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§0.

In topological dynamics, various types of recurrence has been defined. Each
type of recurrence is a generalization of periodicity ([3], [4]) and is closely related
([1], [11]) to some order relation ([9], [12]).

The aim of this paper is to define a new type of recurrence and to establish
its basic properties. Our new type of recurrence is a modification of Conley’s
chain recurrence ([6]), in fact, it is defined by weakening the requirements in
Conley’s definition. On the other hand, our new type of recurrence still implies
recurrence in the sense of Auslander.

Throughout this paper, let X be a locally compact separable metrizable
space and let T: Rx X— X, (t, x)-»Tx=T(t, x) be a dynamical system on X.
The positive semitrajectory through x is denoted by y*(x).

The first prolongation and the first prolongational limit set of x are defined
by D;(x)={y e X |there exist sequences {x,}7 <X, {f,}?<R* such that x,—x,
T, x.—~y} and Jy(x)=n{D(Tx)|t>0}, respectively. The basic dynamical
concepts are defined in terms of a compatible metric d — however, in case of com-
pact metrizable spaces, they do not depend on the choice of this particular metric.
This is no longer true if the compactness assumption is dropped ([3]).

Our new type of recurrence is defined in terms of a compatible metric as
well. But, even though in the compact case, our new type of recurrence is not
independent on the choice of this particular metric.

§1. Auslander recurrence

Define a quasi order (i.e. a reflexive and transitive relation) -4 on X by
letting y— x if and only if yey*(x). The transitive closure of - i.e. the inter-
section of all closed quasi orders containing — is denoted by <, (a quasi order <
is closed if {(x, y)e X x X |x<y} is a closed subset in the product topology).
Using the notion of higher prolongations and higher prolongational limit sets,
<4 can be constructed explicitely via transfinit induction ([1]). For any xe€ X,
define D(x)={ye X|y<,x}, JxX)=n{D(T;x)|t>0}. It is well-known that
Di(x)= D(x), J(x)=J(x), D(x)=y*(x) U J(x) and that for every t, se R, y e J(x)
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implies T,y e J(T,x). The equivalence relation ~ , is defined by letting y~ ,x if
and only if y< ,x and x<,y. Finally, the Auslander recurrent set is defined as
R,={xeX|xeJ(x)}. It can be readily verified from the properties of D, J,
< 4 previously mentioned that R, is closed and invariant and it is the union of
the nontrivial equivalence classes under <, and of the set of equilibrium points

(3D

§2. Conley recurrence

In what follows we reformulate some basic properties of Conley recurrence
in context of an order relation. The following definitions are taken from [10].
Conley’s original concept of chain recurrence was elaborated ([6]) in the compact
case.

Let e: X—>R™ be a continuous positive function. An (g, 7)-chain is a finite
or countable sequence of points x, € X and times ,>1 such that d(T, x,, X, 1)<
&(T; x,). The points which are (e, 7)-accessible from x are P(¢, 7, x)={ye X | y=
X+ for some finite (g, 7)-chain with xo=x, ke N}. Let P(x)= n {P(e, 7, x)| t>
0 and ¢: X—>R™ is a continuous positive function}. In Conley’s terminology,
x and y are chain equivalent if and only if ye P(x) and xe P(y). Chain equi-
valence is a closed transitive relation and for every ¢, se R, y € P(x) implies T,y €
P(Tx). Finally, the Conley recurrent set is Rc={xe X |xe P(x)}. It is known
that R is closed and invariant and that R ,< R, ([6], [10]).

Recurrence in the sense of Auslander as well as recurrence in the sense of
Conley are well understood and have found many applications in various fields
of topological and differentiable dynamics ([3], [6]).

