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1. Introduction

Sequences defined by three-term recurrence relations have long been studied
in many areas of mathematics [1, 6, 7, 15, 16]. In this paper, we are concerned
with the oscillatory properties of sequences that are defined by nonlinear three-term
recurrence equations of the form

(11) Cuf(xn+1’ xn) + cn—lg(xn—l’ xn) = bnxm h = 15 29 3,

where ¢,>0 for n=0, 1, 2,---, f(u, v) is a QL function and g(u, v) is a WQL
function. Here a function h(u, v) is called a QL function (WQL function) if it
satisfies the following conditions:
(i) h(ow, avy=ah(u, v) for every a, u, v;
(i) sign h(u, v)=signu;
(iii) for any v=wv,, the range of h(u, v,) is R; and
(iv)  h(u, v) is strictly increasing'(respectively increasing) in u.
An immediate example of a QL function is the linear function h(u, v)=u.
A less trivial QL function is a special class of Cobb-Douglas production functions
[4, pp. 414-416] widely used in economic analysis:
u if v=20
(1.2) h(u, v) =
urs if v#0
where r+s=1, and r is a quotient of positive odd integers.
To see a WQL function, we cite the following

u if v=20

u if v#0, 0<ul <]
1.3) h(u, v) =

[v] sign u if v#0, |v]<|ul <2y

(Jluf—vD)signu if v#£0, |ul>2|.

A solution of (1.1) is a sequence {x,} ={x,} 7=, which satisfies (1.1). Equation
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(1.1) has many properties in common with the linear equation [5, 9, 10, 12, 13]
(14) CnXn+1 + Ca—1Xp—1 = bnxm Ch—1 > 0’ n= 1, 2’ .

In particular, we can easily verify by direct substitution that if {x,} is a solution
of (1.1), so is any of its constant multiple. Also given x; and x;,, for i>0, it
is clear that x;,, is uniquely determined by the recurrence relation (1.1), while
X;—¢ can also be determined but it may not be unique unless g(u, v) is also a
QL function.

Theorem 1.1. Given a nonnegative integer i and real numbers u, B, a so-
lution {x,} of (1.1) exists satisfying x;=oand x;,,=p. If{y,} is another solution
of (1.1) satisfying y,=o and y,,,=p, then y,=x, for k>i. Moreover, y,=x,
for k<i provided g(u, v) is a QL function.

Other properties of (1.1) similar to those of (1.4) are related to oscillatory
behavior of its solutions and will be discussed in later sections. For related
studies which provide background material and motivation for the present paper,
we refer the readers to our references [1, 2, 3, 6, 9, 10, 14].

2. Preliminaries

We first introduce the concept of a node. Let {z,}¥ be a sequence. If
the points (k, z,), k>0, are joined by straight line segments to form a broken line,
then this broken line represents a piecewise continuous function z*(f) called
the linear spline of {z,}. The zeros of z*(t) are called the nodes of {z,}.

Lemma 2.1. If g(u, v) is QL, then two linearly independent solutions of
(1.1) cannot have a common node.

This follows easily from the existence and uniqueness Theorem 1.1 mentioned
in the last section.

We remark that Lemma 2.1 is not true in general if g(u, v) is not QL. For
instance, the equation

Xn+1 + h(xn—l’ xn)—= Xy R = 1, 29 3;

where h(u, v) is given by (1.3) has two linearly independent solutions {1, 1, 0,---}
and {2, 1, 0,---} which have a common node 2.

Lemma 2.2. ([5, Lemma 1]). Let {x,} and {y,} be two sequences such
that x;,1>0, x;<0 and y;,,>0 for some i>0. If X, V,—XVns1<0 at n=i,
then {y,} has a node in [a, i+ 1), where o is the node of {x,} in [i, i +1).

Lemma 2.3. Suppose f(u, v) is a QL function, g(u, v) is a WQL function,
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and the sequence {c,}y satisfies ¢,>0 for n>0. Suppose further that the
sequences {x,}& and {y,}& satisfy

cn[f(xn+ 1Vns xnyn)-f(xnyn+1’ xnyn)] = Cn—l[g(xnyn~19 xnyn)—g(xn—-lyns xnyn)]

forO<a+1<n<b—1. Let Wy=X,.1Vy—XsVus1for n=>0. If W, is nonnegative
at n=a, then W,>0 for n=a+1, a+2,---, b—1.

