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§1. Introduction

We consider the Cauchy problem for partial differential equations of first
order as follows:

ou Ju . L
(1.1 E+f<t,x,u,$>=0 in {t>0,xeR'},
(1.2) u(0,x) = ¢p(x) on {t=0,xe R}

where f and ¢ are two times differentiable. Let x = x(t, y) be a characteristic
curve for (1.1)—(1.2) passing a point (¢, x) = (0, ). The definition of x = x(t, y)
will be given by (3.3)-(3.4) and (4.3)—(4.4). Assume I) dx/dy(t°, y°) = 0 and 1I)
0x/0y(t, y) # 0 for any t € [0,¢°) and ye R. Then we have proved in [2] that,
when (¢, x) tends to (t°, x°) where x° = x(¢° y°), first or second derivatives of
classical solutions can not remain bounded. By this fact, we treat a weak
solution for (1.1) after the time t°. The most typical singularity of weak
solution is shock, and it appears by the collision of characteristics. Therefore
we discuss whether the characteristic curves meet or not for t > t°, i.e., whether
or not there exist points y;, and y, (y, # y,) satisfying x(t, y,) = x(t, y,) for
t>1t° 1In §2, we give an example of an equation whose characteristic curves
do not meet for any ¢t > t°. In §3 and §4, we will give sufficient conditions so
that the characteristic curves collide after the time £°.

§2. Example
We consider the Cauchy problem:
0 0
—u+a(t,u)—u=u in {r>0,xeR'},
(2.1) ot 0x
u(0,x)=x on {r=0,xeR'}

where a(t, u) = o/(t) exp (—t)u + B'(t) exp (—3t)u® and the functions {a(?), B(t)}
satisfy the following conditions:
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1) a(t) and B(t) are in C1(R?Y),

2) a0) =1, a(t) = 0 and «(t) = O for any t = K = constant > 0,
3) B0)=0, p(t) =0 and B(¢) # 0 for any ¢t = K,

4) wa(t) + B(t) # 0 for any t € R™.

Then the characteristic curves for (2.1) are written by

(2.2) x = x(t,y) = a()y + B()y*,

and the value (¢, y) of solution of (2.1) restricted on the curve (2.2) is given by
v(t, y) =exp (t) y. Then it follows

0 )
St y) = a®) + 38(0)y* and (,00=0 forany:=K.
ay ay
But one can easily see that the characteristic curves (2.2) do not meet for any
te R'. In this case the solution u(t, x) is represented as
u(t, x) = exp ()B()"Px" for t=K.

This representation says that the solution contains algebraic singularity at
x=0, and that the singularity of shock type does not appear though the
Jacobian vanishes.

§3. Quasilinear equation
In this section we treat the quasilinear equations of first order as follows:

Ou

(3.1) o

+a1(t,x,u)2—2=ao(t,x,u) in {r>0,xeR'},
(3.2) u(0,x)=¢(x) on {t=0,xeR'}

where ay(t, x, u) e CY(R®) and ¢(x)e C!(R!). The characteristic curves for
(3.1)—(3.2) are defined as solution curves of the following system of equations:

dx dv
(33) % - al(t’ X, U) s E = aO(t5 X, U)
with the initial data
(34) x0 =y, v0)=4(y).

As in [2], we assume the condition:

(H) For any y € R, the Cauchy problem (3.3)-(3.4) always has a unique
global Cl-solution x = x(t, y) and v = v(t, y) on t = 0.
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B. Doubnov [1] gives the sufficient conditions to guarantee the above
condition (H). The assumption (H) assures that x = x(t, y) defines a C!-
mapping from R' to R' depending on a parameter t. Our aim of this section is
to look for the condition so that the characteristic curves meet after the
Jacobian vanishes.

Theorem 1. Under the condition (H), we assume (1) 0x/0y(t°, y°) = 0 and
(IT) 0x/dy(t, y) # O for any t € [0,t°) and y € R'. If da,/ou(t°, x°, v°) # O where
x® = x(t% y°) and v° = v(t°, y°), then the characteristic curves meet for t > t°.

Proof. This theorem follows immediately if the monotonicity of x = x(z, y)
with respect to y is violated. At first we prove that 6x/0y(t, y°) changes the
sign at t =1¢% As 0x/0y(0, y) = 1, we have 0x/dy(t, y) > O for any t < t° and
y € R'. Therefore we show that dx/dy(t, y°) <0 for t>1t° where t —t° is
small. Differentiating (3.3) with respect to y, we get

da, 0x day ov
dt(ﬁy( J’)> (t X,U)—+ (a X, )_y

G3) d (o 2 ox 0 d
6)) = 2o 02 1 Ko, %
E((?_(t )>— 6x( ) T e )ay
0x ov ,
(3.6) 5(0): 1, a—y(0)=¢(y)-

As (3.5) is linear with respect to dx/dy and dv/dy, the initial condition (3.6)
guarantees

< (ty) (t y));é(0,0) forany t=0 and yeR'.

