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§1. Introduction

In this paper we are concerned with a system of nonlinear second-order
elliptic partial differential equations and will obtain comparison and existence
results for solutions of the Dirichlet problem for the system.

Let Q be a bounded open subset of R”. Let m be an integer greater
than 1, and we denote by 4 the set {1,...,m}. Let g* and h¥, with k, je A,
be given families of real-valued functions on 2. For ke A and R™-valued
function u = (u', ..., u™) we denote, respectively, by M*u and N*u the functions
on @ defined by

M*u(x) = min {u/(x) + g*(x)|j e 4, j # k} ,
and
N*u(x) = max {u/(x) + h¥(x)|je 4, j # k} .

We consider the system of PDEs for R™-valued function u = (u?, ..., u™):
(1.1) min {max {L** — f* u* — M*u},u* — N*u} =0 in Q,
for ke A, together with the Dirichlet conditions
(1.2) uF=0 on 0Q, forkeA.

Here the f* are given functions on £ and the L* are linear second-order
elliptic operators of the form
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for ve C*(Q), where the af, b¥ and c* are real-valued functions on €,
the matrices (afi(x));<; <, are nonnegative definite and the condition that
inf {c*(x)|x € Q, ke A} > 0 is assumed.

System (1.1) arises as the Bellman-Isaacs equation for a switching game
with the state governed by stochastic differential equations and with g* and
h*, k, je A, as its switching costs. It should be remarked here that (1.1)
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includes, as a special case, a system equivalent to the Bellman equation of
optimal switching for stochastic differential equations:

(1.4) max {L*u* — fu* — Mu} =0 inQ, forkeA.

Indeed, it is easily checked that if u is an R™-valued function on € and if
functions h*¥, with k, je A, are chosen so that h%(x) < u*(x) — u/(x) for all
xeQ and ke A4, then u is a subsolution (resp., super- and solution) of (1.1)
if and only if it is a subsolution (resp., super- and solution) of (1.4). We refer
to N. Yamada [18], S. M. Lenhart and S. A. Belbas [13] and I. Capuzzo
Dolcetta and L. C. Evans [2] for the derivation of (1.1) and (1.4), and for
the differential game and the problem of optimal switching corresponding to
(1.1) and (1.4).

The assumptions which we will put on the L* are rather general and
allow the L* to be degenerate elliptic. This, however, requires us to introduce
weak solutions of (1.1), and the notion of weak solution adapted here is that
of viscosity solution which has been introduced by M. G. Crandall and P.-L.
Lions [4] and P.-L. Lions [15]. The notion of viscosity solutions was defined
for single equations in [4] and [15], and afterwards, it was extended in [2]
to that for systems of PDEs. The definition of viscosity solutions of (1.1) will
be recalled in Section 2.

There are several existence and uniqueness results for a solution of the
Dirichlet problem for (1.1) and (1.4). In [13] the existence and uniqueness
of a solution, in the a.e. sense, of (1.4) and (1.2) in the space (W% ®(Q))" has
been established. In [18] the existence and uniqueness of a solution, in the
ae. sense, of (1.1) and (1.2) in (),»; (W>?(Q))" has been shown. In these
results it is assumed that the L* are uniformly elliptic and the coefficients of
the L are smooth. In [2] they have established the existence and uniqueness
of a bounded, continuous, viscosity solution of (1.4) in the case when 2 = R"
and the L* are first-order differential operators. N. Yamada [19] and H. Ishii—
N. Yamada [11] have obtained some results on the existence and uniqueness
of viscosity solutions of problem (1.1) and (1.2) with uniformly elliptic L* under
some regularity assumptions on the coeflicients of L* weaker than those in
[13] and [18]. In all the results above it is assumed that g* and h% are
constant functions.

Our primary purpose here is to remove from the existence and uniqueness
theory the restriction that the g*’ and h* be constant functions. The secondary
purpose is to take advantage of recent developments in the uniqueness theory
for viscosity solutions of second-order elliptic PDEs in order to formulate our
results so that they apply to a wide variety of the operators L*. We refer
the interested readers to R. Jemsen [12], H. Ishii [9], H. Ishii—P.-L. Lions
[10] and M. G. Crandall [3] for the developments.
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Our plan of this paper is as follows. In Section 2 we recall the definition
of viscosity solutions to general systems of PDEs. A comparison theorem for
solutions of (1.1) and (1.2) is established in Section 3. This is actually done
for a system of PDEs which is more general than (1.1). In Section 4 an
existence result is formulated, where the existence of sub- and supersolutions
of (1.1) and (1.2) is assumed, and it is proved by Perron’s method.

