set S, is connected for

every neN and if a(S,)—>0 as n— oo, then the set () ClS, is nonempty,
n=1

compact and connected.

Proof. Set S= () ClS,. Then it follows from Lemma 2.1 that the set

n=1
S is nonempty and compact. Thus it remains to show that S is
connected. Suppose that S is not connected in Banach space Y. Then there
exist nonempty closed sets F! and F? such that S = F'UF? and F'nF? = ¢.
Hence there exist two disjoint open sets U' and U? such that F! = U! and
F?2c U?% Put U=U'4U2 Clearly, we have S =« U. Now, we shall prove
that there is an me NV such that ClS,, < U. Suppose, for a contradiction, that
CIS,\U # ¢ for every ne N. Since «(C1S,\U)—->0 as n—> o0 and CIS,,; <

ClS,, we have ¢ =S\U = () (CIS,\U)# ¢ by Lemma 2.1. This is a

n=1
contradiction. Hence we have S = ClS,, = U. It is obvious that U'nCIS,,
# ¢ and U2nClS,, # ¢. Set P, = (U nClS,, and Q,, = (U*°nClS,, where
(U =Y\U,i=1,2. ThenClS, =P,U0Q,, P, # ¢ #Q,, and P,nQ, = ¢.
Thus C18,, is disconnected, which yields a contradiction with the connectedness
of S,,. Therefore the proof of the theorem is completed.

§3. The connectedness of the set of approximate solutions

Let R~ =(—00,0], R* =[0, ) and R =(— o0, 0). We denote by
A% = B(R™, X) a linear space of functions from R~ into X with semi-norm
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|- |@x, where X = E or R. Let & [0] (resp. &,(5)) be the set of all functions
x from (— oo, 6 + 0] (resp. (— o, 6 + 8)), >0, to X such that x,e#* and
x(t) is continuous on [o, ¢ + &] (resp. [o, 6 + J)). In particular, for a given
peB* we denote by Z2[5] the set of all xe%,[5] satisfying x, = ¢. Also,
we will use the notation &,[d] for Z,[0] if X = E, etc.. Throughout this
paper we assume that the following axioms on the phase space #* are always
satisfied :

(By) If xeZ,(a), 0 <a < oo, then x, lies in #* for all te[o, 6 + a) and
x, is continuous in ¢ on [a, ¢ + a).

(B,) There exist a constant L> 0 and functions K(t} >0 and M({) =0
with the following properties:

(i) K(#) is continuous for ¢t in R™,
(ii) M(z) is locally bounded on R™.
(i) For every function xe% ,(a), it holds that

1
ilx(t)lx <X Jax < K(t — a)sup {|x(5)[x |0 < s <t} + M(t — 0)|x,|4x
for telo, 0 + a).

(B;) The quotient space BX = % /1 1ax is a Banach space.

If E is understood from the context, we shall write # for %% and |-| for
|-|g. Set K, =sup{K()|0<t<a} and M, =sup{M(®)|0 <t <a} in Axiom
(By).

Let f: [0, 0 + a] x #(p, r)— E in CP (1.1) be a continuous function such
that |f| <M — 1, M > 1. Then for each ne N a function u: (— o0, ¢ + y] > E,

1 . . i .
0 <y <a, is said to be an — — approximate solution for CP (1.1) if it satisfies
n

the following conditions:

(1) u belongs to 2[y];
(2) u has the right hand derivative D, u such that |(D,u)(t)] <M on
[o, 6 + y), and satisfies

u(t) = ¢(0) + ft (D, u)(s)ds for te[o, o + y]; and

(3) IDyw(t) — 1z, u) sl for all te[o, 6 + 7).
n

Let C([a, b], X) be the set of all continuous functions x: [a, b] - X with
supremum norm. For a subset & of &,[y] the following notations will be
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used in the present paper;
&) = {x()eE|xeé&}, 6, = {x,e8|xe&} for te[o, o + 7],
&\[c, d] = {x|[c, d1eC([c, d], E)|xe &}
and
E ey = {LI[c, d1e C([c, d], B)|{(t):=x, forte[o, 6 + y] and xe &},

where ¢, de[o, 6 + y] and x|[¢, d] is the restriction of x to [¢, 4].

