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1. Introduction

We study nonlinear boundary value problems in n + 1 dimensional space
(%15 ..., x,, y)of the type

£
Uy — k; a(x)Du = g(x, D*u,...,D*u) y=1,

(1.1) Au = f(x, y, u, Du) O<y<l1,
u=20 y=0,

where multi-index oy, = (0, ..., %y, 0), the given functions f and g and the
unknown function u are 27 periodic in each variable x;. In [2-4] we had
studied the case n = 2, and the boundary condition u, — Fu,, = g(x,u) at y = 1.
When the constant F <0, the problem comes from three-dimensional water
wave theory in the absence of surface tension, see [8]. We are interested in the .
problem primarily since it represents a model non-coercive problem (ie. the
Lopatinski-Schapiro condition fails at y = 1, see [3], and hence one cannot use
the standard elliptic theory). In [2—4] we had considered only the case F > 0,
as in the physical case F < 0 one has a difficulty caused by presence of small
divisors.

In this paper we extend the results of [2, 3] in two directions. In section 3

we consider non-coercive problems of type (1.1) with nonlinear boundary con-

 ditions of arbitrarily high order. We introduce a notion of dominating deriva-
tives, which plays a role similar to that of the derivatives of the highest order in
the coercive case. We state conditions allowing establishment of a priori
estimates, and prove existence results for nonlinear problems.

In Section 4, we consider the case F < 0, which leads to small divisors.
To see the difficulty, let us consider the problem (4.7) with f = 0. Look for a
solution in the form u =) % __, uy(y)e™**, then u,(y) = c; sinh \/j* + k.
If g(x,2) =) Fke—w gue ™ ™, then to satisfy the boundary condition at y =1
we must solve cu(y/j? + k? cosh \/j? + k* — Fj? sinh \/j* + k?) = g;, which
involves division by possibly arbitrarily small numbers.
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We distinguish between two and three dimensional cases. For n =2, it
turns out there are really no “small divisors”, i.e. for F=F; =(coth j)/j, j =1,
2, ..., we have zero divisors, while for F # F; divisors are bounded away from
zero. We are then able to derive a priori estimates and establish existence
results for nonlinear problems. For n = 3 the situation is more involved. We
restrict ourselves to rational F, and discover that for F > 1/2 it is again either
zero divisors or divisors bounded away from zero, while for F < 1/2 one can
get arbitrarily small divisors. The a priori estimates which we derive for
F > 1/2 allow us to prove existence for the linear problem, which is nontrivial
in the presence of everywhere dense set of zero divisors.

2. Notation and the preliminary results

We consider functions of n+ 1 variables (x,,...,x,,y) which are 2=
periodic in each variable x;, and 0 <y <1. By V we denote the domain
0<x;<2m,i=1,...,n 0<y<1;its boundary we denote by oV, and the top
(y = 1) part of the boundary by ¥,. By D*u we understand the derivative
corresponding to the multi-index o = (&y, ..., 0, %)y | =00y + - + 0,4y = 0.
Also,

u; = 0ufdx;,  uy = 0%u/ox;0x;.

We shall denote

2n 2n 1
Jf:j f J S(xqseees Xy V)dxq ... dx,dy ,
1] 0 (0]

Jf: J‘2 J~2 SOy .oy Xy, Ddxy ... dx, .
t 0 0

By | |l,, we denote the norm in the Sobolev space H™(V), and by |-|,, the one
in H™(V,). We shall also need the norms
Ifly= I IZN |Daf|L°°(V) s N =integer > 0.
af <
All irrelevant positive constants independent of unknown functions we
denote by ¢; Du=Vu,i=1,...,n+ 1.
We shall need the following relations between our norms, see [3].

Lemma 2.1. Assume that ve H"*Y(V). For any integer m >0 and any
& > 0 one can find a constant c (g) so that
@) Mol < [0lnra
(i) Nvllm < ellvllmer + c@lvllo

(i) [olln < ellvlme + c(@lollo -
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The following lemma is taken essentially from [5].

Lemma 2.2. Suppose that the functions wy, ..., wye C™(V) or C™(V,). Sup-
pose that ¢ = ¢(w,, ..., w,) possesses continuous derivatives up to order m =1
bounded by ¢ on max;|w;| < 1. Then

(i) [pwis ..o, Wl < Wl + 1) for max |[w; < 1.