Finally, we refer to A. Bensoussan-J.-L. Lions [1], L. C. Evans—A.
Friedman [7] and S. M. Lenhart-N. Yamada [14] for some problems and
results related to ours.

§2. Definition of viscosity solutions

For any function u: @ - R we define the function u*: @ — R= RU{—o0, o0}
by

u*(x) = 1ifn sup {u(y)ly € B(x, )N},
1 220]

and the function u,: Q — R by
Uy (x) = li¢m inf {u(y)ly € B(x, )N 2},
rv0

where B(x,r) denotes the ball {ye R"||x — y| <r}.

It is immediate from the definitions that u* >u > u, in Q, u* is upper
semi-continuous (u.s.c. in short) on Q and u, is lower semi-continuous (ls.c.
in short) on Q. It is easily seen that if u is us.c. (resp., ls.c) at x € Q, then
u(x) = u*(x) (resp., u,(x)). For R™-valued function u = (u',...,u™) u* and
u, denote the R™-valued functions ((u')*,...,™)*) and ((u'),, s (U™
respectively.

Let u be a real-valued function on  and x a point of Q. Let S" denote
the set of real symmetric matrices of order n. We denote by D% *u(x) the
set of those (p, X) e R" x §" for which

u(y) < ux) +<{p,y — x> + 3:{X(y = %), y — x> + o(|x — y?)
as y— x. Likewise, we denote by D% u(x) the set of those (p, X)e R" x S"
for which

u(y) = u(x) +<p,y — x) + Xy —x) y — x> + o(|x — y[?)

as y—>x. It is now easily seen that if ¢ € C3(©2) and x € Q is a maximum
(resp., minimum) point of u— ¢, then (Do(x), D*¢(x)) € D**u(x) (resp.,
(Do(x), D*¢(x)) € D* ~u(x)).

Now we consider the system of PDEs for R™-valued function
u=@'...,u™):



146 Hitoshi Isan and Shigeaki KoOIKE

2.1 G*(x, u, Du*, D*u*) = 0 in Q, for ke A,
where the G* are real-valued continuous functions on Q x R™ x R" x S".

Definition. Let u = (4!, ..., u™) be an R™-valued function on Q. We call
u a viscosity subsolution of (2.1) if (u*)* < co in @ for all ke 4, and

(2.2) G*(x, u*(x), p, X) < 0

for all xe @, ke A and (p, X) € D**(u*)*(x). Similarly, we call u a viscosity
supersolution of (2.1) if (u*), > —o0 in @ for all ke 4, and

(2.3) G*(x, u,(x), p, X) > 0

for all xeQ, ke A and (p, X)e D*>~(u*),(x). Finally, we call u a viscosity
solution of (2.1) if it is both a viscosity sub- and supersolution of (2.1).

We note that the continuity condition on G* of viscosity subsolution
(resp., supersolution) can be replaced by the lower (resp., upper) semi-continuity
in @ x R™x R" x §".

When u is a real-valued function on Q and x € 2, we denote by D% Tu(x)
(resp., D*~u(x)) as the set of those points (r,p, X)e R x R" x S" for which
there is a sequence of points (x;, p;, X;)€ 2 x R" x S" such that (p;, X;) e
D*>*u(x;) (resp., (p;, X;) € D*~u(x;)) for all j and_ such that x;—x, u(x;) >,
pj—p and X;—> X as j—oo. In other words, D**u(x), for instance, is the
graph closure of the multi-valued mapping x — {(u(x), p, X)|(p, X) e D**u(x)} =
R x R" x S".

§3. A comparison result

In this and the next sections we consider the system of PDEs for R™-
valued function u = (u!,..., u™):

(3.1 min {max {F*(x, u*, Du*, D*u*), u* — M*u}, u* — N*u} = 0 in Q,

for ke A.
We will use the following assumptions:
(A.0) The F* are real-valued continuous functions on Q x R x R" x S".
(A.1) There is an me C(R™) with m(0) = 0 such that

F*(y,r,p, —=Y) — F*(x,r, p, X) < m(|lx — y|(Ip| + 1) + a|x — y|?)