Proof. Since g(u, v) is increasing in u, thus W,>0 implies g(X,. Ve

X+ 1Va+1)—9(XaVat 1> Xar1Va+1)=0.  Asaconsequence, f(X,12Vat 15 Xat1Vat 1)~
S(Xas1Var2s Xar1Var1)=0.  Since f(u, v) is strictly increasing in u, we have

Wai1 = Xge2¥ar1 — X4 1Vas2 = 0.

Inductively, we may show that W, >0 for k=a+2,---, b—1.
The following is a Sturm-type comparison theorem which extends Lemma 2
in [5].

Theorem 2.4. Suppose {x,} and {y,} are respectively nontrivial solutions
of the equations

2.1 Cf (gt 15 X)) + Com1g(Xp— 15 Xp) = qpXy, k=1, 2,00
and
(2.2) e s 1o V) + 19— 15 V) = P k=1, 2,

where ¢, >0 for k>0, f(u, v) is QL and g(u, v) is WQL. Let a, b (a<b) be two
nonnegative integers such that [a, b] contains two consecutive nodes a and
Bof {x.}. Ifq.>p;fora+1<k<b—1, then {y,} has a node in (a, f].

Proof. Since any constant multiple of a solution of (1.1) is also a solution,
we may assume that x*(¢), the linear spline of {x,}, is positive for a<t<p.
Without loss of generality, we may assume that a<a<a+1and b—1 <f<b.
Suppose to the contrary that y*(¢), the linear spline of {y,}, is positive for a <t <f.
Then x,y,>0 for k=a+1, a+2,---,b—1. Let Wy=x, . yi—X V1 for k=0.
From (2.1) and (2.2), we have

kL ket 1V X)) =S (Vs 15 Xidi) ]
= ¢ 119k Vi— 1> X Vi) — 9Kk 1V X V)] + (@ — PXeyi
> -1 Lg(xyi— 15 X)) — (X - 1Yk XiVi)]

fora+1<k<b-1. Furthermore, by Lemma 2.2, W, >0 for k=a. As a conse-
quence, we have from Lemma 2.3 that W,>0 for k=b—1. By Lemma 2.2
again, {y,} would then have a node in (b—1, f]. This contradicts our assumption
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that y*(1)>0 for a<t<pf. The proof is complete.

In particular, if g(u, v) is QL and p,=gq,=b, for k>1, then Theorem 2.4
together with Lemma 2.1 imply the following Sturm-type separation theorem.

Corollary 2.5. If g(u, v) is QL, then the nodes of any two linearly inde-
pendent solutions of (1.1) separate each other.

3. Oscillatory equations and Riccati transformation

A nontrivial sequence {x,}¢ is said to be nonoscillatory if there is an integer
N such that x;x;,,>0 for k>N. It is said to be oscillatory otherwise. It is
clear that {x,} is nonoscillatory if and only if {x,} does not have any nodes for k
larger than some integer T.

Theorem 3.1. (cf. [9, Th. 11). If {b,}¥ has a subsequence {b,;} with non-
positive terms, then all solutions of equation (1.1) are oscillatory.

Proof. Suppose to the contrary that {x,} is a nonosciallatory solution of
(1.1). We may assume without loss of generality that x,>0 for k larger than
some integer N. Since f(u, v) is QL and g(u, v) is WQL, we have from (1.1) that

bexe = of (Xer 15 %) + C-19(Xi—1, X;) > 0
for k>N +1. This implies b, >0 for k> N+ 1, which is the desired contradiction.

Theorem 3.2. [fequation (1.1) has an oscillatory solution, then all solutions
of (1.1) are oscillatory.

The proof follows easily from the comparison Theorem 2.4.

We say that equation (1.1) is oscillatory if all its solutions are oscillatory,
and nonoscillatory if all its solutions are nonoscillatory. In view of Theorem 3.7,
oscillatory and nonoscillatory equations (1.1) are mutually exclusive and
exhaustive.

We next consider a transformation which is known as a Riccati-type trans-
formation in the literature [9, 10, 14]. Let {x,} be a solution of (1.1) such that
x,#0 for k larger than or equal to some integer N. The substitution of r,=
Xr+1/Xk, k=N, into (1.1) then leads to the following nonlinear two-term recurrence
relation

3.0 e f(re ) + e g(ricke, 1) = by

for k>N. We shall call the equation
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(3.2) G f (i D)+ ¢qg(xity, )= by, k> 1

the Riccati equation corresponding to (1.1). = A solution of (3.1) is a sequence
{ry} where a <k<b, b may be finite or infinite, such that r,#0 for a<k<b and
that (3.1) is satisfied by {r,} for a+1<k<b.