For any x € X, let Q(x)=y*(x) U P(x) and define a relation < on X by y<x
if and only if yeQ(x). It follows easily from the properties of P previously
mentioned that <. is a closed quasi order and that P(x)= n {Q(T,x)|t>0}.
We define an equivalence relation ~ . by letting y ~x if and only if y<x and
x<¢y. It is not hard to show that R, is the union of the nontrivial equivalence
classes under ~ . and of the set of equilibrium points. Further, y ~x if and only
if y and x are chain equivalent or y=x.

§3. J-recurrence

Let E: X—R* be a continuous function. An (E, 1)s-chain is a (finite or
infinite) sequence of points x, € X and times t,>1 such that ¥, E(T; x,)-d(T, x,,
X,+1)<1l. The points which are (E, 7);-accessible from x are M(E, 7, x)=
{reX|y=x,,, for some finite (E, 1);-chain with x,=x, ke N}. Let M(x)=
N{M(E, 1, x)|t>0 and E: X—>R™" is a continuous function}. For any xe X,
let N(x)=7y*(x) U M(x) and define a relation <, on X by letting y<yx if and only
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if y e N(x).
Proposition 3.1. < is a closed quasi order.

Proof. x<jx is clear. Suppose that y<;x, z<;y. By definition, ye
pH(x)UM(x), zey*(y) U M(y). We have to distinguish four cases.

If yey*(x), zey*(y), then zey*(x).

If y=Tx, t=0 and y=yq, Yi,, Vir1=2 is an (E, 1);-chain, then j,=x,
Fi=Vires Fre1=Yir1=2 (With To=t+1o, ;=1 [;=1,) is also an (E, 7)5-
chain. Consequently, yey*(x), ze M(y) imply z e M(x).

Now suppose that ye M(x) and z=T,y, t>0. Let E: X—>R* be a con-
tinuous positive function. Since X is locally compact, there exists a v>0 such
that d(w, z)<v implies d(w, z)<1/E(w). By continuity upon initial conditions,
there exists a u>0 such that d(Tp, z)<v whenever d(v, y)<u. For xeX, let
A(x)=max {E(x), 1/u}. 1t is clear that 4: X—R* is a continuous function.
Let xo=X, Xy, -+, X, +1 =y bea (4, 1)y-chain. Then Xo=x,=x, X;=x,"--, X, =X,
Fre1=z (with To=tg, -, Ty =1y, L=t +1) is an (E/2, 1)y-chain. In fact,
AT, Y) <t AT, d(T, % Y)<pt, d(T;T, %, 2)<v and consequently, _q
E( Tigia)'d( Ty, Xy, £p41) < 2526 4(T, xy) - d( T, xy, x44q) + E(T, Ty, x,) - d(T,
T, %, z)<1+1=2. Therefore, ze M(x).

Finally, suppose that ye M(x), ze M(y). It is trivial that x,=x, x,--,
Xpr1=Vo=DV, V1. Vo+1=2 is an (E/2, 7)y-chain whenever xo=X, X{,*++, X, ;=)
and yo=y, V1., ¥+ 1 =2 are (E, T)y-chains and consequently, ze M(x). Thus,
in all cases, y<yx, z<gy imply z<<sx.

Suppose we are given two sequences in X, say {x,}7, {y.){, with the
properties that x,—x, y,—y for some x € X, y e X and that y,<;x, for n=1, 2,---.
We have to show that y<;yx.

