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§1. Introduction

The inverse Sturm-Liouville problem on a finite interval was first considered
by V. Ambarzumian [1], and then by G. Borg [2] in some detail. Since then
this problem has attracted many author’s attentions. Especially I. M. Gel’fand
and B. M. Levitan [6] discovered a constructive method which reduces the
problem to solving an integral equation called after their names, though their
attention was chiefly directed to the problem on a half-infinite interval. See also
the paper by B. M. Levitan and G. M. Gasymov [14].

In the present paper, our concern will be restricted to the inverse Sturm-
Liouville problem with spatial symmetry, though our method will be clearly
applicable to other problems, which will be reported upon in another paper.
We shall start with stating the definition and some elementary properties of
spatial symmetric Sturm-Liouville problem.

Let SBV! denote the set of functions p(x) defined in the interval 0<x<1
and satisfying the symmetric condition p(1 —x)= p(x) whose first derivatives are
of bounded variation, similarly SH! denote the set of simmetric functions
having the square integrable derivatives. For a potential p(x) in SBV! (or SHY)
and for a real number he R, the spatially symmetric boundary value problem
(B.V.P. for short) {p, h) of the third kind is defined by

-y +px)y=A4y; 0<x<1
y'(0) — hy(0) = y'(1) + hy(1) = 0,

Similarly, for a potential p(x), the symmetric boundary value problem {p, o)
with Dirichlet boundary condition is defined by

1.1) {p, b): (

=)'+ px)y=4y; 0<x<l1
(1.2) {p, ©): <

y(0) = y(1) = 0.

It is well-known (see e.g. Levitan and Gasymov [6]) that the asymptotic
distribution of the eigenvalues {1,(p, h)}ito={1,}2, of the B.V.P. {(p, h) is
given by
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Aip, W2 = 1n + ao(p, H)/(wn) + y,
(1.3) with either y, = O(1/n3) as n — oo if p(x)e SBV?
or > %o (n?y,)? < + oo if p(x)e SH',

where

ag(p, h) = 2h + (1)2) f po)dt.

The distribution of the eigenvalues {A,(h, 00)}&, ={u,}>, of the B.V.P. {p, )
is slightly different from (1.3) and given by

AP, 0)2 = 7n + bo(p)/(mn) — bo(p)by(p)/(nn)* + 7,
(1.4) with either §, = O(1/n3%) as n — oo if p(x)e SBV!
or 32, (n%,)? < + o« if p(x)e SH!,

where

bo(p) = (12| pttr

bu(p) = (14 {0+ P~ 2 [ | pior )}

Next let us define the solutions ¢, (x, A) and s,(x, 1) (v=0, 1) of the differential
equation — )"+ p(x)y=Ay by imposing the following initial condition under
which they satisfy the given boundary condition at one of the endpoints x=v
(v=0, 1),

e(x, ) =1, cyx, )= (=1)h
(1.5) v=0, 1.
s(x, ) =0, s;(x, )= (=1).
Then the symmetric property of the potential implies the relation:
(1.6) ci(x, A) = co(l—x, 2), 5,(x, 1) = so(1—x, A).
Furthermore the eigenfunctions satisfy the following relations:
Lemma 1.1.
(1.7) cy(x, Ap) = co(l—x, 4,) = (= 1)"co(x, 4,)
(1.8) $10%, tn) = So(1—x, py) = (= 1) so(x, ).

Proof. This formula is elementary. See T. Suzuki [21] for the proof.
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Now let us consider two B.V.P’s {p, h> and {p, h), the former of which
will be regarded as known and will be refered to as “reference problem”’, while
the latter being as unknown. Our purpose in this paper is to introduce a new
algorythm for expressing the difference f(x)— p(x), i—h of the two potentials
and two boundary conditions. In the case where {p, h)> and (p, > share their
eigenvalues in common with at most finite number of exceptions, such case will
be callded “‘degenerate case’, the attempts to finding an effective expression of
p(x)—p(x) and h—h were done by H. Hochstadt [8] [9] [10], O. Hald [71,
T. Suzuki [21] [22] [23] and the author (umpublished, see Remark 2.2). The
Hochstadt-Hald method has a disadvantage that their expression contains the
solutions of the differential equation associated with the unknown problem.
On the other hand, in Suzuki’s method, though the formula was establised only
for the case where the number of the eigenvalues which may differ from each
other was two, the formula for the difference of the two potentials is more explicit
and contains no unknown quantities. It is because he made full use of
deformation formulas which date back to the A. Povzner’s work [197 and which
is also used by Gel’fand-Levitan [6]. So we shall go on this line.

The main idea of this paper is to introduce a new integral equation of the
Gel’fand-Levitan type which is different from the original one. Let ¢,=c,(x, 1)
(v=0, 1) be the solution for {p, h) defined by (1.5), while &,=¢&(x, 1) for {(p, h).
Then the deformation formulas say that there exist Volterra-type integral
operators K, L such that ¢, (v=0, 1) are expressed as

(1.9) o =c¢y + Kcy, & =c¢; + Le,.
Now consider the kernel F=F(x, t) defined by
(1.10) I+ F=(I+K)"'(I+L),

from which a Gel’fand-Levitan type equation:
(1.11) K(x, t) + F(x, 1) +f" K(x, s)F(s, f)ds = 0
0

is derived. Then the formulas for p(x)—p(x), h—h are given in terms of the
Fredholm determinant of I+ F (see Theorem 3.4). Details of these ideas will
be discussed in Section 3.

In the “degenerate case”’, our integral equation (1.11) has an advantage that
the kernel F(x, f) is reduced to a very simple form (see Theorem 4.5), so that the
formulas for p(x)—p(x), h—h can be explicitly written down (see Remark 3.5
and Theorem A in §2). Such simplicity cannot be expected in the ordinary
Gel’fant-Levitan equation. Also note that our method can avoid the complicated
non-linear calculations needed in Suzuki [23] and the author’s previous work,
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where the kernel K(x, t) was considered directly not by-passing F(x, ), and treat
the problem within the framework of linear calculation. The inverse problem in
the degenerate case will be treated in §4.

Furthermore our method can be applicable to the general case where infinitely
many eigenvalues of {p, h)> and {p, i) may differ from each other. Especially
it is suitable to the discussion of the well-posedness problem, hence it will be
made use of in this area as an alternative of the methods by Hochstadt [8] [9],
Hald [7], A. Mizutani [17] and J. R. McLaughlin [16]. The well-posedness
theorem (Theorem B) state that max |f(-)— p(-)| and | — h| can be compared with
S o |4(P, i)—A(p, h)]. Combining the results of the degenerate problem
and the well-posedness problem (i.e. Theorem A, B), we can obtain a useful
approximation formula (Theorem C) which gives an approximation {py, hy) of
{p, h) only in terms of the first N eigenvalues 4, (n=0, 1,..., N) of {(p, h) and
elementary functions, (trigonometric functions). The inverse problem in the
general case will be considered in Section 6, while well-posedness and approxi-
mation problem will be treated in Section 7.

We shall conclude the section by emphasizing that, in the original Gel’fand-
Levitan equation, one is likely to pay a one-sided attention to the boundary con-
dition put on a only one end-point, while in ours we shall take, to a certain
extent, into account of the both boundary conditions on the both end-points,
thus this equation seems more suitable, in some respects, than the original one
is, when the inverse Sturm-Liouville problem on a finite interval is considered.

§2. Statement of the main results

For the statement of our main results we have to define the other solutions
d(x, 2) and r(x, 1) of the equation — y”+ p(x)y =1y, in addition to the solutions
c(x, 4) and s,(x, 1) defined in Section 1:

(2.1) dfx, 1) 1= co(x, ) + (= 1) ey(x, 1),
(2.2) rx, A) 1= 5,(x, ) + (= 1)"s;(x, 1).

Note that, by virtue of Lemma 1.1, these solutions vanish identially when the A
is equal to the n-th eigenvalue of the B.V.P. {(p, h)> or {p, o) respectively.

Throughout the paper the differentiation with respect to the space variable x
will be denoted by dash, while the differentiation with respect to the spectral
parameter A will be denoted by dot, i.e. “>’=d/dx, “ "’ =d/dA.

Our first theorem is concerned with the representation of the boundary value
problem such that all but finite number of its eigenvalues coincide with those of
a prescribely given boundary value problem. We shall hereafter refer to such
given problem as the “reference problem’. For the problem of the third kind,
we have
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Theorem A. Let a potential p(x)e SBV! (resp. SH') and a number he R
be given. Set A(p, h)=1,(n=0,1,2,---). Let A be a finite subset of non-
negative integers {0, 1, 2,---} and let an increasing sequence {1,}2, satisfy the
condition:

Io# Ay if ned, 1=12, if n¢ A

Then there exist the unique potential p(x)e SBV?' (resp. SHY) and the unique
number he R such that

Al By =7, (n=0,1,2,).
Such pair {p, h) is represented by the following formula:
P(x) = p(x) — 2(d/dx)* log 1(x),
h = h — [(d]dx)log ©(x)]x=0>

where the function 1(x) is given by

) = det {80+ [ dults ) Theas auscalt, 1)}
0

c
m,neA;

= det {3t [ Zheas anndi(t, heolt, 241}
0

m,nAs

Moreover, for the boundary condition h, there exists a simpler expression:

F=h = Speat (1 (= D™ (L, 0o,

Here we used the following notations:

am,n = (— l)mW(A")/{(Z", - j'n)"T)(Zm)w(/ln)}

(320, (G2 () =0
A

- (_zlo)i(fm)z <i _i > ked'{0) < i::af)
k(=#0,m)< /1(knk) > (m>0),

Gy = (= 1)1 (2)

where
w(A) 1= co(l, A) + heo(L, 1) = (Ao —4) ill [(A—D/(mk)*],

W) i = (o= 1) fl [(F— Wik
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Moreover
A§ = A~A,, A§=A~A,,
where
Ay := {me A; there exists a f(m)€ A such that m—f(m) is even and
Z,,,=/1f(m)},
A, := {ne A; there exists a g(n) € A such that n—g(n) is even and
i,,=1g(,,)}.
As for the Dirichlet problem we have

Theorem A*., Let a potential p(x)e SBV! (resp. SH!') be given. Set
Alp, ©)=p, (n=1,2,3,---). Let A be a finite subset of the set of the positive
integers {1, 2, 3,---} and let an increasing sequence {fi};-, satisfy the condition:

Bo# ty if ned, f,=p, if né¢ A
Then there exists the unique potential p(x)e SBV! (resp. SH') such that
APy 0) = fi, (n=1,2,3,).
Such potential is represented by the formula:
P(x) = p(x) — 2(d/dx)* log o(x),

where the function w(x) is given by

(l)(x) = det {am,n_*_J‘ rm(t’ ﬁm) ZkeAg bn,kSO(t’ ,uk)dt}

x
c
0 m,neA1

= det {5nz,n+ J‘O ZkeAi bk,mrk(t, .ak) SO(tz ,u'n)dt} "

JheAs
Here we used the following notations:

bm,n = ( - 1)m+1 5(lam)/((ﬂm - ﬂn)ﬁ(ﬁm)jo(l > ,LL,,))

— (— 1)ym+1 2 lan—“n ﬁk_:un (nk)z
( 1) (nm) ( ﬁm_“n>kel\.{10}< K= Uy >k(l;{")<ﬁk_ﬁm>
where

5(4) = Iz LA —D/(=k)].

The subsets AS and AS of A are defined in the same way as in Theorem A.
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Remark 2.1. By the definition, note that the mappings
fidi— A, g:d4,— A,

are bijective and monotonically increasing, and one is the inverse mapping of the
other. Of course, we may replace A and A$ in the representations of 7(x) and
w(x) by A, though the sizes of the matrices and the summations in the formulas
get larger. Moreover apparently these theorems are valid for the wider potential
class SL!, the set of real valued integrable functions p(x) in 0<x<1 satisfying
p(1—x)=p(x).

Remark 2.2. In Suzuki [23], Theorem A and Theorem A* have been proved
only in the case where #4 (the number of the elements in A) is one or two. Also
the Author proved the same results by a different method (unpublished). But it
seems difficult to derive the general formulas such as presented here by those
methods.

In this occasion, we shall anounce the key theorem by way of which, in the
unpublished work, the author derived the formulas in the special case $4=1 or
2, since the theorem seems interesting in itself.

