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Theorems of Sibuya-Malgrange Type
for Gevrey Functions of Several Variables

By
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In the study of Riemann-Hilbert-Birkhoff problem Sibuya [11] obtained a
decomposition theorem in asymptotic analysis of one variable analogous to
Cartan’s decomposition theorem in complex analysis, and he solved the prob-
lem locally by using the theorem. Related with Borel-Ritt theorem, the result
of Sibuya is reformulated to the isomorphism theorem by Malgrange [6]. We
shall call them the theorems of Sibuya-Malgrange.

In this paper we prove the theorems of Sibuya-Malgrange type for Gevrey
functions of n variables. It was Ramis [7], [8], [9], [10] who proved the
theorems of Sibuya-Malgrange type for Gevrey functions of one variable. In
the first section of this paper we extend the definition of Gevrey functions to the
case of n variables, using the concept of strongly asymptotic expansions. This
concept is due to Majima [4], who extended the theorems of Sibuya-Malgrange
to the case of several variables. The second and the third sections are devoted
to establishing the theorem of Borel-Ritt type and the theorems of Sibuya type
for Gevrey functions. We first proved the non-abelian version of the theorem
of Sibuya type by using the combinatorial anlaysis (Haraoka [2]). However it
can be obtained simply from the abelian version of the theorem and the
non-abelian theorem without Gevrey condition. B. Malgrange suggested to the
author the way of the reduction, which is adopted in this paper. After intro-
ducing some sheaves, the theorems of Malgrange type are stated in the fourth
section.

The author owes thanks to Professor B. Malgrange and Professor
H. Majima for valuable directions and suggestions, and to Professor T. Kimura
for perpetual encouragement.

§0. Notations

The following is a list of notations used throughout this paper.
1) N=/{0,1,2,...}: the set of non-negative integers. .
2) For n,n’ € N such that n < n', we put

[n,n]={ieN;nsi<n'}.
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3) R,: the set of all positive real numbers.
4) For a=(a,...,a,), b= (by,...,b,) €(R,) or N, a=b means a; = b,
foralli=1,...,n, az b means g; < b, for some i, and we put

by
n -

at=ab--a
5) Fora= (%4,...,%,) € N* and for s = (s¢, ..., 5,) € (R,.)",
lof = oy + -+ oty
al=ol...a,!,
(o) = (o D). (o)), and

@ = () (o)

6) C: the set of all complex numbers.

7 D) ={xeC;l|x|<r}.

8) V(r_,1471) ={xeC;0<|x|<r 1_ <argx <1,}: open sector.

9 Vi, turl={xeC0<|x|<r 1. <argx < 1,}: closed sector.

10) For a domain D of C", ¢(D) represents the set of all holomorphic
functions in D.

11) For D(r,),i=1,...,n, we put

D(r)) x =+ x D(}) x =+ X D(r,) = D(ry) x *+* X D(r;_q) X D(ry4y) X "+ X D(ry,) .

12) o(D(ry) x =+ x D(r)) x -+ x D(r,))[[x;]]: C-algebra of formal power
series of one variable x; with coefficients in @ (D(ry) x -+ x D(r,) x -+ x D(r,)).
13) Forr=(ry,...,1,) €(R,)", we put

G,r) = (Vizy OD(ry) x = x D(ry) x =+ x D(r)) [[x;1]

14) 0, = dir. lim,_, 0.(r)

15) @,: C-algebra of formal power series in (x,, ..., x,) with coefficients
in C.

16) @,: C-algebra of convergent power series in (xi,...,X,) with coef-
ficients in C.

17) For a subset J of [1, n], we put

Jo={ie[l,n];i&J},

# J: cardinality of J ,
N’ = {(o)es € N(je D)},
xj = (X)jes, %5 = (0)jess

ay a;
x§ = [Tjesxf -
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18) For subsets J and J' of [1, n] such that JNJ' = ¢, we put

dury = (“j)jeJUJ' .

19) I,: m-by-m unit matrix.
20) O, (resp. O,, ). m-by-m (resp. m-by-m’) zero matrix.
21) For an m-by-m’ matrix A = (a; ;), we put

|A] = max {|a,;i=1,...,m j=1,...,m'}.

§1. Definitions and propositions

Let x = (x4,...,X,) be coordinates of C", and s = (s4,...,s,) be in (R,)"
with 5; > 1 for i=1,..., n. In this section we define the concept of formal
series of Gevrey order s, functions of Gevrey order s and s-Gevrey strongly
asymptotically developable functions, and establish several propositions about
the relations of these concepts.

For a formal series f = Y seNnfx® of n variables we can show, by using the
asymptotic behaviour of I' function, that the following four conditions are
equivalent;

(i) there exist a constant C and a constant vector 4 = (44,..., 4,) such
that

(1.1) ol £ Claly™4”

for any « € N,
(i) there exist a constant C' and a constant vector A" = (4}, ..., 4;) such

oy Ay
=Cri1+-—=)...ry1+-—-1)4*
Sl = ( +k1> ( +kn>

for any o« € N", where we put k; =(s; — )t fori=1,...,n,
(iii) the formal series

that

fo .
ZaeN"(&Fx

is convergent,
(iv) the formal series

ZaeN" o fa o x*
1 n
F(l + k1>...r<1 + k,,>

is convergent, where k;(i =1, ..., n) is as above.
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Definition 1. A formal series f = Y wenn fox* which satisfies one (and hence
all) of the above four conditions is called a formal series of Gevrey order s. We
denote by @, ; the set of all formal series of Gevrey order s of n variables.

Next we define a function of Gevrey order s in an open polysector
V="V, x-- x V,at the origin in C".