There are essentially two cases according as y,ey¥(x,) or y,€ M(x,) for
each n. Suppose first that y,=T, x,. There are essentially two cases again
according as t,—»te R* or t,»o0. If t,»teR*, then y=Tx, yeyt(x). If
t,> o, t>0 and E: X—R" is a continuous function, then z,,=x, z, ,=T,x,,
zy,=y (Witht, ,=1, t; ,=1,—71} is an (E, t);-chain for n sufficiently large. In fact,
E(T,, 2o ATy, ,20,u 21,0 + E(T, Z10) - d(Ty, 21 0 22.0) = E(T:x) - d(T o x, Tox,) +
E(y,)-d(y,, y)—0 as n—oo. Suppose now that y,eM(x,). Let E: X->R*
be a continuous function. Since X is locally compact, there exist constants g,
K>0 such that E(w)<K whenever d(w, y)<2u. Without loss of generality,
we may assume that d(y,, y)<p. Define a continuous function 4: X—>R* by
letting A(x)=max {E(x), 1/u}. For n=1, 2,---, let zy ,=X,, Z1 po"**> Zimy+ 1.0="Vn
be a (4, 21)y-chain. It is easy to see that Z,,=x, Z, ,=T.x,, Z,,=Z "
Zumy+ 1.0= Zk(mw Zkem+2a=Yy (With To,=1, Ty =10, —T, L=t h+1a=
tkey,n) 18 an (E/2, t)y-chain for n sufficiently large. 1In fact, d(T,, ., Zkmmw )<
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ATy nZrimyns V) HdWns VI<pi- AT, ) Zeimyn) M Ty Zryr Vo) +1<2p and,
consequently S50 E(Tr, 2,,)-d(Tyy Zom Zos10) = E(TX)-d(Tx, T.x,) +
>y E(Tzﬁ,,.zfa,n) : d(TzJZ,,. Zyw Zov1m) T BT Zemym) - Ld(Tny,n Zhmyns V) — A
(T nZirons V1< E(Tx)-d(Tox, Tox,)+ X899 ATy, 20,0)-d(Ty 0200 2 1 1,0) +E
(Tocemy w2k A0 ¥) < E(T)-d(T,x, T,) + 1+ K-d(y,, y)>1 as n— oo,
Thus, in all cases y € yT(x) U M(x), y<gzx. Q.E.D.

Proposition 3.2. For every t, seR, yeM(x) implies T,ye M(Tx). In
particular, M(x)=M(Tyx).

Proof. The proof follows a similar pattern as the one of the previous
proposition. Q.E.D.

Corollary 3.3. For any xe X, M(x)= n {N(T,x)|t>0}.

Proof. Observe that n{y*(T,x)|t>0}=0 excepting the case when the
trajectory through x is periodic. In this latter case, N {y*(T,x)|t>0}=y*(x)<
M(x).

Thus, N{N(Tx)|t>0}=n{y™(Tx) U M(Tx)| 1 >0}=n {y*(Tx) U M(x)|t>
0}=n{y*(Tx)| t =0} U M(x)=M(x). Q.E.D.

Define a relation ~; on X by letting y ~;x if and only if y<;x and x<;y.
The Z-recurrent set is defined as Ry={xe X | x € M(x)}.

Proposition 3.4. ~; is a closed equivalence relation. The equivalence
classes are closed. The nontrivial equivalence classes are invariant. Ry is
closed and invariant. R; isthe union of the nontrivial equivalence classes under
~ y and of the set of equilibrium points.

Proof. In virtue of Proposition 3.1, ~; is a closed equivalence relation and
the equivalence classes are closed. Next we prove that Ry is closed. Suppose
that {x,} <Ry and x,—x for some xe X. By Corollary 3.3, x, € R; if and only
if x,<;T;x, for all te R*. Hence, applying Proposition 3.1, we have that x<;
Tx for all te R*. Consequently, x € R;.

In virtue of Proposition 3.2, Ry is invariant. 1In particular, if x € Ry and the
equivalence class containing x is degenerate, then x is an equilibrium point.
Conversely, if x is an equilibrium point, then x € R;.

Suppose now that x#y, y~;x or equivalently, x#y, yey*(x) U M(x), xe
y*(MUM(y). If yey*(x), xeyp™(y), then the trajectory through x is periodic
and consequently, x~;Tixe Ry, y~;T,yeR s forallte R. If ye M(x), xey*(y)
or if yey*(x), xe M(y), then it follows from Proposition 3.2 that xe M(x),
yeM(y) and that x~;T,xeR;, y~;T,ye Ry for all te R. As it has been ex-
plicitly shown in proving Proposition 3.1, y € M(x) and z e M(y) imply z e M(x).
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Hence, if y € M(x), x € M(y), then x € M(x), ye M(y). Applying Proposition 3.2
again, we conclude that x~;T;x e Ry, y~;T,y e Ry forallte R. Q.E.D.

