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Introduction

The motion of charged mesons in an electromagnetic field can be described
by the following system:

2
%71;~Au+oc2u+gzu2u=0,
£
® 0*v A 2 2020 = 0
T v+ 2+ h?vt =

where «, 8, g and h are non zero real constants. The system (*) was introduced
by I. Segal [12]. A number of authors studied such systems, we can mention
K. J6rgens [4] and V. G. Makhankov [7] among others. Recently, L. A.
Medeiros-G. Perla Menzala [8] have analysed the existence of weak solutions of
the mixed problem for the system (*) in Q x [0, T], where Q is a bounded domain
of R*, n=1, 2, 3. These results were generalized by the authors in [9] and [10]
for the case where the nonlinear terms are of the form |v|?*2|uju, |u|?*2|v|?v and
Q is any domain of R". The decay of solutions of system (*) can be found in
J. Ferreira-G. Perla Menzala [3].

There is no loss of generality if we consider all the constants of system (*)
equal to one. In this paper we study the existence and uniqueness of weak so-
lutions of the mixed problem for the system:

2
O =t — ol = f,
(**)
620 A P2l nioy —
v v+ v — julPt2olro = f,,

in 2 x [0, T] where p is a real number satisfying certain conditions and 2 is any
domain of R".

We observe that the standard energy method to obtain solutions does not
work for the system (**) because the nonlinear terms are negative. We determine
the existence of weak solutions of the system (**) using the method of potential
well introduced by D. H. Sattinger [11] (see also J. L. Lions [5], Y. Ebihara-
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M. Nakao-T. Nanbu [2] and Y. Ebihara [1]) and an argument of the authors
[10]. The uniqueness is obtained by a method due to M. L Visik-O. A.
Ladysenskaja [13], see also J. Lions-E. Magenes [6] and L. A. Medeiros-M
Milla Miranda [9].

§1. Notations and Main Results

Let Q be a domain of R". By H™(), m an integer non negative, we denote
the usual Sobolev space of order m. For m=0, HY(Q)=L*Q). By H}Q) we
represent the closure in H™(Q2) of the space 2(Q), where 2(Q) denotes the space of
infinitely differentiable functions with compact support contained in Q. The
inner product and norm of L2(Q) and HY(Q) will be represented by (-,-), | -] and
((-,-), |l - |, respectively.

Let T>0 be a real number and X a Banach space. We shall represent by
Lr(0, T; X), 1 <p< oo, the Banach space of vector-valued functions u: [0, T]—X
which are measurable and |u(?)||? e L0, T) with the norm

T 1/p
bz, = ( [, luoizar)”,

and by L®(0, T; X) the Banach space of functions u: ]0, T[~X which are
measurable and |u(t)||x € L*(0, T) with the norm

lull =0, 7;x) = €8s sup [fu(t)]x.
0<t<T

Finally, 2'(Q) and 2'(0, T), where Q=Qx [0, T, will denote the space of
distributions on Q and [0, T, respectively. All the scalar functions considered
in this paper will be real-valued.

We proceed formally. By multiplying the first equation of the system (*%*)
by 0u/dt and the second by cu/0t, integrating on @ and assuming that u and v
vanishing on the boundary I" of @, for each t [0, T], we obtain:

2
S [ 3 g v = porten G = [ G
g |G e = oo G = f 1. G d

Adding these expressions:

1 .d (jou]? | ov|*\, d (1 2 a1 s
) (Ll + 1D+ 2 (5 quiz o - 15 1wl

)
= [ 7+ 1 Jax.
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Thus the kinetic and potential energies associated with the system (**) are
the functionals:
_1/|0u|? Ov 2>
K@ =5 (|5 |+ [5]):

IO, 0D = 5 (Ul [012) = — L vl 52

We make the following restrictions on the real number p:

@) p>—1 if n=1,2, and —1<p£%{% if n>3.
In this conditions,
3) H(Q) is continuously embedded in L2(?*2)(Q).