Definition 2. A holomorphic function f(x) in V is called a function of
Gevrey order s in V, if, for any closed subpolysector W of V, there exist a
constant Cy and a constant vector Ay, = (Ay 4, ..., Ay ,) such that

6 a
<5) fx)

for any x € W and for any a € N". We denote by ¢(V) the set of all functions of
Gevrey order s in V.

< Gy ()4

Proposition 1.
(1) Iff,ge V), then f + g, fg € OV).
Q) IffeOV), f(x) #0in V and lim inf,_, | f(x)| # O, then f ™' € O|(V).

(1) is a direct result from the definition. As to the proof of (2), see
Komatsu [3], Lemma 5. Proposition 1 implies that ¢,(V) makes a C-algebra
and the subset of O(V) which consists of the elements satisfying the assump-
tions of (2) makes a multiplicative group.

For functions depending on several parameters, we provide the following
definition. Suppose that f(x,t) is a function holomorphic in x in V with
parameters ¢t = (t1,...,t,). We say that f(x,t) is of Gevrey order s in V
uniformly in t, if, for any closed subpolysector W of V, there exist a constant Cy
and a constant vector Ay = (Aw 1, ..., Aw,,) such that

(&

for any t, for any x € W and for any « € N".

Before the definition of s-Gevrey strongly asymptotically developable func-
tions, we introduce the concept of strongly asymptotically developable func-
tions, which is an extension of asymptotically developable functions to the case
of several variables and is defined by Majima [4].

Let V =V, x --- x V, be an open polysector at the origin in C".

< Cylaly 4y

Definition A. A holomorphic function f(x) in V is called strongly asymp-
totically developable as x tends to 0 in V, if there exists a family of functions

(A.1) {fo,s )y cttm s 4,0, e



Theorems of Sibuya-Malgrange Type 369

having the following properties;

(A2)  f,(xs) is holomorphic in Vje =[]jeseV; for any non-empty proper
subset J of [1,n] and for any o€ N’, and fu, (X1, ) is @ constant
for any oy ;€ V",

(A3) for any N € N" and for any closed subpolysector W of V, there exists
a constant Ky y such that

| f(x) — Appy (x, /)| = KN,WlxlN

for any x € W, where Appy (x, f) is defined by

(A4 Appy (x, f) = Z¢¢Jc[1,n1(_ 1)#”1 Zje] Zalt?;(l) fa,(va)le .

We shall give several remarks and provide terminology concerning the
above definition. If f is strongly asymptotically developable, the family (A.1) of
functions satisfying (A.2) and (A.3) is uniquely determined; it is called the total
family of coefficients of strongly asymptotic expansion of f and is denoted by
TA(f). In this case f, (x,.), which is denoted by TA,(f), is as a function of
# J¢ variables strongly asymptotically developable as x;. tends to 0 in V;. with
a total family of coefficients of strongly asymptotic expansion

{fa,u,(x(IUJ)c)}Ich,I;eqﬁ,a,U,eN'UJ .
Define a formal series FA;(f) by
FAJ(f) = ZaJeNJTAaJ(f)x;J .

For J =[1, n], FA ,;(f) reduces to a formal series of n variables with constant
coefficients; we use FA(f) instead of FA;; ,,(f) and call it the formal series of
strongly asymptotic expansion of f.

Suppose that f is strongly asymptotically developable in V with such the
coefficients of strongly asymptotic expansion that

FA(f) = Yaen fix*€ Or),
TAaJ(f) = Za,ceNF f;:,wcx;f

for any non-empty subset J of [1, n] and for any o; € N7, where r € (R.)"is the
multi-radius of V. Then the total family of coefficients TA(f) is determined
only by f = FA(f). In this case we may say that f is strongly asymptotically
developable to fin V.

We denote by A(V) the set of all functions holomorphic and strongly
asymptotically developable in V, and by A’(V) the set of all functions holo-
morphic and strongly asymptotically developable to some elements of @,(r) in V.

Definition 3. A holomorphic function f(x) in V is called s-Gevrey strongly
asymptotically developable as x tends to 0 in V, if it is strongly asymptotically
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developable in V and if, for any closed subpolysector W of V, there exist a
constant Cy and a constant vector Ay = (Aw y, ..., Ay ,) such that

(1.3) 1f(x) — Appy (x, )] £ Cu(N) T AR x|
for any x € W and for any N € N".

We denote by A,(V) the set of all functions holomorphic and s-Gevrey
strongly asymptotically developable in ¥V, and we put A; (V) = A4, (V)N A'(V).

If f(x) is s-Gevrey strongly asymptotically developable in V, TA,(f) is
s;-Gevrey strongly asymptotically developable in Vj. for any non-empty subset
J of [1,n] and for any o e N’. More precisely we have, for any non-empty
subset J of [1, n], for any «; € N’ and for any Nj. e N,

(14) | TA4,(f)(xs) = APPN,o(Xses TAq, ()
< Coplad) ™ Ay (N1 AR eV

for any x;. € W,., where Cy etc. are as in Definition 3.
We shall establish several fundamental relations among the concepts defined
in this section.

Proposition 2. If f is s-Gevrey strongly asymptotically developable in V, its
formal series FA(f) is a formal series of Gevrey order s.

Proof. This is an immediate consequence of the formula (1, 4); in fact, put
J =[1, n] in (1, 4), then we have the proposition.

Proposition 3. For a holomorphic function f in V, the following two condi-
tions are equivalent;

(i) fis a function of Gevrey order s and strongly asymptotically developable
inV,

(i) f is s-Gevrey strongly asymptotically developable in V.

Proof.