(We denote ||wl||,, = max; |w;|,,). If in addition we assume ¢(0,...,0)=0, m > 1
then

(1) lgWe, ..o Wl = S(IWll) ,
where 6(t) >0 as t - 0.

Remark. The lemma is also true for functions ¢ = ¢(x, y, wy, ..., w,) with
¢ € C™ in all variables. Conclusion (i) is as before, and for (i) the corres-
ponding assumption is @(x, y,0,...,0) =0 for all (x,y)e V or V,.

Lemma 2.3. Let o, ..., o, be some collection of multi-indices, k,=
max; . %l Consider the subset G™ of functions in H™(V) such that

¢
Mol = Hulln + k; D% u]| pp—y < 0 .
Then G™ with norm |||l is a Banach space, provided that m=ky +
[(n+ 1)/2] + 1.
Proof. To prove completeness, let {u"} be a Cauchy sequence in G™,
¢ _
ie. |lu"—u?|, + ) |D%u" — D*u*|,_, >0, as r, p—oco. Since H™V) and
k=1

H™ '(V,) are Banach spaces, u” —u in H™(V), and D*u" > v, in H" (V). It
remains to show that v, = D™u(x,1). Indeed, both functions are continuous
and v, — D*ully < |lv,, — D™U"||,y—y + || D*u" — D¥ul|,_4, — 0 as r — co.

3. A priori estimates and existence results

Consider the problem (non-coercive in general)

4
4+ 3 nx)D%u = g(x) y=1,
3.1 du = f(x, y) O<y<l,
u=0 y=0.

Here u=ufx,y), x=(xy,...,x,), 0<y<1, D* denotes derivatives in x
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variables only, |og| = oy + - + 04,5 1(X) = a; + p(x), a; = const, £ = integer
> 1. Throughout this section u, f, g, p, are assumed to be 27 periodic
in each x;. We shall study solvability and derive a priori estimates for
the problem (3.1) without restricting max|o,|, the order of the boundary
operator, and without requiring it to be coercive. Then we consider nonlinear
problems.

Definition. We say that derivative D’u is subordinate to D% if «, > f,
i=1,...,nand B;# 0 if a; #0. We say that derivative D*u is a dominating
derivative in a set § = {D*u,..., D*u}, if it is not subordinate to any other
derivative in that set.

Clearly, there can be several dominating derivatives in a set, and of differ-
ent orders.

Lemma 3.1. For the problem (3.1) assume that (—1)2q, > 0 for all even
|t |, and either (— D)= ¥ Y72q, > 0 holds for all odd |oy|, or the opposite inequality
does. The above inequalites are assumed to be strict for all k corresponding to
the dominating derivatives in the set S. Then for max,|pil, sufficiently small the
following a priori estimate holds (m = integer = 0)

4 4
(3-2) lellmer + kZ:l [1D%ul,, < C(k; 1D%Sf Nl + 1S I + !|g||m> :

Proof. We begin by assuming that p,(x) = 0 for all k. Let u =) ;u;(y)e?>,
f=Y»eV> g=13,g,6"* p=./j? + -+ j2 Substituting these into (3.1)
and suppressing the multi-index j, we get:

(3.3a) w(1) + Zl aiyu(l) = g,
(3.3b) u'(y)—plu=fy) O<y<l1,
(3.3¢) u(0)=0.

For p # 0 solution of (3.3b) and (3.3¢c) is
1 y
34 u(y) = y sinh py + EJ f({t) sinh p(y — 1)dt .
3]
To find y we substitute this into (3.3a)

1
(35 v <p coshi p + Y a(ij)* sinh p)
k=1

+ Jl f@) [cosh p(l —t)+ 1( Y ak(ij)"‘k) sinh p(1 — t)] dt=g.

0 P \k=1
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Denote A = p cosh p + Y ¢_; a,(ij)™ sinh p. Multiplying (3.4) by A4, using (3.5)
and standard identities for hyperbolic functions, we get:

1

(3.6) Au(y) = g sinh py — J f@) [cosh p(1 — t)sinh py

0

k=1

1 4
+ p( Y ak(ij)“k) sinh p(1 — t) sinh py] dt

+ Jy [ [Sinh p(y —t)cosh p
0

k=1

1 £
+ ;< y ak(ij)"‘k> sinh p(y — £) sinh p:l dt

1

=gsinhpy—f

0

f(® |:cosh p(1 — ) sinh py

1/
+ p( Y ak(ij)"‘k> sinh p(1 — t) sinh py} dt

k=1

_ Jy 1@ [sinh pt cosh p(y —1)