. Io\_(x 0\_ (1 -I
! o 1/)=\o v/ -1r 1)

for all keAd, a>1, x, ye, reR and X, Ye§"
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(A.2) There is a positive constant 6 for which
F¥x,r,p, X) — F¥x,s,p, X)>0(0r —s) ifr>s,

for all ke A, xe 2, r, seR, pe R" and X € §".
(A.3) There exists w € C(R*) with @(0) =0 for which

IFk(xa r, p, X) - Fk(x9 r, g, X)| < w(lp - q')

for all ke 4, xe, reR, p, ge R" and X e S".

(A4) The g% and h¥ are continuous on Q.

(A.5) For any sequence {k(i)|li=1,...,p}, with 2<p<m, of distinct
integers in A, if n* = g"P**tY or yi = PEORFD for i =1, ..., p, where k(p + 1) =
k(1), then Y2, #*#0 in Q.

This condition (A.5) is called “no loop condition” which was introduced
in [18]. As is shown in [9] and [10], the linear operators L* defined by
(1.3) satisfy (A.1) if the a¥ belong to C**(Q), the b} are Lipschitz continuous
on @ and the c* are continuous on Q. See Theorem 5.2.3 in [17] for the
regularity of the square roots of S"™-valued functions. It is clear that the L*
satisfy assumptions (A.0), (A.2) and (A.3) under the above regularity hypothesis
on the af, b¥ and c*. Also, the L* satisfy (A.0)~(A.3) if the L* are uniformly
elliptic on €, the af and bf are Lipschitz continuous on © and the c* are
continuous on Q. For this and other classes of F* satisfying (A.1) see [10],
[97 and [12].

In what follows, when u = (u%,...,u™) and v = (v}, ..., v™) are R™-valued
functions on Q and I is a subset of Q, the notation u < v on I” means that
u* <v* on I for all ke A.

Now we are in a position to state our main result.

Theorem 3.1. Assume (A.0)—(A.5). Let u and v be, respectively, viscosity
sub- and supersolution of (3.1). Assume that u* <v, on 0. Then u* <v,
in Q.

We need the following two lemmas to prove the above theorem.

Lemma 3.2. Let u be u.s.c. and bounded above, and v be ls.c. and bounded
below in Q. Let (%, 9)eQ x 2 be a local maximum point of the function

(x, y) = ulx) — v(y) — %lx — y|>. Then, there exist X, Y €S8" such that

1 0\ /X 0 1 -1
(3.2) —41(0 1>S<0 Y)su(_I I)

and
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(33)  @®), A% -9 X)e D> u®), @), A& — ) —Y)e D> v().
We refer to [3] for a proof of this lemma.

Lemma 3.3. Let K be a compact subset of R". Assume that u is u.s.c.
on K. Then, for almost all p e R", the function u(x) + {p, x) attains its strict
maximum on K.

This is proved in [5] in a general setting. For compieteness we give a
proof.

Proof of Lemma 3.3. Denote H: R" — R by
H(p) = max {u(x) + <{p, x)|x € K} .

Since H is convex, H(p) is differentiable at a.a. pe R". Fix p a point at
which H(p) is differentiable. Let x be a point at which u(x) + <{p, x) attains
its maximum. We note that

u(x) +<p+ h,x) < H(p + h) < u(x) + {p, x> + <DH(p), h) + o(|h|)
as |h| -0, where DH(p) = grad H(p). Thus, we see
{x — DH(p), h) < o(|h]).
Taking —h into the above inequality instead of h, we obtain
|<x — DH(p), k3| < o(|hl) .
Therefore, x = DH(p). [J]

Proof of Theorem 3.1. For simplicity of notation we write u/ and v’ for
(w’)* and (v/),, respectively. We note that the functions u/ and —uv’ are
bounded above.

We suppose that max {u’(x) — v/(x)|x € 2, je A} >0, and will obtain a
contradiction. Let Q denote the set of those points pe R" for which the
function x — max;, ,(u/(x) — v/(x)) + {p, x> on 2 has a strict maximum. Note
that Q is dense in R" according to Lemma 3.3. Fix qe @, and define
w=w! ..., w"): Q2> R™ by wi(x) =1v/(x) — (¢, x>. Let zeQ be the unique
maximum point of the function x — max;. ,(u/(x) — w/(x)). We will take the
limit as |q| - 0, and therefore, in view of the assumption that u <v on 0,
we may assume that ze Q. Set

Ay = {j € Alul(z) — wi(z) = max, 4 (u"(2) — w*(2))} .
Fore >0 and ke A, define the function & on Q x Q by

PHx, ) = k() — wh() — 2

and let (x¥, y¥) be a maximum point of &
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Now we fix ke A, and examine the limiting behavior of xk, yk, u*(x})
and wH(y¥) as &}0. First of all, observe that the inequality ®*(z,z) <
@ (xk, y¥) implies that

|x¥ — y¥?