Theorem 3.3. (cf. [9, Th. 2]). Equation (1.1) is nonoscillatory if and only
if equation (3.2) has a positive solution {r.} for k larger than or equal to some
integer N.

Proof. The fact that we can construct a positive solution {r,}% of (3.2) is
clear from the above discussions. Now if {r,}% is a positive solution of (3.2),
let xy=1 and let xy,,;=ry, then by Theorem 1.1, the solution {x,} satisfying
these conditions exists. We assert that x,>0 for k>N+2. Indeed, by (1.1),
we have

eni1f(Xyi2 Ty) + eng(l, ry) = by oy
or
cne 1 f(naafry, 1) + eng(ryts 1) = by gy
Since f(u, v) is strictly increasing in u, and since
et f Py D+ eng(ry?s 1) = by,
we must have Xy, ,/Fy=Fy.1 OF Xy, =FyFys (. Similarly, we have
X = NNt 1 Fg—1

which is positive for k> N +2 as desired.

4. Comparison theorems

A Sturm-type comparison Theorem has already been derived in Section two.
In this section, we shall derive another comparison theorem which will be useful
for deriving various oscillation criteria for equation (1.1).

Lemma 4.1. Let F(x, y),f(x, y) be QL and G(x, y), g(x, y) be WQL functions
such that

4.1) inf {F(v, )/f(v, )|v>0} =m #0
and

4.2) sup {g(v, 1)/G(v, )|v>0} = M < 0.
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Suppose the sequences {¢,}& and {d,}§ satisfy ¢,>0, d,>0 for k>0 and
4.3) difc, > max {m~', M}, k > 0.
Suppose further that uy, Uy, vy and vy, satisfy vy=>uy>0, uy,,>0 and
evirfOnsrs 1) = dye  Fluyyy, 1)‘2 dyG(uy', 1) — eyg(oy', 1),
then vy, >Uyyq-
Proof. We first assert that
dyG(uyt, 1) = cyg(vyt, 1).
For otherwise we would have

MS dN < g(‘u;lla 1) < g(u;119 1) <M’

ey Gluy', ) = Gluy', 1)

which is a contradiction. Thus we have
ey Sy, D) —dyy Fluyeq, 1) 2 0.

Since wuy, >0, sign F(uy,,, 1)=signuy,; and sign f(vy,,, 1)=sign oy, thus
vy+1>0. Suppose to the contrary that vy, <uy,, then Fluy,, 1)>F(vyiq, 1)
so that ¢y, 1 f(vys1> 1)>dyy F(ons,, 1). But then

c Floy.y, 1)
m Z N+1 > N+1s 2 m
dyit SOy, 1)

which is a contradiction. Hence vy, >uy, as desired.

Theorem 4.2, Let F(x, y), f(x,y) be QL and G(x, y), g(x, y) be WQL
functions such that (4.1) and (4.2) hold. Suppose the sequences {c,}& and
{d,}& satisfy ¢, >0, d,>0 for k>0, and that (4.3) holds. Suppose further that
qi=>pi for k=1, If the equation

(4.4) A F(xps > X)) + d 1 Gx— 15 Xp) = PiXi, kK =1,2, 3,
is nonoscillatory, so is the equation
4.5) S g 1s X)) + 1 g(Xp— g, X)) = quxy, k=1,2,3,-+
Proof. 1If (4.4) is nonoscillatory, then
dF(re, )+ dGrit, )=pp, k=1,2,3,-

has a positive solution {r,} for k larger than or equal to some integer . Let v
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be a number larger than or equal to ry. Since f(x, 1) is strictly incresaing and
onto, we can determine vy, , uniquely from

cre1fore, ) + erg(ozh, 1) = qroq.

Since gg4 1> Pry1, We then have

cre1frir, 1)+ erg(urt, 1) 2 dpy (F(rpyy, 1) + deG(r7's D).

According to Lemma 4.1, vy, =7y, >0. We may now repeat the same argu-
ment inductively to conclude the existence of a positive solution {v,} of

af e, 1)+ ¢yg(oil, D=q, k=123, ‘

for k>T. By Theorem 3.3, equation (4.5) is nonoscillatory. The proof is com-
plete.