Theorem 2.3. Let <{p, h> and {p, h) be two symmetric B.V.P.’s of the
third kind.

1) (G. Borg [2]). Suppose

APy h) = A, B)  (n=0, 1, 2,--),
then
{p. by =<p, hy.
2) For a fixed non-negative integer N, suppose that
Py h) = 2P, h)  for n# N with n=0,1,2,-,
An(p, h) # AP, h).

Let an integer M be defined by

N-1 >0
M:=¢ N  according to Ay—Ay)(h—=h) { =0
N+1 <0,

where we write as Ay:=Ay(p, h), Iy:=Ax(P, h) for brevity. Then the following
facts hold:
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ZN_/IN>_ <~ ~ zN-'}'N>
,1,,<p,h+~—hﬁ_h = 7 (p, i+ S22

for n#M with n=0, 1, 2,---, if h#h (resp. n=1,2, 3,---, if h="h), and

P
Inp, 1) = g (B i+ =),

. In—2
InB 1) = Joa (bt ).
In view of the statement 1), it cannot happen that M< —1 (resp. M £0) when
h#h (resp. h=Hh).

In paricular we obtain

Corollary 2.4, (if and only if part—G. Borg [2]). Suppose
2lps ) = (B, By (n=1,2,3,+),
then
{Ao(B, h)—=Ao(p, 1)} (h—h) £ 0.
The equality holds if and only if {p, h>=<{p, h>.

Corollary 2.5. (Suzuki [21]). Let a boundary condition h be fixed and
suppose that

)‘n(p’ h) = )'n(ﬁﬁ h) for n#N with n= 0,1,2,--,

then the N-th eigenvalue of the {p, h) (resp. (P, h)) is equal to the N-th eigen-
value of the Dirichlet problem {p, ) (resp. {p, ©)).

As immediate corollaries to Theorem A and Theorem A*, we obtain

Corollary to Theorem A. In particular, if we choose (the zero potential,
the Neumann boundary condition) as the reference problem, then the n-th eigen-
value of the reference problem is (nn)? (n=0, 1, 2,---). Thus let a sequence
{2}, be such that

Ao <Ay << Ay < {n(N+D}?, A, =(mn)* (nzN+1)
for a fixed N (=1). Then the B.V.P. {p, h) such that
Alp, ) =4, (n=0,1,2,-)

is given by the formula:
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{ p(x) = — 2(d/dx)* log 1(x),
h = — (d/dx)log ©(x)|,=0,

where 1(x)=

_ il sin(AY/2 4+ wkx)+ (— 1)"[sin{A}/2(1 — x) + wkx} —sini}/?]
= det<5m,n+ kgoan’k< 2(/1’1'1/2_*_71]{)

n sin (AY/2x — 7 kx)+ (= 1)™[sin {11/2(1 —x) + © kx} —sinA}/?] >>N
2 7k)

m,n=0,

where the a,, , can be written as the following finite products:

= (=" [p=(m)*][,—(zn)?]

Gm,n = J72gin 172 T, —(nn)?
</1m—(nk)2> l]l[ ( (tn)2—4, )
A= Ak A2, (nn)?—(nk)* /-~

Moreover the boundary condition admits another representation:

=

=}

k=
k

¥
3

( )

h = % 1+(—1)m*t cos A1/2
k=o (= 1)mA3/? sin A;/2 ﬁ < Ao — L )
An— (mm)? =0 A= (Tk)?

Corollary to Theorem A*. [In particular, if we choose {the zero potential,
o0 as the reference problem, then the n-th eigenvalue of the reference problem
is(zn)? (n=1, 2, 3,---).  Thus let a sequence {u,}3., be such that

py < pp << py < {W(N+D}?, p,=0mm)? (nzN+1)
for a fixed N (21). Then the B.V.P. {p, o) such that
Ap, 0) =, (n=1,2,3,)
is represented by the formula:
p(x) = — 2(d/dx)? log ax(x),

where w(x)=

N sin (ul/2x + nkx)+ (—1)m[sin{ul/2(1 — x) + nkx} —sinul/?]
det (nat X, bua( 2037 — k)

_sin(pi2x —mkx)+ (= D"[sin{u}/*>(1 — x) — nkx} —sin ,u,l,,/2]>>"’
2(puy/*+ k)

m,n=1,

where the b, can be written as the following finite products:
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b = (=D"m? [uy=(mn)’1[u,—(xm)*]
sin p,/? tm— (m1)?

1 (4 ) 1 (=i )

k=1 k=1
(km) (k#n)

The second theorem is concerned with the well-posedness of the inverse
problem.

Theorem B. (Well-posedness Theorem). Let a reference problem (p, h) €
SBV1x R (resp. SH!x R) be given. Set A,:=Ai(p, h) (n=0,1,2,---). Then
there exist positive constants C and C' depending only on {p, h) such that, for
any unknown problem {(p, h>eSBV!x R (resp. SH'x R) with eigenvalues
(A2 ={A(P, h)},, the following estimates are valid provided that the sum
2o | = Anl is smaller than C':

15()=p( oo S C XL 1A=l
1i—hl < C X oo (1+m) T, =2l

where || - ||, denotes the maximum norm on the interval 0=<x<1. Similarly let
the {p, 0> € SBV (resp. SH') be given. Set u,:=1,(p, ) (n=1,2,3,.--). Then
there exist positive constants D and D' depending only on p(x) such that, for
any unknown problem (P, co) e SBV! (resp. SH') with eigenvalues {fi,}is :=
{2,(P, 00)}%,, the following estimate holds:

15(-)=P( Mo < D 2zt |fim— Ml »
provided that > %oy |fi— il is smaller than D’

Remark 2.6. The similar result was proved by A. Mizutani [17] for more
general setting where the simmetricity condition does not need to be assumed,
though in his work the boundary conditions were not perturbed. He made use of
the slightly modified version of the original Gel'fand-Levitan’s inversion pro-
cedure. See also J. R. MacLauhlin [16] in this connection. We shall later prove
the theorem in an alternative way by appealing to a different type of Gel’fand-
Levitan equation, which seems more suitable in this kind of arguments. On
the other hand, O. Hald [7] also proved the analogous theorem, where the
statement is more global but it has the decisive disadvantage that the constants C
and D depend also on the unknown problems.

Finally the third theorem will be concerned with the approximation of the
potential (and the boundary condition) of the given B.V.P. in terms of the
quantities defined by using elementary functions. Before mentioning the theorem,
we must provide some notations. '
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Let a potential p(x)e SBV! (or SH') and a number he R be given. For
the brevity, we write as

Ay i=A{p, B) (n=0,1,2,-)
2.3) -
U o= A(p, ) (n=1, 2, 3,--+).

Then recall (see (1.3) and (1.4)) that the asymptotic distributions of these sequences
are given by

(2.4) Ay = (mn)? + oy + &, M, =(mn)? + Bo + 6,,

with ¢,, 5,—0 as n— o, where

1 1
2.5) ay = 4h + L p(0)dt, B = fo o
Hence let the sequences {A¥}:., and {u%}., be defined by
(26) )'n = Aj + o, My = .ut + ﬁ(),

then, by (2.4), there exists an integer N, such that the inequality A%< {n(N+1)}?
and pi<{m(N+1)}? hold for all N=N, With {A%, Af,---, A%} (resp. {uf,
pd,---, ux}) in place of {4y, A,..., Ay} (resp. {uy, ..., 4y}) in the statement of
Corollary to Theorem A (resp. Corollary to Theorem A*), we calculate the
function 1(x) (resp. w(x)) and the real number h on the basis of the formulas
given in these corollaries, and we will denote these by ty(x) and hy (resp. wx(x))
in order to emphasize the dependence on the N. Moreover let py(x)and py(x)
be defined by

pu(x) = o9 — 2(d[dx)? log Ty(x),
Pa(x) = o — 2(d/dx)? log wy(x)

Then the B.V.P.’s {py, hy> (resp. {Py, o0)) approximate the original B.V.P.
{p, h) (resp. {p, ©)»). More strictly speaking, we have

2.7)

Theorem C. (Approximation Theorem). If a potential p(x) is in SBV?, then
as N—oo

Ip(-)=pa( Il = ONTY), 1Ip(- )= PNl =O0(NTH).
As for the boundary condition, we have
lh—hyl =O(N"2) as N— o0.

If a potential p(x) is in SH?, then as N—
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12C-) =P Ml = o(N=12), ()= Ba( )l = O(N=12).
As for the boundary condition, we have
[h—hyl = o(N732) as N — co.

Remark 2.7. Note that the approximation potentials py(x), py(x) and the
approximation boundary condition hy are written only interms of the elementary
functions. Hence this theorem has a merit in practice. In fact, let a certain
physical problem be subjected to an unknown boundary value problem {(p, k),
and suppose that we have obtained the values i, 4,,:-+, 4y as the first, second, -,
the N-th eigenvalues of this B.V.P. by an experimental measurament. If the
number N is sufficiently large, we may determine, from the experimental deta
{%0> A1>*+*» Ax}, the second term o in the asymptotic distribution formula (2.4).
With these values A, A4,---, 4y and «,, we calculate the function py(x) and the
number hy, thereby we can get an approximation of the unknown problem in
terms of the elementary functions.

Remark 2.8. Though, in the statement of Theorem C, we choose the B.V.P.’s
{zero potential, Neumann boundary condition) and {zero potential, Dirichlet
boundary condition) as the base points, it is obvious that the similar assertion
well be valid if we choose the general B.V.P.’s {p, h)> and {p, co) as the base
points.

Theorem A will be proved in Section 4 and 5, and Theorem B and C will
be proved in Section 7. The proof of Theorem 2.3 will be left until Section 8§,
since it digresses from our main subject.

§3. Deformation formulas and the Gel’fand-Levitan type equation

In the inverse Sturm-Liouville problems and other related fields, it has
produced many fruitful results to utilize the deformation kernels of Volterra
type which transform the solution of one differential equation containing a
spectral parameter into that of another differential equation, and that does not
depend on the spectral parameter. On these matters, the reader should refer
the article by Suzuki [24] and literatures cited there.

Now we shall provide several deformation formulas which will be made
use of to construct an integral equation of Gel’fand-Levitan type. In order to
avoid the confusion whether the potentials under consideration belong to SBV'!
or SH!, we shall introduce the function class W?! collecting the real-valued
functions on 0<x <1 which have the integrable first derivative, then SBV!c W1
and SHc W1,
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For a function p(x) in the class W' and for a real number h € R, we shall define
the solutions c,(x, A) and s,(x, 1) (v=0, 1) to the differential equation —y"+
p(x)y=2Ay by requiring the initial conditions (1.5). Similarly we define the so-
lutions ¢(x, 1) and §(x, A) corresponding to another function p(x) in W! and
another number i€ R. Then we have the following lemma.

Lemma 3.1. There exist unique integral kernels K(x, t), R(x, 1), M(x, 1),
M(x, e WH{0<t<x=<1}) and L(x,t), N(x,t)e WX ({0<x<t<1}), where
W2() denotes the set of real functions in Q which have integrable deivatives up
to the second order inclusive, such that the following deformation formulas hold:

(3.1), Golx, 4) = co(x, 2) +L K(x, f)eolt, D,
1

(3.1), Ey(x, &) = cy(x, A) +f L(x, t)e,(t, A)dt,

(3.2), So(x, ) = so(x, ) + f 0 M(x, f)so(t, A)dt,
1

(3.2), 5,5, 2) = 5, (x, A) + f N(x, )s,(1, 2)dt,

(3.3) col%, 2) = Eo(x, A) +f0 R(x, 08,(t, A)dt,

(3.4) 5o A) = §o(x, A) +f: FI(x, r)Solt, A)dt.

These integral kernels are characterized as the (unique) solutions of the following
hyperbolic problems:

K. — K,=[px)—p(H)]JK in O0<t<x<]l,
(3.5) K%)= b=+ 47 [ 130 - ploar,

K(x, D)|,=0 = hK(x, 0),

L., — L, =[p(x)—p®)]L in 0<x<t<l,
(3.6) Lo = = b+ 2) [ [0 - p(oar,

L(x, t)]|,=1 = — hL(x, 1),

M, —M,=[px)—p()IM in O<t<x<l,
(37 MG, x) = (112) [T - o,

M(x, 0) =0,
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Ny — N,=[px)—p(®)IN in O0<x<t<]l,
(3.8) NGx, %) = (172 | 10— playias,

N(x, 1) =0,

R, ~R,=[p)—p0IR in O<t<x<l,
(3.9) Reex)= b=+ (D | [0 - poar,

K(x, )iy = hR(x, 0),

M, — M, =[px)—p0IM in 0<t<x<l,
(3.10) icx, x) = (112) [ [po- poia,

M (x, 0) = 0.

