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Integral Inequalities of Bihari-Type
and Applications

By

Manuel PiNTO®
(IRMA Strasbourg, France)

1. Introduction

Differential and integral inequalities play a vital role in the study of
existence, uniqueness, boundedness, stability and other qualitative properties of
solutions of differential and integral equations ([1], [4], [7-8], [10], [14], [21-
22]). This is the case of the attractive Gronwall-Bellman inequality [1].
Bihari’s inequality is the most important nonlinear generalization of the
Gronwall-Bellman inequality. Several semi-linear integral inequalities of
Gronwall-Bellman-Bihari type have been obtained ([5], [12-13], [15]).
However, at present, the result for integral inequalities with several nonlinear
summands are only partial ([18], [19]).

The aim of this paper is to show a different approach for the “resolution”
of some integral inequalities with several nonlinear terms which include the
polynomial expressions and to apply these results to the problem of existence of
polynomial asymptotic solutions for an n-th order nonlinear differential
equation.

In section 2, we “resolve” nonlinear integral inequalities with several
nonlinearities as, for instance,

ut)<c+ Y Jt (o u(s)ds (see Ths. 1 and 2)
or i=1Ja
u <o+ 10) 3. 1,0 f Ao (uls) ds
(see Th. 3, Cor. 1 and 2)
or

ut)<c+ J‘t A(8)oq (u(s)) ds + Jt A (S)w, <va A3(T)w;(u(r)) d1:> ds

a a

(see Th. 4)
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etc.

These integral inequalities, as Bihari’s or Gronwall-Bellman’s inequalities
(11, [4], [7], [8] are fundamental in the study of extension, stability and
asymptotic behavior of the solutions of the differential equations
(C6], (141, [15]).

In section 3 we apply some integral inequalities to obtain conditions for a
nonlinear scalar equation

yO 4+ f(t, y, ¥y ..., y" ") =0 (see Ths. 5 and 6)

to have solutions which behave like solutions of x* =0 as t — 0.

2. Nonlinear integral inequations

In this section nonlinear integral inequalities with several nonlinearities are
obtained. We begin with two nonlinearities:

Lemma 1. Let wq, i=1, 2 be continuous and nondecreasing functions on
[0, v) and positive on (0, 0) such that o = w,/w, is nondecreasing on
(0, o) (see remark 1). Let u,l,i=1,2, be continuous and nonnegative
Sfunctions on [a, b] and ¢ > 0 a constant. If

() uty<c+ Jt Ai(s) (u(s)) ds + Jt A (), (u(s))ds
then, for tefa, b,],
2 u(t) < W3 [Wile) + j A(s)ds],
where

_ | O'W)—Ju 250, uy>0
(3) Wl(u) - J; Ma u>u; 2(“ - o COZ(Z)’ u s 40

and b, is the largest number such that b, > a and for i =1, 2:

by © g
it = [ aass [ 8,

a wi(z) ’

Ci-1

4 3
¢y = Wit (12 ly,).

Proof. Let zy(t) = [} A (), (u(s)) ds, z,(t) + ¢ + ﬂ, Ax(S)w,(u(s))ds. Then

Zy + 2 = Ao, (W) + A,0,u) < 4o(z; + 25) + A,0,(z; + 2,).
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Thus, z = z, + z, satisfies

d z
a(W1 (2) = m < Ay + A,0(2),

where w = w,/w,. Hence, by integrating on [a, t], t < b,, we have

W1 (z(1) < Wi (z(a) +ft Ai(s)ds + f A2 (8)(z(s)) ds

a a

by

<¢+ jt A (S)(z(s))ds, &= j Aq(s)ds.

a a

Then, putting v(t) = W,(z(t)), we obtain

a a

v(t) < ¢+ Jt AWt (v(s))ds, &= Jbl A(s)ds

and, using the Bihari’s inequality [2], we get for t€[a, b,]

vty < W1 [W(a) + J /lz(s)ds],

where

~ “ dz
W = ——, Hn = W
(u) J:TD N at) Uo 1 (o)

Since u<z=W;'(v) and W= W,o W (the composition between W,
and W!) the last inequality implies (2).