Define a linear operator Sy(t): #* — #*, 1 > 0, by

ot+0 ft+0<0
[Sx(®)el(®) = {(p(o) if t+6>0.

1
We shall now prove the connectedness of the set of all —-approximate
n

solutions for CP (1.1), which corresponds to Proposition 2 in [7].

Lemma 3.1. Suppose the phase space B* satisfies Axioms (B;) and
(B,). Assume that f: [0, 0+ a] x B(@,r)— E is uniformly continuous and
Ifl<M—1, M>1, on [0,6+a] x B(p,r). Let o, be the largest number
such that |Sg(t)e — @lg <1 /2 for all te[0, dy,]. Then for each neN the set

Q" of all 1—approxirrmle solutions, defined on (— oo, ¢ + 7], for CP (1.1) is
n

nonempty, and Q"|[o, ¢ + 7] and Q"\,. 4+, are connected in C([o, o + 7], E)
and in C([0, o + 7], B), respectively, where y = min {a, r/2K,M, d,}.

Proof. The proof will be divided into three parts as follows.

Step 1. We shall show that for any ne N the set Q" is nonempty. By the
method of Euler-Cauchy polygons [13, Lemma 2.3], we define a function x?
for each ¢, y > ¢ > 0, as follows:

s(t)_{(p(t_o-) t<o
T ) + € — ) ), x5)  telsl), ol + 1),

where &(i)=0 +ic, i=0, 1,...,n(), n(e) = [q ene)+ ) =0+ (if n(e)e < 7).
&

Define a mapping 1,: [0, 0 + y] = [0, ¢ + 7] by 7.(t) = (i) for te
Le(i), e(i + 1)), where i=0, 1,...,n(¢). Then the above function x* can be
expressed in the form
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o(t — o) t<o

()= qo(0)+ff(re(s), s tefo, o +7]

(-2

It is easy to see that x:e %(o, r) for all teJ := [0, 6 + y]. Since f is uniformly
1

continuous, there is a d(n) > 0 such that | f(t, @) — f(s, @,)| < —if [t — 3| < 6(n)
n

and |@; — @3lg < 6(n) for (1, @,), (s, p2)eJ x Blo, 7). Since {Sy(t)};»0 is a
strongly continuous semigroup in %, we can choose a Jy(n) > 0 such that
|Sg(t,(t) — o) — Sp(t — o)olg < d(n)/2 for all e€(0, 54(n)). Put fn) =
min {6(n)/2(K, + 1)M, é4(n)}. By Lemma 2.1 in [12], we have

X2, 0 — Xtla < KoM|t,(t) — t] + [Sg(r.() — 0} — Sglt — )]
<K ,MpBn) + d(n)/2 < d(n) if 0 <e< Bn),
which imlies that x*(-)e Q" for all e€(0, f(n)). Put

V= {x*(-)e Q"0 < & < f(n)}.

Step 2. We shall prove that ¥;"|J is connected in C(J, E). To do this,
it is sufficient to prove the continuity of the mapping & — x*|J, x°e I}*; that
is, for any fixed &, 0 < & < fB(n), we must prove that x°(t) - x°(¢t) uniformly on

J as 6 > & Without loss of generality, we may assume that [%] = [Z] and

&
ene)+)=0+7y. Set o(i)=a+id, i=0,1,...,n(), o(nkE+1)=0+1.
Clearly, {(3, ¢):= max {|e(i) — 6(i)| |i=1,2,...,n(e) + 1} >0 as 6 > e

We shall at first prove that for each j, 1 <j < n(e) + 1,
(3.1) |x2) — X5)la — 0 and |x3;) — Xila — O as 6 — e
The proof is by induction on j. Ifj = 1, then we have, by Axiom (B,),
X2y — Xl