Proof. This sort of lemma is well-known. See Suzuki [20] for the proof.

In what follows, unless stated otherwise, the B.V.P’s {p, 1> and {p, o) will
be regarded as known and referred to as “reference problem”, while the B.V.P.’s
(P, by and (P, co> will be regarded as unknown. In the previous works by
Suzuki [20] [21] [22] [23] [24], the kernel K(x, ?) itself was put in the subject
of investigation. But such direct approach involved many difficulties, since the
kernel K(x, t) depends on the unknown potentials p(x) to a undefiable extent as
is implied by the partial differential equation (3.5). Thus, instead of considering
the kernel K(x, 1) directly, we shall adopt the following device:

The integral kernels K(x, t), L(x, t), M(x, t), N(x, t), K(x, ) and M(x, 1)
which are defined on the triangular domains {0<t<x<1} or {0<x=<t<1} will
be extended to the functions on {0=<x, t<1} by putting the values zero outside
the original domains of definition, and the integral operators on the interval
0<x <1 corresponding to these kernels will be denoted by K, L, M, N, K and M
respectively. Then we shall consider the integral operator F and G defined by
the formula:

(3.11) I+ F=(I+K)'(I+L)=(I+K)(I+L),
(3.12) I+ G={+M)y"{(I+N)=({I+M)(I+N),

where I denotes the identity mapping. The corresponding integral kernels are
given by

(3.13) F(x, ) = K(x, 1) +j; R(x, s)L(s, t)ds ; x > t,

(3.14) F(x, f) = L(x, ) + L R(x, 9)L(s, 0yds : x < 1,
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(3.15) G(x, 1) = Ni(x, 1) +f' M(x, NG, ds: x > 1,
0

(3.16) G(x, £) = N(x, ) +f0 Fi(x, NG, Dds; x < 1.

Note that the kernels F(x, t) and G(x, t) are of the class W2 of the respective
domains {0<t<x<1} and {0<x <1< 1}, but they may have gaps on the diagonal
line x=t. Some properties of these kernels are stated in the following

Lemma 3.2. In each domain {0<t<x<1} and {0<x<t<1}, the kernels
F(x, t) and G(x, t) satisfy the following inhomogeneous hyperbolic equations
respectively:

(3.17) O,F = R(x, 0)[L(x, )—hL(x, )]0,
(3.18) 0,G = — M(x, )1,-9 N, 1),

where [, denotes the modified d’ Alembertian:

(3.19) O, = (6/0x)* — (8/01)* — p(x) + p().

Furthermore the gaps of the kernels F(x, t) and G(x, t) on the diagonal line
are -expressed as.

(3.20) F(x, x+0) — F(x, x—O) = 2(h—h) + (1/2) f: {B(t)— p(t)]dt

321 G(x, x+0) — G(x, x—-0) = (1/2)]: [B(t)— p(1)]dt.

Proof. This lemma is shown by elementary but somewhat complicated
calculations. Indeed the equations (3.17) and (3.18) follows from the applications
of (3.5)-(3.10) to (3.13)(3.16) with twice integration by parts. While (3.20)
and (3.21) also follows from (3.13)—~(3.16) and (3.5)—~(3.10).

Remark 3.3. The hyperbolic equations (3.17) and (3.18) are simpler than
(3.5)-(3.10) in that the coefficients of these equations consist of the known function
p(+), even though the inhomogeneous terms appear newly, but these terms are
separated to the functions in x and in ¢, so that their treatment will be turn out
to be easy.

In view of the asymptotic formulas of eigenvalues (1.3) and (1.4), the
equations. (3.20) and (3.21) imply that the kernels F(x, t) (resp. G(x, t)) have no
gap on the diagonal line if and only if the second terms in the asymptotic formulas
for two B.V.P’s {(p, h) and <{p, h) (resp. {p, ) and {p, o)) coincide, that is,
ao(p, h)=ao(P, h) (resp. bo(p)=bo(p)).
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From (3.11) and (3.12) the integral equations of Gel’fand-Levitan type
follows immediately:

(3.22) K(x, t) + F(x, ) +ﬁ: K(x, s)F(s, )ds =0: 0 < t < Xx,

(3.23) M(x, 1) + G(x, 1) +f0 K(x, )G(s, f)ds = 0: 0 < ¢ < x.

Let F, denote the integral operator defined by the kernel F(s, t) on the interval
[0, x] with 0<x <1, similarly G, denote the operator on [0, x] associated with
G(s, t). Then the differences of the two potentials and the two boundary con-
ditions are given in the following theorem:

Theorem 3.4. Let p(x) and p(x) be in W'. Suppose that
F(x, x+0) = F(x, x—0), G(x, x+0) = G(x, x—0).
By Remark 3.3., these assumption is equivalent to the conditions
ao(p, h) = ao(P, h), bo(p) = bo(P),

in the asymptotic distribution formulas (1.3) and (1.4). Then the “Gel'fand-
Levitan equation’ (3.22) and (3.23) are uniquely solvable, that is, det (I + F,)#0,
det (I +G,)#0, and the following formulas hold:

P(x) = p(x) — 2(d[dx)* logdet (I +F,),
(3.24) .
= h — [(d/dx)logdet (I +F)].=o0,
(3.25) P(x) = p(x) — 2(d/dx)*logdet(I+G,),
where “det’” denotes the Fredholm determinant.
Proof. We shall only show (3.24). Let F¢ be an operator defined by
I+ Fé=(I+EK)\(I+EL),

where £ is a complex parameter. Then, as is easily seen, u(t)=£¢K(x, t) satisfies
the Fredholm equation:

(3.26) u () + Fé(x, 1) + f u(s)F(Gs, )ds =0, 0<t<x,
0

for each fixed x €(0, 1], where F%(x, t) denotes the kernel of the operator F¢.
An elementary argument in the theory of Volterra’s integral equations shows
that F¢ is entire, regarded as an operator-valued function of £, and that the integral
kernel Fé(x, t) satisfies the equality:
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Fé(x, x+0) — Fé(x, x—0) = £K(x, x) + EL(x, x),

which holds for any £ e C.  But, using (3.5), (3.9), (3.13) and (3.14), the assumption
F(x, x-0)=F(x, x4+0) is rewritten as K(x, x)+L(x, x)=0. Therefore the
kernel F4(x, t) has no gap on the diagonal line, and is a continuous kernel, whence
a Fredholm theory is applicable. By the definition, for || <¢ (sufficiently small),
we may assume that |F{| <8 (<1) for 0Sx=<1, hence det (I+F%)#0 for such
&’s. Then, applying a Fredholm formula to (3.26), we obtain

logdet (I+F5) = trlog(1+F$) = 3%, (= )"+t tr (F%)
= S (et [ |7 at, - s, 1P, 1) P, ).
0 Q

Differentiating the both sides of this formula with respect to x, we obtain:

(3.27) —(d/dx)logdet (I+F%) = F¥(x, x)
LI R | at,- P, )5 )P, ).

On the other hand, for |£| <¢, the “Gel’fand-Levitan equation’’ (3.26) has a
unique solution u,(f)=£K(x, t) which can be also expressed as a C. Neumann
series. In particular, putting x=t¢, the diagonal element of this C. Neumann
series is seen to be equal to the right-hand side of (3.27). Hence we obtain

—(d/dx)log det (I+ F%) = EK(x, x) for |&| <e,

or equivalently

det(1+F) = exp(—¢ [ K, ndr)  for el <.
Since the both sides of the above formula are entire in &, putting £=1, we have
(3.28) det(I+F,) = exp(—fz K(, t)dt> £ 0.

Hence the integral equation (3.22) is uniquely solvable. The derivation of (3.24)
is now immediate by using (3.5) and (3.28). Hence the theorem is proved.

Remark 3.5. When the integral kernel is of the degenerate form, i.e.
F(X, t) = }r7=1 an(x)bn(t)’
then the Fredholm determinant det (I +F,) is written in the explicit form:
X N
det (I+F,) = det (5,., ,.+f at)b j(t)dt>
0 i j=

j=1
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One of our main purpose is to show that, when the number of the eigenvalues
of the two B.V.P.’s (p, H) and {p, ) (resp. {p, ) and {p, co)) which are
different from each other is at most finite, then the kernel F(x, f) reduces to a
degenerate form, and to find its expicit form. After this, Lemma 3.4 and
Remark 3.5 will be used in order to express the unknown problem {p, i) (resp.
{p, o) in terms of the quantities associated with the reference problem {p, h)
(resp. {p, ©7).

We shall end this section with providing a simple lemma which will be often
used in the subsequent sections.

Lemma 3.6. Let ¢ be a linear operator acting on a C-linear function space
defined on the interval J, and let fi(x), f(X),..., fy(x) be the functions in this
space each of which is not identically zero on a subinterval J. Suppose that
for mutually different numbers oy, o+, oy € C, the equations ¢ (f)=a,f,
(n=1, 2,---, N) hold, then the functions f,(x), f5(X), -, fa(x) are liniearly inde-
pendent on the interval J.

Proof. This lemma is an immediate consequence of the regularity of the
van der Monde determinant.

§4. Degenerate problem and formula for the difference of two potentials

In this section, under the assumption that two B.V.P.’s {p, h)> and {p, h) are
in the “degenerate case”, that is, {p, h) and {J, iy share their eigenvalues in
common with only finite number of exceptions, we shall determine the forms
fo the kernels F(x, t) and G(x, t). Such problem will be refered to as “degenerate
problem’. Subsequently, on the basis of Theorem 3.4, we shall derive the
formulas for the differences of the two potentials and the two boundary conditions
which are stated in Theorem A and A*. But the proof of the converse that the
{p, h) and {p, h) defined by these formuls actually have the prescribed eigenvalues
will be postponed until Section 5. The consideration will be made chiefly for
the problem of the third kind, and that for the Dirichlet problem will be mentioned
briefly in the last part of this section.

Let {p, h> and {p, 1> be two symmetric problems, A be a finite subset of
the set of non-negative integers, and suppose that

dlps B) # (P, h)  for ne A4,
Akps B) = AP, h)  for n ¢ A

(4.1)

In the sequel, for brevity, we shall write as

(42) ’In = in(p’ h)’ Zn = in(ﬁ: ﬁ) (n=0, 13 23)
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Note that the assumption (4.1) combined with (1.3) and the second paragraph in
Remark 3.3 implies that the kernel F(x, t) has no gap on the diagonal line:

43) F(x, x+0) — F(x, x—0) = 2(i—h) + %ﬁ [5(1)— p(1)]di = O.

By virtue of the symmetricity relation (1.7) in Lemma 1.1, putting 1=21,
in the deformation formula (3.1), in Lemma 3.1, we find that

(—1)78,(x, A) = colx, ) + f 1 L(x, feolt, 4,)dt.

Hence, subtracting this equation from (3.1), with A=24, to obtain

Zo(x, 2) + (= D)r18,(x, 2,) = f (K, 0= Lix, D3eolts A,

where we regard K(x, ?) (resp. L(x, 1)) as a function of 0 <t <1 by putting K(x, )=
0 for x<t<1 (resp. L(x, )=0 for O<t<x). Since {co(-, 4,)}2%, forms a
completely orthogonal system in L?(0, 1), it follows that

Jn(x9 ln)co(t’ in)

“4.4) K(x, 1) = X ,ca Teal I (O<t<x<1),
—_ an(x9 )"n)c (Z, /’{n)

4.5) Lx, 1) = — Y e |ICo('J(i.)HZ (O<x<t<l),

where d,(x, 1) is defined by

(4.6) d(x, ) 1= &o(x, A) + (=11, (x, 2).