Notation. Let A< R be a set. For w;, w,: A—> R — {0} two functions,
we will denote w; oc w, if ®,/w; is nondecreasing on A.

The relation oc is transitive, reflexive, and “almost” anti-symmetric because
w; € w, and w, oc w, implies w, = ¢ w;, ¢ constant.

Remark 1. If in Lemma 1, w, oc w, instead of w, oc w, then the Lemma
can be applied by permuting the roles of w, and w,, and 4, and 4,. In this
case, the conclusion is

t b1

A(s)ds], ¢y = W3 [W,(c) + J Ay(s)ds].

a

ut) < Wit [Wiley) + J

a

Obviously, Lemma 1 extends Bihari’s inequality [2] to two nonlinearities.
Really, we can obtain an inequality with any finite number of nonlinearities.
The main result is the following:
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Theorem 1. Suppose the following two hypotheses.

(H) The functions w;, i =1,..., n are continuous and nondecreasing on [0, o0)
and positive on (0, o) such that w; oc @, o -+ € w,. (see Remark 2).

(H,) The functions u, {A;}}-, are continuous and nonnegative on I = [a, b] and
¢ is a positive constant.

If
(5) u) <c+ Zn: JI Ads)w,(u(s))ds, tela, b]
then
© u() < Wit [Wife,-) + f ' 39)ds]
for te[a, b,], where
1)
7 W = | 2 0 0, k=1
() k(u)'— ukM7 u> ) uk> ) =1...,n

and W ' is the inverse function of W,.

2) The constants c, are given by c, = c and

©®) o =W [Wiler-0) + 1 Allpds k=1,...,n—1.
3) The number b, ela, b] is the largest number such that
b1 ®  dz
9 Aellp, = A(s)ds < —, k=1,...,n
) 2 Il L K(8)ds < L‘_‘ 0 2)’ n
Proof. First, we note that, by (9), the constants ¢, k =1, ..., n are well-

defined. Now, the proof is by induction on n. Suppose that the result is valid
for n=m. Let

T

uy<c+'y, f 3Swus)ds, telab].

a

Put 0,(t) = [ A(s)eo,(u(s))ds, 1 i <m, 01 (8) = € + [ Ay 1 () 0prs 1 (u(s)) ds
and z=Y""'v,, Then u <z and

m+1 m+1
7z = igl iiwi(u) = izl liwi(z)'

Hence
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I

@y(z

and, by integrating on [aq, ],

ma1
Wi(z) = )Sl + Z, 4i0;1(2), ®;; = w;/w,

W0 < W) + sl + 5, || Ao e ds

J. Air 10054 1,1(2(s))ds, &= Wi(c) + [ A1y, -

Thus, v, = W,(z) satisfies

m
(10) no<e+ ¥, f B @111 W 019 ds,
where ;1,1 = 0;41/w; and &= Wi(c) + [y llp,-
Define
W\ () f dz i Withes ), k=1
= T qar—17 = s =1i...,m
k+1 ne G W@ W 1M1

Then, by induction, applied to A;,, w;4;°W; ! and W, , instead of 4, w,
and W,, from (6) we have for te[a, by]

t

(11) v,(t) < Wﬁh [Wm+1(5m—1) + J' Am+1(5)ds],

Where 50 = 5 = WI(C) + Hil ”bl’
(12) &= Wit IWi@—r) + [ as1llnd, k=1,...,m—1

and b, is the largest number b, > a such that

bo © dz
13) | A 0:=J A sdssj e
( k+1 ”b . k+1( ) - wk+1 1(W1 1(2))
But W,,, = W,,,° W' (the composition between Wk+1 and WY u<z
= Wil(v,) and (11) implies

t

u=< Wl_l(’h) < Wx_l (W, Wr;il [Wm+1(W1_1(Em—1)) + J Am+1(8)ds]]