<K, sup

c<t<e(l)

J [f(z5(9), xfé(s)) — fz:(5), xit(s))] ds

g

(1)
<K, J | f(t5(5), xfg(s)) — f(z.(9), xig(s))| ds

ag

< K,16(1) — e 1£(8(1), X31)) — (o @)
<2K,M{(,e)— 0 as J—e

Since |x°(t) — x°(s)] < M|t —s| for all t,seJ and for all de(0, B(n)) and
{x%}o<s<pw is uniformly equicontinuous on J, we see that x°(6(1)) » x*(e(1))
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and x§,, — X%, as 6 - & Assume that (3.1), j = 1,...,i, hold. Then, we have
the estimate

sup {|x(s) — x*(s)] le(i) < s < e(i+ 1)}

< sup{
+ [x°(e(@) — x*(e (D))
< |+ [x°(e() — x*(@))]

LS (zs(8), x2500) — [ (@ls), X )T ds| [e() < s < e(i + 1)}

e(i)

where
1= r [ (t5(5), X2,i) — f(7,(5), X5 )]ds  for some Fe(e(i), &(i + 1)].
(i)
(1) Case &(i) <d(i) <t Then
1] < MI8(i) — e(D)] + | — 6()).S(5(D), X5) — (€ — () f (e(i), xiw)!
< 2M|5() — ()| + 1T — e()] 1£(8(0), x) — f(e(D), X5
(2) Caset<d(i)<e(i+1). Then
[T <[t — &) [£(O( — 1), X3¢ 1) — f(&(), xiw)l
< 2M|4(i) — &(i)].
(3) Case ¢(i) < (i + 1) <t. Then
1| < M|SG + 1) — e(i + )]

+ 186 + 1) — &) S (6(0), X)) — (£ — e(D) f (D), x5l
<2M6( + 1) —e(i + 1)}
+ 11— ()] 1£(6(), x5) — f (D), Xi)l-
(4 Caset<d(i+1)<e(i+1). Then
[T < 12— e@)] 1£(6(0), x5e) — fe(i), X50)l-

Summarizing the above cases, we have

[T} < 2ML(5, &) + &] f(6(i), Xg(i)) — fe(d), ;)]

—0 as 0 —s,
which implies that

(3.2 sup {|x°(s) — x°(s)| le(iy <s<e(i+ 1)} —0 as d—e
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Thus we get, together with Axiom (B,),
1 . . .
i|x6(3(l + 1)) = X + D) < X34 1) — X 1)l

<K, Sup{[x‘;(s) —x*s) le() <s<e(@+ 1)} + Maixg(i) — X)la
—0 as é—e
Consequently, we see that max{|x§(j) — Xl i =1,2,...,n(e) + 1} >0 and
max {|x°(6(j)) — (N lj=1,2,...,n(e) + 1} -0 as § - &
Next, we shall show that for each teJ, |x? — x’|; —» 0 as § > ¢ For each

te(o, o + y], there exists an ie N such that ¢(i) <t <&(i + 1). Using Axiom
(B,), (3.1) and (3.2), we can obtain

le — Xila
< K, sup {|x°(s) — x°(s)| |e(i) < s <e(i + 1)} + M,|x3 — X2la

—0 as 0 —¢,
and hence
[x°(t) — x*(t)) — 0 as & —e.

Step 3. We shall prove that the set Q*|J is connected in C(J, E). For
any fixed &,, 0 < g, < f(n), and for each z(-)e Q" we define a set T":= {z7(-)e
Q"o <p <0+ y} consisting of the function

z(t) t<p
ZP(t) = { )
Z(p) + J' f(T(pa S)a th(p,s)) dS te(pa o+ 7)]’

p
where 1(p, 1) = 1,,(1), if te[p, o + 71\ [, &o(j + 1)), PE[&o()), &0(j + 1)), while
t(p, t) = p if te[p, eo(j + 1)). It is not difficult to see that z(-) = x*(-)e V'
and z’(-)eQ". Now we will prove that z%(t)— z"(t) as g—p for every
teJ. Without loss of generality, we may assume that p < g <t, p, ge[eq(j),
g(j+ 1), teleg(k), go(k + 1)), where k >j. Clearly, |z%(q) — z"(p)| >0 and
|z — 28|43 — 0 as g — p. Furthermore, we have

|28 G+1) — Zhg+yla < K, sup  |2%(s) — 27(9)|
p<s<eo(j+1)

