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§1. Introduction

This paper is a sequel of our work [16] on the global existence and
asymptotic behaviour of the solution of a quasilinear hyperbolic equation,
which arises in the study of the nonlinear vibration of an elastic string (see e.g.
Carrier [6], Narasimha [13], Nishida [14]). The previous paper [16] treats
the initial-boundary value problem on 2 x [0, co):

(A2

5}
Wu(x, t) — a(L2 IVu(y, 1)|? dy) Au(x, t) + 2yau(x, )= f(x, 1)

(1.1)  <ulpe=0

ou
u(xa 0) = uo(x)a gt—(x’ 0) = ul(x)
where Q2 is a bounded domain in the n-dimensional Euclidean space R" and 0Q
its boundary. The functions considered are all real-valued, y is a positive
constant and a(-) € C!([0, o0)) with a(s) = a, >0 for s = 0. One of the main
results was the following:

If the forcing term with its “higher derivatives” exponentially decays as
t — oo, then the solution of (1.1) exponentially decays with its deriv-
atives as ¢t — oo provided that the initial data belongs to some class
which is slightly wider than the analytic class .

(12)

Here the analyticity of Q was assumed. We note that no smallness condition
of the data was posed for global existence and exponential decay of solutions.
On the other hand, Yamada [21], Brito [4] investigated the global existence
and asymptotic behaviour of solutions of (1.1) under the smallness assumption
on the data (see also Dickey [7], Brito [5], Biler [3], Hosoya [10]).

We are now interested in considering the existence and asymptotic behav-
iour of solutions of (1.1) for arbitrary initial data of finite energy (ie. u,e
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H{(2)NH*(Q) and u, € H'(Q), which will be investigated in this paper. Our
aim is to show that there exist many data in usual Sobolev spaces for the global
results.

Let U(x,t) be the solution of (1.1) with the data (Up(x), U,(x), f (x, 1))
satisfying exponential decay property at infinity. Such U’s numerously exist by
virtue of (1.2). For a fixed U(x, ¢t), if ug — Uy, u; — U; and f — f belong to
some Sobolev spaces and are sufficiently small, then the global existence theo-
rem to (1.1) will be proved. We note that the data (u,, u,, f) are not neces-
sarily small nor analytic.

For arbitrary data (ug, uy, f) the global problem (1.1) is open both when
y=0and y>0. (L.1) with y = 0 has been investigated by many authors (see
Arosio-Spagnolo [2], Dickey [8], Ebihara-Medeiros-Miranda [9], Lions [11],
Nishida [15], Nishihara [17], Perla Menzala [18], Pohozaev [19], Rodriguez
[20], Yamada [22] and the references therein).

§2. Formulation of the problem and the results

Let H be a real, separable Hilbert space with norm ||| and scalar product
(*, ). Let A be a linear operator in H with domain D(A4) dense in H. We
assume that A satisfies the following conditions:

A is a self-adjoint, positive definite operator with discrete spectrum

(H.1) and A7 is compact .
and that
(H.2) y is a positive constant .

In what follows, we take a(s) = 1 + s to make our arguments clear.
We consider the differential equation on H x [0, o)

(2.1) w'(®) + (1 + | A"u()|1?)Au(t) + 2yu'(t) = f(2)
with “boundary condition”

2.2) u(t) € D(A) for any te[0, o)

and initial conditions

(23) u@) =uy, w(0) =u,

where ' = d/dt and " = d?/dt? .
The condition (H.1) implies that A has an infinite sequence of eigenvalues
{A?} with

O<MsAs-

IIA

A

IA
!
8

as j— o
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and that there exists a complete orthonormal system {w;} in H, each w; being
an eigenvector to A7. We use the method of Fourier expansion with respect to
the C.O.N.S. {w;}. For u e H, we have an expansion in H:

®© . @ 12
u=y uw with  |lul| = <Z1 uf) .
=

We first recall the previous results in [16]. The function M(4), A = 0, is
introduced:

M(4) is a continuous function, nonnegative, strictly increasing with
M(0) = 0, such that
M)

© ds
Lm—w foreach ¢>0

and further the function 1 — M (4'/?) is convex .