(3.4) u*(z) — wh(z) < uk(z) — wh(2) + < uk(xE) — wk(yh) .

&

Since the functions u* and —w* are bounded above, we see from (3.4) that
x¥— y¥*>0as £)0. Using (3.4) once again and the semi-continuity of u* and
wk, we see that x* and y* converge to the unique maximum point z of the
function u* — w* along any convergent subsequence as ¢ |0, and hence that

(3.5 xt, yEoz as ¢|0.

Moreover we have

uk(z) — wh(z) < lim u*(x}) — lim w(y}) < lim u¥(xf) — im w*(y}) < u*(z) — w*(2) .
&40 &40 ed0 &0

This series of inequalities implies that

(3.6) 1:{13 ub(x*) = u*(z)  and lgiff)l wri(yF) = wk(z) .

Inequality (3.4) now shows that

kL k(2
lx—e}—yi—»O as €l0.

To proceed, we divide our considerations into two cases. We first consider
the case when either u*(z) < N*u(z) or w*(z) > M*w(z) for all ke 4,. By
the definition of the N for each ke A, there is a je A\{k} such that
N*u(z) = u/(z) + h*(z). Fix ke A, and such a je A. We claim that if u*(z) <
N*u(z), then je A, and u*(z) — u/(z) = h¥(z). To see this, we assume that
u*(z) < N*u(z). Since v is a viscosity supersolution of (3.1), we have

v*(y¥) > N*o(y¥)  if ¢ >0 is small enough.

Hence, using (3.5), (3.6), the definition of N* and the lower semi-continuity of
wi, we have

wk(z) = wi(z) + hM(2).

Therefore, u*(z) — u’(z) < h*(z) < w*(z) — wi(z). Thus, recalling the definition
of Ay, we conclude that je A, and that

uk(z) — uwi(z) = h¥(z) .

Similarly, we see that if w*(z) > M*w(z) = wi(z) + g%(z) for some ke A, and
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je A, then je A, and u*(z) — u(z) = g*(z). From these observations, we can
choose a sequence {k(i)|i =1,..., p} of distinct integers in A4, such that either
ut0(z) — Y+ D(z) = ghORI*D) op — pkOKE+D for | < i < p, where k(p + 1) = k(1).
Summing up these equalities together with assumption (A.5) yields a
contradiction.

We next consider the remaining case, ie., the case when u*(z) > N*u(z)
and w*(z) < M*w(z) for some ke A,. Fix such a ke A,. Using (3.5), (3.6)
and the semi-continuity of N*u and M*w, we see that if ¢ > 0 is sufficiently
small, then u*(x¥) > N*u(x¥) and w*(y*) < M*w(y¥). Choose ¢>0 so small
that u*(xf) > N*u(x¥) and w*(y*) < M*w(y¥). Hereafter we simply write x and
y for xf and yk, respectively. By Lemma 3.2 there are X, Y e S" for which

8/1 O X 0 4 I —1I
—— < <- ,
e\0 I 0 Y e\—1I 1
k 2 N2, +,,k
u(x),E(X—Y),X e D> ut(x),
and
k 2 N2, =,k
w (y),g(x—y),—Y e D>~ wi(y).
If we recall the definition of w*, we find that v*(y) < M*s(y) and that

2 — .
<v"(y),8(x -y +gq —Y> e D> v*(y). Since u and v are viscosity sub- ana

supersolution of (3.1), respectively, it is thus easily seen that
k k 2
i\ x uf(x), (x —y) X ) <0
and
k k 2
F{5 o' () S(x = +4¢ -Y}=0.