1 7
+ ;< Y ak(ij)“k> sinh pt sinh p(1 — y)jl dt.

k=1

Notice that by our assumptions |A4| = ce®(p + j*), for all 1 <k <¢ Then
from (3.6) we easily estimate (see [2, p. 876] for a similar argument)

gl ([ 12
3.7) lu(y)l < c( ot —(J |f(t)|2dt> > .
p+J pP\Jo
This implies (restoring the subscripts)
1 ) Igjlz 1 1 5
(3.8) lu()Idy <c|—5+—= | Ifildt).
0 p P~ Jo
In the case p = 0 we easily get from (3.3)
1 1
(3.9) f |uol*dy < C<Igo|2 + f lfo(t)lzdt> -
0 0

Differentiating (3.6) and going through the same steps as in derivation of (3.7),
we get

(3.10) luj> < c(lgﬂ2 + fl I]}I%it) .
0
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From (3.8-10) and from (3.7) with y =1 we conclude the estimate (3.2) with
m = 0. Higher estimates are easily proved by induction, differentiating (3.1) in x.

Turning to the general case, we write the boundary condition at y =1 in
the form

£ £
u, + k; aD™u=g + k; 0 (X)D%u

and apply the estimate (3.2) for the constant coefficient case.
Since
ok ()D*tsl] g < | i | D14y

with |p,|,, small, the proof follows.

- Remark 1. Notice that the above argument establishes existence of so-
lution u(x, y)e G™* to the problem (3.1) in the case p,(x)=0 for all k,
provided fe H™*(V), ge H™(V,), m>0. For the general case existence
follows in the same way as in the theorem 3.1 below, under the additional
condition m = ko + [(n + 1)/2] + 1.

Remark 2. All conditions on a, which correspond to |a;| odd can be
dropped if none of the corresponding D* is a dominating derivative in the
set S.

Remark 3. A partition of unity argument (which allows one to remove the
smallness conditions on p,) produces the estimate (3.2) with an extra term |u|,
on the right. We do not know how to remove this term (notice, there is no
apparent maximum principle).

Sharper estimates can be obtained in the following special case.

Lemma 3.2. Consider the problem (3.1) with £ = 1. Assume that (—1)*1?
a, >0 in case |oy| is even and a; #0 in case |oy| is odd. Then for |p|,
sufficiently small we have (integer m = 0)

Nt lmer + 1D ull < c(1f Il + glm) -

Proof. 1Tt is sufficient to consider the case p; = 0, from which the general
case will follow as before. Follow the proof of lemma 3.1. From (3.10) it
follows (by taking derivatives of (3.1) in x and setting y = 1)

Tl < €U S llm + gl 5

and hence

1D ullpy < Nttylle + gl < ULf i + glm) -

Combining this with (5.8-9), we conclude the proof.
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Theorem 3.1. Consider the problem
u, = p(x, D*u, ..., D*u) y=1,
(3.11) Au = ¢f(x, y) O<y<l1,
u=0 y=0.

Assume that p(x,0,...,0)=0. Denote r, = —(dp/0D*u)(x, 0, ..., 0), and assume
that r,(x) satisfy the same conditions as in lemma 3.1. Let ko = max; ¢, <,|o4| = 1,
my =ko + [(n+ 1)/2] + 1, fe C™**™l pe C™ for (x,y) €V and in small balls
around the origin for other variables. Then for ¢ and max,|pl, sufficiently
small the problem (3.11) has a solution u € C*(V)( C*o(V,).

o

Proof. Define a map T:u € G™ — v e G™ by solving (see lemma 2.3)
¢ ¢
v, + Y aD%v=p(D*u, ..., D*u) + Y aD%u y=1,
k=1 k=1

dv=¢f(x,y) O<y<l1,
v=0 y=0.

Using lemma 3.1 it is easy to see that T is a contraction on sufficiently small
balls around the origin in G™.

Remarks. 1. It is easy to see that a similar perturbation result will hold
for f = f(x, y, u, Du, D*u), provided max; ¢, <, |og| < 1.

2. Clearly the smoothness of solution increases with that of p and f. In
particular if p, f € C* so does u.

Example. Let u = u(x, y,z). The non-coercive problem

uy = Uxx — Ugxxx + Uszz y= 1 s
Au = g sin x sin z O<y<l,
u=0 y=0

verifies conditions of the theorem 3.1, and hence it has a C® solution, 27
periodic in x and z, provided ¢ is small enough.