Proposition 3.5. y<,x implies y<;x which, in turn, implies y<cx.
Similarly, y € J(x) implies y € M(x) which, in turn, implies y € P(x). Further,
RACRECRc.

Proof. This is more or less obvious from the previous considerations.
Q.E.D.

Example 3.6. Let X be an arbitrary locally compact metrizable space. For
any xe X, te R, define T,x=x. Clearly Tis a dynamical system and each point
of X is a degenerate equivalence class under ~ , resp. ~;. Assume that X is
connected. Then any two points of X are ~ c-equivalent.

Example 3.7. Consider the plane with the usual Euclidean topology. The
metric- is not specified. Consider now the planar dynamical system defined
([10]) by the differential system (in Cartesian coordinates) x; =0, x,=1—x?—x3%.
It is obvious that R,=R;={(x,, x,) € R?|x?+x3=1}, and Rc={(x,, x,) € R?]|
x?+x3<1} in particular, Ry#R.. It will be shown by Example 5.4 that, in
general, R;#R ,.

§4. c-c and c-c-c property

In order to describe the basic properties of decompositions under ~ ,, ~
resp. ~ 5, We turn our attention to c-¢ and c-c-¢ properties of closed quasi orders.
In terms of set-valued maps, c-c¢ property has been defined in [2]. In case of
recurrence in sense of Auslander as well as of Conley, the results of this Section
are known ([1], [2], [3], [6], [10]). c-c-c property is a natural generalization
of c¢-¢ property which will enable us to formulate some resuits of the second
author ([7]) in a more general context.

Let X be a locally compact separable metrizable space and let < be a closed
quasi order on X. We say that < has the c-c property if for any compact K< X,
for any xe K, y¢ K with y<x there exists a ze 0K such that z<x. Here, of
course, 0K denotes the boundary of K. If, in addition, y<z, then < is said to
have the c-c-c property.

Similarly, we say that < has the dual c-c¢ property if for any compact K< X,
for any x ¢ K, y € K with y<x there exists a z € 0K such that z<x. If, in addition,
y<z, then < is said to have the dual c-c-c property.

Proposition 4.1. a. <, has the c-c-c and the dual c-c-c properties.
b. < resp. <y have the c-c property. Further, <. resp. <; has the
c-c-c and the dual c-c-c properties whenever X is compact.
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Proof. a. Although in terms of set-valued maps, a. has been proved in [7].

b. We restrict ourselves to prove the statements concerning the relation <,
only. With minor modifications, the same proof is valid if < is replaced by <.

First we prove that <j has the c-¢ property. X is endowed with a metric d.
Even though in the compact case (cf. Section 5), <; depends on the particular
choice of d. Nevertheless, we prove that <; has the c-c¢ property no matter the
particular choice of d.

Let K be a compact subset of X, xe K, y¢ K, y<;x. We have to prove that
there is a z € 0K such that z<;x. The case when y € y*(x) is trivial. Therefore,
we may assume that y e M(x). Since K is compact, the local compactness of X
implies that there exists a compact neighborhood L of K in X and inf {d(w, v)|
weK,ve X~L}=06,>0. Since y ¢ K, there is no loss of generality in assuming
that y¢ L. Choose nye N so that ny>1/6,. For n=ng, no+1,--, let xq,=x,
Xim Xam' s Xpamy+1,,=Y D€ an (n, n)y-chain, i.e. an (E, 1)s;-chain with E=n and
t=n. For each n, n=n,, ny+1,---, there exists clearly a unique p(n)e{0, 1,
2,--+, k(n)} with the following properties:

for ¢ =0, 1,---, p(n), there holds x, ,€ K,

for £ =0, 1,---, p(n), there holds T, XK and

either (case 1) X 41, ¢ K

or (case 2) X,y +1,,€KbUt T, . Xpm+10 & K.
Without loss of generality, we may assume that we have either (case 1) x,,y+1,¢ K
for each n, n=ng, ng+1,--- or (case 2) x 41 €K but T, . x,u4+1,.% K for
each n, n=ng, nog+1,--.