(14)

t

= 7;41—1[Wm+1(5m—1)+J' j'm+1(s)ds],

a
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where €,,_; = W 1(E,- )
Now, denoting &, = Wi(&), k=1,...,m—1, by (12) we have &,
= Wi [Wi(0) + | 411l5,] and

(15) Co= Wit 1 Comt) +  Axsrllod -

Finally, since from (12} it is easy to verify that b, =b,, then (15)
implies &, =cpyq. In fact, & = Wi [W,(C) + 14, 5,] = Wy [Wo(Wi!
[(Wile) + [ Ao, D) + 142 ]l5,] = ¢, and if ¢,, = cppyy then, by (15),

b

Coi1=Woii [Weri() + [ Ams2lls,]
= ;41-1 [(Was1(Cmsr) + ||/1m+2”b1] =Cpn+2-

Thus, by (14),

t

u(t) < Wr;il [Wm+1(cm) + J /{m+1(S)dS],

a

which proves the results for n =m + 1. Now, the proof is complete.

Remark 2. On account of Remark 1 we have that Theorem 1 as well as
the theorems that follow, can be applied when the “order” oc among w,, i
=1,..., n has been precised.

Remark 3. 1If the inequality (9) is strict for k=n, then ¢, < oo and
u(t) <c, for tela, b;] (¢, given by (8) with k =n). Moreover, we have
co<c <--=<¢ and ¢;_; <¢ if [[4], #0. In fact, we have ¢,_; =
Wit (Wiei—y)) < Wi [Wilc;—1) + Il Aillp,] = ;. Furthermore, ¢;_; = co implies
Il 4:ll,, =0 and then b, =a if A, #0. Thus, (9) follows if

©) rl ik(s)dssjw w2 1z, k=1,...n

a Cn-1

whose verification is easier than (9).

Remark 4. For any k=1,...,n, let

k-1
(16) & = .l__!) Ir~i = G °Gr-1°""°91>

where
b1

giw) = W7 [Wiu) + o], o; = J As)ds, i=1,..., n.

a

The functions ¢, possess the following properties
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i) Any ¢, k=1,..., n, is a continuous, positive and nondecreasing function
on (0, c0), whose inverse function is given by

k by
17) ¢t =[lgr" gt @)= Wi W) — wl, o =f Ai(s)ds.
i=1 a
ii) Each ¢, (and g,) does not depend on the choice of W, i = 1,..., n, that is, if
we change u; by #; in (7):

- “ q
Wi(u)=f~—cr;), >0, u>0, i=1,..,n

Ui
then ¢, (and g,) remains the same

k=1 - - by
& = -l—_[o G- Giw) = W7 W) + o], o = J‘ 2(s)ds.
In fact, for any k=1,...,n, we have g, = §, because W,= W, + 5, §,
constant, i=1,..., n.
iii) For any k= 1,..., n, the constants ¢, in (8) are given by

(18) ¢ = dulc)

Thus, the result of Theorem 1, namely the constants ¢, k =1, ..., n, and (6)
do not depend on the choice of W, i=1,..., n.
(ivy T W,0")=—o0,i=1,...,nthen, foranyk=1,...,n ¢u)—0asu—0.

Remark 5. Although (6) is not the best estimate, it ensures that u and all
integrals in (5) are bounded, which is the most important and useful fact (see
section 3 and [10], [15]).

Usually, if wq(u) =u, w, oc w; for all i then in Theorem 1 we could use
Wg oC Wy oC -+ oC W,, but, in this case, it is possible to establish a more precise
version,

For that, we recall (Dannan [5]) that a function w: [0, c0)— [0, c0)
belongs to the class H if
i) w{u) is nondecreasing and continuous for u > 0 and positive for u > 0.
il) There exists a function r (multiplier function), continuous on [0, c0)
with o(au) < r(e)w(u) for « >0, u > 0.