< K,max{ sup |z%(s) — z?(s)|, sup |z%(s) — z”(s)|}
p<s<q gss<eo(jt1l)

< KamaX{2M|p —ql, 1z(p) — z(g)| + |p — q! | f(p, 2})]
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& sup rlf(q, 2 — 10, zz)|ds}

g<s<eo(j+1)

< K, (2M|p — gl + &l f(p, 2) — f(g, z)I}
—0 as g—p.
Assume that |z ; — z2 |z —>0asg—p wherei=j+1,...,k— 1

Then we have

sup [ Z%(s) — 27(s)|
golk—1)<s<eo(k)

eo(k)
< f | f otk — 1), 28 w—1y) — fleo(k — 1), 28 4 — 1) ds

sotk—1)
+ 12%eo(k — 1)) — 27(go(k — 1))
<ol fleolk — 1), z{yu—1)) — fleo(k — 1), 24— 1))l
+12%eo(k — 1)) — z7(eo (k — 1))
—0 as g—p,

and hence
|Zgg(k) - Zfo(k)[ga

<K, sup |z4(s) — 2(s)] + MaIZgo(k—l) - Zfo(k~1)|ga

eok—1)<s<eo(k)
—0 as q—p.

Thus we get

Iz — zfla < K, sup |2%(s) — z¥(s)] + Ma|Zgo(k) - Zfo(k)'ﬁ
go(k)<s<t

< Kot — eo(R)] 1f (6o k), 2800) — S (€0 (k), 28,00
+ M,|z8 0y — Zmla + Kal2'(e0(k)) — 27(eo (k)]
—0 as g-——p,
and hence, by Axiom (B,),
(3.3) |z4(t) — 2P(t)) — 0 as q—p.

Since T = Q" and Q"|J is uniformly equicontinuous, (3.3) holds uniformly on
J. Thus T'|J is connected in C(J, E). Since z7(-) = x*(-)e V"'n T, the set

V'l JUT|J is connected in C(J, E). It is obvious that Q*|J = |J VJ'|JUT|J.
zeQ"n
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Thus the set Q"|J is also connected in C(J, E). It is not difficult to prove
that Q"|; is connected in C(J, %). Hence the proof of the lemma is completed.

§4. Main result

In this section, we shall prove Kneser type theorems for CP (1.1).
A function #: (g, 0 + a] x [0, 2r] — R is said to be a Kamke-type function
if the following conditions hold:

(n1) n=nlt s) is a real-valued function, defined on (s, ¢ + a] x [0, 2r],
which is Lebesgue measurable in ¢ for each fixed se[0, 2r] and is continuous
in s for a.a. te[o, 0 + d].

(n,) There exists a function o, defined on (o, ¢ + a] and locally integrable
there, such that |5(z, s)| < a(t) for a.a. te(s, o + a] and all se[0, 2r].

To state Kneser type theorem, we need the following.

Hypothesis A; For each subset & of &,[y] such that a(£,)=0 and
&|[o, o +v] is H-Lipschitzian for some H > 0, the inequality o(&,) < |4,|z=
holds for te[a, 6 + 7], where d(t) = a(&(1)) for te[o, 6 + 7] and d(t) = 0 for
te(— oo, a].

Here we note that the a-measure of noncompactness on %, which is not
a Banach space, is well defined and has usual properties (cf. [12]).