Example of M(A) satisfying (M) are exp (04), exp (04/log 4) etc. for large
1 >0, where § is a positive constant. Putting F(1) = (M(A))Y?, we define a
linear operator F(AY?) in H by

F(A")u =Y F(i)uw,
A
when

© 1/2
IF(AY2)u| = (Z M(Aj)ujz> < +00.
=

The data (uq, u,, f) are expanded in Fourier series as follows

”0=Zlajwja u1=2ﬂjwj5 f(t)=zlfj‘(t)w1
i= j= i=

Then we assume for a given function F(4) = (M(4))"

(DD (4o, u;) e D(AY?) x H

(D2) (o, u;) € D(F(A'?)A'2) x D(F(A'?))

fe C([0, ); HYN L2(0, co; H) and (JIH HGIE d'c>1/2 < Cye !

(f1)
for constants C,, 6, >0
and
AF(AY2)f e C([0, c0); H), F(AY?) fe L*(0, 0; H)  and
(f2)

t+1 1/2
(f | F(AY2)f(7)]|? dr) < Cye ™' for constants C,,, Oy > 0.
t
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Theorem 1. ([16], p. 625) The conditions (H.1), (H.2) and (M) are assumed.
If (D1)-(D2) and (f1)-(f2) are satisfied, then there exists a unique solution u e
C%([0, c0); H) of the problem (2.1)—(2.3) satisfying

(2.4) IF(A)w' @1, IFA)APu@)l] < Ce™
for some positive constants 6 and C.

Remark 1. Initial value problem (2.1)—(2.3) turns to the initial-boundary
value problem (1.1) by taking H=L*(£2) and Au = — Au for ue D(A) = H}(2)N
H?*(Q). When M(A) = exp (64) for large A > 0, the condition (D2) reads the
analyticity of u, and u, provided that Q is analytic or parallelepiped (cf. Arosio

(1.
Let U(z) be the solution of (2.1)-(2.3) with the data (U,, U,, f) satisfying
2.5) 1A% U@®), 14U'@ < Ce™
that is, U(t) satisfies
(2.6) U'(@®) + (1 + [A2U@IM AU (@) + 27U (0) = £ ()
27 uo)y=1,, U =u,

together with (2.5). Taking Theorem 1 into consideration we have many
(Uy, Uy, f) and so U(t), one of which is fixed.
Then we have

Theorem 2. Let the data (Uy, Uy, f )_and the solution U(t) satisfying (2.5)-
(2.7) be fixed. If (ug — Uy, uy — Uy, f — f) is sufficiently small in the sense that
(28) Ao — Ul + A2 (uy — Uy)I* + fw 1A (f@) — f(@)]%de < &

’ Sor some small constant ¢ > 0,
then there exists a unique solution u(t) of (2.1)—(2.3) which satisfies
2.9 1A' (t) — U'ON* + [ A@w(t) — U)I* < Cé?
(2.10) ﬁ IAY2 W (x) = U' @) + [A(u(e) — UG)*de < C,

or some constant C, independent of t.
1

Hereafter we denote by C;, C various constants independent of ¢.

Theorem 3. In addition to the assumptions of Theorem 2 we assume

211) ( f [|A1/2(f(r)—f(r))nzdr)mgcze-"" for @0
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Then the solution u(t) satisfies for some constant 8" > 0
(2.12) [A@@E) — UI* + 142w (@) — U0)* < Cze™"
and so
lAu@®)? + |40/ (@)]* < Cpe™".

Remark 2. Regularity theorems to Theorem 2 and Theorm 3 are also
valid. If we assume in addition to (2.5), (2.8) and (2.11)

(A 2U@)), 14U @) £ Cse™®  for k21,
| 4%(uo — Ug)lI> + AP (uy — Uy)II* + f |A*2(f(x) — f(0)|2dr < €
0
and

(J s fm)nzdf)m < Cge™",

then the solution u(t) satisfies for some constant 8” > 0

|44 (&) — U@ + [ 42w () — U'@)]12 < Cre™®.