()= (ii) Suppose that f is strongly asymptotically developable in V and
put TA,(f) = f,,- Similarly to the case of asymptotically developable func-
tions of one variable, we obtain the following formulas;

1. 0 \¥
a—l!hmxl_’o-xJEVJ (a) f(x) = f;x_,(xJC) s

1 . 0 \H
_——hmxleo,x,EVI (5"’) fa,(ch) = f;z,u ,(x(IUJ)c)
X1

!

where I = J°. By using these formulas we can show that
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f(x) — Appy(x, /) = n?=1 <J: dt; J " dti ... J o dti,N,-)

0

o\ 2 \M
(o) () 001000
ti i

»J N
where J dt; ;41 represents an integral on a segment from 0 to t,; in ¥

0
b; b} by b1
and l_[;;l(f dti...J dt{) is used instead of f dt, f dty.......
a; a; ay aj

bn b,
J dt,... J dt,,.
a, ap

Let x be contained in a closed subpolysector W of V. Since f is of Gevrey
order s in V, there are constants Cyp, Ay, ..., Ay, such that

o\ o \M
|<6t1,1v1> '”<6tn,N,,> S oo taw,)

Therefore, for any x € W and for any N € N", we have

< Cp(NIFAY .

ti,N,

/() — Appa(x, )| < [T ( f E f "

‘ |dr,-,N,.|> C(N1y A},
0

oo X1
= Cy(N) A%/VVT!

= Cy(NIF 1 AR IxV.
This proves (ii).
()= (@) Suppose f to be s-Gevrey strongly asymptotically developable in
V. We need to show that f is of Gevrey order s in V. For any closed
subpolysector W =W, x --- x W, of V, take, for each i=1, ..., n, a closed
sector W/ such that W, € W, < ¥;; that is W, is contained in the interior of
W,. Further take a positive number ¢; so small that

7ix:) = {x; + o|x;| exp ({/ — 10); 0 € [0, 2n]}

is contained in W} for any x; e W,.
By using the Cauchy’s integrel formula, we have

a o0 \*
<%> f(x) = (&> (f(X) - Appa(x: f))

a! f(t) - Appa(t’ f)
=— >[I dr; | L 2PPeL )
(271',/ — l)n l_[ ! (-’;i(xi) t> (t - x)a !
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for any o € N*. Therefore we obtain
a\* CyAa!yf14%.(1 + oF
()0 B

i -
sl H1=1 0; a+1

g

1+ o)

= Cy(aly p

a
AW’ s

where ¢ = (6,,...,0,) and 1 +6=(1+0,...,1 +0,). Thus f is of Gevrey
order s in V. This completes the proof.

We can show the following proposition in the manner analogous to the
proof of Proposition 3.

Proposition 4. Suppose f to be a function of Gevrey order sin V. If g is a
function holomorphic and bounded in V, then fg is also of Gevrey order s in V.

§2. Theorem of Borel-Ritt type

For an s-Gevrey strongly asymptotically developable function, its formal
series of strongly asymptotic expansion is always of Gevrey order s. Conversely
it will be shown that, for any formal series of Gevrey order s, there exists an
s-Gevrey strongly asymptotically developable function whose formal series coin-
cides with the given one.

Let V =[]/ Vi = []i=1 Vi(r_;, 745 u;) be an open polysector at the origin
in C" and put u = (uy, ..., u,) € (R )"

Theorem 1 (Borel-Ritt-Gevrey).

(1) For any fe@,,,s and for any V such that 1., —1_;<(s;, — )m for
i=1, ..., n, there exists a function | holomorphic and s-Gevrey strongly asymp-
totically developable in V such that FA(f) = f.

(2) Suppose further that f € (’9\,’,,s(u) = (5,,,50 @/(u). Then there exists a
function f holomorphic and s-Gevrey strongly asymptotically developable to f in

V.

Proof. By an appropriate rotation of the coordinate axes, we may assume
that

(-1

Vi=V(—ttuw), 0<7< >

n,

foreachi=1,...,n

(1) In the case of n =1 the theorem has been obtained by Ramis [9].
However we shall sketch the proof of the case of n =1 which will be used in
the proof of a general case.
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Put f = Y2 ofax® Since f € (5153, the radius R of convergence of a series

fo .

$(x) = ) a0 —ocx
r(1+3)

is positive, where we put k = (s — 1)™*. Take a positive number r such that
0 <r < R and fix it. Then a function possessing the desired properties is given
by

k(7 k
Jx)= oF L #(t) exp (——;—k> thdr

Now let us show that f(x) is s-Gevrey asymptotically developable to f in
V. Take any N € N and any closed sector W of V and fix them. Let x be in
W. By using the integral representation of I' function and by a change of a
variable t*/x* = w, we have

weV 10

2.1)  f(x) =Y NG fux® = Zf;&ﬂx“ jk w** exp (—w)dw
rkjxk
rkjxk .
+ x¥ 2 FewRE Ny N exp (—w)dw ,
0
1

where § = —kargx and f, = The first and the second terms of

— N

rit+-—
(1+3)

the second member of (2.1) are estimated as follows;

ooe\/:"
YN fxe f w** exp (—w)dw

rk/xk

< GNY AN XY,

< G(Nty A",

,.k/xk N
f 2 Fuew ) NNk exp (—w)dw
0

where C,, C, and A are constants which depend only on W. Put C = C, + C,,
then we have immediately

|f(x) = Yamo fux®| < CINI T AN x|™

for any x € W. Hence f(x) is s-Gevrey asymptotically developable to fin V.
Now we shall prove the theorem for n>1. Put f= Y aennfox® k=

(5= 11 and $(x) = Yoo x=
e, r <1 + Z—)

1

Since f € (5,,! s» there exist posi-
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tive numbers R; (i = 1, ..., n) such that ¢(x) absolutely converges in the domain
{Ix1] < R} x *+ x {|x,] <R,}. In this case, if we put, for any proper subset J
of [1, n] and for any a; € N/,

]’[,-e,cr<1 +5zl

]