Theorem 2. Assume that u and 1, i=0,1,...,n are continuous and
nonnegative functions on [a, b], w;e H, i =1,..., n with corresponding multiplier
functions v, i=1,...,n such that 0, w, - cCcw, and ¢ is a positive
constant. If
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t

u)<c+ J Ao(s)u(s)ds + Z J (S (u(s))ds, tela, b]

a

then for all te[a, b,]

) < B0 Wy | Wieuo + [ 20 P as |,

E(s)

where the notations are the same as in Theorem 1 by replacing A; by A;-r(E)/E
with E(t) = exp ([} 4,(s)ds).

Proof. Put z(t) + ¢ + [} Ao(s)u(s)ds, z,(t) = [} A(s)ou(s)ds, i=1,2,...,n
Then z = zn: z; verifies

i=0

or, by denoting E(t) = exp([}, A,(s)ds),

(z/E) < Z (L/E)ay(z) < Z (4i/E)-r{ E)o,(z/E)

because w;eH, i=1,...,n
Therefore, by integrating on [a, t], the function v = z/E verifies
t A As)ri(E(s))

v(t)<c+2j E()

and the result follows by applying Theorem 1.

@;(v(s)) ds

Theorem 3. Let u, A, w;, i=1,..., n be as in Theorem 1 and suppose that
w;€H with corresponding multiplier function v, i=1,...,n and h>0 is a
continuous and nondecreasing function on [a, b). If

(19) u(t) < h(r) + Xn: t As)wu(s))ds, te(a, b]
i=1 Ja

then, for te[a, b,],

t

u(t) < h() W, [W,(cp-1) + f An(S)ra(h(s)) ds]

where the notations are the same as in Theorem 1, by replacing 1, by A;-r,(h) and
c,=1.

Proof. From (19) and the fact that w,e H with corresponding multiplier
function r;, i =1,..., n, the function z = u/h satisfies
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t

2O <1+ Y | AB)r(h(s)w(z(s)ds
i=1 Ja
and the result follows from Theorem 1.

Now, by proceeding in a similar way as in Dannan [5] Cor. 1, we obtain

Corollary 1. Let u, A, w;,, i =1,..., n and h be as in the last Theorem and
suppose f(t), i = 1,..., n are nonnegative, continuous and nondecreasing functions

on [a, b]. If

u(t) <ht) + 3 £i(0) f o us)ds, te[a, b]

i= a

then, for tel[a, b,],

u(t) < hOW,  [Wilc—y) + fuld) f An(S)ra(h(s)) ds] ,

where the notations are the same as in Theorem 1, by replacing 1; by
Sfilby)-Ai-ri(h), 1 <i<n and co = 1.

Theorem 3 and Corollary 1 extend, respectively, Theorem 1 and Corollary
1 in [5]

Corollary 2. Let u, A, w,r;, i=1,...,n be as in Theorem 1 and f,, i
=1,...,n as in Corollary 1. Suppose that h and f are continuous and positive
functions on [a, b] such that f c h. If

(20) u(t) < h(t) + f(2) Zn: fi?) jt As)wy(u(s) ds, tela, b]
i=1 a
then, for tela, b,],
u(t) < }l% Wt [Wo(cu-1) + f An(S)ro(f(8))ru(h(s)/ f(5)) ds],

where the notations are the same as in Theorem 1 by replacing 4; by

fib)-Ai-vi()-rih/f), i=1,...,n and ¢4 = 1.

Proof. Since w;eH, i=1,..., n, by (20), the function z = u/f satisfies

2(t) < h())/f (1) + _; fi®) j A f(s)wi(z(s)) ds

a

and the result follows from Corollary 1.

Now, we obtain some nonlinear integral inequalities which are very useful
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in the theory of functional equations (see [8]).

The method can be applied to inequalities of type

u) <c+y. f Ao [Tiw(s)]ds,

T
a

where T, are the operators

and

1.