Example 4.1. Let yeR. The space ¥, is the space of continuous
functions ¢: R~ —» E having the limit lim,,__e"¢(s) with the norm
|@le, = supg-e”|@(s)]. Then, by Proposition 1.7 in [12], we have

(&) =e " sup e®au(&(s))

a<sst
= W:Lg';-
Example 4.2. Let
% ={¢: R~ — E|measurable on (— co, — r], continuous on
[—r 0] and |p|y < oo},

where 0 < r < o0 and

[¢]
lole = sup |</>(S)|+f e*lo(s) ds.

—r<s<0

Then we have, by Lemma 2.2 in [10],
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—r<s<0

(&) < sup &t + )+ jo ea(&(t + s))ds

gt

—_ A
- l“zlzm
We are now in a position to prove the main theorem in this paper.

Theorem 4.3. Suppose that BE and #R satisfy Axioms (B,)-(B;) and
Hypothesis A is satisfied. Assume that f: [0, 0 + a] X %(p, r) > E is uniformly
continuous and |f| <M —1, M> 1, on [o,0 + a] x B(p,r) and that there
exists a Kamke-type function : (o, ¢ + a] x [0, 2r] > R* such that

1) a(f(t, B)) < w(t, «(B)) for a.a. te(o, 0 + a] and

for all B< %B(p, 1);
2) w(t, s) is nondecreasing in s; and
3) z=0 is the unique absolutely continuous function from (— oo, 6 + da]

z(t)

into R*, which satisfies the initial condition (D" z)(0):= lim,,,, —— =0 and
t—o

z(t) =0 for t <0 and the scalar differential inequality

d
@4.1) ’dj <olt, |z|g)  for a.a. te(o, o + al.

Then the set S of all solutions, defined on (— o0, 6 + y], for CP (1.1) is
nonempty and the set S\J, J = [0, ¢ + y], is compact and connected in C(J, E),
where y is as in Lemma 3.1.

Proof. Let Q" be the same set as in Lemma 3.1. We note that
Xx:(—o0,0+ y]—E belongs to S if and only if x satisfies the conditions

x|Je ) CI(Q"|J) and x,= ¢. From Theorem 2.2 and Lemma 3.1 it is

n=1
sufficient to see that a(Q"|J)—> 0 as n— co0. Since Q"|J is an equicontinuous
subset of C(J, E), we have «(Q"|J) = sup {«(Q"(?))|teJ} by Lemma 1.4.1 in
[6]. Thus we must prove that a(Q"(t)) — 0 uniformly on J as n— co. Put
z2"t) = a(Q"(t)) for teJ, while z"(t) = 0 for te(— oo, 6]. Then for t, seJ and
any ne N we have

") <z"t) and |Z(t) - z'(s)| < M|t —s|,

which implies that the sequence {z"(t)} converges to a function z°(f) uniformly
on (— o0, g +y]. Clearly, we have |z°(t) — z°(s)] < M|t — 5| for ¢, seJ.

Next, we shall show that z°(()=0 on J. From the definition of the
family Q", properties (cf. [6. Theorem 1.4.1]) of the a-measure and Theorem
1.3.1 in [6] it follows that for h > 0,
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1 n n
A la(Q"(¢ + h)) — (Q"(®)]

< % a({ut + h) — u(t)ueQ"})

<oa({D,u)(s)|selt, t + h), ueQ"})
<a({(D+u)(s) — f(s, u) + f(s, u)lselt, t + h), ueQ"})
< a({(D4w)(s) — f (s u)lselt, t + h), ue Q)

+ a({f(s, u)lselt, t + h), ueQ"})

<a({f(s, u)lselt, t + h), ueQ"}) + %
n

Since Q"|; is an equicontinuous subset of C(J, #) and f is uniformly
continuous, for any ¢ > 0 we have

0 <a({f(s, u)lselt,t + h), ueQ"}) — a(f(t, Q) <,
provided h is sufficiently small and n is sufficiently large. Hence we have

dz"(t)
dt

2
<a(ft, ON)+=+¢ foraa tel
n

By Hypothesis A and the assumptions 1) and 2), we get
dz"(t)

2
<ol a@))+ - +¢ for a.a. teJ
n

' 2
<ot |2}|gr) + — + ¢ for a.a. teJ.
n

Letting n — oo, we have

az° ()

<ot |22|4<) + ¢ for a.a. tel,

because of Lemma 3.1 in [13]. Since ¢ is arbitrary, we obtain finally

dz°(t)

<ot |20)4=)  for a.a. tel.