Consider now the two cases separately. In the first case, let v,=x,,,)1 1, By
the definition of (E, t)s-chains, we have that n-d(T;, . Xpmmw V)< 2iZn-d
(T, Xom Xpr1 <t If follows immediately that v, e L and that inf {d(w, v,)|w
€ K}—0 as n—»oo. Consequently, by passing to a subsequence, we may
assume that v,—v for some ve L and ve oK.

In the second case, let (as above) v, =X, 41, Since y*(v,) is connected,
there exists a t,€[0, ty4)+1,,] such that T, v,€0K. Set z,=T, v,. We may
assume that v,—v, z,—z for some ve K, ze K. By definition, we have that ze
D,(v), z<< 4v and consequently, by Proposition 3.2, we arrive at z<;v.

It is left to prove that v<;x. In fact, the desired result is an easy conse-
quence of v<yx. In the first case, z is simply to be chosen for v. In the second
case, z<<yx is implied by z < ;v via the transitivity of < established in Proposition
3.1. Thus, it remaind to show that given any continuous function E: X—R*
and a number >0, there exists a finite (E, 7)y;-chain with x,=x, x,,,=v for
some ke N. In both cases, observe first that x, ,=x€L, T;, Xo,€L, Xy ,€L,,
Ttpony Xpmym € Ls Xpmy+1,n=0, € L for each n, n=ng, ny+1,--- and that v,—veL.
Recall that L is compact and set v=max {E(w)|we L}. Since v,—v, there is an
n, € N such that d(v,, v)<1/(2v) whenever n>n,. Fix an n, e N so that n, >
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max {ng, By, T, 2v}. It is easy to see that X, ,=x¢,=X, X, ,=X; ", Xpeyn=
Xpmyms Xpmy+ 1,0 =0 (With To =10 s T a=11, t1 0o "> Tpiny,n=tp(m),») 18 an (E, 7)5-chain
whenever n>n,. In fact, min {7,,|¢=0, 1,---,p(n)} >t and TH% E(T;, %,,)-
AT, Kom Xg+10) < SRV E(T, xo0) d(Ty Xom Xpirm) + E(T o Xpoin)
d(j—;p;n),nxp(n),rw Xpay+ 1,00 + E(T, ) Xpemy) - AU 0) < 27152 n-d(T;, X
Xy+1.m)+V-d(v,, v)<2714+271=1 and this completes the proof of the c-c property
for <.

Now we prove that <y has the c-c-¢ propeity provided that X is compact.
Since the c-c-c property is a generalization of the c-c¢ property, the proof of the
¢-c-¢ property is a supplement to the one of the c-c property. We have to make
use of the compactness assumption in such a way that the improved arguments
yield y<;z, the additional requirement in the definition of the c-c-¢ property.

From now on, assume that X is compact. We distinguish the same cases
as above. In the first case, let w,=x,,,,:, Recall that (for a subsequence)
w,~»w=v=z€0K. For any given continuous function E: X— R* and a number
>0, it is not hard to show that Wo,=w, Wy ,=T W, Wy, =X,m+2m,m W3,=
Xp(my+3.m° s Wi(my = pm) + 1.0 =Xk + 1.a=Y (With o, =71, Ln=lom+1a—T lon=
Lomy+2.m0 230 = Epmy+ 3.0 Tk = p(ny.n = tkny,n) 18 @0 (E, 7)s-chain for n sufficiently
large. In fact, min {#, ,] £=0, 1,---, k(n)— p(n)} — c0 and, by the boundedness of
E, we have that 3500 PWE(T, | W, )-d(T;, Wy Wys1,.)=E(Tw)-d(T.w,, T.w)
+ 251 E(T,,, %) AT, Xg s Xy 41,00 as n>co.  Consequently, y= zw=
v=z. In the second case, let w,=x,,)+2, There is no loss of generality in
assuming that w,—»w for some we X. Repeating the same arguments used in
the first case, we obtain that y<;w. On the other hand, by definition, w € D,(z),
w=<4z. Therefore, by Proposition 3.2, we have that w<,z. The transitivity of
< established in Proposition 3.1 implies that y<;z.