‘f;“ c c
¢<1_,(ch) = ZchEN"c = >x;‘2 ’

it absolutely converges in [ [;.{|x;] < R;}.
For each i take a positive number r; such that 0 < r; < R; and fix it. Define
functions f(x) and f, (x;.) for each a; by

f&x) =11 (JW F(t; x;, ki)dti> #(t),

0

S (X5e) = HjeJc <f0j F(t;; x;, kj)dtj> Gy, (tse) 5

k

k t
where we put F(t; x, k) Z}TCXP<—?> t*~1, Then they are holomorphic re-

spectively in V and [[;c;c¥;. We prove that f(x) is s-Gevrey strongly asymp-
totically developable in V with TA, (f) = f,,(x;-) and FA(f) = f Namely for
any closed subpolysector W of ¥V we show the existence of constants
Cw, Ay 1, ..., Aw,, such that

|/(x) — Appn(x, )] < Cy(N1 A x|

for any x € W, where Appy (x, f) is defined by (A.4) by using f, (x;.) introduced
above. Similarly to the case of n = 1, we see

o ry
S x5e)x5 =[1jes (T‘(l + F’) xJ‘-"f) [Ties <J F(t;; x;, k;) dtj>
£ 0

aye
X Zu,ceNch;tJUJctJ"

= njeJ <J F(t; x; kj)ff"d%)
0

X [Ticse (J‘ i F(t; x;, ki)dti> Za;cj;uulct;gc
0

=[LH<JwF@;@kﬁ%)ﬂﬁp<f”FagnJﬂmJ
0 0

ayyae
X Ve fagset
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=[ljes (LJ F(t;; x;, k;)dt; +f F(t;; x;, k;) dtj>

x [Tiere ( JO Ft; x, k,.)dt,) S fo o
=Yres [ljer (fo F(t; x;, k')dtj>

X [iere < fo F(t; x;, ki)dti> e fay £
=Yjes Lay=o ey [ Lier <ﬁn F(t; x;, kj)dtj>

x [Liere ( L F(t; x, ki)dti) fop et 0%

From this formula, Appy (x, f) can be written as follows;

Appy (x, f) = ZJC[I,n],J;é¢ (— 1)#J+1 Zje.l,ie]c ZZ’:& ::=N,~

X [1jes (J F(t; x;, kj)dtj>

r; .

X nie.l‘ <J\ F(tl; Xi, ki)dti)f:zJUJct“JUJc
0

+ Y Il £d Djediiede Zz-j;& @=N;

fn
x HZ=1 <f F(ty; x, kh)dth) ﬂluﬂt“’uﬁ s

0

here we used the following fact; for any subsets I and J of [1,n] such that
INJ =4,

(=D if #I + #J=n,
(=1 #L _
ZL#rﬁ.Ichl (=1) {0 , otherwise .

On the other hand f(x) is written as follows;

fO) =Y sctm Ljerier ZZ’Q v I | <f F(ty; xp, kh)dth>
0

a c
X TuIe
dJUJct
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Thus we have

f(x) — Appy (x, f Zqu a1 ( “1)#1 Z]elte.}‘z s =N,

X ]__[je.I <J F(t;; x;, kj)dtj> [lics (Jo‘ F(t; x;, ki)dti>

ayyae
Xy st 0%

In the manner similar to the case of n =1, we can show for each J = [1, n]
that

ZJGJ ieJe Z :1 w Nl_IJEJ (J _p J)dt>
X 1_[55]‘ (‘[ l F(t,, Xis k,) dti>f,;lujcta1u1c
0

= '],_[jeJ (r F(t;; x;, ])dt> HieJc (J"" F(t; x;, ki)dti>
rj o}

N;—-1 © f ayye
X Zje.l lEJCZ L =0 a;=N; a,UJct v

= C(J)(N')S ! A(J)|x[N »

where C;, and A, = (4, 1,---» Ay, are a constant and a constant vector
respectively depending only on J and W. Put

C=7Yscttm Cay Ai= max;cpy,midy),i
and put 4 = (44, ..., 4,). Then we obtain
| f(x) — Appy (x, f)| £ C(NY AN x|Y

for any x e W.

Hence f(x) is s-Gevrey strongly asymptotically developable in V with
FA(f) =] X X X

(2) Let f=Yaenfox*bein O, (w). Putf, =3,.f, x> Since fe
o, (1), fa converges in V.

We have shown in the proof of (1) that there is a function f which is
s-Gevrey strongly asymptotically developable in V with FA( f)= /. Now we
need to obtain an s-Gevrey strongly asymptotically developable function f such
that FA( f)= f and TA, (f) = f .- 1t will be constructed inductively by using
f and fa

Take any closed subpolysector W of V and fix it. Since f is s-Gevrey
strongly asymptotically developable in ¥, there are a constant C, and a con-
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stant vector Ay = (4g 4, ..., Ag,,) such that
|/ — Appx(x, /)l < CoN 12 45| x|Y

for any x € W and for any Ne N". If we put TA,( fi= f;l, we see from the
formula (1.4) that

22) 1 fa,(e5e) = APP,(Xses fi)] < Colog ) LNy~ AY , AN | x5V

for J < [1, n], x;. € Wy, a; € N’ and N;. e N”.

First we consider J < [1,n] such that #J=n—1. For any o;e N’,
f;J(x 7c) is asymptotically developable to f,J as a function of one variable. Then,
if we put X N

00y 652) = i 065) = 000

it is asymptotically developable to 0. Furthermore, from (2.2), we see that
there are a constant C; and a constant vector 4; = (4, 4, ..., 4, ,) such that

(23) 190, (x50)| < Cy (ot ™ AT (NGl ™ AYs5e | xge N0

for any x,. € Wj. and for any N,. e N”*. Put

gi1(x) = Zlc[l,n],#J=n—1 njeJ <f F(t;, x;, kj)dtj)
0

X je
X ZGJENJ_MI-;J .