We define the potential energy J([w, z]) as the functional on Y =H{(Q) x
H{(Q), p satisfying (2):

IOw. D) = 5 w4 12) = oy w2l

and the kinetic energy K([¢, ¥]) as the functional on Z=L*(Q) x L*(Q):

K([o, ¥ = L (ol + P

Lemma 1. We have

inf  {supJ(i[w, z])} =d > 0.
w,zleY AZ0
w0 or z0

The potential well Wis then defined as the set
W= {w, z]1eY; J(A[w, z]) < d, Vie[O, 1]}.

We will show in §2 that J(A[w, z)]-0, for all 1€ [0, 1], whenever [w, z]e W.
Let us obtain some inequalities. First examine the case n>3. Let the
real numbers:

@) 0= 2n(p+2) y = 2n(p+2)
(n=2)(p+2)+2n(p+1)° (n+2)(p+2)—2n(p+1)

and

~_p*2 g pt2
® "= 0o PTG he
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By simple calculations we obtain:

1 1
(6) 9>1, ’))>1, ?-I-‘y’—-l
and
' 1,1 _ _ _2n
@) a>1, p>1, cx+ﬁ_1’ Hﬁ—n_z.

Let w, ze H{(Q). Then, by Holder’s inequality we have:

fﬂ (Iw]Pt2|z|p+2)0dx S[fg [wzl(p-i—l)ﬂadx]l/a [‘fﬂ lwlﬂ(;dx"l/ﬂ

= |wz| ‘Litlz)(‘},) wl(%s o)

whence by the condition (2) on p, Sobolev’s embedding theorem, (7) and the
Schwarz’s inequality it follows
®) [Iwl*21z00z] oy < clwliiZo 12055k,

For the case n=1, 2, using the same above arguments we obtain:

p+1/p+2 1/p+2
IQ (Iw]#+2|z|P+1)2dx < |:JQ IWZIZ(erZ)dx’] [fﬂ [U|2(p+2)dx]

whence

) Hwle*2z1Pz 2oy < cliwllfita 12550y YW, z€ HYQ).
o(£2) o(2)

Theorem 1.  Let Q be any open set of R", p satisfying the condition (2) and
d the number determined by Lemma 1. Let

(10) [ug, vole W, uy,v,e LX(Q) and f,,f,e L0, T; L¥Q))

such that
ay B+ 2pB+ 2 anil+inba [P [T ani+inbd <

where E, is the initial total energy
Ey = K([uy, v,3) + J([uo, vol)-
Then there exist functions u, v: [0, T]—L2%(Q) in the class

(12) u, ve L*(0, T; H{())
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(13) u', v’ e L70, T; L)) (u/ - T)

satisfying the nonlinear system

(14 uw — Au + u — |v|* 2 ulru = f, in LX0, T; H Y(Q)+ L%(Q))
(15) v — dv+ v — ulPt?plrv =f, in L*0, T; H-Y(Q)+ LYQ))
(of n=1, 2, the above equalities are in L%(0, T; H-(Q))

(16) w(0) = up, v(0) = v,

%)) u'(0)=uy, 0(0) =v,.

Theorem 2. Let u, v and 4, 0 be functions in the class (12), (13) satisfying
(14) to (17). Then, u=1# and v="0 provided that p>0 in case n=1or n=2;
u="f and v=">0 if p=0 in case n=3.

Remark 1. By (12) and (13) we have that u(0) e H(Q) (see [6]). By (12)
and (8) or (9) we obtain from the equation (14) that

u’ e L0, T; H-1(Q)+ LY(Q)).

This condition together with (13) implies that u'(0) e L3(Q). Analogous results
for v. We conclude then that the initial conditions (16), (17) make sense.