Therefore, if u*(x) > v*(y), then, using (A.1), (A.2) and (A.3), we obtain

0 > O(u*(x) — v*()) — w(lql)

2 8
—m<|x —J’|<8|X—Y| + 1> +g|x - J’|2>,

where 0 is a positive constant from (A.2). Passing to the limit as ¢ 0 and
then |q||0, we conclude that O(u*(z) — v*(z)) <0, which is a contradiction.
The proof is now complete. []
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§4. Existence of continuous solutions

In this section we give some results concerned with the existence of a
continuous viscosity solution of (3.1).

Theorem 4.1. Assume that (A.0)—(A.5) hold. Let ¢ = (¢',..., ™) and
=@ ...,¥™) be, respectively, viscosity sub- and supersolutions of (3.1) such
that @ <y on Q. Assume that the ¢* are ls.c. and the y* are us.c. on Q
and that ¢ =y on 0Q. Then there is a unique viscosity solution u of (3.1)

satisfying
4.1 p<u<y on Q.
Moreover, u e (C(2))".

A sufficient condition for the existence of a viscosity subsolution ¢ and
a viscosity supersolution ¥ of (3.1) with the properties described above is given
in Proposition 4.3 below.

Our proof of this theorem is based on Perron’s method (see [8], [14])

and Theorem 3.1. A consequence of Perron’s method to (2.1) is formulated
in the following.

Proposition 4.2. For ke A let G* be a real-valued, continuous function on
Qx R"x R*x 8" Let o=(p,...,0™ and ¢ = (Y, ..., y™) be viscosity sub-
and supersolutions of (2.1), respectively. Assume that ¢ <y on Q and that

Gk(xa r,p, X) < Gk(x, S, D, X) lf r>s and k= Sk ,

for all ke A, r=(....,r™), s=(s',....,s™) € R™ and (x,p,x)€ 2 x R" x §".
Then there is a viscosity solution u of (2.1) satisfying ¢ <u <y in Q.

We postpone proving this proposition, and we first apply it to conclude
Theorem 4.1.

Proof of Theorem 4.1. Let ¢ and Y be as in Theorem 4.1. It is clear
that ¢* <y = ¢ <y, on 0Q. Hence Theorem 3.1 yields that ¢* <y, on Q.
For ke A define the function G*¥ on @ x R™ x R" x S" by

G*(x, r, p, X) = min {max {F*(x, r*, p, X), r* — M*(x, )}, r* — N*(x, )},
where F* is from (3.1),
M*(x,r) = min {r/ + g"(x)|je 4, j # k}
and
N¥(x,r) = max {r/ + h¥(x)|je A, j #k} .

Clearly, the functions G* are continuous and have the monotonicity property
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required in Proposition 4.2. Thus, applying the proposition, we find that
there is a viscosity solution u of (3.1) satisfying (4.1).

Now we prove the uniqueness and continuity of a viscosity solution of
(3.1) satisfying (4.1). Let u and v be two viscosity solutions of (3.1) satisfying
(4.1). Inequality (4.1) guarantees that u* = v, on 092. Therefore by Theorem
3.1 we have u* <v, on Q. By the same reasoning, we have v* <u, on Q.
On the othér hand, we have u* > u >u, and v* >v>v, on Q. Hence we
see that u=v =u* =u, on Q. Thus we conclude the uniqueness and that
ue(C@) O

Proof of Proposition 42. We will use the notation: For any R™-valued
function u on 2 and ke A, G* denotes the real-valued function on 2 x R x
R" x S" defined by Gk(x,r, p, X) = G*(x, u*(x), p, X), where uf(x) denotes the
vector of R™ having the same components as u(x) except the k-th component
and r as its k-th component. Note that if u and v are R™-valued functions
on Q and u < v, then G¥(x,r, p, X) > G¥(x,r,p, X) for all ke A and (x,7,p, X) €
QxR x R"x S".

Now let ¢ and ¥ be as in Proposition 4.2. Let & be the set of viscosity
subsolutions v of (2.1) satisfying v < ¢ on Q. Define u = (u', ..., u™) by setting

uk(x) = sup {v“(®)|v = @', ...,v") e F}  for ke A and xe Q.
It is clear that ¢ <u <y on 2. We will show that u is a viscosity solution
of (3.1).

In order to see that u is a viscosity subsolution of (2.1), we observe that
for any ve ¥ and ke A4, v* is a viscosity subsolution of

Gh(x, v¥, Dv*, D*v*)=0 in Q,
and hence a viscosity subsolution of
4.2) Gk (x, v*, Dv*, D*v*) =0 in Q.