Corollary 4.3. Suppose f(x, y)<x and g(x, y)<x for x=0. If equation
(1.4) is nonoscillatory, so is equation (1.1).

Corollary 4.4. Suppose f(x, y)=x and g(x, y)=x for x=0. If equation
(1.4) is oscillatory, so is equation (1.1).

Oscillatory criteria for the linear equation (1.4) have been derived by a
number of authors [8, Th. 4; 9, Th. 5, Th. 6, Th. 8; 10, Th. 2.3, Th. 3.2; 12,
Th. 1, Th. 3]. In view of Corollaries 4.3 and 4.4, we can use these criteria to
obtain corresponding oscillation criteria for equation (1.1).

5. Oscillation criteria

In this section, we shall establish a number of additional oscillation criteria
which extend those pertaining to equation (1.4).

Theorem 5.1. (cf. {12, Lemma 2]). If there is a positive number r such that
b,>c,f(r, ) +c,_19(r71, 1) for n larger than or equal to some integer N,
then equation (1.1) is nonoscillatory.

Proof. Let vy be a number larger than or equal to r.  Since f(x, 1) is strictly
increasing and onto, we can determine vy, , from

cne1f(One1, D + eng(oy?, 1) = by

Since by, =cy. 1 f(r, D+cyg(r~', 1), we have, by Lemma 4.1, that vy, ,>r
>0. We may now repeat the same argument inductively to conclude the existence
of a positive solution {v,} of equation (3.2) for k>N +1. Thus equation (1.1)
is nonoscillatory by Theorem 3.3. :
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As an illustration of Theorem 5.1, consider the equation
(51) f(xn+19 xn) + g(xn-—la xn) = 2xm n = 1’ 29 3a"'

where f(x, y) and g(x, y) are special Cobb-Douglas function of the form

X if y=0
(5.2) fx, p) = .

xsyt if y#0
and

X if y=0
(5.3) glx, y) = ,

xPye if y#0

where s+t=1, s=b/a, a, b are positive odd integers, p+q=1, p=d/c, and ¢, d
are positive odd integers. Since

f, 1) + 901, 1) =2,
thus this equation is nonoscillatory. We remark that if we let

_t
;= <£> P
N

then
2= f(r, 1)+ g(r7 1, 1),
which also yields the same conclusion.

Theorem 5.2, (cf. [12, Th. 7]). If there exists a positive number r such that
b,<min {c,f(r, 1), c,_,g(r" ', 1)} for n larger than some integer N, then
equation (1.1) is oscillatory.

Proof. Suppose to the contrary that equation (3.2) has a positive solution
{r} for k=N. Then b,>c,f(r,, 1) and b,>c¢,_,g(ri;, 1) for k>N. Further-
more, either r;>r for some integer i>N or r,<r for all k>N. If r,>r, then

by > cif(ri, 1) = ¢;f(r, 1).
If r,<r, then
by > ¢, _19(rils, 1) = ¢ yg9(rt, 1).

Since both cases contradict our hypothesis, hence (1.1) is oscillatory. The
proof is complete.
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Let
(5.9 T =1inf {f(v, D+g(w™ ', 1)|[v>0}.

In general, 7>0. Note moreover that if f and g are given by (5.2) and (5.3) re-
spectively, then

s p
(5.5) I>1 = <£>“p+s N (L)m o
§ P

Theorem 5.3. (cf. [10, Lemma 3.5]). Suppose there exist two sequences {0, }?
and {B,}§ such that o, + B, <t (where t is given by (5.4)) for all large k, that

(5.6) 1§1 by — e — Pro1ck—1 = — 0,
and that for any nonnegative integer N,

j
(5.7) oc; + k;N (be—we—Br—16—1) <0

for all large j, then equation (1.1) is oscillatory.

Proof. Assume to the contrary that {x,} is a nonoscillatory solution of (1.1)
such that x,>0 for k>T. Let r,=x.,,/x, for k>T. Then {r,} is a positive
solution of equation (3.2) for k>T7. Without loss of generality, let us assume
that o, + 5, <7 for k>T. Then

(58) e Lf (e =051 + i[9y, 1)—B_s]

= b, — e — Pr-16-1» k>T

Summing these equations for T+ 1<k<j and rearranging the subsequent
equation, we obtain

Cj[“j“f("ja D]
= erlg(7', D= + 3 alf(ry DH+glri's D=2~ 2]
- i (b=, —Br-1¢k—1)-
k=T+1
Since

fri, D+ grgt, Y2120+, k>T

and since (5.6) holds, the right hand side of the above equation will be positive
for j larger than or equal to some integer N. This implies a;>f(r;, 1) which in
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turn implies g(r;!, 1)>g; for j>N. We now sum equations (5.8) for N+1<
k< j to obtain

ajc; + k=iN+1 (b — ek = Br—16k-1)
= c¢;f(r;, 1) + ey[g(ry's D—PBn] + k:%_ll alf(re D+g(ret, D—o—Bi].