Finally, let K be a closed subset of X (X is assumed to be compact), x ¢ X,
yeK and y<;x. If y¢ cl(X~K), then, by the c-c-c property, there exists a z e
o(cl (X~K)) such that y<;z and z<zx. Since Hcl(X~K))cd(X~K)=0K, we
have that ze 0K. If y ecl(X~K), then y € (cl (X ~K)~(X~K)=d(X~K)=0K
and z can be chosen for y and this completes the proof of the dual ¢c-c-c property
as well as that of the proposition. Q.E.D.

The question whether <y and/or < have the dual ¢-¢ property and/or the
c-c-¢ property seems to be rather difficult and remains open.

Proposition 4.2. Let X be a locally compact separable metrizable space and
let < be a closed quasi order on X. For any xe€ X, the set {ye X|y<x} is
denoted by I'(x). Assume that < has the c-c property.

a. ([2]) Then I'(x) is connected, whenever it is compact.
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b. Assume that < has the dual c-c property either. If I'(x) is not compact,
then none of its components is compact.

Proof. a. Observe first that I'(x) is closed. Let I'(x) be compact and let
it be not connected. Then I'(x)=A U B where A, B are nonempty, compact,
disjoint subsets of X. Since X is locally compact, there exists an open set U with
compact closure K such that AcU, BnK={. Pick an yeB. Since y<x,
there exists a z € 0K such that z<x, a contradiction.

b. Let X be the one-point compactification of X, i.e. X =X U {w}, where @
is the point at infinity. It is well-known that X is a compact metrizable space.
Consider the components of I'(x) U {®w}. The component containing w is denoted
by C,. C,~{w} is the union of the noncompact components of I'(x)c X ([5,
p. 105]). We have to show that I'(x)=C,~{w}. To the contrary, assume that
I'(x) has a compact component, say C. Then C is a component of I'(x) U {w},
either. Further, there exists ([5, p. 104]) open sets UcX, V=X such that
Unv=0, CcU, C,u{w}cV, I'x)U{w}cUUV. Obviously, U has compact
closure K= X and 0K n I'(x)={. The same argument used in the proof of Part a.
yields to a contradiction. If the assumption concerning the dual c-c¢ property is
dropped, one can conclude only that the component containing x is not compact.

Q.E.D.

Example 43. LetX=X"U X cR?>where X+ ={(x;,x,)eR?|x,=1},X =
{(x4, x)€ R?*|x,=—1}. The point (0, 1)e X* is denoted by y*. We define a
closed quasi order < on X by letting y<xifandonlyif y=xorye X—,xe X~ or
y=y¥ xeX~. 1t is easy to show that < has the c-c-¢ but not the dual c-c
property and that for any xe X~, I'(x) consists of a noncompact component
and of an isolated point, I'(x)=X~ U {y*}.

Remark 4.4. In virtue of Corollary 3.3, Proposition 4.1 and Proposition 4.2
a. imply that M(x) is a non-void compact connected subset of X provided that N(x)
is compact.