[Les F<1 + %)

J

By using (2.3) we can prove in the same way as the proof of (1) that g, is
s-Gevrey strongly asymptotically developable in V with

TAaJ(gl) = ga,

for any J < [1, n] such that #J = n — 1 and for any ;€ N’. Put f, =g, + f.
Then f; becomes an s-Gevrey strongly asymptotically developable function in V
such that

TA,(fi)=f, Uclln], #J=n—1a,eN).
Next we consider J < [1, n] such that #J =n — 2. For any a; € N, put
9a,(5) = [, (x5) = TG, (1)

then it is strongly asymptotically developable to 0.
Furthermore we see that there are a constant C, and a constant vector
A, =(A,,4,..., Ay,) such that

|95, (x50)| < Co oy )71 AY J(Npe )7 AR5 |3 e N0
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for any x;. € W,. and for any Ny.e N°. Put
g2(x) = ZJC[I,n],#J=n—2njeJ <f F(t;; x;, kj)dtj>
0

x c
X ZaJENJ ga,( J ) t;’ .

[1es F(l + %)

j
and put f, = f; + ¢g,- Then f, is s-Gevrey strongly asymptotically developable
in V with

TA,(f) = fo(x5) (I = [Ln), #J=n—20,€ N).
Thus we have

TA,(f2) = foxs) (U <[Lnl, #J 2n—2,0,€N).

In a similar way, for any n' € [1,n — 1], we can construct a function f,.
which is s-Gevrey strongly asymptotically developable in V with

TA, (fy) = fuo,(x5) U [Lnl, #JZn—n',a;eN’).

Put f=f,_,, then f is s-Gevrey strongly asymptotically developable in V
with

TA,,(f) = f,(%se)

for any non-empty subset J of [1,n] and for any a;e N’. Namely f is
s-Gevrey strongly asymptotically developable in V' to f This completes the
proof.

Theorem 1 implies that, whenever V satisfies the condition in the theorem,
FA(%) is a surjective homomorphism from C-algebra A(V) (resp. Ai(V)) to
C-algebra @,,,s (resp. @;,S(u)).

§3. Theorems of Sibuya type

D(r;) denotes a disk in x;-plane centered at the origin with radius r,. Let
{V(t_i by Toins 1) }n=1,....4, DE an open sectorial finite covering of D(r;) — {0} for
i=1,...,n. We use the following notation;

D(r)n'—l = D(rl) X oo X D(rn’—l) ’
[(w,n"]={n,n+1,....,n"},
h[n’,n”] = (hn” AR hn”) ’
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Gy = hwwy B =1, s Gy ey B = 1,0, g}
Vh[,,,‘,,u,(") = 1_[;‘=n V(T—j,hja Tt j, g rj) >
Vo senhien® = Vieonn® N Va0
Vh[",‘"n],h[’"l'"u],hf;l,‘"”](r) = ‘/h[n,m,,],h&,mu](r) n Vhf;,,‘,,.,](r)

for 1<n <n" <n If n=n", we replace [n’,n"] by n’, and if ' =1 and
n” = n, we use the notation without [n’, n"].
Let

DY X Vi rw) X Vioy =10
by an open covering of

D) x(D(ry) — {0}) x V., () -

Then we have

Theorem 2. Let {U, 4. }u,.#,=1...q4, De a family of m-by-m' matricial func-
tions satisfying the following conditions;

(31) U, is holomorphic and strongly asymptotically developable in
D(ry" ™! x Vh,,:,h;,l(rn’) X Vh[,l,ﬂ,,,](r),

(3.2) TA,,(Uy,.1,) = Omm s

for any non-empty subset J of [n’, n] and for any oy € N”,
(33) U,.n, is of Gevrey order (s,,...,s,) in (X,,...,X,) uniformly in

(%15 s Xprmt)s

(34) Us,.ip. + Uiz, = Unpong

in D(r)* ' x Vh,,,,h;l,,h;;,("n') X I/;;[,,,+L,l,(")-

Then there exists a family {U, }y 1., of m-by-m’ matricial functions
satisfying the following conditions;

(3.5) U,, is holomorphic and strongly asymptotically developable in
DY ™ x Vi, (),
(3.6) TA,,(Uy,) = Opm »

for any non-empty subset J of [n’ + 1, n] and for any a; e N,
(37 U, is of Gevrey order (Sy,...,S,) in (Xu,...,X,) uniformly in

(%15 ey Xpg)s
(3.8) Uh,,r + Uhn,,h;,, = Uhnr

in D'y x Vo (") X Vi, ('), where v/ <7, fori=1,...,n.
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Proof. We may assume without loss of generality that
T—n',hnr < r+n’,h"/—1 < T—n’,hn»+1 < r+n’,hnr

Jor by =1,..., gy, Where 1o 0= T4y, and Ty, . 11 =T ;.

For each i =1,..., n’, take positive numbers r/ and r/ such that 0 <7/ <
i <r; and fix them. And take a closed subpolysector W, . —of ¥, _ (7).
We denote a multi-radius of W, .. by (ry41,...,7,) and put r’ = (r{,..., 1,

’

Fpsts--esly)  Put
¢ =87 min {Towny = T3 B = 1,0y G}
Tn' by = 2_1('5—-"',;;". + Tow 1) >
F=2"Yr + 1)) for i=1,...,n".