§2. Proof of the Results

We observe by (1) that the standard energy method does not work in our
problem because one has a negative term in the left hand side of (1). The potential
well method permets us to obtain a priori estimates for the approximate solutions
of the problem (14)-(17). The Lemma 1 is fundamental for it.

Proof of the Lemma 1. Let w, ze H{(Q) with w#0 or z#0. We first
examine the case wz#0. Let M(J), 1€ R, be the function

18) M) = JGDw, 1) = 5= (wl2+]z]?) - g VPP,

then all critical points of this function are 1,=0 and

2 2 \1/2p+2
19 +, = + A([w, z] :i<MﬂzlL> ]
“ Eh= s bz 2]zl

We have (d/d2)>M(0)>0 and
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2
L M(EA) = (w2 +121%) = o+ 3)(Iwli2+ 1212) < 0.
Thus, Ag=0 and +4, are the unique points where M(A) has a local minimum
and a local maximum, respectively, being M(0)=0 and

P2

LN/ Iwl2+z]12 \r*t

20 M(+ =<"+ ) > .
(20) (£4) p+2 <2||WZ|’Ln+2(Q)

From the Schwarz’s inequality and the condition (2) on p it follows that
IWzllLo+20) < clwli 1zl < e+ [1z]2).

Therefore

2 2 H
” Iwl2+lz1? i
D Wzl Lo+2qa) ¢
Consequently, by (20) and (21) we have
(22) sup J(A[w, z) = J(([w, 2)) = ¢o > 0
A=0
where ¢, is independent of w, ze H}(€), wz#0 and w#0 or z#0.

For the case wz=0, w#0 or z#0, we obtain that M(4) defined by (18) has a
minimum in 4o=0 and

sup M(4) = oo.
A0

From (22) and the above equality it follows the Lemma 1. Q.E.D.
Remark 2. We observe that if [w, z] € W then
M) = J(A[w, z]) = 0, VielO, 1].

In fact, for the case w#0 or z#0, and wz #0, we have that A,([w, z])> 1, therefore
M(2) in increasing in [0, 1], which implies the result because M(0)=0. For the
other cases, M(A) is non decreasing in [0, wv) and by the same arguments it
follows the result.

Next we obtain some properties of the set W which we will use in the proof
of the Theorem 1.
By the continuous embedding (3) and Hélder’s inequality we get:

Lemma 2. Let r>0 be a number satisfying the condition

1 r2 4+ (Cor)2et4 <d

2 p+2
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where C, is the constant of the continuous embedding of H{(Q) in L?>®#*2(Q).
Then the open ball

B = {[w, z]€0; |w|>+|z[?><r?}

is contained in W.

Lemma 3. Let

Wy = {lw, z1€ Y; [wl>+]z]> = 2]lwz[£32¢0) >0, J([w, zD) <d}.
Then

W= W, U {[0, 01}.

Proof of the Leema 3. Let [w, zJe W. Then

(23) J(A[w, z]) < d, Viel0,1].

Suppose that w#0 or z#0. First examine the case wz#0. From (23)and (19)
it follows that A,([w, z])>1, or

24 Iwll? + lzl? — 2[wzlz5%2¢0) > O.

By (23) and (24) we conclude that [w, z] belongs to W,. For the case wz=0, it
trivially follows that [w, z] € W,.

Let [w, zZJe W,. First consider the case wz#0. Then A,([w, z])>1.
Therefore M(/) defined as in (18) is increasing in [0, 1] and since M(1)<d we
conclude that [w, z]e W. The same reasoning for the case wz=0. Thus the
Lemma 3 is proved. Q.E.D.

From the Lemma 2 and 3 it follows that :
Corollary 1. The set Wis open in Y.
Lemma 4. If [w, z]e0W then J([w, z])=d.

Proof. As [w, z] € 0W there exists a sequence ([w,, z,]) of elements of W
that converges to [w, z] in Y, therefore

J([w, z]) < d.
We make the proof by absurd. Suppose that
(25 J(Iw, z]) < d.