Note that Lemma 1.1 and assumption (4.1) imply that d,(x, A) vanishes identically
for A=41, with n¢ A. The exachange of the role of the two B.V.P.’s {p, h) and
{p, by in the formula (4.4) yields

dn(x’ Zn)EO(t9 Z)

4.7 Rix,)=3,. Y 2n) O<t<x<l
@7 G = Zoea I )
where d,(x, 1) is defined by

(4.8) d(x, A) 1= colx, ) + (=1)"ey(x, 1)

By virtue of (4.7), we can obtain a useful formula expressing the boundary
condition:

Lemma 4.1.
(4'9) I:; = - ZmEA dm(oa Zm)/“EO(' s Zn)”Z

- ZMEA [1 +(_ 1)m+1c0(1, zm)]/om >
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similarly

(4.9 h—h = ead(0, L)/leol-, 212,

where o, is given by

(4.10) O i = — Eo(1, L)W (L) = (= D)m (4,

with |

@.11)  w2) 1= ey, ) + heo(1, ) = (Ao~ 4) TTizy [—D/(mk)?],
W(2) 1= &1, 2) + heo(1, 4) = (Lo— D T2, [(e— D/(nk)?].

Proof. The first equality in (4.9) is obtained by putting x=1=0, with (3.9)
in mind. The second equality is a direct consequence of the definition of d,(x, 1)
and the well-known formula for normalizing constants (see Levitan-Gasymov

[14]):
leol-» AlI? = — co(1, 2w (4,) = (=)™ 1w (4,).

Note that this lemma and Lemma 4.2 below proves the last assertion of
Theorem A.

Now we can arrive at the first step of determining the explicit form of the
kernel F(x, t). Indeed, the substitution of (4.5) and (4.7) into (3.13) gives

@1D) Fx 0 = Epea— . 0gigy

IIA

1)

where the function u,(t) is defined by

@13)  up(t) = &1, T) — ZAﬁ(E(I%))tT [ eots, 20 (s, 2)ds,
which implies, in particular

(4.13)  u,(0) =1, u(0) =h — 3,40, L)llcol -, 2)12 = h,

here the last equality follows from (4.9). Similarly, by (4.13), we find that

D) = (=07 = Lo T [ ot L 2

"€ eols 217 J o

(1) = (=17 = Tpea L | e Ay, 2

- ZneA(—- l)n(___ l)man(l’ ln)/”co( ] /In)nz
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= (= D™ h + {—hu, (1) +(—1)mh}
(=7 Een 30, B)lleol-» AN? = = huy(D),
where the last equality follows from (4.9’). Thus we obtain
(4.13") ul (1) = — hu,(1) (meA).

On the other hand, substituting (4.5) and (4.7) into (3.14), we obtain

(4.14)  F(x, t)=—ZneA%E’)—ﬁ%)— O<x<it<1),

where the function v,(x) is defined by,

(X, To)

@15) 0,00 = 46 2) + Seapen i [ a(s, L) (s, 2.

In particular, this equality, combined with (4.9), gives
(4.15) v,(0) = 4,0, &), v,(0) = d;(0, 4,) + (h—h)d,(0, 4,).

For some time, we shall consider the problem when the functions d,(x, 1,)
or ¢,(x) vanish identically. To this end, let us introduce the following notations.

A, 1= {me A; there exists a f(m) e A such that
(4.16) f(m)y=m (mod 2) and 1,,= A, }
A, = {ne A; there exists a g(m) € A such that
g(n)=n (mod 2) and 4,=1,,,}.

Note that the mappings f: A,—A4, and g: A,—~ A, are bijective, monotonically
increasing and the inverse mappings of each other. Then the following lemma
holds:

Lemma 4.2. 1) d,(x, 1,) is identiaclly zero if and only if me A,.
2) wv,(x) is identically zero if and only if dx, .,) is identically zero, and
subsequently, if and only if ne A,.

Proof. By the definition (4.8), the equation d,(x, 4,)=0 (0<x=1) is
equivalent to co(x, 4,)=(—Dmc (x, 4,,) (0<x<1), which is, in view of Lemma
1.1, nothing but that £, is the M-th eigenvalue of {p, h) for some M with M =
m (mod2). Hence the assertion 1) follows. In a similar manner, the part
of the assertion 2) that the identical vanishingness of d,(x, 4,) is equivalent to
ned, is also proved. We shall show the remaining part. First, if v,(x)=0
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(0=x£1), then in particular v,(0)=v,(0)=0, hence (4.15) implies that d,(0, 1,)=
d)0, A,)=0. Since d,(x, 4,) is a solution of the second order differential equation
— )"+ p(x)y=4,y, we must have d,(x, ,)=0 (0<x<1). Conversely, if d,(x, 2w)
is identically zero, it follows immediately from (4.15) that v,(x) vanishes identically.
Hence the lemma is proved.

In the sequel we shall write as AS:=A~A, and A§:=A~A,. By virtue of
the above lemma, the summations over A in the formulas from (4.4) to (4.15) can
be replaced by those over A¢ or A5.

In view of the formulas (4.12) and (4.14), we shall define the functions F(x, t)
and F(x, t) in the region 0= x, t<1, as follows

o o (X, Ay ) U (1)
(417) Fo(x, t) - = Zme/ll ”EO(, Zm)nz (ng, té])s

(4.18) Fi(x, 1) 1= 2—”—”—(}‘%%”4—) O=x, 11).

Then, by definition, Fy(x, f) and F,(x, t) are identical with F(x, ) in the regions
{x=t} and {x =1} respectively, ie.,

(4.19) Folx, ) = F(x, 1) (x=t), F(x, )= F(x,1) (x£1)
Now we shall claim:
Lemma 4.3. F(x, )=Fy(x, )=F(x, t) (0<x, t<1).

To prove this lemma, we need the following lemma.

Lemma 4.4. In the domain {0<t<x<1}, the functions F(x,t) (v=0, 1)
satisfy the hyperbolic equation:

(4.20) 0,F, = K(x, 0)[(8/0x)L(x, )= hL(x, )];=o (v=0, 1),
along with the boundary conditions:
(4.21) [(8/0)F (x, t)~hF (x, )], =0 (0<x<1,v=0,1)
(4.22) Fo(x, x) = F{(x, x) (0£xZ1),
where recall that (1, is a modified d’Alembertian:
O, 1= (9/0x)* — (3/01)* — p(x) + p(1).
Similarly, in the domain {0<x<t<1}, F (x, 1) (v=0, 1) satisfy the equation

(4.23) O, F, = R(x, 0 [(0/0x)L(x, )= hL(x, ], (v=0, 1),
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along with the boundary conditions:
(4.24) [(0/oDF(x, H+hF(x, D], =0 (0=x=1,v=0, 1),
(4.22) Fo(x, x) = Fy(x, x) (0=x=1).

Leaving the proof of Lemma 4.4 until later, we shall observe that Lemma 4.3.
follows from Lemma 4.4.

Proof of Lemma4.3. Put F,(x, t):=F(x, t)—Fy(x, t). Then (4.20),
(4.21) and (4.22) in Lemma 4.4 imply that F,(x, t) is a solution of the homogenious
hyperbolic problem:

d,F,=0 (O<t<x<1),
(4.25) [(Q/ONF )(x, )—hFy(x, D];=o =0 (0=x=1),
Fy(x,x)=0 (0=x=1).

Let R(x, t; £, 1) be the Riemann function associated with [, i.e.,
1, R = 0 as a function of the variables (x, 1),
< R(x, t; £, n) = 1 on the characteristic lines x — & = + (t—7n),
and let the function A(¢; x, ) be defined by
A(E; x, 1) 1= [hR(E, n; x, )—(9/0nR(E, 15 X, D]y=0»

Moreover let D; (j=1, 2, 3, 4) be the regions indicated by Fig. 1. Then, by a
well-known method of Riemann (see e.g. H. Picard [18]), it can be observed that
F,(x, t) ((x, t)e D,) is expressed as

(426)  Falx, ) = S {gGr=0+ e} + 5 [ (A x, 0de,

where g(x)=F,(x, t) (0= x<1), and g(x) solves the homogenious Volterra integral
equation:

Fig. 1.
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(4.27) g(x) + ﬁ 9g(DA; x/2, x[2)dE =0 (0=x=1).

Hence g(x)=0, and therefore, by (4.26), F,(x, t) is dientically zero in D;. That
F,(x, t) vanishes identically in D, is shown by noting that F,(x, t) solves the Goursat
problem with zero deta on {x—1/2=+(y—1/2)} ndD,. Similarly it is shown
that F,(x, t) vanishes identically in {0=x=<t<1}, and hence the lemma is proved.

Proof of Lemma 4.4. The validity of (4.21) and (4.24) for v=1 is obvious
from the definition (4.18), whereas the assertion for v=0 follows from (4.13'),
(4.13") and (4.17). The equation (4.22) follows from (4.3) and (4.19). Now
we shall show (4.20) and (4.23). By virtue of (4.5) and (4.7), the inhomogeneous
term in the hyperbolic equation (3.17) is calculated as follows:

(4.28) R(x, 0)[(8/0x)L(x, t)—hL(x, )].=0s

_ d(x, 1) (= D"(4,)eo(t, 2)
- <Z 1E0(-, Zn)lI? ><Z TeaC, T2 )

Substituting (4.12) and (4.28) into the hyperbolic equation (3.17) in Lemma 3.2,
we obtain,

5 o dulx, L) < —u () + [p() = FJunt)

"G A2

- o (ZD"(A,)colt, ’1")>=0 for O0<tr<x<1
et gy AP '

Since each d,(x, X,)/lco( -, L)|? (me A5) is not identically zero on the interval
[t, 1], Lemma 3.6 with £=—(d/dx)2+p(x) and {&,}={/}mesc implies that
they are linearly independent on the interval [¢, 1]. Hence it follows from the
above equation that for m e A¢

" _7 — c (— l)nw(ln)c (t’ /17!)
(4.29) up(0) + [p(0) = ApJun(t) = Xcas Teol-, lngllz

Similarly, the substitution of (4.14) and (4.28) into (3.17) yields

Sress et (—ux) + [0 - LI ()

_ ¢ (_ 1)"+1W(/1n)dm(x9 /lm) —
ZmeAl “EO(, Zm)HZ > 0 for 0<x<t<l.

Hence, by lemma 3.6 with the same ¢ as above, {o,}={A,}.45 and {f,}=
{CO( e} /ln)/“Co( hE) }'n)Hz}neAg’ we Obtain for ne AE

— _ - (= D™1(A,) d,(x 4,)
(430) Dn(x) + [p(x) ln]”n(x) ZmeAz ” EO(', I,")HZ
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Now the equations (4.20) and (4.23) are easily shown by inserting (4.28), (4.29)
and (4.30) into the definitions (4.17), (4.18) of F,(x, t) (v=1,2). This proves
the lemma.

Once Lemma 4.3 is established, the derivation of the explicit form of F(x, f)
is now easy. Indeed we obtain

Theorem 4.5. Let {p, h> and {p, h)> be in a “degenerate case’’ and suppose
that

= 3 ¢
2D, h)< AP, h) according to n( A.
£ €

Then the kernel F(x, t) is written as

(431) F(x’ t) = Z(m,n)eAiXAg am,ndm(xD j“m)CO(t’ ln)’
where the numbers a,, , are given by
(432) am,n = (_ 1)n+1w(ln)/{(ln-zm)“50( s Zm)”ZHCO( hE )“n)HZ}

= (= D" (= 2 (AW (L)} »
where w(4) and Ww(l) are defined by
w(4) := ¢o(1, 2) + heo(1, 1) = (Ao — D) Tz [ —D/(nk?)],
W) 1= Eo(1, )+ heo(l, )= (Zo— A Tz [(A—D/(mk)?].

Proof. Lemma 4.3 implies that

= ¢ dm(x7 zm)um(t) —_ ¢ (X)Co(t, )“)
(4.33) F(x, 1) = ¥ peas 12 DI Theat—F TS

With the orthogonality of {co( -, 4,)}2%0 in L?(0, 1) in mind, we multiply the both
sides on the second equality in (4.33) by co(t, 4,) (ne A5 and integrate in ¢
over the interval 0<t<1, to botain

c dm(x9 Zm) !
" g0, D2 Jo

Un(x) = - Z um(t)c()(t’ )'n)dta

hence each v,(x) (m € A%) are expressed as a linear combination of the d,(x, 4,)’s

(me A5). Thus, let us put

(434) U"(X) = - ZmeAi am,ndm(x5 Zm) (n EAE)‘)

then F(x, 1) takes the form of (4.31). To evaluate the values of a,, ,, we have only
to substitute (4.33) and (4.34) into the hyperbolic equation (3.17) given in Lemma
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3.2, with the expression of the inhomogeneous term (4.28) took into account.
Then we obtain

DpF = Z(m,n)eAiXAg am,n(in_zm)dm()g Zm)co(t’ }*n)

= z ASxAS (_~l)n+1W(A")
(meme A G I Pleo(, DI

dm(x7 Zm)co(t> ln) .