Theorem 3.2. Consider the problem
u, = p(x, D*u, ..., D*u) y=1,
(3.12) Au = ef(x, y, u, Du) O<y<l,

u=0 y=0.
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Assume that p(x,0,...,0)=0. Assume that one of the derivatives in the set S,
say D*, dominates all others. With r(x) as defined in the theorem 3.1, we
assume that ry(x) satisfies the conditions of lemma 3.2, and r,=0 fork=2,..., ¢
With ko and my as above assume that f, p e C™ for (x,y) e V and in small balls
around the origin for other variables. Then for ¢ and |p,|,, sufficiently small the
problem (3.12) has a solution u € C*(V)N C*o(V)).

The proof is similar to that of the theorem 3.1.

4. Small divisors in dimensions two and three

We show first that the situation is rather simple for the two-dimensional
case, i.e. u = u(x, y). Namely, except for F=(coth j)/j where zero divisors ap-
pear, for other F the divisors are bounded away from zero.

Lemma 4.1. Consider the problem (u, f and g are 2w periodic in x)

u, + Fu,, = g(x) y=1,
“4.1) Au = f(x,y) O<y<l,
u=20 y=0.

Assume that F # (coth j)/j, j=1,2,...,and F #0. Then

(4.2) [llmsz + Tetllmez < Ul f s + Iglm) -

Proof. Look for solution in the form u(x, y) = Y2 u(y)e”™, and follow
the proof of lemma 3.1. This time A = jcosh j — Fj?sinh j. Notice that if
F+#(coth j)/j and F # 0, then |A| > ¢, j%e’ for some c, > 0. The rest of the
proof is similar to that of lemma 3.1.

Theorem 4.1. Consider the problem

u, = p(ur Uy, uxx) y=1,
4.3) Uex + Uy, = fx, ¥, 4, u,, u,) O<y<1,
u=20 y=0.

Assume that f is 2z periodic in x, and the following
(l) p(0,0,0) = pu(07 0, 0) = pux(oa 0, 0) =0,

1
F0=—p,,xx(0,0,0);éj—,cothj, j=L2 .. Fy#0.

() peCs f, f., Juwr Ju € C? in all arguments (for 0 < x<2m, 0<y<1
and in small balls around the origin for other variables).
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Then for |f(x,50,0,0)3, [/fux,¥0,0,0)3 [/ (x,¥,0,0,0); and
£, (X, ¥, 0, 0, O)|) sufficiently small the problem (4.3) has a C? solution, 2n periodic
in x.

Proof. Let G™(m = integer > 1) be a subset of H™(V) consisting of func-
tions u € H™(V) such that in addition u € H™(V,). By lemma 2.3 G™ with the
norm ||ull, = ||ull,, + [ull,, is a Banach space (notice that by lemma 2.1 this
norm is equivalent to ||ull,, + [[u.|l,,—, for n =1). Define a map T of G™ into
itself by solving (v = Tu)

v, + Fovy, = p(u, uy, uy,) + Fou,,  y=1,
AU:f(x,y,“,ux,uy) 0<y<1,
v="0 y=0.

Using lemma 4.1 it is straightforward to show that the map T takes a suffi-
ciently small ball around the origin in G* into itself and is a contraction (see
[2] for a similar argument).

Next we turn to the three-dimensional case, i.e., u = u(x, y, z), where the
situation is more involved. Notice first that the set of F corresponding to the
set F = {F;} of zero divisors F;, = (\/j* + k?/j?) coth \/j? + k? is everywhere
dense on the positive real axis, as we showed in [2].

We restrict now to the rational F = p/q, and see that the situation changes
depending on whether F > 1/2 or F < 1/2. For F=p/q>1/2 and F ¢ ¥ we
show that the denominators are bounded away from zero, which allows us to
derive a priori estimates. For F = p/qg < 1/2 it is possible that F ¢ #, but the
denominators can get arbitrarily small. We also show that for each rational F
condition F € &# can be decided by a finite number of computations.

Lemma 4.2. Let F = p/q > 1/2 be an irreducible fraction. Then there exists
a constant ¢y > 0, such that

d=1/(?+ k)= Fi*| 2 ¢,

for all integers j, k, possibly with the exception of finitely many pairs (j, k).