The right hand side of the above equation is positive, but the left hand side is non-
positive for all large j, which is a contradiction.

As an illustration of the above Theorem, consider the equation

(59) f(xn+17 X,,) + g(xn~—15 xn) = X; = 1’ 2, 3a

where f(x, y) and g(x, y) are given by (5.2) and (5.3) respectively. This equation
has the solution {x,}& where xo=—1, X3,41=0, X3,0,=(—1)", and x3,,3=
(=D for n=0, 1, 2,---. Since this solution is oscillatory, so is equation (5.9).

We can also show the same conclusion as follows. Take

P s
o, = <_§_>p+s and f, = <£.>p+s ,
p s

note that (see (5.5))

p 8

T=0, + ﬂn—l = 0pCy + ﬁn—lcn—l = ! + min {(';;’)lﬂLs ) <—p_>p+s} s

thus

S

P s
. +s +s
bn — 06 — Bn—lcn—l < —min {(%)p ) <"p'>p }
which implies (5.6) holds. We may now see from Theorem 5.3 that equation
(5.9) is oscillatory.
As an immediate consequence of Theorem 5.3, we have

Corollary 5.4. Suppose there exist itwo sequences {a}T and {f,}& such that
o, + B <t for all large k (where 7 is given by (5.4)), that {oyc,} is bounded above,
and that (5.6) holds, then equation (1.1) is oscillatory.

In particular, if we take ¢, =0 and f, =1t in Corollary 5.4, then we have

Corollary 5.5. (cf. [8, Th. 3]). Let t be given by (5.4). Suppose
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Ms

by — 1,y = — @

k=1

holds, then equation (1.1) is oscillatory.

As an illustration of the above Corollary, consider the equation
(510) cf(xn+ 1s xn) + Cg(xn—ls xn) = 2X,,, n= 1, 25 3;

where f(x, y) and g(x, y) are given by (5.2) and (5.3) respectively and

(5.11) = <%>”L+ + <%>‘7+—

In view of (5.5), b,—1c,_ is equal to

s P _s_
2= [ G+ G T[4+ 5]
s p s > V4 5 p
which is less than or equal to —2. By Corollary 5.5, equation (5.10) is oscillatory.
Note that

J j—1
o;c; + ng (b —ouci—Br—16-1) = bj - ﬁj—lcj—l + k;]v(bk_akck_ﬁk—lck—l)
from which we deduce the following

Corollary 5.6. Suppose there exist two sequences {o,}¥ and {f,}& such that
o+ B <t (wheret is given by (5.4) for all large k, that {b,— B, _c,—_1} is bounded
above, and that (5.6) holds, then equation {1.1) is oscillatory.

As an example, the equation
(n+1)f(xn+ 1 xn) + ng(xn—l’ xn) =Xy N = 19 2; 33"'

where f(x, y) and g(x, y) are given by (5.2) and (5.3) respectively, can be shown
to be oscillatory if we take

p s
%n n+1<p) and ﬁ"—n+1<s

and apply Corollary 5.6.
Our last result is related to the following number
A =inf {f(v, Dg(v™1, 1)|v > 0}.

Theorem 5.7. (cf. [9, Th. 71). If bybyiy+1 <Ackq) for some sequence k(i),
k(i)—> oo as i— oo, then equation (1.1) is oscillatory.
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Proof. Suppose to the contrary that {r,} is a positive solution of (3.2) for

k>N. Then

byt = [epf(r D4 cm 19ty D1lers 1 f(riwrs D+cg(rit, 1]
> cif(r, Dglr', 1) = ¢, k> N

which contradicts our assumption as desired.

As a final example, consider the functions g(x, y)=x and

X if y=0
f(x, y) = 3x3+42xy?

Xty if y#0.

It is not difficult to see that A is equal to 2. As a consequence, the following
equation

f(x11+19 xn) + g(xn—b xn) =X N = 1,2, 3;

is oscillatory by Theorem 5.7.
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