Applying Lemma 3.6 o this equation twicely, we obtain the first equality in (4.32).
Finally the second inequality in (4.32) is deduced by a well-known formula for
the normalizing constants:

]ICO(' s /ln)“2 = - 00(19 /ln)w(/ln) = (_I)WHW(AM)

and corresponding formula for [|&y( -, 4,)]|2 (see Levitan-Gasymov [14]). Hence
the theorem is proved.

Theorem 4.5 implies that, if two problems {p, h> and {p, i) are in the
degenerate case, then the kernel F(x, ) is reduced to a degenerate kernel in a
sense mentioned in Remark 3.5. Hence, by applying Theorem 4.5 to Theorem
3.4 and Remark 3.5, we obtain an explicit form for {p, &> in terms of {p, h)>
and {4} es-

Theorem 4.6. Let A be a finite subset of non-negative integers. If the
symmetric problem {p, b and {p, h) satisfy the condition:

= . ¢
4.1) ALp, h)< 2P, h) according to n < A,
# €

then one problem {p, h) is uniquely determined by the other problem {p, h)
and the values 1,(p, h) (ne A). Moreover {p, k> must admit the representation
expressed in the statement of Theorem A.

Proof. This theorem is now evident. Merely we note that the two-way
expressions of t-function in Theorem A are correspondent to the ways of the
separation of the variables in the kernel F(x, 1), i.e.

F(X’ t) = Eme/li dm(x’ zm) {ZneA; am,ucO(t’ ;{n)} >
F(x’ t) = ZneA; {ZmeAi am,ndm(x’ Zm)}co(t’ ;{n) .

Remark 4.7. In the original Gel’fand-Levitan theory, we have to solve the
integral equation:

435)  K(x 0) + f(x, 0) + f O K(x, 5)f(s, ds = 0, 0<x <1,
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where the kernel f(x, 1) is defined by

. [+3) [4 (x7 Zn)c (t’ Zn) C()(X, j’n)c (t’ An)
(436)  fix,0): = g (Gt — Lol falata) )

The kernel f(x, t) is different from our kernel F(x, t), since f(x, t) satisfy the
homogeneous hyperbolic equation [J,f(x, 1)=0, while F(x, ¢) is a solution of the
inhomogeneous equation (3.17). Note that this inhomogenious term does not
vanish identically. For, otherwise, it can be shown in a similar manner as in the
proof of Lemma 4.3 and Lemma 4.4 that F(x, ) vaninishes identically, and hence
{p, hY=<{p, hy. Hence F(x, 1) is actually different from f(x, 1), provided <{p, h)>
#{p, h>. Thus, even if the degenerate condition (4.1) is assumed, the kernel
f(x, 1) is not expected to reduce to a degenerate form, as is our kernel.

Now we shall refer to the case of Dirichlet problem. Also in this case, the
arguements will be substantially paralell to those in the problem of the third
kind. In order to clearify the correspondence of formulas, lemmas, e.t.c. for the
Dirichlet problem to the counterparts for the third kind one, we shall call the
formers by the same names of the latters followed by superscript “**°.

Let p(x) and p(x) be two symmetric potentials, A be a finite subset of positive
integers, and suppose that

# €
4.1%) AP, oo)< AP, o0} according to n < A.
= ¢

For brevity, we shall write as
(4.2%) Ho 2= 2P, ©), [, := AP, 0) (n=1,2,3,).
Then the assumption (4.1*) and Remark 3.3 imply
(4.3%) G(x, x+0) = G(x, x—0).

Next, (1.8) and (3.2) lead to

% — ?n(x’ :un)S (ty un)

(4.4%) M(x, 1) = X pca ol /jn)uz (x>1),
& _— ?n(-x’ /’tn)so(ta un)

(45 ) N(X, t) - ZneA “so(.’ /“n)“z (x<t),

where 7,(x, 1) is defined by
(4.6%) Fulx, 2) 1= 5o(x, A) + (= 1)"3,(x, A).

Similarly we obtain
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% \1 — rn(x’ ﬁn)go(ta .an)
(47 ) M(X, t) - ZneA ”50(, ﬁn)”z (X>I),
where
(4.8%) rfx, A) 1= so(x, 2) + (= Dsy(x, 4).

The substitution of (4.5*) and (4.7*) into (3.15) gives

* _ ru(X, @) @a(2)
(4.12%) G(x, ) =3 ,ca ROk (x>t),

where ¢,(t) is defined by

@I 00 1= 5ot ) = Tea 728 L (' 5065, 1), o),

which implies in particular
(4.13'%) »(0) =0, ¢'(0)=1

Similarly, applying (4.5*) and (4.7*) into (3.16), we obtain

(4.14%) an0=—zmw%%%%ﬁi (x<1),

where ,(x) is defined by

(415*) lpn(x) = 7,1()(, iun) + ZneA MJ‘: SO(ta ﬁm)rn(t’ /’Ln)dt

In particular, we find that
(4.15"%) ¥u0) = 7,0, ), ¥,(0) = 7,(0, ).
Corresponding to Lemma 4.2, we have:
Lemma 4.2*%. Let A, and A, be defined by
A, := {me A; there exists a number f(m)e A such that
(4.16%) m=f(m) (mod 2) and fi,,=pyom}»
A, := {neA; there exists a number g(n) € A such that
n=g(n) (mod 2) and p,= fi;} -

1) r,(x, fi,) is identically zero if and only if me A;.
2) Y,(x) is identically zero if and only if F(x, u,) is identically zero, and
subsequently, if and only if ne A,.
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Put A§:=A~A,, and A§:=A~A4,. Then summations over A in the
formulas from (4.4%) to (4.15*) can be replaced by those over A or A5.
Now, let the functions Go(x, ¢) and G(x, t) be defined by

(417%) Gof, 1) 1= Tpe; L2 Bkl (051, 151),
(4.18%) Gu(x, ) 1= = Tpens Vg2l 05, 151).

Then, we have:

(4.19%) Gol(x, 1) = G(x, 1) (x21), Gy(x, 1) =G(x,1) (x<1).

The counterparts of Lemma 4.3 and Lemma 4.4 are stated as follows:
Lemma 4.3*. G(x, 1)=Gy(x, )=G(x, 1) (0=x, t1).

Lemma 4.4.%*. The function GJx,t) (v=0,1) satisfy the following
hyperbolic equation in the domain {0<t<x<1},

(4.20%) 0,G, = — [8/onM(x, D]};—o N, 1) (t<x),
along with the boundary conditions:

(4.21%) Gx, D)]=o =0 (0=x=1,v=0,1),
(4.22%) Gy(x, x) = G4(x, x) (0=xZ1).

Similarly, in the domain {0<x<t<1}, G(x, 1) satisfy

(4.23%) 0,G, = — [(0/eM(x, 1)];—o N(0, ) (x<t,v=0, 1),
along with the conditions:

(4.24%) Gfx,)},=;, =0 0=x<1,v=0,1),

(4.22%) Go(x, x) = Gy(x, x) (0=x=£1).

Proof of Lemma 4.2*%. Put Gy(x, t):=G(x, )—Gyx, t). Then Lemma
4.4* implies that G,(x, 1) solves the homogeneous hypergolic problem:

0,G,=0 (O<t<x<1),
(4.25%) Gy(x, D=0 =0 (0=x=1),
G,(x,x)=0 0=xs1).
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Hence G,(x, t) is identically zero in 0=<t<x <1, and similarly in 0<x<t<1.

Proof of Lemma 4.4%. The validity of (4.21*) and (4.24*) follow from
(4.13'%), (4.17*) and (4.18*), moreover (4.22*) follows from (4.3%) and (4.19%).
By virtue of (4.5%) and (4.7*), the inhomogeneous term in (4.20%), (4.23%) is
calculated as follows:

(4.28%) — M(x, t)],=0 N(O, 1)

—_ ¢ rm(x9 ﬂm) c rn(()’ Nn)so(l’ ”n)
B (z"'”‘ 180(-s Am) 12 ><Z"EA2 [ENCATSIE >

Applying (4.12%), (4.14*), (4.28%) to (3.18), and taking 3.6 into account, we can
prove (4.20%) and (4.23%).

By using Lemma 4.3%, we can determine the form of G(x, ):

Theorem 4.5%. Let {p, o) and {p, o) satisfy (4.1%). Then G(x, t) is
expressed as follows:

(431*) G(x5 t) = Z(m,n)eAfXAg bm,nrm(x’ ﬁm)so(t’ /’ln)’
where
(4.32%) b = Ful 05 ) {(tn = B 30> B2 l150( -5 1a)I?}

= (= D" 1B {( i — )5 () D)} -
Here the functions v(1) and (1) are defined by

uA) 1= 51, 2) = TTsy [ — D/(rk)*T,
0(2) 1= 501, 4) = [Ty [ — Df(mk)?].

I

§5. Completion of the inverse problem in the degenerate case

In this section we shall establish the following theorem:

Theorem 5.1. Let {p, h) (resp. {p, o)) be a given reference problem whose
eigenvalues are {4,(p, h)y=72,}12¢ (resp. {Ap, 0)=u,}>,). Let A be a finite
subset of non-negative (resp. positive) integers. Moreover let {1,}%, (resp.
{fi}31) be a real increasing sequence satisfying

D=2y (resp. fiy=p,)  for n¢ A.

Then the formulas in Theorem A (resp. Theorem A*) which gives the definitions
of p(x) and h (resp. p(x)) are well-defined, and the eigenvalues of the B.V.P.
(P, i) (resp. {p, o0)) defined by these formulas actually coincide with {12,
(resp. {fl,}o=1)-
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Note that, combined with Theorem 4.5 (resp. Theorem 4.5%), this theorem
completes the proof of Theorem A (resp. Theorem A*).

To prove this theorem, of course, we must show that the function (x) (resp.
o(x)) defined in Theorem A (resp. Theorem A*) does not vanish on the interval
0=<x=1. We shall consider only for the case of the third kind, the case of the
Dirichlet problem being similarly considered.

We first deal with the case $4=1. Let A={m}, and let w(X) and W(1) be
defined by

]

W(A): = (lo—A) fjl(%;});i) W(2): =(Ty—A) fj1< Sl )

n 71711)2

—_

Then we have

(5.1 WA~ ) = WA= 2,).

With (5.1) and Theorem 4.5 in mind, we define a function F(x, t) by
(5.2) F(x, 1) = [(— 1™ W (1)1 dulx, L)eo(t, Am)-

Then the 7-function introduced in the statement of Theorem A is expressed as
follows.

(5.3) 7(x)

It

det(/+F,)

L =08 (1 [ e, Zealt, At
(1]

Note that the t(x) is symmetric:

l—x)=17x), 0Zx<1,

which is easily seen from the anti-symmetricity of d,(x, 4,)co(x, 4,). In particular
we point out that

(5.3) 2(0) = (1) = 1.

Lemma 5.2. The function t(x) defined by (5.3) is positive on the inerval
0=x=1.

Proof. In order to show this lemma, we shall rewrite (5.3) as follows.
By using

(zm _'lm)J': dm(t’ Zm)co(t9 A'm)dt = VVt(dm( T zm)’ CO( ) A'm)) |f=0

= Wx(dm( ) zm)? CO( ) jvm)) - (— 1)m+1w(zm) )
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where W.(f, 9):=f(x)g’'(x)—f'(x)g(x) (Wronskian of f, g), we get 7(x)=1—
[(Zm_ im)w(zm)]ul[w(zm) +(— 1)mVV.x(dm( T zm)5 CO( ) A'm))] Applylng (51)5 we
obtain:

(5'3") T(x) = [(zm - }'m)( - l)m+lw.(zm)]_1 Wx(dm( T 11}1)7 CO( T )‘m)) .

Since (—1)™*1+(,,) is positive, it suffice to show that (L= 2 TWl(d - 5 L),
co( - » Ay)) is positive for 0Sx<1. We shall only consider the case 4, <y S s 10
another case being similar. Let us put for n=m, m+1,

(5.4) colx, ) = r{x)sin 0,(x), co(x, 4,) = r,(x)cos B,(x),
du(x, 1) = p(x) sin @(x),  dp(x, &) = p(x) cos p(x),

where we assume that r,(x) and p(x) are positive. Then we find

(5.5) Wldu( -5 T €05 Am)) = Tp(x)p(x) sin (9(x) = 0,(x)) .