Proposition 4.5. Let X be a locally compact separable metrizable space
and let < be a closed quasi order on X. The corresponding equivalence relation
is denoted by ~. The equivalence class containing x is denoted by X. Assume
that < has either the c-c-c or the dual c-c-c property. Then X is connected
whenever it is compact. If it is not compact, then none of its components is
compact. Assume, in addition, that X is compact for each xin X. Then for
each closed subset F = X, the union of points of equivalence classes that intersect F
is closed.

Proof. The proof may easily be constructed by the methods adopted for
the proof of Proposition 4.2 and of a similar statement ([7]) about < . Q.E.D.
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§5. Remetrization and Y -recurrence

Let X be a compact metrizable space and let T: R x X— X be a dynamical
system. We begin with the simple observation that <, and <. do not depend
on the choice of the particular metric.

In what follows we show that the analogous statement for < is false. More
precisely, we consider the two-dimensional dynamical system S on the annulus
of ={(x4, X,) € R?| 1 <x2+x} <4} defined (in polar coordinates) by the differ-
ential system #=0, ¢ =1. S can be defined explicitely by letting S/(r, @)=(r, t+
@) for each (r, p)esZ, te R. It is obvious that (r{, ¢)<,(r;, ¢,) if and
only if r;=r,. Further, for each (v, @), (r5, ¢,) €, there holds (r, ¢,)<¢
(r,, @;). Observe that R,=R,=.7. OQur aim is to define two metrics on 7,
say d and p, such that <¢# <% (The usual symbol <; is marked by “d’’ resp.
“p>> as we want to emphasize the dependendence on the metric. Of course we
require that both d and p induce the usual Euclidean topology on o). First
we need a preliminary result.

Let H be the set of all triadic rationals in [0, 1], i.e. H={k/3" |k, ne Z* and
k<3"}. For brevity, let ck=k/3".

Lemma 5.1. There exist continuous strictly increasing functions f, g:
[0, 11-]0, 1] with f(0)=g(0)=0, f(1)=g(1)=1 satisfying the following con-
ditions:

1) fle)—f(0)<g(cy)—g(0) for n=1, 2,---

@ flE)~f(B)<glck™)—g(ck) if and only if f(ck*?)—f(ckt))>
g(ck*2)—g(ck*1) for k=0, 1,--, 37 —2; n=1,2,---

(3) 2o min {f(ck*)—f(ck), g(ck*)—g(ch)} =(T/9)".

Proof. We define f and g on H first. .Let f(0)=0, f(1/3)=1/3, f(2/3)=2/3,
S()=1, g(0)=0, g(1/3)=4/9, g(2/3)=5/9, g(1)=1. The induction step should
now be apparent. Suppose that f(c¥), g(c¥) satisfying (1), (2), (3) have been
defined for all members of H with denominators less than or equal to 3¥. Further,
suppose that

(4) f(c§+l)>f(c’;)’ g(cﬁ+l)>g(clr§) for k=09 1:""’ 3”’—15 n=1’ 23"" N.

For k=0, 1,--+, 3% —1, we define f (347, f(c}41), g(cf), 942 as follows.
We distinguish two cases according as f(ckt!) —f(ck) > g(ckt 1) —g(ck) or f(cktY) —
Jeh) <g(ck™)—g(ch).

If f (k) —f(ch)>g(ck™) —g(ch), Tet

FleRfhh) = 271 (S () +f (k) — 187 Hg(ek™) — g(ck)),
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SR = 271 (f(eh) +f (") + 187 (g(ck™) —g(ch)) s
g(eih) = (29(ch) + (k)3
g(eRE5?) = (g(ch) +29(ck™))/3-
I f (e D) —f(ck) <g(ckt 1) —g(ch), let
() = Cf () +f (k" D)3,
F(eR52) = (f(eR)+ 21 (K D)3,
g(eHY) = 271(g(ch) +g(ck™) — 187(f (kD =S (ch))
gy = 271 (g(eh) +g(ck™) + 187H(f (k) —7(ck)) -

It is not hard to check that (1)~(4) are satisfied for all members of H of the
form k/3¥*1 and this completes the induction. Further, it follows from an
easy induction argument that

(&) _max {f(e*)=f(en) gler™)—glen)} <277, for n=1, 2,

Finally, for xe[0, 1], let f(x)=sup {f(h)|he H, h<x}. Since the triadic
rationals are dense in [0, 1], (4) resp. (5) imply that f is strictly increasing resp.
continuous. By the construction, f: {0, 11-[0, 1] is a function with f(0)=0,
f(1)=1 satisfying (1)—3).