Hence we have 0v/0y(t°, y°) # 0. By the assumption, we get

a(ox
dt\ oy

Moreover, as dx/dy(t°, y°) = 0 and 8x/dy(t, y°) > 0 for ¢ < t°, we have

L)oo 4
dt 0y (t,y)=(t°,y°)= ’ o dt 5y

Therefore we get 0x/dy(t, y°) < 0 for t > t° where ¢t — t° is small.

On the other hand, there exists a point y = y! satisfying dx/0y(t, y') > 0
for t >¢° The proof is as follows. The function h(y) is defined by h(y) =
inf {t; 0x/0y(t, y) =0} for each y. If dx/dy(t,y)#0 for any t>0, then

= %0140 o, v°)—( L)% £0.

=0,y OV

<0.
t,3)=(@%,y%
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h(y) = co. We see that h(y) is lower semi-continuous at y = y° and h(y°) = ¢°.
If a,(t, x, u) (i =0, 1) and ¢(x) are two times differentiable, then h(y) is differenti-
able. By the assumption, we have h(y) = t°. If h(y) = t° in a neighborhood of
y = y°, then dx/dy(t°, y) = 0, i.e., x(t° y) = x(t°, y) in a neighborhood of y = y°.
This means that the characteristic curves meet at the point (¢, x) = (¢°, x°).
When h(y) is not constant, there exists a point y = y' such that h(y!)=
t* > h(y°) =t°. From this, we have 0x/dy(t,y')>0 for te(t%t!). As
0x/3y(t, y°) < 0 for t > t° x = x(f, y) is not monotone with respect to y for
t > t°% Hence the characteristic curves meet after the time t°. Q.E.D.

§4. General nonlinear equations of first order

Consider the following Cauchy problem:

ou ou . L
4.1) (’it+f<t’x’u’§>=0 in {t>0,xeR'},
4.2) u(0,x)=¢(x) on {t=0,xeR'}

where f e C?(R?) and ¢ e C*(R'). The characteristic curves for (4.1)-(4.2) are
the solution curves of the following system of equations:

(dx of
i %(t, X, v, p)
v of
(43) 9 E - pa_p(ta X, U, P) - f(t’ X, U, p)
dp_ of of
\:i‘t - _6x (ts X, U, p) - pég(ta X, U, p)

(4.4) x0 =y, v0) =41, pO)=4¢0.
Here we assume the following condition:
(H)Y For any y e R, the Cauchy problem (4.3)—(4.4) has a unique global
C*-solution x = x(t, y), v = v(t, y)and p = p(t, y) for t = 0.
Then x=x(t, y) defines a C'-mapping from R' to R' depending on a pa-

rameter t.

Theorem 2. Under the condition (H), we assume (1) dx/dy(t°, y°) =0 and
(IT) 0x/0y(t, y) # O for any t < t° and y e RY. If 33f/op>(¢°, x°, v°, p°) # O where
x% = x(t°, y°), v° = v(t°, y°) and p® = p(t°, y°), then the characteristic curves meet
for t > t°.
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Proof. As in the proof of Theorem 1, we show that x=x(t, y) is not mono-
tone with respect to y for t > 1% As 0x/dy(t,y) >0 for t <t° and ye R!, we
can uniquely solve the equation x = x(t, y) with respect to y, and we denote the
solution by y = y(t, x). Then the solution of (4.1)—(4.2) is given by u(t, x) =
v(t, y(t, x)) and

ple (e 3) = 22:) = 516 (6 )30 9

ov 0x -1
= a_y(ta Y) <5}7(t: y)>

When a point (¢, x) tends to (% x°) along a curve {(t, x); x = x(t, %)},
Ox/0y(t, y(t, x)) tends to zero and p(t, y(t, x)) remains bounded. Therefore it
must be dv/dy(t% y°) = 0. Differentiating the system (4.3) with respect to y, we
get a system of linear ordinary differential equations for dx/dy, dv/0y and Op/dy
just like (3.5). As the initial data (0x/dy, dv/dy, Op/dy)(0) = (1, ¢'(), ¢"(y)) #
0,0,0), it follows (0x/dy, dv/dy, dp/oy)(t) #(0,0,0) for any t=0. Hence
op/oy(t® y°) # 0. The function 0x/dy(t, y) satisfies the following differential
equation:

y=y(t,x)

dfo\_@fox o oo o
dt\dy ) oxdp dy = dvép dy = p? Oy’

Using the assumptions and the above results, we get

4 (ox
dt\ oy

Moreover, as dx/0y(t°, y°) = 0 and dx/dy(t, y°) > 0 for ¢t < ¢, it must be

d (ox
dt\ oy
On the other hand, by the same reasoning as the proof of Theorem 1, we
can show that there exists a point y = y! such that dx/dy(t, y') > 0 for t > t°

where t — t° is small. Therefore the function x = x(t, y) is not monotone with
respect to y, i.e., the characteristic curves meet after the time t°, Q.E.D.

»

0 0
ay(t,y)#O.

2
— a : (to’ xo, UO, pO)
)= 4

P
<0, ie, (%) <0 for t>1°.
dy

#,»)=@%y%

Remark. When the condition (H) is satisfied, the shocks do not appear.
In this case the weak solution is continuous and its singularities are similar to
those of generalized solutions for Hamilton-Jacobi equation ([3]).
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