We designate the intial values of 6,(x) (n=0, 1) so as to satisfy 0,(0)=0,,,(0).
Furthermore, since (5.3"), (5.3”) and (5.5) imply that sin (¢(0)—8,,(0)) is positive,
it may be assumed that 0,(0)<@(0)<6,(0)+n=86,,,(0)+=n. Hence it follows
from the Priifer’s comparision theorem and the inequality A <Ay <Amsq that

(5.6) On(x) < @(x) < Opii(x) + 1 (0=x=1).

But, since 4, and A,., are the successive eigenvalues of {p, h), the relation
0,+1(1)=0,(1)+7 holds. Hence, by (5.6), we have

0,(1) < o(1) < 0,(1) + 2.

On the other hand, (5.3"),(5.3") and (5.5) lead to sin (¢(1)—0,,(1)) >0, whence
it follows that

(5.7 0,(1) < (1) < 0,(1) +
Now we shall claim
(5.8) 0<o(x) -0, (x)<n (0=x=1).

The first inequality is already shown in (5.6). Thus we consider the second.
If (5.8) does not hold, then there exists a point x, (0<x,=1) such that 0,(x,)+
n=@(x,). Hence the Priifer’s comparision theorem combined with the condition
Ap <A, implies that ,(x)+n<@(x) holds for xo<x<1. In particular 6,(1)+
n< (1), which contradict (5.7), and hence the lemma is proved.

Remark 5.3. Suzuki [23] proves a similar result, but the proof adopted
here is different from that in [23].
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By virtue of Lemma 5.2, the Gel’'fand-Levitan type integral equation
associated with the kernel F(x, t) given by (5.2), i.e.

K(x, 1) + F(x, 1) +f" K(x, )F(s, Oyds = 0 (0<t<x),
0
is uniquely solvable and, after a simple calculation, its solution is given by
(5.9) K(x, 1) = [(= 1Ym0 (A,)]7 dy(x, 2oty A)/e(x) .

Hence, if we define p(x) and A, by p(x):=p(x) — 2(d/dx)? log ©(x), and h:=
h—[(d/dx) log ©(x)], =0, then the solution &y(x, A) of — y"+ p(x)y = Ay which satisfy
y(0)=1 and y'(0)=Ah is to be given by

(X, 2) " eo(t, Ameolt, D,

(5:10)  &lx, ) = eolx A + RN oy )

In fact, as for the initial condition, we find &,(0, A)=1, and &(0, A)=h+d, (0, 1,,)/
(= D)mw(L,)=h—1'(0)/7(0)=Hh, as expected. That the &(x, 1) defined by (5.10)
is an actual solution of —y”+ p(x)y=2Ay is shown by direct computation.

Next we shall observe that {1}, are the eigenvalues of {j, h>. By putting
A=1,=2, (n#m) in (5.10), Lemma 1.1 and the orthogonality of co( -, 4,) to ¢o(-,
1,) imply that

50(19 zn) = CO(I, }'n) = (_1)"’
50(1’ zn) = C(I)(19 /ln) + [(_ l)mw.(zm)r(l)]_ldm(la Zm)co(la Am)CO(L An)
= (=)™ {h+d,(0, L)(= )™ (Z,)} = (= 1)"*1h,
hence {A,},., are the eigenvalues of {p, hy. Further, we see that, by (5.1),
f eolts yeot, L3t =(— 1y, — L) 1w(L)=(— D) 1(Z,), which we sub-
0
stitute into (5.10) to obtain
50(1’ j"m) = CO(l’ Zm) - dm(la im)/r(l) = (—1)m+1:
o1, Za) = co(Ly Zm) = dr(1, 2)/7(1) + d(1, Z)T'(1)/23(1)
+ dm(1’ j"m)cO(la Zm)/[w.(zm)‘[(l)]
= (=)™ 1h = (= 1)™1d, 0, 1,)/[(— ymw(4,)] = (= )"k,
Hence 1, is also an eigenvalue of {p, i>. Since {/,}%, admits the asymptotic
formula AY/2=nn+ 0(1/n) as n— oo, the 4, is precisely of the n-th eigenvalue of
(P, h>. Thus the desired results have been proved for the case $4=1.

In the general case where #A4 is an arbitrary positive integer, on the basis
of the argument above, we can construct a finite chain of the B.V.P.’s
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{{pr> MO}, such that {py, hy) is the reference problem {p, h}), every successive
two B.V.P.’s share only one eigenvalue, and {py, hy ) is the B.V.P. (p, i) to be
sought whose eigenvalues are {1,}2,. Thus the desired B.V.P. {p, k> actually
exists, and hence, by Theorem 4.6, it must has the representation given by
Theorem A, and this completes the proof of Theorem A.

§6. The inverse problem in the general case

In this section we shall devote ourselves to extend the former arguments to
the general case where we only assume that the second terms in the asymptotic
formulas for the eigenvalues of {p, h) and {p, i) (or {p, o) and {p, h)) are the
same, 1.e.

(6.1) ao(p, h) = ao(P, 1), bo(p) = bo(P).

See (1.3) and (1.5) for the notations. In the following, we shall only consider
the problems of the third kind. Under the assumption (6.1), it follows from (1.3)
that the eigenvalues 4,:=A,(p, h) and 1,: = 4,(5, i) admit the asymptotic formulas:

(62) in = (nn)2 + %o + Ens j:n = (nn)z + %o + En
where
g 1= 2ao(p, h) = 2aq(p, ),
& & = 0(1/n?) if p(x), P(x)eSBVI,
cr’lo=0 (7[8,,)2 < + 0, ;1.0=0 (7‘[5,1)2 < + © 1f p(x)’ ﬁ(X)ESHl,

We shall require various estimates of the solutions, hence we start with men-
tioning them. We introduce the following notations:

M ,(2) := max [cos (A1/2x)|, M,(4) := max [sin (A}/2x)/A1/?],
M () := max |(d/dA) sin (A1/2x)[21/2|
= max | —sin (11/2x)/(23/2) 4+ x cos (A}/2x)[AL/2],
where the maximums are taken over 0<x=1. And we write as |p|,:=

1
I [p(t)|dt. Then the following estimates holds:
0

Lemma 6.1.
(1) lleo(-s Mo = (M (A +[hIM (1)) exp (M (DI pl1),
lleols Dl S 1AMRA) + [HM(A) + M (D) |Ip]l1lleos Do
[éo(+s Do = {(1/2)M5(2)+ M 3(AXITA|+ 1 pllylcol -5 D)}
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-exp (M, (Dl pll1)»
iég(-s Moo = My(A(L/2+(pl1lléo(-, Vi)
+ M(A)(1/2+ 1R+ 1/ pll1lleo( -, D)
éo(+, A) = — (1/2)sin A1/2 + &(J),
where
I = MDA+ 1Pl ol Dliw) + M(D) [pliliéo(-, Do -
(ii) In particular it follows that as A— oo,
fleo(s Dl = O), lico(+5 Do = O(A1/3),
[éo(-s Dl = 0712, 5+, Dl = O(1),
éo(1, A) = — (1/2) sin AV2/A1/2 + O(1/1).
(iil) (s Z) s [1d(-5 Al = O~} E,— 4,]) as n — o0,
iy Zllws  NdnC-s Al = O(L,—4,]) as n — 0.
(i) lleo(-s A)llzs 180+, 22 = 1/2 + O(1/n) as n —> oo,

Proof. The proof of (i), (ii), (iv) is standard and achieved by the complicated
but elementary calculation. The assetion (iii) follows from the equations dy(x, 4,)
=0, dy(x, 4,)=0, the mean value theorem and the assertion (ii).

Proposition 6.2. Let us assume (6.1). Then

(63) K(X, t) —_ =] d~n(x9 An)co(t’ ln) (Oél

2 <x<1),
N TR ORI E sx=1)
Rix, 1) = 2%, du(x, An)co(t, Ay) (0<t<x<1).

” EO(" ;'n)llz

The series on the right-hand sides converge absolutely and uniformly. In
particular, putting x=1t=0, we have

6.4 h=h—X5od(0, 2/, 1)
=h— T [+ (=D"eo(1, L)Y/ N1Eo( -, 4112
Moreover the difference of the two potentials are expressed as
(6.5) P(x) = p(x) = 2 Zieo (d/dx) [d(x, L)eo(x, A1l eo > A2
= - 22 ;1.0=0 (d/dx) [dn(x’ Zn)CO(x9 Zn)]/“ EO( T In)”2

The series in (6.5) also converges absolutely and uniformly.
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Remark 6.3. Hochstadt [8] proved the essentially same formulas as (6.5),
under the condition that h=A, 4,=1, hold for all n’s but finite exceptions. But
his method is different from ours and based on a contour integral method. Hald
[8] extend the Hochstadt’s formula to the general case as stated here, using
Hochstadt’s mehtod.

Proof. As in the derivation of (4.4) and (4.5), the substitution of 1=1,
into (3.1)o—(—1)*(3,1),, combined with the expantion theorem, implies that

(66) K(X, t) - L(X, t) = ;o=0 gn(xa ’ln)co(t’ ln)/”Co( T /1,,)”2,

where the convergence of the right-hand side is of L2-sense in ¢t. Here recall
that K(x, t) and L(x, ?) are regarded as functions in 0= x, <1 by putting K(x, )=
0 (x<1), L(x, )=0 (x>1). We see that, by Lemma 6.1, that the n-th term of
the summation in (6.6) is O(n~!|1,—A,))=0(n"18,), where 8,=0(1/n?) or

% o(nd,)?< oo according as p(x), p(x)e SBV! or SH!, hence the series con-
verges absolutely and uniformly. This proves (6.3). Now (6.4) follows by
putting x=t=0, with i—h=K(0, 0) in mind. By (6.3) and the formula p(x)—
p(x)=(d/dx)K(0, 0), (6.5) is formally valid, hence, in order to see the actual
validity, it suffice to show the absolute and uniform convergence of the series in
(6.5). This is easily shown, since, by Lemma 6.1, the n-th term in the series is
of O(|Z,—2,))=0(3,).

Corollary to Proposition 6.2. For a {p, h)e SBV!x R (resp. SH'), if we
put

(6.7) Ax = A p—ao(p, h), h) = A, — ao(p, h),

and define the function v(1) by

(6.8) u(4) 1= wld+ao) = Ay =D ITI=: [(AF - Df(rn)’],
then the boundary condition h is written as

(6.9) h = — 25 [1+ (=" cos (AN)V2)[(— D) o(A9)],

where the n-th term in the series is of order O(1/n®) (resp. O(d,/n%) with {5,} €
£2) as n— .

Proof. This formula is obtained by replacing p(x), p(x), h and k by 0, p(x)—
oy, 0 and h respectively in (6.4). The assertion concerning the order follows
from the estimate:

1+ (=D*1cos (A2 =14 (—1)"*1cos(nn+d,/n?)

with 8, =0(1/n) (resp. {6,} € £2). Hence the lemma is proved.
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Next we shall refer to the explicit form of the kernels G(x, t) and F(x, 1).

Theorem 6.4. If we assume
(6.1) ao(p, h) = ag(P, h).

Then the kernel F(x, t) is expressed as

o (D) da(x, Ta)eolt, A)
6.10 = - 5 nZms 1 .
(6.10) 1) = 2o 120y D) P oy A

Similarly, if we assume

bo(p) = bo(P),

then

- © (_ 1)n+15(.un)rm(x’ ﬁm)s (t’ .un)
6.11) G0 1) = Eomrt (= Y RoCey ) P50 F 7

The series on the right-hand sides and their termwise first order derivatives with
respect to x or t converge absolutely and uniformly. Furthermore, there exists
a constant B depending only on the B.V.P. {p, h) such that the following esti-
mates:

(612) |F(X, l)l é B z;‘:=0(1+m)—llzm_lml s
(6.13) IF(x, O + [Fix, )] £ B X2 0 [ An— 2l s

hold for 0<x, t<1, provided that ¥ %—o |X,,—A,| is smaller than (1/3) min |4, —
nz1

Au—1l-  Similar statement is also valid for G(x, t).

In order to prove this theorem, we must study the convergence of the series
in (6.10). To this end, the following estimates will be required.