Moreover, it is easy to see that

2+ h) <zc+h) S% + ¢&h,
n
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which implies that (D*z°%(0) =z°()=0. Thus we have z°()=0 by the
assumption 3). This completes the proof of the theorem.

Corollary 4.4. The differential inequality (4.1) in Theorem 4.3 can be
replaced by the differential equation

4.2) % = K©O)ol(t, (1)) + BRz(2) for a.a. te(o, 0 + a]

provided BReR, or

4.3) % = o(t, K(t — 0)z(t)) for a.a. te(o, 0 + a],

where BR = limsup { | Sg(t)|| — 1}/t, — 00 < BX < o0, and || Sg(t)|| stands for the
t—=0+
operator norm of Sg(t).
For the proof refer to [13, Proposition 4.3 and 11, Theorem 3.1].

Remark 4.5. From Corollary 4.4 we can see that Theorem 4.3 generalizes,
in some sense, Theorem 2.4 in [12] and Theorem 3.1 in [10]. For the case
of phase space # = %, refer to [14].

§5. Related results
We make the following hypothesis on a mapping f: 2 > E, 2 < R x 4.

Hypothesis B. For every point (7, )€ Q, there exist positive numbers a, r
and a Kamke-type function w(t, s): (t, T + a] x [0, 2r] > R™ satisfying the
following conditions:

1D [t—at+a]lx B, r)c Q.

(2) fis uniformly continuous and bounded on [t — a, T + a] x Z(J, 7).

(3} a(f(t B)) < w(t, a(B)) for a.a. te(r,7+ a] and every subset B c
B, 7).

(4) u(r) = 0 is the unique absolutely continuous function from (— o0, t+a]
into R*, which satisfies the initial condition (D" u)(z) =0 and u(f) =0 for
t < o and the scalar differential inequality (4.1)

The following result is a modification of Theorem 3.2 in [12]. Since the
proof is essentially based on the argument used in the proof of Theorem 3.2
in [12], it is omitted.

Lemma 5.1. Suppose that #* and #® satisfy Axioms (B,)-(B;) and
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Hypothesis A is satisfied. Let f": 2 — E, ne N, be a continuous function, where
Q is an open subset of R x %, and let x": (— o, 1,) > E be a noncontinuable
solution of CP(f", 0,, ¢"), 6,€(— ®©, 1,). Assume that

1) for every point (z, Y)e 2, CP (f", 7, ¥) has a solution;
2) f satisfies Hypothesis B;
3) i {f"}uen is uniformly bounded on a closed bounded set F of Q, then

a({ S ) = f&, I Y)eF, n > k}) — 0 as k—— o0;
4) {f"},en converges to the function f uniformly on every compact subsel
of Q; and
5) o,—0and ¢"— ¢ as n— o« and (0, p)e Q.

Then there exist a subsequence {x""} of {x"} and a noncontinuable solution
x, defined on (— 0, 1), of CP (f, 6, @) such that the following conditions hold:

(i) < 1irgs;)1p Tugi)-

(i) sup {|x"?@) — x(®)| |s(n(i)) <t <d} >0 as i— o for every de(o, 1),
where s(n) = max {0, 7,}.

Set

Sg(p) = {x: I — E|x is a solution of CP (f, o, ¢)},
Sa(p)={(: 1 —> B|{(t) = x, for tel and xe Sg(p)},

where I is a subinterval of [a, o), and

S2(Q) = U Sz(¢),

@eQ
where Q « # and Z = E or 4. Clearly, we have S,(Q) = C(I, Z).