§3. Proof of Theorem 2

We shall use the Galerkin method. Let u,(t) = Y™, g;»(t)w; be a solution
of the initial value problem for the system:

(Un(®) + (1 + |40, (0)12) At (£) + 2y1,(2), W)

(3.1)
= (f(t), w) for any we V,,
u,,(0) = i owW; = U strongly in D(A)
(3.2) =

u(0) =Y Bw,>u, strongly in D(4'?)
j=1

where V,, is an m-dimensional subspace spanned by {w,,...,w,} < {w;}. By
virtue of the theory of the ordinary differential equations u,(t) can be defined
on some interval [0,¢,). A priori estimates to u,(t) shown later play an
essential role to obtain the solution u(t) as a limit of a subsequence of {u,(f)}
(cf. Nishihara [16,17]). For simplicity, we omit the suffix m of u,(t) without
confusions.
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Putting u(t) = U(¢) + v(t) we rewrite (3.1)-(3.2), (2.6)—(2.7) to
©"(&) + (1 + [A%0@)* + 1A PU@))1) Av(e) + 2yv'(8), w)

(3.3) = (—2(A?U(t), A*v(t))Av(t) — {2(A2U(t), AYV*0(t))
+ 14012} AU + g, W),  we,
(34) U(O) = Uom » UI(O) =Uim

where g = f — f and v, = vy = tg— Uy, 01, = v; = u, — U, strongly as m— oo
in D(A), D(A"?), respectively.

A priori estimate (I)
Taking w = 2u'(¢t) in (3.1) we have

d 1
5<llu'(t)ll2 + 1 4Au@)l* + 3 IIA”Zu(t)II“) + 4yl @)l

1 .
= (f(), 2u'(®)) = % 1S + 27w @))1*
and so, by integration of the above,

1 t
@I + 14™u@1* + 5 1A 2u(@l* + 2?[ lw'(2))*de

0o

1 1 (!
< ugll? + 14Puol? + 5 1Auo|* + 5= | 1/ @) %de .
2 2y Jo

Therefore,

t

@1, 1 4"2u (o), J lw@l*d < C,

0
from which the interval [0, t,,) of the solution u(t) = u,,(¢) of (3.1) and (3.2) can
be extended to the whole interval [0, 00). Because |v(t)| < |U@®)| +
IU@® + v@)l = U@ + lu@)] etc.,

t
3.5) lo" @I, 1A o), J lv'@)Pdz < C.

0

Putting w = u(t) in (3.1) and integrating it over [0, ] we have

t
J 1A u(@)|?dr < C
0
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and

t
(3.6) J |Ao(r)||?dr < C .
0

A priori estimate (I1)

If we take w = 20/(f) in (3.3), then we get

d/ 1
d—t<llv O + [470@) + 3 I A"v(t))*

+ IIA”ZU(t)IIZIIA”Zv(t)HZ) + 4yllv' @)

(3.7 d
) =2(4"2U (), AU (1) | A"0()]* — 25{(A1/2U(t), Ap(1) | APu(0)]|1?}

— 2{(A"U'(1), A"P(t)) + (A2U(0), A" ()} 1AMo@
— 2{(4"2U(1), A"Pp(0)) + AP0} (AU @), v'(1) + 2(g(), v' (1)) -

Integrating both side of (3.7) from 0 to ¢, we obtain

1 t
E (v(@) + 5(1 — [|A"20(@)|12) | APo(@)1* + 2y J [[v' ()| *dx
(3.8) 0

t

< C(E,(v(0) + L lg(@)I*dr) + C J c(r)E, (v(z))dr ,

0

where E;(v(t)) = |[v'@®)||? + |AY*v(t)]|3/2 and c(t) = Ce™®. Here we have used
(2.5), (3.5) and Schwarz’s inequality. From (2.5) t* = sup {¢t; |[Av(1)]|> £ 1} > 0.
We show t* = co0. In fact, for ¢ < t*, (3.8) yields

E,(v(1)) = C(E;(v(0)) + L lg(x)l|*d7) exp <C L C(r)df)

< Cé?

by (2.5), (2.8) and Gronwall’s inequality. If ¢ is so small that Ce? < 1/4, then
|l A¥?v(t)||> < 1/2, which implies t* = co. Hence, by virtue of (3.8)

lv'@®1* + 4@ + J lv'(2)l1%de
0

(3.9)
= C(E,(0(0) + J lg@@)lI*dr) < Ce?