Lemma 6.5. Let the numbers by, b,, b, and b, be denoted by

by :=sup |, —(an, b, := sup [I,~(zn)?l,
nz0 nz0
. m2—n2 FoL m2—n?
b,:= ’snipn =il b,: = iipn i l .

Let I, be the closed interval with end points ), and A,, then, by the asymptotic
properties (6.2), there exists a non-negative integer N such that, for any n=2N
and for any m#n, the interval I, contain neither A, nor 1,. For n=N, we
define by and by by
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2 2 2 2
m<—n y mc—n
by:= sup , byi= sup ,~—~( .
Ao —
m+n,n2N m— Vu m+n,n2N )."——Vn
vnel, Vnelp

Note that b;, b, (i=1, 2, 3) are finite. Then the following estimates hold:
(6.14) leo(-5 )72 = W(2,)I7" < 2exp (4b,b,),
lZo(-, Z)I72 = W (Z,)~1 < 2exp (4b,5,).
Moreover for any v, eI (nZ N),
(6.15) W)l £ {1+2b5(2b, +b,)} exp {2(2b, + b,)/n?},
W ()l £ {1+2b5(2b,+by)} exp {226, +b,)/n?}.
Let r and R be defined by

(6.16) ri=min|A,—A,_4, R:= 3% 1, —4l.

nz1
If R<r/3, then
(6.17) by<R+b, N=0, b,<h,<2b,.
Proof. By the definition, we observe that

W™ = () [ Lty ((m)?/ [, = 2,11

(nm)?

2
(zn) m(l;l,,) ( (rm)2—(nn)? >‘m(1;E[n)
= I(d/di)(j'”z sin /11/2)|,1=(1m)2|_1 nm(#n) [] +2b1/u*n_lm|]
é 2 exp (Zm(%n} 2b1/"ln'—im|) é 2 eXp (2b1b2 Zm#n) |m2 _nZI—l) .

1+ [An_ (7'[71)2] :[Am_ (n-m)Z]

m /ln

I

Hence, by virtue of the inequality:

_ 2 n—1 «© dx
2 21 < 7 <L
618) S nr-m s g2 ([T 7 ) <0

for nz1 (this is also valid for n=0), we obtain |Ww(4,)|"1<2exp (4b,b,).
Similarly [W'(4,)|"1 <2 exp (45,5,).
Next we shall show (6.15). We also observe that

W)l = 12X m=0 @m)™ [Tk my {{A4—val/(mk)?}

1 (k)2 — (an)? [he— (2k)?] = [vy— (2m)?]
R G e e [ R e e

+ Z (7.”/”)2_(”}1)2 ( [l,,—(nn)zj— [vn—(ﬂn)z] .

m(+n) lm_vn (7”71)2_(7”1)2
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b T (252

[A— (mk)*] — [v,— (mn)?]
H(mn)? k,n) b =

k(n) (nn)?—(nn)?
; ; 26, +5b
< 1(@/dD) G sin 27 el T (14 5755000 )
2b,+b, A 126im 1102 < 2b, + b, )
+b3m(§én> [m2 —n?] ‘dl (#1/%sin 4 )\F(’"’)z k(l;ln) I n2lk2—n?|

< {1+b5(2b,+b)) ; Im2? — n2|~Yexp(n=2(2b,+ b,) ; |m?—n?|1),
m(s=n) m(5=n)

Hence, by using(6.18), we obtain |w(v,)] =(1+2b3(2b,+b,)-exp {2(2b, +b,)})
(n>N).

Finally we shall see (6.17). The first inequality is evident. If R<r/3, then
for n#m and v,el, we have |4, —v,|= |4 — A = n—Vml 27— | A= Al =7 —
R=2r/3. Similarly |A,—v,|=2r/3, hence N=0. Moreover |1,—2,|<R=<r/3,
thus it follows that

|n2——m2|/|zn_vml é (‘nz_mzl/lln—vml)(l—Izn~ln‘/|}'n_vm|)_l
< (In2 = m2|/|4, —v,)) {1 = (r[3)/(2r/3)} < 2(|n*—m?|/|2,—vnl),

hence b,<2b,. Finally, b,<bh; is obvious from the definition. Hence the
lemma is proved.

Let f(x, t) be the series defined by the right-hand side of (6.10), and ¢,(t) be
defined by the following formula:

0 — 1) (v)
(6.19) owi= E T ot

Then f(x, t) is written as

(6.20) fx 1) = Tinco du(X, Z@uD]1Zo( -, A2

Now we shall require the following lemma:

Lemma 6.6. The series (6.19) for v=0, 1 converge absolutely and uni-
formly. Moreover suppose RZr[3 (see (6.16)), then there exist positive con-
stants B, and B, which depend only on the B.V.P. {p, h), such that the following
estimates hold:

(6.21) low (e < By(1+m),

(6.22) 145, Il < Bo(1+m) Y4, — Al
for v=0,1and m=0, 1, 2,---. '

Proof. The mean value theorem and (6.19) imply that there exist v,el,
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such that the following inequality holds:

|(pr(r|V)(t)| é ;a=0 |W(vn)(zn~/ln)/(zm—}'n)] Hc(()v)( ] /{n)” oo/HCO( ) )‘n)Hz
= W 16”5 Ll o/ lcal -5 A2

~ Izn——lnl IIC&V)(‘, ln)”oo
T, 7O =3 Jeo(-s A2

m3_n2

Zm_.)’n

Thus, if b, be defined by

by = sup lleo(-s Al + Sglg(1+n)“H66(‘, Al o 5
which is, by Lemma 6.1, finite and depend only on {p, h), then Lemma 6.5 and
the above inequality imply the estimate: for v=0, 1,

lem (Dl £ BH{(L+m)" + 2 my 1= (14 0)[Im2 —n2]}

where we can take B, =2b,(142b,){1+4b,(4b,+b,)} exp {4b,b,+2(r+3b,)/n?},
and hence B, depends only on {p, h). Since we can observe that (1 +n)¥/jm?—
n?|<1 for v=0, 1, m, n=0, 1, 2,--- with m#n, we obtain |o()|.,<B {01+
m)*+r}< B, -(1+m)* with some B, depending only on {p, h>.

Next we shall show (6.22). If we put

B, := sup L+ {leo( -, Do +les(-5 Do}

vy=0,1,n20,|A~4,]|=r,

then Lemma 6.1 implies that B, is finite and depends only on {p, h)>. Since
d$y(x, 1,)=0, by the mean value theorem, there exists v, €1, <[A,—r, A,+r]
such that

”dSnV)(xi Zm)” = Idr(nV)(x! vm)l lzm—;{ml é 132(1 +m)v—llzm_lml .
Hence the lemma is proved.

Proof of Theorem 6.4. Tt is sufficient to show (6.10), i.e. the equation F(x, t)
=f(x, t), for, if we can show it, then the other statements in the theorem will
be easily proved by virtue of (6.20), Lemma 6.6 and the inequality:

(6.23) 186(-, 272 < 2exp {(8r/3+b,)b3} =: By,

which follows from (6.14) and (6.17), where B; depends only on {p, h).

Now we shall prove the equation f(x, £)=F(x, t). An argument similar to
that which derives the formulas (4.12), (4.13') and (4.24), though the question on
the convergence of infinite sequences is now added, and Lemma 3.2 show that
F(x, t) solves the following hyperbolic initial problem in D, :
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O,F = H(x, t), (x,t)eD;, (D;:see Fig. 1in §4)
(6.24) [

F(x, 0) = ho(x), F(X, O)]s=0 = hi(x).

where

R dy(x, A) (= D"I(A)eo(t, Ay)
H(x, 1) := m{Xs L) (2 ,
(6.25) { -0 ,,,,,,Zzo l2o(-s A2 lleo(-, A1

ho(x) 1= Tico dulX, Za)/llcol-> 212, hy(x) 1= h-ho(x).
Let Hp(x, t) and h, y(x) (v=0, 1) be defined by replacing the infinite sum-
mations in (6.25) by > ¥ ._,and Y ¥_, respectively, and let us consider the problem

(6.24) with data {H(x, 1), ho(x), hi(x)} replaced by {Hy(x, 1), ho 5(x), By x(x)}.
As is easily seen, its solution is given by

F— y (— l)n dm(x7 Zm)co(t’ )'n)
(6.26) L SRS Y F oy M LI PX U BT

By the definition of f(x, t), note that

(6.27) ”f(',')“fN(‘,')||C([0,1]x[o,1]) —0, as N — o0,

while the continuous dependence of the solution to (6.24) on the deta {H(x, 1),
ho(x), hy(x)} imply that

(6.28) WEC- ) =fa(- e, — 0, as N — o0,
similarly it follows that
(6.28") IFC-5)=fw(s IMlepy — 0, as N —— o0,

from which F(x, )=f(x, t) in D, U D, follows. The equation F(x, f)=f(x, t)
in D, U D, is obtained by (6.27), (6.28), (6.28") and by the continuous dependence
of the solution of the Goursat problem on the deta which is put on the lines x=¢
and x=1—¢t. Hence the theorem is proved.

§7. Well-posedess and approximation theorems

In this section, we shall consider a well-posedness problem and an approxi-
mation problem, and complete the proofs of Theorem B and Theorem C. To
this end, we shall apply the result of Theorem 6.4 to the Gel'fand-Levitan type
equation (3.22). Also in this case, we shall only consider a problem of the third
kind.

Proof of Theorem B. Recall that K(x, t) satisfy the integral equation (see
(3.22)):
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.1) K(x, f) + F(x, 1) + J " Kx, $)F(s, )ds = 0 (0<i<x).
0
Theorem 6.4 implies that, if 2o |4, — 4.l <(1/3)r, with ri=min,so 4,41 — 44,
then it follows that
(7.2) |FCx, D, [(d/dx)F(x, )|, IF(x, O] £ B =0 1m— 2l »

where B is a constant depending only on {p, h). Hence, if we take a positive
constant B’ so as to satisfy B’ <min {(1/3)r, 1/B}, and assume Y%, |4,,~ 4./ < B/,
then we have

(7.3) f f"]F(x, Didsdi < BB' <1, (0=x=<1),
oJo
so that the integral equation (7.1) can be solved by iteration and its solution
K(x, t) admits the bound:
(74) IK(X, t)] é C Z;.r?=0 Izm_iml B

where C is a constant depending only on {p, h>. In the sequel, without any
comment, we shall use the single letter C for the representation of various constants
depending only on {p, h).

With the bounds (7.2) and (7.4) in mind, we shall make use of the formula:

B(x) — p(x) = 2(d/dx)F(x, x) — 2K(x, x)?

+ 4]" K(x, OF (x, 1)d1,
0

which can be shown in a similar manner as in A. Mizutani [17, Lemma 5.1],
to obtain the desired estimate:

1P)—p(x)] £ C X 2o =2l (0Sx<1).

As for the estimate of the difference of the two boundary conditions, by using
(6.4), (6.22) and (6.23), we see that

lh—=hl £ Z oo 140, L)I/12( -, A2
< CEroo(l+m) A= -
Hence the theorem is proved.

Proof of Theorem C. This theorem is an immediate consequence of the
combination of Corollaries to Theorem A and Theorem A* with Theorem B.
Indeed, by the definitions of oy, py(-), and hy (see (2.5)-(2.7)) and by Corollary
to Theorem A, we see that
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( }'n(p(')—a07 h) = )'t’
Apy, hy) = A¥ or (nn)? according as n < N or n > N.

Recall that the asymptotic distribution of {A}} is given by 2¥ =(nn)?+¢,, where
g,=0(n"%) as n—oo or Y2, (ng,)? < + o according as p(x)e SBV'! or p(x)e SH!.
Hence it follows that

Ay = T lA(p(-) =2, B =2 pn, h)l = 2 ien+1 184l
Ay =Y (L +n) YHAp( ) =g, W =4y, Byl = 2y (1+n)" e,

and that, if p(x)e SBV!,then A, =03 Zy+  172)=0(N"1), A, =02 ps 17 3)=
O(N~-2), whereas, if p(x)e SH',then 4, =0(2_ %+, 1™ - nlg,[) SO X Ly n2}1/2.
{Zwener (e, =0(N2), A, =0(X n+r n7 2 nle) SO X iy n~4}12-
(X 2yir (nle, )21 112) = o(N312),

Now applying Theorem B, we obtain

Ip(-) =g = pu(- Mo = ONT')  (resp. = o(N~/?)),
[h—hyl = O(N2) (resp. =o(N~3%2) as N — 0,

if p(x)e SBV? (resp. p(x) e SH'). Hence the theorem is proved.