1

Tu)=TieTio--oTi" u), 1<i<mn, T,=Iidentity

THw)(t) = ftif(s)wi-‘(u(s))ds, i=1,....n k=1,...,i—1.

For illustrating the method, we establish the result for n =1 only:
Theorem 4. Let u, 4;, i=1,2,3, w;, i=1,2, 3, and ¢ be as in Theorem

If
u(ty<c+ f A(s)w (u(s)) ds + J‘t 12(s)w2<r As(D)ws(u(1)) d‘c> ds

a a a

then, for tela, b,],

u(t) < wi!t l:W3(cz) + Jt A3(s) ds:I

where the notations are the same as in Theorem 1.

Proof. Let zy(t) = ¢ + [ A, (S)w, (u(s)) ds, z5(t) = [} A3(v)ws(u(r))dr and

z,(t) = [, A2(s)w,(z5(s))ds.  Then

3
(z1 + 25 + 23) = 4,0,(W) + 4,0,(z;3) + A3043() < Z Aiwi(zy + 25 + 23).
i=1

Thus, by integrating, z = z, + z, + z3 satisfies

t

e+ 3 [ iooeos

a

and the result follows from Theorem 1.

This theorem extends Pachpatte’s results [11, 12, 13].

3. Application

In this section we apply some results of section 2 to study the asymptotic
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behaviour of solutions of the equation
(21) YO+ [ty s, YY) =0
Theorem 5. Let f = f(t, y,,..., y,) be a continuous function on [1, ) x R"
such that
) S 1 v S X A0/,
where
(H) The functions w;, i =1,..., n are continuous and nondecreasing on [0, o)

and positive on (0, ©) such that ®, oc w, oC -+ oC w,, (see Remark 2), and

(H,) A, i=1,...,n are nonnegative, continuous and integrable functions on
[1, o).
We also suppose that there exists a positive constant ¢ such that

J li(s)dssj —di—, i=1..,n—1,
1 ¢(c)wi(z)

j i,,(s)ds<J i
1 o(c) wn(z)

where ¢ = ¢,_ 4 is the continuous, positive and nondecreasing function on (0, o0)
given by (16).

Then all solutions of (21) such that Y7_, |y"~?(1)| < ¢ are defined on all
[1, o0) and they satisfy

n—1
(24) y= ) &t'+o("h
i=0

(23)

where 8, i=1,..., n are constants. Moreover, the limit

lim f (s, y(s), Y'(8), ..., " V(s))ds = 6

1

always exists and (n — )13, = y* V(1) =96, Thus 5,_, =0 iff 6 = y*~ (1),
in particular, 6,_, # 0 if y* V(1) is small or big enough.

Proof. The formula of variation of constants in (21) gives

e L]

i

(i — et — 1)“—f e

. (T_-Z)—!Q(S)dS,

y'© =

I

i=2

t

yore) =@m—Dle, — J g(s)ds,

1
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where g(s) = f(s, y(5), y'(s), ..., ¥~ )(s)). Then,
n t
()l < ('21 lelyen =t 4+ f lg(s)|ds
1= 1

or, by (22),

ly@l/e" ! < anl le;| + .anl L L)y ()| /s~ Y ds
sc+ i t L)1y~ (s)|/s' 1) ds
i=1J1

because Y 1oyl < Y [y" ()] <c. Similarly, for any k=0,1,...,n—1
i=1

RO < et Y f 2, [y~ 9(s)| /51 ds.

1

Hence, if z denotes the right member in the last inequality, we have

M=

7' <

i

Aoz, z()=c¢

1

or, by integrating on [1, t],
n t
zZy<c+ Y, | Ads)olz(s))ds.
i=1J1

By Remarks 3 and 4, the hypotheses of Theorem 1 are satisfied with b,
= 00. Then, for te[1, o)

t

2(t) < W, ' [W(e(0) + f In(s)ds].

a

Since A,eL;([1, ©)), k=1,..., n, by (23), there exists a constant K >0
such that

Z{(t) < K for t>1.