We use the following notation;

D[] = {xi x| =i},

D[r*1"™' = D[ri] x=* x Dlryp_,1,*=",",
Vi = V[t + 38 Towy, — 36101,
Vi =V[tpp, + & Town, — & 1],
Vwron,, = (tFy €Xp (\/—_1%',;.,,,)):5(0,11 s
PR W (¢7 exp (\/j(f—n',h,,, + 23)))ze(0,1]
UGy exp (/=1L = )5, +28) + T, Dheo,17
Viw,e = (W €XD (/= 1T s, — 26)icco, 1)
UGy exp (/=11 = OTsm,n, = 26) + 171, )icro,y
and foreachi=1,...,n — 1,
¥ = (F; exp (2”\/:‘-1t))re[o, 11~
It is easy to see that
Vew € Vi, © Vi, (1),
Vsn'hy € Vi
?*n',h,,n Vh,w =¢,x=+, —.

For a family of functions {b,_}, -1, . 4, such that b, is defined in D[r*]" " x
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Vbt X Vo yorin Ve o o x W, (r), where + ="' or ", we put

‘+1,n]

1
Integ (hy; (b)) = ——— Y2 f b 1diy
VYneshns

27‘6\/——1 Z_]= 1,jF by by +1

bh,,:—l an’ +

1 1
4 — —
2n/ —1 Jy_pins 2n./—1 J‘m..f,h,.l

for h, =1,...,g,. By this definition we can prove the following lemma.

b, 4l

Lemma 1.
|Integ (hn'; |Cn’|2|Cn' - xn’l_l)l é K

for x,. €V, , where K is a constant independent of x,..

We often write y = (x4, ..., Xp—1) and z = (Xpr415 - -5 Xp).

Now we proceed to the proof of the theorem. By the assumption (3.2) and
(3.3), we see that there are a constant C and a constant vector 4 = (4,, ..., 4,)
such that

(3.9) 1Up 1 ()] S CONYHLY LAY A x|V 21

forany Ne N, any Le N*™ and any x e D[r"]" ™" x V!, 1 x W, ., Where
S = (Syi1s---»Sy) and A = (Ay 4y, ..., 4,). Since U, , 11(), Xy, 2) is holomor-
phic in y, it has a power series expansion. Thus we have

(3.10) Uh,,,,h,,,+1(y, Xy Z) = Zﬂ eNn—n' uhnr,ﬂ(xn” 2y’
We see by (3.9) that the coefficients are governed by

(.11) |y, g% 2)] S P TPCIND)THLY ™ AR A x|V 2]
for any N € N, any L e N"™" and any (x,, 2) € V. 4,.+1 X Wi,
(3.12) E, u= Up,n+1(X) — Zﬁ?_;Muhnl,ﬂ(xn” 2)y*

= Zng”h,,,,ﬂ(xn'a Z)yﬁ

If we put

+1,n1"

for any M € N" ", it has an integral representation

1
3.13) E, . (x)=———J f Un a1 (G X» 2)
S S e TR MU
o xMde L dl
O | it e
n LM - xy)
so that

(3.14) |Ep, ()] < K1 MCN )L AY Ay M x, V2]
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for any M e N*™*, any Ne N, any Le N*™" and any (y, x,,z2) e D[r']" ! x
Virirt X Wi where K’ is a constant. Now we define a holomorphic
matricial function F, by

(3.15) F, (x) = Integ <h,.r; W)

for any (y,x,,2)eD[r']" ' x Vy x ¥, ., (). By using Lemma 1 and (3.9),
we have
(3.16) |F,,, ()] < KCQU ML)y T Az A |z|*

for any Le N*™ and any xe D[r']" ™" x V;; x W, . . We shall show that
F, is strongly asymptotically developable. Define f,  s(xu>2), fu,.y5(2) and
ehn:,N,M(y5 xn’a Z) by

a.17) ot )= Intcg (22 2)
for (x,., z) € Vy, X V.., () and fe N" 7,

U; Cn’9 Z
(3.18) Su.y,5(2) = Integ <h,,/; J—”C(—yr)>

forzeV, . () BeN""!andyeN, and
(3.19) ey,..nu(X) = F (x) — Zﬂ;@thn,,ﬁ(xn'a z)y*
—= 2350 Ypz S, sy X0
for any N e N and any M € N"™". Then e,  y » has an integral representation

xr]:{Ej,M(ya Cn’a Z))
Crll\’,(Cn’ - xn’) '

By using (3.14), (3.20) and Lemma 1, we have

(320) ehn,’N,M(x) = Integ <hnr;

(321) e, w0l = KK'T™MC(N + 2™ LY [y, V]2l

for any xe D[r']" ' x ¥y x W, . and any (M,N,L)e N". Hence F, is
strongly asymptotically developable and, by (3.16), satisfies (3.6). Moreover,
since (N + 1)(N + 2) £ 2¥*2, we have

(3.22) €3, 000 < KK/ CNY = (LY~ DA™ x|V 2

for any NeN, any Le N"™ and any xeD[r']" ' x V; x W, . . where
C=4+"142C and A, = 2**"'4,. Then, by the definition and Proposition 3,
F, is of Gevrey order (s,,...,s,) in (X,,...,x,) uniformly in y. From the
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definition (3.15) and Cauchy’s theorem, we obtain
(3.23) .+ U, ho+1 = By

for any x e D[r']" ™' x V41 X Viwsrn -
Thus the family {F, } satisfies (3.5), (3.6), (3.7) and (3.8) in narrowed
domains. Put

(Fyp1() + Uy m1,5,(%)

if xeD[r1" ' x W, 1NW) XV . ()
U, (x)=< F, (x), if xeD[r'}" ' x Vi xV.. ()
Fh,,»+1(x) - Uh,,r,h,,:+1(x) s

if xeD[r']" ™ x (V, NV 1) X Voo ()

then the family {U, }, -, .., of matrices satisfies the conditions (3.5), (3.6),
(3.7) and (3.8) in the full domains stated in the theorem. This completes the
proof.