Observe also that the functions G are ls.c. on 2 x R x R" x S". Therefore
by [9, Prop. 2.2] we see that for each ke A, u* is a viscosity subsolution of
(4.2). Thus, u is a viscosity subsolution of (2.1).

To show that u is a viscosity supersolution of (2.1), we suppose to the
contrary that u is not a viscosity supersolution of (2.1), and will get a contradic-
tion. It follows that there is a ke A such that u* is not a viscosity super-
solution of

4.3) GE (x,u*, Du*, D*u*) =0  in Q.

Fix such a ke A. As in the proof of [8, Theor. 3.1], we find that there is
a viscosity subsolution v* of (4.2) such that u* <v* <y* on Q and u* # v~
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Setting v/ = u’ for je A\{k}, we define the R™-valued function v = (v*, ..., v™)
on Q. In view of the inequality u* < v* on , it is easily seen that v is a
viscosity subsolution of (2.1). Noting that v < on Q, we conclude that
ve. Note also that v>u and v#u on Q. The existence of such a v
contradicts the definition of u. Thus we deduce that u is a viscosity super-
solution of (2.1). [

Finally, adapting some ideas from [16], we formulate a sufficient condition
for the existence of viscosity sub- and supersolutions required in Theorem 4.1
in the case of (1.1).

Let L* be the linear operators defined by (1.4). Let us introduce the
Fichera functions d* associated with the L* defined on 92 by

d"(x) I':Il (bk )+ 601}(36)) ( )

i,j ]

where v(x) = (v{(x), ..., v,(x)) denotes the outward unit normal vector to € at
x€0Q. For each ke A let 2* denote the subset of dQ consisting of those
points x for which

Y ag(x)vi(x)v(x) =
i,j=1
Proposition 4.3. Assume that 0Q is of class C?, that the f* c* and bf

are continuous on @ and that ¢*>0 on Q for all ke A. Assume that the
g% and —h* are continuous and nonnegative on Q. Assume that there is a
neighborhood U of Q for which afe CY(U) for ke A and 1 <i, j<n and for
which the matrices (af(X));<; j<n are nonnegative definite for ke A and x e U.
Also, assume that d*(x) <O for ke A and x € X*, and moreover that for each
k € A the interior, relative to 02, of Z* is dense in X*. Then there is a viscosity
subsolution ¢ and a viscosity supersolution  of (1.1) such that ¢ <y on Q
and ¢ =y =0 on 0Q, and such that the components ¢* are Ls.c. and the y*
are u.s.c. on Q.

Proof of Proposition 43. We will only construct a viscosity supersolution
of (1.1) with all the required properties since the construction of a subsolution
with the required properties is similar.

It follows from the positivity of the c* that there is a positive constant
C such that if u(x)=C for xeQ, then L'u — f*>0 in Q for ke A. Fix

such a constant C henceforth.
Fix z € 0Q. According to the proof of [16, Theor. 1.5.2], we can choose

a neighborhood V, of z and a function {e C(@NV,)NCXRNV,) such that
{(z)=0,({>0o0n 2NV, and {(x) > 1 for x e 2N 8V, and such that L*{(x) > 1
for ke A and xe QNV,. Multiplying { by a sufficiently large constant, we
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obtain a function ¥, e C(QNV,)NCXRNV,) having the properties: ¥,(z) = 0
Y, >0 on QUV,, Y.(x) > C for xeQNaV, and L, — f*>0 on QNV, for
all ke A. Define y, € C(Q) by setting J, (x) min {C, ¥,(x)} if xe V, and =C
otherwise. Indeed, it is easﬂy seen that i, is continuous on €. Also, it is
clear that y,(z)=0 and ), >0 on Q. Moreover, it is easily checked that
Y, is a viscosity supersolutlon of Lkl//z f¥=0in Q for all ke A. Now
we define a us.c. function ¥ on Q by Y (x) = inf {,(x)|z € 0Q2). Then, it is

clear that =0 on 89, !/J >0 on Q and { is a Viscosity supersolution of
L% — f*=0in Q for all ke A. Finally, setting y* = for ke 4, we define
the R™-valued function ¥ = (y',...,y™) on Q. Since (Y*), = N, in Q by
the non-positivity of the h*, it is easy to see that y is a viscosity supersolution
of (1.1). Thus, Y has all the desired properties. []
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