Moreover, geL,([1, oc)). This implies lim,., y*~V(¢) = a,_, exists and by
L'Hoprrals  rule  lim,, ., y" %~ V(8)/t* = a,_,/k!. Then " 2(t)=a,_,
+a,_it+o(t), y" I =a,_3+ a,_,t+a,_;t?/2+ o(t?),..., and if a;, i
=0,1,...,n— 1 are constants

a,t’ y- 8"} -1
yO) =ag+ajt +—+ -+ ——— 40" ") as t > 0.
2 (n—1)!
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Thus, the proof is complete.

Theorem 5 extends some results of Kusano-Trench [17] and Medina-Pinto

[9].

Corollary 3. Suppose that in Theorem 5 the functions wy, i=1,...,n,

satisfy
® d
25) f ? o, i=1,..,n.
1 0i(z)
Then all solutions y of (21) satisfy (24). In particular, that is the case, if
limsupw#z(zz< oo, i=1,...,n.

By Remark 4, we have:

Corollary 4. If in Theorem S the functions w;, i =1,..., n satisfy

Jl dz o, i=1
= » t=1L..,n,
o+ @i(2)

then there exists a constant ¢ which verifies (23) and all solutions y of (21) such
that Y'_y |y"~2(1)| < ¢ satisfy (24). In particular, that is the case if

w

lim sup i) >0, i=1,..,n.
z=0"t zZ

Remark 6. When (25) does not hold for all i, say for iel = {1,..., n} and
if for such iel, x = x; is the solution of the equation

e o) d o0
26) f L=, o= j 3i9)ds

g0 @i(2) 1
then ¢ = min {x;/iel} satisfies (23) whenever ¢ < x,. The solution of (26) is
given by

VX)) x; =@ Lo W [Wi(o0) — o], o = J‘ As)ds, i=1,...,n

1

where ¢! is given by (17). This formula has the meaning x; = oo when
W;(o0) = 0. Thus

(28) ¢ =min {x;]1 <i<n}=min {x;liel}

satisfies (23) if ¢ < x,. If min {x;/1 <i < n} = x,, then the result in Theorem 5
is true for all ¢ < x, (see Example 1). Thus, in (23) it is possible to take c
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= c(xq, X5,..., X,;) Where, for any ¢ >0 (¢ < x,),

min {x;|1 <i<n} if x,>min{x;|1 <i<n}
X, —¢&, in other case.

C(Xl, X2, LR ] xn) z{
Example 1. The solutions of

y =yt y1) =y,

arc

tyo

t, =0
y(t, yo) Yo ol Tt

They are defined on all [1, o) iff y, <1 and for y, < 1 they behave like
constants as t — oo, but for y, =1 the solution is not bounded. This shows
that in Theorem 5 it is not possible to take ¢ = x, (here n = 1), i.e. (24) can not
be true if in (23) we have the equality for i = n. Moreover, this example shows
that the solution of (21) can not be defined over all of [1, co) if Y 7_, |y®~9(1)]
> .

Theorem 6. Let f=f(t, y;, y,) be a continuous function on [1, ©) x R?
such that

L v, Y2l < ‘;1 A@oyil/t* 7Y,

where

(H) The functions w,;, i =1, 2, are continuous and nondecreasing on [0, o) and
positive on (0, o) such that either w, oc W, or W, < Wy, and
(H,) The functions A, i =1, 2, are nonnegative, continuous and integrable on

[1, o).
We also assume that there exists a positive constant ¢ such that
' w© © dz
29 Oti = i,(S)dS < Jv s l - 1, 2,
®) f 1 s @i(2)

where ¢(u) = Wi ' [W,(w) + o], if o, oc w;, k, j =1, 2 and the inequality in (29)
is strict for i =j.
Then all solutions of

Y+ [ty y)=0
such that |y(1)| + |y'(1)| < ¢ are defined over all of [1, ) and they satisfy

y=a+ bt +o(t),
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where a and b are constants. Moreover, the limit
t
lim J Js, y(s), y'(s))ds = «
too 1

always exists and b=y (1) — o. Thus b # 0 iff « % y'(1); in particular, b # 0 if
y'(1) is either small or big enough.