Let {V,(r)},.c be an open polysectorial finite covering of (D(r;) — {0}) x -
X (D(r,) — {0}). Then we have

Theorem 3. Let {Uyl}ywec be a family of m-by-m' matricial functions
satisfying the following conditions;

(3.24) U, is holomorphic in V,, ;,(r),

(3.25) U, is s-Gevrey strongly asymptotically developable to O,, v in V,, ,(r),

(326) Uy + Uppr = Uy in Vy o 4 (r) for b, b and h" € G.

Then there exists a family {U,},.¢ of m-by-m’ matricial functions satisfying
the following conditions;

(3.27) U, is holomorphic in V,(r'),

(3.28) there exists a formal series U e M(m, m’; @;,s(r’)) of Gevrey order s
such that U, is s-Gevrey strongly asymptotically developable to U in V,(r') for all
heg,

(329 U, + U, =U,inV, ,(r') for hand b’ € G, where v’ e (R,)", 1" <.

Proof. We shall construct U, by induction. First we put U(l, h, h') =
Uy for b, h' € G.

Suppose, for a positive integer n’ < n, that there is a family of matricial
functions

{ U(n,’ h["’r”]! h[’”,’"])}hln"n]!hfn‘.n] € G,m)
corresponding to the covering

{D(r)"l_l X Vh[,,v,,,(" )}h[,,:‘n]eG[n:‘,,]
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of D(r)" 1 x(D(ry) — {0}) x -+ x (D(r,) — {0}) such that

(A, n") U@, by, W'y my) is holomorphic and strongly asymptotically
developable in D(r)* ™' x W, 4 (r),

(B,n') TA,,(U(®, hy nps B y)) = Op, e for any non-empty subset J of
[, n] and any a; € N,

(C,n")y U@, by nps Biw ) is of Gevrey order (s,,...,S,) in (x,,...,X,)
uniformly in (x,..., X,—1),

(Da n,) U(n/a h[n',n]’ h[,n’,n]) + U(n,’ h[,n’,n]’ h[,;l’,n]) = U(nl> h[n’,n]’ h[,;l',n])

in DO X Vi T
Take an hy, ;4 € Gy 1,y and fix it.  Apply Theorem 2 to the family

{U®, (hwes Miwrss,m)s (s B s1.)) by, € G
corresponding to the covering
D™ x Vi w) X Vioy i nec

of Dy~ x (D(r,) ~{0}) x V}, .., .(r), then we obtain a family of matricial
functions

{U(n” (hn'5 h[n’+1,n]))}hnr eGy

satisfying (3.5), (3.6), (3.7) and (3.8). When hy, .y, and hj,., , are fixed, we
have, for h,., h,., b, and h,' € [1, g,],

U@, (s By sr,m)) + U, Ry B s (s Bri1,m)
— U, (hys By 1,m))
= U, (hy, hfn'+1,n])) + U@, (hy, h[n’+1,n])’ (hy's h[,n’+1,n]))
— U, (hs by 11,m)

in DEY' X Ve (') X Vieesimp i) By using (C,n’) and (3.8).
Therefore, if we define U(n' + 1, hyyiq, 5 W pnrs1,m) BY

U(n/ + 19 h[n’+1,n]a h[ln'+1,n])
= U(nla h[n‘,n]) + U(n,9 h[n’,n]: h,[n’,n]) - U(nla h[/n',n])

for x e D)™ X Vi ) X Vit i )y it is well defined in D(r')" ™' x
(D(ry) = {0}) X Vass spbinssn@)- By Riemann’s theorem of removable singu-
larities, U(n" + 1, hpys1 > Plw+1,5y) can be extended to a holomorphic function
in D(r')" x Viewstmpliwsg ) We denote this extended one by the same letter.
Then it is easy to see that, corresponding to the covering

{D(r’)'l x I/"[n’+l.n](r,)}h[n’+l.nleG[n’+l,n]
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of D(r')" x (D(ry41) — {0}) x -+ x (D(r,,) — {0}), the family

{UM + 1, b1, B 1,0 Y s st Gt
of matricial functions satisfies the condition (4,n" + 1), (B,n' + 1), (C,n’ + 1)
and (D,n’ + 1). Hence we can construct inductively a family of functions
{UA, by oo B Y by = 1,00, 1)
satisfying (4, n’), (B, n’), (C,n’) and (D, n’). For any h = (h,,..., h,) € G, put
U=Umnh)+--+U@m, hy,....,h)+ -+ UL h,

then the family {U,},. satisfies the condition (3.27) and (3.29). Furthermore,
by (3.29), we have

FA,(U,) = FA,(U,)
for any non-empty subset J of [1, n] and any h, k" € G. Then we have
TAa,(Uh) = TAa,(Uh')

for any a; € N7 in [ [;c ;. ¥, (), so that we can define a holomorphic function
U, in Hie]c(D(ri”) - {0}) by
Uaz, = TAa,(Uh)

in [[ic 1 Vi (1) (h)icge € [licse[1,g;]. Then, again by Riemann’s theorem, u,,
can be extended to a holomorphic function in [[;,;-D(/), hence U, is a
convergent power series. Thus U, is strongly asymptotically developable to
U =FA(U,) in V,("). On the other hand, U, is of Gevrey order s by its
definition. Thus, from Propositions 2 and 3, {U,},. satisfies (3.28). This
completes the proof.

Now we can show a non-abelian version of Theorem 3.

Theorem 4. Let {V,(r)},.c be an open polysectorial finite covering of
(D(ry) — {0}) x =+ x (D(r,) — {0}), and let {Py }pwec be a family of m-by-m
matricial functions such that

(3.30) By, is holomorphic and invertible in V, ,(r),

(3.31) By, is s-Gevrey strongly asymptotically developable to I, in V}, ,.(r),

(3.32) Py Py = Py

in Vi (r) for h, k" and h" € G.