0

is valid for all t = 0.
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A priori estimate (I111)

For w = 2A4v'(f) in (3.3),

%(Ilz‘l”zv’(t)ll2 + [ Ao@)]* + 14201 | Av@)]*
+ AU Av@)lI?) + 4y 4720 O]

= 2(4"0(z), A"’ (1)) | Av(®)|I* + 2(42U (), 42U’ (1) | 4v(0)]1*
3.10 .
- - 2%{(1‘1”2 U(t), AMo(0) | 4v(®)1?} + 2{(4'2U'(1), A*0(1))
+ (AU (1), AV ()} | Av()]|1> — 2{2(A*2U(2), A**v(1))
+ | A"0(@)2} (AU (2), Av'(0)) + 2(9(0), AV'(2)).

Integrating (3.10) from O to ¢ we have
t
E,(0(®)) + 1 420(@)|I* | Av(@®)* + |APU @2 | Adv@)lI* + 2y J 142" (z)||*de
0
1 t t
< C(Ez(v(0) +5 f |42 g ()| *dr) + f Ce|| AV’ (1)|| || Av(z)|| *de
0 0

+ (14U @) + 1A0(@)*) ] 40 + C Jt c(r)E;(v(r))dr
and

E,(v(®)) + 2y Jt | A" (z) || *de — f Ce|| A0’ (z)|| || Av(z) | 2dx
0 0
(3.11)

t

=C <Ez(v(0)) + r llA”zg(T)szr> +C f c(D)E5(v(7))de

0
where E,(v(t)) = [|[A¥0'(0)|% + || Av(®)||%
Next, putting w = Av(t) in (3.3) we get
& w0, A00) — 140012
+ (1 + [40(@)|? + AU Av@))* + v% 420(0))2
(.12 = —2(A"U (1), APo()1 Av®)]* + (9(2), Av(r))
— {2(4"2U (1), A"0(1)) + A P0(0)]17} (AU (1), Av(1))

< (JAPU@)2 + 1421 Av@©))* + Ce(t) Ex(v(0))

+ 31801 + 3 14001



Quasilinear Hyperbolic Equation 351

and hence, by the integration of (3.12) over [0, t],

t
1
j S A %de + 2 4120(0)?
0

@

(3.13) s C<Ez(v(0)) + f Ilg(r)llzdr> + 21—y 1A' (011 + Jl 1A' (1) %de
0 0

+ ft Cc(t)E,(v(1))dr .
0

Adding both sides of (3.11) to those of (3.13) multiplied by y
1 t t
SEa00) +7 f 14*2' ()] 2dr + f @ - CenAmv'(r)u> | 4v(r)|1%ds
0 V]
(3.14)

t

= C<E2(v(0)) + r ||A1’29(1)||2d1> + f Ce(r)E,(v(r))dr .
0

0

From the assumption (2.8) t** = sup {t; [|4**v'(t)|| < 7/2Ce} > 0. For t < t**,
(3.14) yields

E,(w(@®)=C (Ez(v(O)) + Jw IIA”Zg(T)lIsz> < Ce?
0

which means
420" (1)]| £ CV2e < y/ACe,

for small ¢ > 0. Thus t** =0 and forallt = 0

t
(3.15) 1AY20' 011 + | Av@)]* + f 1Ay (z)]|%dT < Ce?.