Proposition 5.2. Let f in CP(1.1) be a mapping defined on I x A,
I'=[o, 0+ a]. Suppose that all the conditions in Theorem 4.3 are satisfied.
Then for any compact and connected subset Q in % the set S;(Q) is a
compact and connected subset in C(1, Z).

Proof. We shall prove that the set Sp(Q) is compact in C(I, E). Let
{u"},n be any sequence in Sg(Q). Then for each u" there exists a solution
x":(— o0, ¢ + a] - E of CP (f, 6, ¢") such that x"|I = 4" and x* = ¢"€Q. By
Lemma 5.1 we can choose a subsequence {x"} of {x"} and a solution x° of
CP (f, 0, ¢°) such that x" — ¢° in # and x"(t) - x°(¢) uniformly on I as
i—o0. Thus the set Sg(Q) is compact in C(I, E}. By Theorem 2.1 in [10]
we have a(S4(Q)) < K,a(Sg(Q)) + M,a(Q) and hence o(S4(Q)) =0. Clearly,
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the set S4(Q) is compact in C(I, %#). The proofs of the connectedness for
S(Q) and S4(Q) follow from Kaminogo [4]. Hence the proof is complete.

Corollary 5.3. If all the assumptions in Proposition 5.2 are satisfied, then

2@ ={(t x)IxeSx(Q) and tel}

is compact and connected in R x 2.

Proof. The mapping on I x S4(Q) defined by (¢, {) — (¢, {(t)) is continuous
onto Y (Q). Since I x Sx(Q) is compact and connected, the set Y (Q) is also
compact and connected in R x 4.

The following result extends Theorem 1 in [7]. Since the proof is similar
to that of Theorem 4.3 (or [14, Theorem 3.4]), it is omitted.

Theorem 5.4. Suppose that BE and #BR satisfy Axioms (B,)-(B;) and
Hypothesis A is satisfied. Assume that f:{o,0+a] x %(p,r)>E is a
uniformly continuous function such that |f|<M —1, M > 1, on [0,0 + a] x
B(p, 1), and that there exists a Kamke-type function w(t, s): (g, o + a] x [0, 2r]
— R* such that

) lggloigf% [(A(®) — o {x(0) = hf (&, x): x€4})]

< oft, a(4,)

for a.a. te(o, 0 + a] and for any subset A = &%[a] such that A|[o, 0 + a] is
equicontinuous and A, = B(p, r) for all te[o, 0 + a];

2) w(t, s) is nondecreasing in s for a.a. te[o, 6 + al; and

3) the condition 3) of Theorem 4.3 is satisfied, provided (4.1) is replaced
by the scalar differential inequality

d
(5.1) ;53 wlt, |z,|gr)  for a.a. te(o, o + a].

Then the conclusion of Theorem 4.3 remains valid.

Remark 5.5 [13, Proposition 4.3]. The differential inequality (5.1) in
Theorem 5.4 can be replaced by the differential equation (4.2) or (4.3) under
an additional condition:

t

4) olt,|z,|gx) —0ast —> 0+ 0 and J (s, |z5|gr)ds < o0,
whenever z:(— o0, 0+ a]—[0,2r] is an absolutely continuous function
satisfying the conditions (D*z)(6) =0 and z(t) =0 for t < o.
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Remark 5.6. (1) The condition 1) in Theorem 5.4 is weaker than the
condition 1) in Theorem 4.3 (cf. [6, p. 48]).

(2) Theorem 5.4 is a generalization of Theorem 4.3 if w in Theorem 5.4
is the Nagumo-type function w(t, s) =s/(t — o). Indeed, the function w
satisfies the condition 4) in Remark 5.5 (cf. [9. Proposition 6.1]), which means
that the condition 3) in Theorem 5.4 and the condition 3) in Theorem 4.3
are equivalent to each other.

(3) The condition 3) in Theorem 5.4 is weaker than the condition (iii)
in [7, Definition 3] even for ODEs.
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