Then there exists a family {P,},.¢ of m-by-m matricial functions satisfying
the following conditions;

(3.33) P, is holomorphic and invertible in V,(r'),
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(3.34) there exists a formal series P € GL(m; @;‘s(r’)) of Gevrey order s such
that P, is s-Gevrey strongly asymptotically developable to P in V,(r') for all h e G,

(3.35) PP, = P,
inV, p(r') for all h and b’ € G, where r' e (R.)", r' <r.

Proof. Since the family {P,, }, , . satisfies (3.30), (3.32) and of course

(3.31y Py is strongly asymptotically developable to I, in V ,(r),
there exists a family {P,},.¢ of m-by-m matricial functions satisfying (3.33), (3.35)
and

(3.34y there exists a formal series P e GL(m; O'(r")) such that P, is
strongly asymptotically developable to P in V(') for all he G.
(see Majima [4], Theorem 3.) We need only to show that

(3.36) P, is of Gevrey order s in V,(r') for all he G
when the family {P,,.}, . . satisfies (3.31), since we see that (3.34) and (3.36)
yield the condition (3.34) by Propositions 2 and 3.

Put

Py =Ly + Quy

for all h, k" € G. Since P,, is s-Gevrey strongly asymptotically developable to
L, in V, ,(r), Qu is s-Gevrey strongly asymptotically developable to O, there.
For {P,),¢ satisfies (3.35), we can write

Ph'=Ph+Pthh'_
in V,,(@'). P, is strongly asymptotically developable and Q,, is of Gevrey

order s, then, by Proposition 4, P,, — P, = P,Q,, is of Gevrey order s. Hence,

if we put
Uw = Py — P,

in V, ('), Uy is s-Gevrey strongly asymptotically developable to O,,. More-
over, the family {U,, ), ¢ clearly satisfies (3.26). Thus {Uy } 1< satisfies all
the assumptions of Theorem 3, so that there exists a family {U,},.; satisfying
(3.27), (3.28) and (3.29), and we have

(3.37) Uhf - Uh = Uhh' == Phl - Ph
in W, ,-(r"), where r" e(R,)", r” Zr'. Therefore, if we define a holomorphic
function F by

F = Ph — Uh
in V, ,(r]), it is well defined in (D(*") — {0}) x --- x (D(r;) — {0}). By Rie-
mann’s theorem of removable singularities (for functions of several variables), F
can be extended to the full domain D(r")". Then

P,=U,+F
is of Gevrey order s in V,(r”). This completes the proof.
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§4. Theorems of Malgrange type
We identify (C — {0})" with (R mod 2nZ)" x (R,)" by the mapping

(C-{0})y ——  (Rmod2rZ) x (R.)
w w v

X = X100y Xp) —> (AL X4, ..., a8 X,y [X1], ...» [ Xpl)

and further we identify (R mod 2nZ)" with a real n-dimensional torus T". Now
we define several sheaves of germs of functions over T".

Let ¢ =[]l (r_; 74;) be an open set of T" and r=(ry,...,7,) be in
(R,)". We denote by A,(c, r) the C-algebra of all functions s-Gevrey strongly
asymptotically developable in the open polysector V(c,r) = [[iz, V(t—s, T4s5 10).
By taking the inductive limit of Ag(c, ) with respect to r, we have a presheaf
Ay(c) with the natural restriction mapping. Define A, as the associated sheaf
and call it the sheaf of germs of functions s-Gevrey strongly asymptotically
developable over T".

We denote by M(m, m'; Ay(c,r)) and M(m, m’; A/c, r)), abelian groups of
m-by-m’ matricial functions s-Gevrey strongly asymptotically developable in
V(c, r), and m-by-m’ matricial functions s-Gevrey strongly asymptotically devel-
opable to O, , in V(c, r) respectively. Similarly to the construction of A, we
define a sheaf M(m, m'; A;) (resp. M(m, m’; A,),) of germs of m-by-m’' matricial
functions s-Gevrey strongly asymptotically developable (resp. s-Gevrey strongly
asymptotically developable to O, ,) over T" from the group M(m, m’; A,(c, )
(resp. M(m, m’; A(c, 7))o). In the case of non-abelian groups, we obtain a sheaf
GL(m; A,) (resp. GL(m; A;);) of germs of m-by-m invertible matricial functions
s-Gevrey strongly asymptotically developable (resp. s-Gevrey strongly asymp-
totically developable to I,) over T"

By the theorem of Borel-Ritt type (Theorem 1), we see that the short
sequence of sheaves

4.1 0> M(m,m;A)y— M(m,m'; A)) > M(m, m'; Q,’,ﬁ)—»O
and
4.2) I - GL(m; A,); > GL(m; A,) > GL(m; 0, ,) > 1

are exact, where @,’,,s denotes the constant sheaf of the C-algebra (5;,,3 over
T". From (4.1) we obtain the long exact sequence

4.3) 0-0->Mmm',; 0,)—> Mm,m); @;,s) — HY(T", M(m, m’; A),)
— HY(T", M(m, m'; A,)) » HN(T", M(m, m’; @, ))) — -
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Now the theorem of Sibuya type (Theorem 3) implies
Theorem 3. There exists an isomorphism
M(m, m’; 0, )/M(m, m’; 0,) 3 H'(T", M(m, m'; A,),) .
Similarly we have from (4.2) the long exact sequence

4.4) I -1 GL(m; 0,) > GL(m; 0, ;) > H(T", GL(m; A,);)

— HY(T", GL(m; A,)) - H'(T", GL(m; 0, ,)),

and we see that Theorem 4 implies

Theorem 6. There exists an isomorphism

GL(m; 0, ,)/GL(m; 0,)  H'(T", GL(m; A,);).
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