As [w, z]1¢ W we have that w#0 or z#0. First examine the case wz#0.
From (19), (25) and the Lemma 3 it follows that
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Wl + [[z1? — 2wzl £5320) < O.

Hence by Lemma 3 and above inequality, we have that [w, z] belongs to ext W
which is an absurd. Examine the case wz=0. As w#0 or z#0, M(A)=J(A[w,
z]) is increasing in [0, c0). Then by (25) we have that [w, z] € W which is an
absurd. Thus J([w, z])=d. Q.E.D.

Lemma 5. The set W is bounded in Y.

Proof. Let[w, z]eW. Then by Remark 2,

/'{’2p+4
p+2

i22~(IIWHZ+ I=z1?) — IwzllZ5320) 20,  VAe[O, 1].

Making A=1 in this inequality we obtain:

(26) Sz welfe < 3 (w411,
By (26) we have
27 (A2 =22 (wli2+11z]1?) < 2d, VAe[O, 1].

Noting that 2p+4>2, one obtain a(d)=A2—A?r*4>0forall 1[0, 1]. Then, for
example, for A=1/2, by (27) we get

Iwll* + llz]? < 21

.__.%_ =
a(1/2)
and the proof of the Lemma 5 is complete. Q.E.D.

Proof of the Theorem 1. We divide the proof in four parts.
i) Approximate Solutions. Let w, w,,--- be a basis of the space V=H{(Q)
N LY(Q) (y defined by (4)). Let

() = 3 gm0y 0a0) = 5 Ryt
be defined as a solution of the system
@8)  (up, W) + (U, W) — (00?2 uploun, w)) = (f1, W)
@9 @ W) + (Umr W) = [l 200|200, W) = (f2, W) j=1,2,0,m
B0 u0) =ug, Uy — ug in HYQ)
Bl 2,(0) =0vo Vow—— vy in HYQ)

() uy0) = uyp Uy —uy in LXHQ)
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(33)  00) = V1, Vim—— vy in LAQ)

where gy Voms U1 and vy, belongs to the subspace [wy,::+, w,,] generated by the
m first vectors of the basis (w;). We observe that u,(t) and v,(t) are defined in
[o, 17,,), T,,>0.

ii) A Priori Estimates. By multiplying the equation (28) by g/,(f) and
adding from j=0 to j=m, we obtain

’ d ’ 7
L @l L8 0l = | lugdeuunds = (7, ).

Analogously from (29),

1 d ey L d 2 _J‘ +2 f s y
7 dt !um(t)l + 2 dl va(t)“ glumlp ]Um|pvmvmdx —(fZJ Um)'

By adding the two last equalities and integratin from 0 to ¢, 0<t<T,,, we have:
) Lu@r+ L1on0 R+ I, 00D <

< j; (|f1||u;n| + !fZ”U;nDdT =+ K([ulma Ulm]) + J([“Onn UOm])'

For the other side, as W is open and [u,, vy] belongs to Wit follows that
there exists an integer m, such that

(35) [Uom Voml €W, Vm > my.
Also, by convergences (30)-(33), hypothesis (11) and observing that
J([“Om’ vOm]) I J([“Oa UO]) s

we obtain

(36)  Eop + 2{2Eou+ 2] (11l +1020de [ [Tasrinar <a, vm = m,
where
Eo, = K(Ttt s 01,0 + J([oms Voml) -
We want to prove that for all m>m,
37 [u. (), v,{)]e W, Vte[0, T,).

We prove (37). Fix m>m, and use the notation N(f)=[u,(1), v,()]
Make the proof by absurd. Suppose that (37) is false. Then there exists t* e
[0, T,,) such that
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N(t*) ¢ W.
Let
t, = inf {r*e [0, T,); N(t*) ¢ W}.

We have by Corollary 1, (35) and continuity of N(¢) on [0, T,,) that t;>0. We
also obtain by the continuity of N(r) on [0, T,) that N(t,)e oW, whence by
Lemma 4,

(38) J(N(t) = d.