Similarly, for x € [0, 1], let g(x)=sup {g(h) | he H, h<x}. Q.E.D.

Example 5.2. Consider the dynamical system S on /. Let d be the re-
striction of the usual Euclidean metric onto . [t is easy to show that (r,, ¢,)<¢
(ry, @,) if and only if r,=r,. Thus, <,=<%

Example 5.3. Consider the dynamical system S on . For (v, ¢q),
(ry, @) e, let

p(ris @0, (r2, 92)) = d(h(ry, 1), h(ra, 92))

where h: o —.< is a homeomorphism defined by

(1+ 270-D+ Z=2 g(-1), 0)

if ¢@(mod2n)e[0, x]
h(r, @) =

(14 227 g =1+ 2221 (- 1), )

if ¢@(mod2n)e[n, 2x]

It is clear that p is a metric on & topologically equivalent to d.
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Fix an ne N and for k=0, 1,---, 37, define (in polar coordinates) x,=(1+c¥,
krm). Observe that x,=(1, 0) x3.=(2, m). Clearly x, €. For arbitrary Ne
N, we have

P(S(2N+ DXk Xk+ 1) = d(h(San + 1)aXi)s h(xXy 1 1))
= d(h(1+ck, @N + Dr+k=n), h(1+ckt1, (k+1)m))
d((L+£(c¥), 7), A+f(ck*), n)) if k=2m

[ d((1+g(c9, 0), (1+g(ck*1), 0)) if k=2m+1

Py — f() ik = 2m
_[g(c';ﬂ)—g(c',:) i k=2m+1

Consequently, in virtue of (1)-(3), we obtain that
120t P(San+ i Xk 1) = (7/9)"

Thus, by definition, {(2, =)} € M({(1, 0)}).
Similarly, ¥ 355" p(Scan+ 12V Yi+1) = (7/9)", where (in polar coordinates)
yi=(1+c3" % kn), k=0, 1,-, 3"
Observe that yo=(2, 0), y3n=(1, n). Thus, by definition, {(1, 7)} e M({(2, 0)}).

Since S (1, m)=(1,0) and S2, 1)=(2, 0), we conclude that {(1,0)}e
M{(2, 0)}), {(2,0)}eM({(l,0)}). Therefore, (1,0)~%(2,0). The results of
Section 4 imply that the equivalence classes under ~§% are connected compact
invariant subsets of «7. It follows easily that there is exactly one equivalence
class under ~%. Consequently, <%= <, in particulat, <§# <4.

Example 5.4. Concluding this paper, we show that, in general, R,#R;.
The example we give below is a slight modification of Example 5.3.

By a gluing procedure, e.g. by applying Hausdorff’s extension theorem for
metrics ([8], [13]) it is not hard to construct a compact metric space (X, 4) and
a dynamical system T: R x X— X with the following properties:

a. X=Yuy, Yny=0.

b. yis homeomorphic to R and consists of a unique trajectory of T.

c. there exists a homeomorphism 4 of Y onto & such that 4(x, y)= p(h(x),
h(y)), K(T;x)=S,h(x) for each x, ye ¥, te R.

d. c(p=yu{h(a)lacix}.

Here, of course, 0o ={(x;, x,)€ R?|x3+x3=1 or x?+x3=4}. By the con-
struction, we have that R,=Y, R;=X.

Acknowledgement: The authors are indebted to the referee for pointing
out an error in the original version of the proof of Proposition 4.1.
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