Proof. Without loss of generality we restrict to positive j and k. We
consider three cases.
(i) k= Fj%. Then

i2

. . . J 1
d>/(j*+ F**) — Fj* = >
JGP+FAYH + Fi2T JA+F)+F

(i) k=Fj2—¢<¢>2 Then one easily gets:
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_ K- YR AU -1F)  k+C—1F) i+ 0)
CJUFk+ O+ k) +k+¢ JRk+ O+ k) +k+¢ cllk+0)

=c, >0.

(iii) It is easy to see that it femains to consider the case k = Fj2 — /£ with
/g < ¢ <2 — 1/q, where £ = m/q (for some m = integer > 0) may be a reducible
fraction. Then
|F2j* — j2 = (Fj? = )®| _|—j? + 2F¢4j*> — £
JE+RY+ER P+ K +

Notice that 2FZ = 2(p/q)(m/q) # 1, for otherwise we would have 2m = ¢g?/p with
p and g being mutually prime a contradiction. Denote |2F/ — 1| =7¢; > 0.
Then for j > j, — large,

'2_f2
d> ‘1) >c, > 0.

NN T

Remark 4.1. If F =1, then we easily estimate d > 3/8, with the exception
of j=k=0and j=+1,k=0.

d:

Lemma 4.3. Let F > 1/2 be rational, and F # F;,. Then there exists a
constant ¢y > 0, such that for any pair of integers j, k we have

|4| = |\/j? + k? cosh /j2 + k* — Fj? sinh \/j2 + k?| = c;ev /%,

Proof. Write

14)=¢ VP2 + K — Fj? + e PR i1 k2 + Fj2)|
em
- d +d,].

By Lemma 4.2, |d| = ¢4 for |j| = jo. Also |d| = ¢q for |j| < j, and |k| = ko,
ko, —large. By increasing j, and k,, if necessary, we can also assume
that |d,| < ¢o/2 for |j| = jo or |k| = ko. Let now ¢, = min o, <x, |d + d4].
Notice that ¢, >0, since F # F;,. The lemma now follows with c¢; =
min(cy /4, ¢,/2).

Lemma 4.4. For each rational F > 1/2, condition F € & can be decided by
a finite number of computations. (Recall that the set F is everywhere dense).

Proof. Condition F € & implies that for some j and k

(4.4) N et Ve il
Fji2+ Jj* + k?
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By Lemma 4.2,

|Fj* =+ K1 o
Fi2+Jj*+k*  F(G*+k)+./j*+k’

and the left hand side of (4.4) is less than that quantity for large j, , e.g. for

Frl
@.5) JiPfR>h /%—(j2+k2),
0

which concludes the proof.

Remark 42. 1+# %. Indeed, by Remark 4.1 we can take ¢, = 3/8. Then
in view of (4.5) we have only to check j= +1, k=0and j=0, k= +1, which
is easily done.

Lemma 4.5. Condition F > 1/2 in lemmas 4.2, 4.3 cannot be removed.

Proof. Namely, we show that 1/2¢ %, but d=./j? + k? — j%/2 gets
arbitrarily small for large j, k. Indeed, take k =j?/2 —1, j—even. Then
d = 1/(/j* + k* + j?/2). Condition 1/2 ¢ # is equivalent to checking impos-
sibility for any j and k of
(4.6) e SN R

PR+ Vit kR
For this, one first notices that the left hand side of (4.6) is less than the absolute

value of the right hand side if j> + k* > 8, and then one eliminates all remain-
ing possibilities.

We can now obtain the following a priori estimates.

Theorem 4.2. Consider the problem (u = u(x, y, z))

u, + Fu,, = g(x, 2) y=1,
4.7 du = f(x, y, 2) O<y<l,
u=0 y=0.

Assume that F > 1/2 is rational, F ¢ &, f and g are 2n periodic in x and z. Then
we have the following estimate

(4.8) Nl + Tl < 1S st + gl

Proof. Look for solution in the form u(x,y,z) =) Pp=_, uz(y)e¥ %,
J.k o %jk y

This time |A4|=|\/j* + k? cosh \/j* + k? — Fj? sinh \/j> + k| > coeV/" ™ by

lemma 3.3. Then proceed as in lemma 5.1.
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Corollary. If fe H’(V), ge H*(V,) then the problem (4.7) has a unique
C2(V) solution.
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