§8. Proof of Theorem 2.3.

Let us put A,=A,(p, h), 4,=21,(p, h), for brevity. The formula (4.4) implies
that under the assumption of the assertion 1) the transformation kernel K(x, f)
vanishes identically, and hence {p, h>=<{p, i), while under the assumption of
assertion 2) K(x, t) takes the following form:

(8.1 K(x, 1) = dy(x, Zw)eo(t, Aw)llco(-5 A2
Thus if we define the function K*(x, t) by
(8.2) K*(x, t) 1= — dy(t, x)eolx, 2nlleo(- s A2

then immediately we observe that K*(x,t) is the solution of the hyperbolic
problem:

(1) K% — Kf = {p(x)—p)}K*,
83 @ K, x) = (h=h)+ (1) | {po =,
(3) KX, D=0 = {dM0, 23)/dn(0, 2x)}K*(x, 0),
if dy(0, 2y)=0, then (3) should be replaced by
(3) K*x,0)=0.
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Lemma 8.1.
1) h=hif and only if d\(0, iy)=0.
2) Ifh#h, then
(8.4) A0, Ay)/d(0, 2y) = h + (Ay—2)[(h—h).
Proof. Since K(0, 0)=h—h, putting x=t=0 in (8.1), we have
(8.5) h—h = dy©, )/leol -, AN,

from which the assertion 1) follows. On the other hand, from the definition of
dy(x, 1), we see that

dw(0, 2y) = h + (= 1)Vey(1, Ay)
= R{1+(=DVIE(1, Ay} + (= DME(L, Ax)+heo(1, 2y)}
= hd (0, Ay) + (= D¥W(Ay).
Since A,=4, or 1,#4, according as n#N or n=N, it follows W(L)/(A—Ay)=
w(4)/(A—2y), and hence
(=D"W(Ay) = (Iy—2Ay) - (= DMi(y)
= (Ay—2n) lleol - An)2
= dy(0, W) {(Ay— An)/(h—h)} .
Here the last equality follows from (8.5). Hence we obtain
a0, ) = th+Cy— )| —h)},

which proves the assertion 2).
Now, if h# h, then the formula (2) of (8.3) should be rewritten as follows:

) K*(x, x) = <h+ ﬁ) . <E+

A_Z:‘%N_> + fo {p(1)—p(1)}dr.

Let us define the functions ¢(x, ) and @(x, 1) by the solutions of the
following differential equations:

(8.6) —¢" + p(x)p = Lo, —¢" + p(x) = A,
which satisfy the initial conditions:
@0) =1, ¢'(0)=j:=h+ Ay—20)(h—h),
0y =1, ¢'O0)=j:=h+ Uy—In/i-h),

where, if 7= h, then the initial conditions should be replaced by

(8.7)



Inverse Sturm-Liouville Problem 69

(8.7) p0) =1, ¢'(©0)=0, @0)=1, $'(0)=0,

and the j and j be regarded as infinity oo. Then (8.3) and Lemma 8.1 imply that
K*(x, t) is the transformation kernel of @(x, 1) into ¢(x, 2), i.e.,

(8.8) o(x, 1) = G(x, 1) + f: K*(x, £)@(t, A)dt.

On the other hand, by Lemma 8.1. and the identity dy(1—x, dy)=
(—1DV*1d\(x, Ay), there exists a non-negative integer M such that

M — N =1 or 0 (mod 2) according as h # hor h = h,

AN = AM(ﬁ’ j) ’
(8.9) .
dy(x, Ly) is an eigenfunction of {p, j) corresponding to

the eigenvalue Ay(p, h),

where we note that dy(x, Ay) does not vanish identically, since Iy#Ay. In the
following we shall write as A¥:=A,(p, /), 1¥:=A,(F, J).
By virtue of (8.8), we observe that

, , . (1, 2 dn(L, )\ A
91 )+ jolt, D=¢'(1, 2) + (- o 20O N 501, )

1.
+ x| A, 2000, D,
where cy:= —{cg(1, ix)+jco(l, A} lco(-, Ap)l|2.  Since it follows from (8.5)

that j—co(1, y)dn(ls AW/llcol-, A2 =j+dn0, Ay)/llco (-, IIZ=j+(hR—h)=],
so that

(8.10) 'L, ) +jo(l, ) =¢'(1, D)+ jél, A)
+ cNﬁ 3ot M), Hdi

holds. Now, putting A=A* (m# M) in (8.10), then (8.9) and the orthogonality of
the eigenfunctions yield ¢'(1, 1%)+jo(1, 1%)=0, consequently it follows that

(8.11) {A%} .. are also the eigenvalues of {p, j>.

Exchanging the roles of {p, k) and {p, k), we can also show that there exists
a non-negative integer M’ such that
1 " .
(8.12) M — N = (mod 2) according as h( h, Ay =A% .
0
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(8.13) {A}} ey are also the eigenvalues of (p, j).

Now we shall show that M =M’ holds. To this end we may assume M =M.
With the asymptotic distributions of A* and 1% took into account, (8.11) and (8.13)
imply that, for any sufficiently large m, 2%=/* holds, and subsequently it follows
that 2% =1* for m>M+1 or m<M'—1. Hence, if M#M’, then it must follow
from (8.11) and (8.13) that either A% =A% or A% =1%_, hold. In the former case,
further we must have 1*=/* for m=M’,---, M—1, and then for all indeces. By
the assertion 1), this implies {p, j>=<{(p, k), and then {p, hD>=<{p, h), which
contradicts the assumption Ay Ay. In the latter case, since (1 —x, 1%)=(—1)M.
o(x, A%) and (1 —x, 1) =(—D)M-1@(x, 1%) hold, the replacement of x (resp. {)
by 1—x (resp. 1 —1) and the substitution of 1% =21%_, into A in the formula (8.8)
yield the following formula,

B14) (= 1Mo(x, 28) = (=DM g0 T+ K 090, Tt

here the relation K*(1—x, 1—1)= — K*(x, t) is used. Hence we calculate (8.8)+
(—1)M-1(8.14) to obtain:

(8.15) 0 = 26(x, Tfi_p) + j K*(x, (1, Ty p)dt.
0

The second term on the right-hand side of (8.15) is zero, which follows from the
explicit form (8.2) of K*(x, f) and the orthogonality of dy(-, Ay) and @(-, A%_,)
in L0, 1) (see (8.9)). Hence (-, A%_,) vanishes identically, which contradicts
the definition of @(-, ). Hence we must have

(8.16) M=M, A=]* for m#M.

To establish the Theorem 2.3, it only remains to show that the number M
is equal to N—1, N or N+1 according as (h—h)(1y—1y) is positive, zero or
negative.

In the case where (fi—h)(Ay— Ay) is positive, j is finite and j>h. Since the
quadratic forms assocoated with the B.V.P.’s {p, h) and (p,j> are given by
H,.[-Jand H, [ -] respectively, where

Hpilu] := j; {w' ()12 + p(D)u(x)?}dx + k{Ju(0)1>+ [u(1)]*},

with k=h, j, it follows that H, ;>H,,, and consequently i} >41,. Hence we
have Ay, =Ays1>Ay=A% >y, i.e. N=M. On the other hand, since ¢(x, %)
and co(x, Ay_,) satisfies the differential equations ¢”+ {1} —p(x)}¢=0 and
¢4+ {Ay_1— p(x)}co =0 respectively and the latter has N —1 zeros in 0<x <1, the
inequality A% =Ay>Ay_, and Sturm’s comparison theorem imply that the M-th
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eigenfunction ¢(x, 1) of {p, j> has at least N—2 zeros in 0<x <1, and hence
M>=N-2. Thus, taking N—M=1 (mod 2) in to account, we obtain M =N —1.
In the case where (Ay—Ay)(i—h) is negative, we can also obtain M=N+1 in a
similar manner.

Finally we consider the case (Iy—Ay)(hi—h)=0, i.e. h=h. In this case
j=]j=o0. Without loss of generality we may assume that In<Ay (=2%). This
assumption and Sturm’s comparision theorem imply that ¢(x, A%) has at least
N—1 zeros in 0<x<1, and hence M=N—1, since co(x, Ay) (resp. @(x, A%))
has N (resp. M) zeros there. On the other hand, since dy(x, Ay) is the M-th
eigenfunction of {p, 00, dy(x, Ay) has M +2 zeros in 0<x <1 including the both
end points. Hence, by the comparision theorem, co(x, Ay+,) must have at least
M+1zerosin 0<x<1,sothat N>M. Thus,taking M =N (mod 2) into account,
we obtain M=N. Hence the theorem is established.

§9. Notes and comments

The arguements so far developed can be extended to the general case where
the symmetricity of the potential and the boundary condition need not be assumed.

Let us consider the B.V.P.’s:

=y + px)y =24y (O<x<l),
y'(0) — hy(0) = y'(1) + Hy(1) = 0,
=y + p(x)y =24y (O<x<l),
y(0) = (1) = 0.

The B.V.P’s {p, h, > and {(p, o, H) may be also considered. The
eigenvalues of (9.1) and (9.2) will be denoted by {4,=A(p, h, H)}7, and
{p,=2(p, 00, 0)}2, respectively. Let the solutions c(x, 4), s(x, ) (v=0, 1)
of the differential equation — )"+ p(x)y=A1y be defined by requiring the initial
conditions:

9.1 {p, h, H): [

9.2) {p, 00, ©O): {

o0, ) =c;(1, ) =1, 0, ) =h, c(1,4)=—H,
(9.3)
o0, D) =51, =0, 0, =1, si(1, )= —1.

Since the multiplicity of each eigenvalue is one, there exist real numbers k,=
k.p, h, H) and j,=k,(p, o0, o0) such that the relations:

CO(xs j‘n) = (_ l)nkncl(x’ An)a (ngO),

SO(xa .un) = (—])"+1jnsl(x5 ”n) (ngl)

.4
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The numbers k,, j, are shown to be positive. The sequence of pairs {(4,(p, h, H),
k,(p, h, H)}* o(resp. {(1,(p, o0, ), k(p, o0, 0))}5-,) will be called the spectral
characteristic of (p, h, H) (resp. {p, o, o0)), as is well known, which is equivalent
to what is usually called so, that is, the sequence of the pairs of eigenvalues and
normalizing constants. Note that the spatial symmetric problem corresponds
to the case where k,=1 (or j,=1) for every n’s.

Let us consider other B.V.P.’s (P, h, > and (P, o, o), introduce the
deformation kernels K(x, ), L(x, t), K(x, t) e.t.c., and then define the kernels
F(x, t) and G(x, t) in a similar manner as in (3.11) and (3.12). Now the functions
d(x, 1) and r,(x, 1) defined by (21.), (2.2) are clearly replaced by

dn(x’ A) = CO(x’ /1) + (—1)n+1knc1(xs /1)’
rn(x’ /1) = SO(xs l) + (—. ])njnsl(x7 )')

9.5

We can deduce an explicit form of the kernel F(x, ) and G(x, t) and then prove an
extended versions of Theorem A, B, C. Note that an extension of Theorem A
can also obtained by combinig Theorem A with the results by E. L. Issacson,
H. P. McKean, E. Trubowitz, [11] and E. L. Issacson, E. Trubowitz [12], where
they studied the isospectral manifold M(p, h, H)={<{p, h, B); 1,(p, h, H)=A(p,
h, H) for every n} and obtained a formula to express any element in M(p, h, H) in
terms of the given base point in M(p, h, H), moreover, they showed that each
isospectral manifold contains one and only one spatially symmetric B.V.P.

Furthermore our method has some applications to the periodic problem.
First, if two periodic potentials p(x) and p(x) are finite gap potentials with the same
periodic eigenvalues, then the kernel G(x, t) reduces to the degenerate one, and
then it gives rise to the so-called FIT formula in A. Finkel, E. Issacson,
E. Trubowitz [5]. Second, we can give an alternative proof of the regularity
theorems that, if the width of the n-th gap decreases with oreder O(n~*~2), then the
potential is in C*-class (H. P. McKean, E. Trubowitz [15]), and that, if it decreases
exponentially, then the potential is real nalytic (E. Trubowitz [25]). Finally we
can prove the approximation theorem that any periodic potential can be approxi-
mated by finite gap potentials.

In the forthcoming article, we shall report on these matters.
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