We note that for te[0, t;), J(N(#))>0 because N(f)e W. Then from (34)
for t€[0, t,] it follows that

L rniz+ Ly ne
(39) 5 @O + 5 o ()12 <

= J‘: [ Afilluml +1foll0Ddt + Eg,

and
“0) O o(0] < [ Uil + 1 fllepl)de + oy,
We have

51 T
@1 [T st +isiebde < s {7 (s +1Dar
where

= max {|u,(7)|+ v, (DI} .
O<T<rt;
By adding the inequalities (39), (40) and using the majoration (41) we obtain
T
L Q1+ 1040 < 2Eon +25 [ (fil+1£:Dd.

By taking the maximum of the left hand side of the above inequality on [0, t,],
we have after simple calculations:

“2) s < 2{2B0,+ 2] (Al +150ar [
From (34) and (38) it follows that

3 d = N)< [ (fillu] +1£l105Dde + oy
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By using the majoration (41) in the right hand side of (43), the estimate (42) and
(36) we obtain

d < Eop + 2280+ 2 41504 [} 7 (i1 +1Dd1 <

which is an absurd. Thus (37) holds.
We have by (37) and Lemma 5 that

(44) (U men 304 (U,)men are bounded in L*(0, T; HY(Q)).
By the above and noting that J([u,, v,])=>0 we obtain from (34) that
(45) (U men and (V) men are bounded in L2(0, T; L%(RQ)).

Using the boundedness (44), (45) and applying the reasoning employed to
obtain (8) or (9), we have:

(46) (lvm|p+2lumlpum)meNa (lumlp+zlvm[pvm)meN are bounded in LOO(O: T’ LG(Q))

for n>3; and the same sequence are bounded in L*(0, T; L*(Q)) for the case
n=1, 2.
We discuss the case n>3. For the case n=1, 2 we will obtain similar results.
From the (44)-(46) it follows that there exist a subsequence of (,,),..x and a
subsequence of (v,,)mn- Still denoted by the same symbols, such that

@n u,—u and v,—— v weakstarin L*(0, T; H}Q))
(48) u, —u and v, — v weakstarin L*(0, T; LA(Q))
(49) [0,?F 2|t Pu,, — xy  Weak star in  L®(0, T; LO(Q))

and

(50) |42 2|0, P0,, — %, weak starin  L*(0, T; L¥Q)).

ili) The Nonlinear Term. We want to prove is this part that
%y = ol ?uleu and gy, = [ulP*2 (o] v.

Let ® be an open ball contained in Q. By R,h=Rh we shall denote the
restriction of a function h: @—R to 0.
We observe that

(Ru,)’ = Ru,, and (Rv,) = Ru,,.
From (44) and (45) it follows that

(Rt men> (Ropdmen  are bounded in  L®(0, T; HY(0))
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and
(LR, D men> ([RUy]) )men are bounded in L*(0, T; L¥0)).
From the above, using Lions—Aubin’s theorem and convergence (47), we obtain
Ru,, — Ru, Rv,— Rv in L2%0, T; L*0))
which implies
(5 Ru,, — Ru, Rv,— Rv ae. in 0 x 10, T[.
By (46) we have
(52) ({Rv,,|?*?|Ru,,|?Ru,)men 1s bounded in L8(0 %10, T[)
and by (51),
(53) |Rv,,|?*?|Ru,,|°Ru,, — |Rv|**2|Ru|’Ru a.e. in 0 x 0, T[.
From (52) and (53), using the Lions [5], Lemma 1.4, it follows that
|Rv,,|?*2|Ru,,|?Ru,, — |Rv|?*?|Rul’Ru  weak in L9 x 10, T|).

On the other side, by (49) we have that

|Rv,|?*?|Ru,|?Ru,, — Ry, weak in L9%¢x710, T[).