This theorem extends the results of Cohen [3] and Tong [16].

Theorem 6 generalizes also Theorem 4 [5] which considers w, = identity
and asks further condition on w,. Moreover, the verification of our integral
conditions are simpler (see examples 2 and 3).

Example 2. Consider the equation
(30) V' 4+ Ay +ae TP =0, deLy([1, o), O<a<l.

Here f(t, y;, y,) = ae " e’ + At)y,. Hence |f] <|AUt)||y,] + ae /2. o012
because tv < (t? 4+ 1v?)/2 and expy, = exp [t(y,/t)] < exp t?/2-exp(y/t)?/2.
We take w,(u) = e, w,(u) = u, A,(t) = ae "2, 1,(t) = |A(t)|. Since

cxj e 2 gy Sj dz
1 1 04(2)

if @ < 1, all hypotheses of Theorem 6 are satisfied and each solution y of (30)
such that |y(1)] + [y'(1)] < 1 verifies

y=a+bt+o(t) as t— 0,

where ¢ and b are constants. However, theorem 4 [5] can not be applied
because w,; does not verify

w,(bu) <r,Gw,m), b=1, u=0
for b > 1. Kusano-Trench’s results [17] can not be applied either.
Example 3. Consider the equation
(31) Y+ M09, y)O) + BOg2(y, yIy™ =0,

where 4, B-t"eL,([1, ©)), g; = g:(y1, y,) are bounded functins on R? such that
lg:(y1, ¥2)l| £ K, i=1,2, K; >0 constants and m, k > 0. Here

£, y1, y2) = BOG2(y1, y2)¥T + AB)g:(y1, y2)ys  and
1, y1, ¥2)| < K| B@IE™ |y, /t™ + Ky |A0)] p2 [*
= LOw(|y1/t) + A (Oo,(y,)),
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where 4,(t) = K,|B(®)It", w(u) = u™, A,(t) = K,|A(t)| and w,(u) = u*.

First, if k, m <1 then Corollary 3 can be applied obtaining that all
solutions y of (31) verify
(32) y=a+bt+o() as t-— o0, a, b, constants.

Now we study the case 1<k<m Let k=1<m Then o)
= W5 [W,(u) + «,] because w, cc @, and

¢ w) =W [W,(0) — o] =e 0, a,= J“’ Aa(s)ds.

Hence, by (27),
Xy =@ o [Wil[Wy(0) —a]]=e Wil (—ay) (Wi(0)=0)
Xy =@ Lo [Wy [Wy(0) —a,]] = 0

and from Remark 6

c=e 2(m— Da)/™™, o = J Afs)ds, i=1,2.

1

satisfies (23).

Thus, by Corollary 4, if k =1 < m, then any solution y of (31) such that
)| + [y'(D)] < e ®((m — L)a)~ 1™~V satisfies (32) where b # 0 if |y'(1)] is
sufficiently small.

On the other hand if 1 <k <m, ie. w;(u)=u", w,(u)=u*, then P(u)
= W3 ' [W,(u) + a5,]

1= Wit [Wy(—ay) — a3), xp= Wii[—2m,] (Wi(eo) = 0).

Then Corollary 4, implies that for 1 < k < m, any solution y of (31) with
Iy + 1y’ D] < (x4, x,) satisfies (32) where b#£0 if [y(1)] is small
enough. For instance, for m=k>1 and ¢ >0

@k — Do) 6D — g if o>
(k= Doy + )™ Y60 i oy >,

clxy, X)) = {

The analysis for 1 <m < k is the same.
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