0

From (3.13) and (3.15) we have

t
(3.16) J | Av(z)||?dr £ Ce?.
. o]

In (I)-(III), we have obtained the a priori estimates (3.5), (3.6), (3.15) and
(3.16). Using these estimates we can prove the existence and uniqueness of the
solution of (2.1)—(2.3), which satisfies (2.9} and (2.10). We omit the details (cf.
Nishihara [17]). Q.E.D.

§4. Proof of Theorem 3

The proof is essentially due to Nakao [12] and we give it briefly.
Integrating (3.7) over [t, t + 1] we have
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4.1) 2y ftﬂ [v'(¢)||2dr < Ce™®" + E (t) — E,(t + 1) = B(t)?

where E, (1) = |v' ()% + |AY0(@®)|® + |A*0(t)|*/2 and 6, = min (6, §'). Here
we have used (3.15),

t+1 12 q t+1 112
( f ||g(r)|12dr) < ( f lIA”zg(t)llzdr> < Ce "
t 1 ¢

t+1
J [AU@)|de < Ce™  etc.
t

and

From (4.1) there exist two points t; € [t,t + 1/4] and t, € [t + 3/4,t + 1] such
that

“.2) Zylv'e)* < 4B@)?*, i=1,2.

Taking w = v(t) in (3.3) and integrating it over [¢,, t,] we get

f %1+ [A420(0)]2) | AP0() Pde

< 3 106, ot + f * 0@l + Ce

43) .
+ J @@ + lg@ Do) lde

< CB(t) max |v(z)|| + CB(t)?.
t<t<t+l
Adding (4.3) to (4.1) we obtain

iy - -
J E,(t)dr £ CB(t) max E,(7)'? + CB(1)?.
t

1 t<t=<t+1

Hence there exists a point t* € [t,, t,] such that

(4.4) E,(t*) £2C{B(t) max E,(1)'? + CB(1)?}.

t<t<t+1

Integrating (3.7) again from t* to se [t, t + 1] we have

B9 = Ey(en + j

t*

d 2 1/2
[—;E(IIA”ZU(T)II 1420 (z)]I%)

— dy||v’(7)||? + (right hand side of (3.7)):| drt

S E (%) + Ce™® + Ce™".
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It follows from (4.4) that
max E, (1) < C{B(t) max E,(t)'? + B(t)z}

t<t<t+l t<t<r+1
and hence
max E (t) < C{E,(t) — E (¢t + 1)} + Ce™®.
t<t<t+t
Thus

E () < Ce™*  for some constants C, 0, >0,

which follows from

Lemma. (Nakao [12], pp. 259-260) Let ¢(t) be a bounded nonnegative
Sunction on [0, o) satisfying

max $(z) = Ko(p(t) — ¢(t + 1)) + g(t)

t<T<t+l

where K, is a positive constant and g(t) is a nonnegative function. If g(t) <
C, exp (—0t) with 8 > 0, Cy = 0, then

¢(t) = C exp (—0)

where 6 = min {0, log (K, /(Ko — 1))} and C' is a positive constant depending on
K,, Cy, .

The conclusion (2.12) follows from the discussions concerning E,(f) =
|AY20"(0)]1% + (1 + [|AY20(8)]) )| Av(t)]|?, quite similar to those for E,(t), which
are omitted. Thus we have completed the proof of Theorem 3. Q.ED.

Finally we give a short note relating to the regularity theorems (Remark 2).

We require the higher order estimates of v, which will be obtained in a
similar fashion to 4 priori estimate (III). In fact, if we put w =242 1/(¢) +
742 1p(t) in (3.3), then we get

%Eu(v(t)) + L P12 @)1 + (/2 = Cell A0’ (1)]1%)] A*v(z) | *de
=C <E2k(v(0)) + f: (1A 2g(@)* + HA"_lg(T)IIZ)df)

+ Jt Cc(t)E, (v(t))dr ,
0
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where E,,(v(t)) = | A* v/ (t)]|2 + || A*v()]|® (cf. (3.14)). Since |40 (t)ll < Ce by
(3.15), it is immediate to show E,,(v(f)) < Ce?. It is also easy to see the
exponential decay property of E,,(v(2)).
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