We conclude from the above two last convergences and observing that ¢ was
arbitrary that

(54) R,(|v]?*2ulPu) = Royy in L0 x[0, T1)

for all open ball contained in Q.

We observe by (8) that [v]?*2uleu belongs to L*(0, T; L%(Q)). Let ¢e
2(Q) and K the projection on R” of the support of ¢. K is a compact subset of
Q. Let (0;);<i<, be a finite cover of K formed by open balls contained in Q.
Subordinated to (¢;);<;<,;, Wwe construct a C*-partition of unity (;);<;<,. Thus

2 .
(p(xs t) = Z ai(x)(p(x’ t)a V(x, t)EK X [0' T]
i=1
and
supp (o) < @, Vi.
By (54) we have then
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x10,TL

2
f |2 ulPugdxdi = 3. f ol 2 ulPucpdxdt =
Q i=1 O

4
= j r10;0dxdt = j L1pdxdt
0:%10,T[ Q

i=1

which implies that

(55) x1 = ol 2luleu.
Analogously we nhtain

(56) A2 = |ulr™2v]v.

iv) Passage to the Limit. By multiplying both sides of the equation (28)
by ne 2(0, T), integrating from 0 to T and passing to the limit, using the con-
vergences (47)-(49) and the equality (55), we obtain

(57) (J: u'y'dt, wj> + ((fz undt, wj>> "
+ <J‘: [vl**2|ulPundt, wj> =<f:f1ndt, wj>, Vj.

Let e 2(Q). Then { can be approximated in H{(£2) n L7(Q2), consequently
in H{(€2) and L*(Q), by finite linear combinations of the w;. This implies that in
(57) we can change w; by {. Thus equation (14) is proved. Analogously by (50)
and (56) we obtain the equation (15).

The initial conditions (16) and (17) are obtained from the convergences (47),
(48) and the equations (14), (15). Thus the proof of the Theorem 1 is concluded.

Q.E.D.

Proof of the Theorem 2. Let u, v and @, ¥ satisfying the conditions of the
Theorem 2. Let

U=u—-~17 and V=v-— 1.

Then
(58) U” — AU + U + |p|#*?laled — [v]P2|ulpPu = 0
(59) V' — AV 4+ V + [2]PF2[8]°D — |u|*T2|v|Pv = 0

U@y=0, v0)=0
U'(0)=0, V'(0)=0.
Remark 3. We observe that

U'()e H 1(Q) + L%Q) and U'(t)e L*(Q).
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Therefore, does not make sense to calculate the duality <U”"(f), U'(f)>. Conse-
quently, the energy method to prove the uniqueness of solutions does not work
in this case. We make the proof of the Theorem 2 using a method introduced
by M. 1. Visik-O. A. Ladysenskaja [13], see also J. L. Lions-E. Magenes [6].

Let

_fsU(a)dO' for 0<t<s
o(t) = '
0 for s<t<T
and
_fsV(o)dO' for 0<t<s
Y = !
0 for s<t<T
Then

@, Y e L0, T; HyQ).

We take the inner product of the /équation (58) with ¢ and the inner product
of (59) with . Therefore, it is possible to obtain estimates which should permit
to have the uniqueness in some interval [0, s;]. The way s, is constructed will
be able to repeat the same technique up to arrive 7. For a detailed proof of the
Theorem 2 see [9]. Q.E.D.

Remark 4. If Q is a bounded open set of R*, we can apply the same
technique of the Theorem 1 and 2 to obtain existence and uniqueness of weak
solutions of the mixed problem for the system

u” — Au — |vo]P*2lulou = fy,

v — Ao — |ulPt2vlro = f, .

Remark 5. In natural form it is possible to obtain the same results of the
Theorem 1 and 2 for the system (**), changing the nonlinear terms of this by
a(x)jv|**2|ulPu and a(x)|u|°*2|v|*v, where a € L®(Q).
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